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Light exotic nuclei
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q Exotic nuclei (static effects)

q Exotic nuclei (dynamic effect)

q Exotic nuclei fusion measurement

anomalous feature
weakly-bound 
strong cluster configuration, 
extended spatial distribution

influence on reaction process 
couplings continuum states (breakup):

Fusion
Elastic scattering

anomalous feature
weakly-bound 
strong cluster configuration, 
extended spatial distribution

influence on reaction process 
couplings continuum states (breakup):

Fusion
Elastic scattering

weakly-bound, proton and neutron 
halos

q Exotic nuclei (static effects)

q Exotic nuclei (dynamic effect)

q Exotic nuclei fusion measurement

Investigation of fusion induced by exotic nuclei is important to:

q Understand the role of nuclear structure in fusion mechanism.

q Understand the sub-barrier mechanism for astrophysics and superheavy element production.
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Light exotic nuclei

15N stable 15C exotic, neutron-rich (drip-line) 

Exotic nuclei
8B = 7Be+p         (0.137 MeV)
6He = a + 2n       (0.973 MeV)
11Li = 9Li + 2n     (0.369 MeV)
11Be = 10Be+n      (0.502 MeV)
15C  =  14C+n       (1.218 MeV)

Weakly bound nuclei
7Be = a + 3He     (1.587 MeV)
8He = 6He + 2n    (2.140 MeV)
9Be = 8Be + n      (1.665 MeV)
6Li = a + d          (1.474 MeV)
7Li  = a + t           (2.467 MeV)
8Li  = 7Li + n        (2.032 MeV)

Tightly bound nuclei
16O = 12C + a (7.192 MeV)
10B = 6Li + a (4.461 MeV)
11B = 7Li + a (8.664 MeV)
12B = 11B+n       (3.370 MeV)
10C = 8Be+2p    (3.821 MeV)

Extended matter distribution

Nucleon distribution

Low binding energy
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Collisions of weakly nuclei (different fusion 
processes)

�ICF = �ICF1
+ �ICF2

�TF = �CF + �ICF

6

�CF = �DCF + �SCF

Other processes: elastic scattering, quasi-elastic scattering, transfer reactions, quasi-
fission, deep inelastic, fission, break-up triggered by transfer .

Reactions with weakly bound 
nuclei

Reactions with weakly bound 
nucleiReactions with weakly bound 
nuclei

Reactions with weakly bound 
nucleiReactions with weakly bound 
nuclei
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Frequently	used	procedures	to	answer	
“Enhancement	or	suppression	in	relation	to	what?

a) Comparison of data with theoretical
predictions.

b) Comparison of data for weakly and tightly
bound systems. => a benchmark is mandatory
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Effects	to	be	considered

• Static effects: longer tail of the optical potential
arising from the weakly bound nucleons.

• Dynamical effects: strong coupling between the elastic
channel and the continuum states representing the
break-up channel.
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1.   Experiment  vs.   theory
Ds F   º s

F

exp  - s
F

theo  Þ  'ingredients' missing in the theory

a) Single channel -  standard densities
     Δσ F  arises from all static and dynamic effects

b)  Single channel - realistic densities 
     Δσ F  arises from couplings to all channels

c) CC calculation with all relevant bound channels
     Δσ F  arises from continuum couplings

d) CDCC
     no deviation expected.  Details of the reaction mechanism can be studied

Theoretical possibilities:
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2.   Compare with s F  of a similar tightly bound system  

1. Gross dependence on size and charge: 
    ZP,  ZT, AP, AT −  affects VB  and RB

    VB  ZPZTe
2 / RB;   σ geo   πRB

2,   RB ∝ (A
P

1/3 + A
T

1/3)

Fusion data reduction required !
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Fusion functions   F(x)  (our reduction method)



E® x = E -VB
hw

and s F
exp ® Fexp (x) = 2E

hwRB2
 s F

exp

The São Paulo potential is used to determine barrier parameters
Inspired in Wong’s approximation 



s F
W = RB

2 hw
2E

ln 1+ exp
2p E -VB( )

hw
æ

èç
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ë
ê
ê
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ú
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If s F
exp =s F

W   Þ F(x) = F0 (x) = ln 1+ exp 2p x( )éë ùû

F0(x) = Universal Fusion Function (UFF)

system independent !
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Direct	use	of	the	reduction	method

  

Compare Fexp (x) with UFF for x values where s F
opt = s F

W

Deviations are due to couplings with bound channels and breakup 

Refining the method

 Eliminate influence of couplings with bound channels

  

Renormalized fusion function

Fexp (x)® Fexp (x) =
Fexp (x)
R(x)

, with  R(x) =
s F

CC

s F
W =

s F
CC

s F
opt

  
If CC calculation describes data ® Fexp = UFF

Eliminate the failure of the Wong model for light
systems at sub-barrier energies

J. Lubian, XIV LASNPA2024, Mexico
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Use	of	UFF	for	investigating	the	role	of	BU	+	transfer	
dynamical	effects	on	the	total	fusion	of		heavyweakly	
bound	systems

No effect above the barrier- enhancement below the barrier
J. Lubian, XIV LASNPA2024, Mexico



Use	of	UFF	for	investigating	the	role	of	BU	+	transfer	
dynamical	effects	on	the	total	fusion	of		very	light
weakly	bound	systems

No effect above the barrier- almost no data below the barrier
J. Lubian, XIV LASNPA2024, Mexico



Use	of	UFF	for	investigating	the	role	of	BU	+	transfer	
dynamical	effects	on	the	total	fusion	of		light weakly	
bound	systems

No effect above the barrier- no data below the barrier
J. Lubian, XIV LASNPA2024, Mexico



Use	of	UFF	for	investigating	the	role	of	BU	+	transfer	
dynamical	effects	on	the	complete	fusionof	stable	
weakly	bound	heavy systems

We did not include any resonance of the projectiles in CC calc.

Suppression above the barrier- enhancement below the barrier
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Improvement	of	Wong	formula	for	fusion	cross	section
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IMPROVED WONG AND CLASSICAL APPROXIMATIONS, … PHYSICAL REVIEW C 109, 054609 (2024)

Using the explicit form of Bλ, within the approximation of
Eq. (23), one gets the relation

λ2
g − 1

4
= 2µR2

B

h̄2 (E − VB). (26)

Within the above approximations, we can derive an an-
alytical expression for the fusion cross section of Eq. (11).
One gets

σcl(E ) = π

k2

∫ ∞

λ=1/2
2λT (λ, E )dλ, (27)

or, using Eq. (24),

σcl(E ) = π

k2

∫ λg

λ=1/2
2λdλ = π

k2

(
λ2

g − 1
4

)
. (28)

Then, using Eq. (26), one gets the classical fusion cross
section

σcl(E ) = πR2
B

(
1 − VB

E

)
for E ! VB (29)

= 0 for E < VB.

The classical fusion cross section has a serious flaw: it
vanishes at subbarrier energies.

B. The Wong formula

Wong [10] derived an analytic expression for the fusion
cross section which includes tunneling effects. To get his
formula, Wong made the same assumptions as in the deriva-
tion of the classical cross section, except for the transmission
coefficient of Eq. (24). Instead, he used the Hill-Wheeler
transmission coefficient,

THW(l, E ) = 1

1 + exp
[ 2π

h̄ω
(VB − E )

] , (30)

below and above the barrier. Then, Eq. (27) becomes

σW(E ) = π

k2

∫ ∞

λ=1/2

2λdλ

1 + exp
[ 2π

h̄ω
(VB − E )

] . (31)

The above integral can be evaluated analytically; the result is
the Wong formula,

σW = h̄ωR2
B

2E
ln

{
1 + exp

[
2π

h̄ω
(E − VB)

]}
. (32)

For future purposes, we write the above equation in the form

σW = σ0F0(x), (33)

where

σ0 = h̄ωR2
B

2E
(34)

is a characteristic (energy-dependent) strength of the cross
section, and

F0(x) = ln[1 + e2πx] (35)

FIG. 2. The Wong fusion function and its asymptotic limit.

is the universal fusion function (UFF) [12,13], which is ex-
pressed in terms of the dimensionless energy variable

x = E − VB

h̄ω
. (36)

1. The classical limit of the Wong formula

For 2πx ≫ 1, one can approximate: 1 + exp(2πx) ≃
exp(2πx) and one gets the classical limit of the universal
fusion function

F cl
0 (x) = 2πx. (37)

The convergence of F0(x) to its classical limit is illustrated
in Fig. 2. Comparing the two curves, one concludes that
the universal fusion function can be safely approximated by
Eq. (37) for x ! 0.5. Since typical values of h̄ω are between
2 and 4 MeV, the classical cross section of Eq. (29) is very
close to σW, starting at ≈1.5 MeV above VB. Then, at energies
above this limit, we can insert the classical limit of the Wong
fusion function into Eq. (35) and get the classical fusion cross
section of Eq. (29), namely,

σ cl
W(E ) = πR2

B

(
1 − VB

E

)
for E ! VB.

2. Validity of the Wong formula

The Wong formula is a very nice analytical expression,
but its validity is limited. It is a very good approximation to
the QM fusion cross section in collisions of heavy systems
(ZPZT > 500) at near-barrier energies [13]. However, it is
not appropriate for light systems or at collision energies well
below or well above the barrier.

The accuracy of the Wong formula is illustrated in
Fig. 3, which shows comparisons between σW and σBPM for
the 7Li + 27Al (ZPZT = 39), 7Li + 209Bi (ZPZT = 249), and
24Mg + 138Ba (ZPZT = 672) systems. As in the previous fig-
ures, the results are shown at collision energies ranging from 4
MeV below the Coulomb barrier to 30 MeV above it. Compar-
ing the cross sections for the 7Li + 27Al system at subbarrier
energies, one concludes that the Wong formula overestimates
σBPM drastically. At E = 2 MeV (≈4 MeV below VB), the
Wong cross section is wrong by more than one order of

054609-5

Wong formulaCANTO, ZAGATTO, LUBIAN, AND DONANGELO PHYSICAL REVIEW C 109, 054609 (2024)

FIG. 3. The Wong fusion cross section in comparison with the cross sections predicted by the BPM. See the text for details.

magnitude. For the two heavier systems, the Wong formula
is quite close to σBPM in this energy region. At above-barrier
energies, σW is systematically larger than σBPM, mainly in
the case of the 7Li + 27Al. At 30 MeV above VB, the Wong
cross section for this system overestimates σBPM by ≈45%.
The situation is better for the other two heavier systems. For
the 7Li + 209Bi and 24Mg + 138Ba systems at the same energy
above VB, σW exceeds σBPM by 10% and ≈5%, respectively.
The exceedingly large values of the Wong cross section above
the Coulomb barrier can be traced back to neglecting the
angular-momentum dependence of the barrier parameters. A
detailed discussion of the failure of the Wong formula is
presented below.

At subbarrier energies, the cross section results exclusively
from tunneling effects. Thus, it is susceptible to the shape of
the potential barrier. Figure 4 shows the Coulomb barriers
and the parabolic fits for the three systems of Fig. 3. The
potential axes are truncated at the lowest collision energies
of our calculations, namely, V (r) = VB − 4 MeV. The com-
parison between the potential barrier of the 7Li + 27Al system
and the parabolic fit sheds light on the abnormally large val-
ues of the Wong cross section at subbarrier energies. The
parabolic barrier is much thinner than the actual Coulomb
barrier. Thus, the transmission coefficient for the parabola is
unrealistically large. This leads to a considerable enhance-
ment of σW in comparison to σBPM. Conversely, the parabolic
fits for the barriers of the two heavier systems are quite rea-
sonable. Besides, the fitted barrier is thicker on the inner side
of the barrier but thinner on the outer side. Then, there is
some compensation in calculating the transmission factors,
and the Wong formula reproduces the QM cross sections
well.

Now, we consider the Wong formula above the Coulomb
barrier. In this case, the differences between σW and σBPM
arise from the neglect of the angular-momentum dependencies
of Rλ and h̄ωλ. However, we have shown that the Wong cross

section reduces to the classical cross section just above the
Coulomb barrier, and this cross section does not depend on
the barrier curvature. Then, we concentrate on the angular-
momentum dependence of Rλ. Table II shows the explicit
value of the highest energy considered in our calculations
for each system, namely, Emax = VB + 30 MeV. The next two
columns show the corresponding values of the grazing angular
momentum and the barrier radius associated with it. They are
represented by λg and Rg, respectively. The table also shows
the s-wave barrier radius and the ratio R2

g/R2
B. This ratio esti-

mates the inaccuracy of Wong and the classical expressions in
the worst scenario of the present calculations.

In the 7Li + 27Al collision at E = 36 MeV, the angular-
momentum dependence of Rλ is significant. If one uses R2

g

instead of R2
B in the Wong or the classical expression, as

proposed by Rowley and Hagino [21], the cross section is
reduced by a factor of ≈2. The situation is better for the
7Li + 209Bi and mainly the 24Mg + 138Ba systems, where the
reduction factors would be considerably closer to one (0.83
and 0.91, respectively).

TABLE II. Variation of the barrier radii as the angular momen-
tum varies from zero to its grazing value for the systems discussed
in the text. Column two gives the maximal energy considered in our
calculations. For each system, it corresponds to the Coulomb barrier
plus 30 MeV. The remaining columns are explained in the text. The
grazing angular momenta are given in h̄ units; the barrier radii are
given in fm.

System Emax (MeV) λg Rg RB R2
g/R2

B

7Li + 27Al 36 20 6.2 8.5 0.53
7Li + 209Bi 60 34 10.4 11.4 0.83
24Mg + 138Ba 112 59 10.6 11.1 0.91
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Wong formula does not work properly above and below VB especially for light systems

Reason: parabolic approximation is not good for ligth systems
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FIG. 4. The Coulomb barriers for the 7Li + 27Al, 7Bi + 209Al,
and 24Mg + 138Ba systems, in comparison with the corresponding
parabolic fits.

IV. IMPROVED VERSIONS OF THE WONG
AND THE CLASSICAL CROSS SECTIONS

Two papers reported improvements in the original Wong
formula (32). One was already mentioned at the end of the
previous section [21]. The other was another paper by Wong
[22]. Wong reported corrections to the original formula due
to the continuum approximation of the discrete angular mo-
mentum l . Besides, he proposed a method to improve the
description of the fusion cross section by determining the ex-
perimental barrier for each angular momentum from the low-
energy fusion cross section. In this way, the modified Wong
formula can describe the fusion data better than the barrier
penetration model devised in the original approximation, con-
sidering the influence of particular nuclear structure effects on
the fusion cross section. Although it is a nice feature of this
formula, it is unsuitable for the reduction of fusion data, which
is the main concern of the present work. The fusion function

reduction method, which will be discussed in Sec. IV B, re-
quires that the Wong formula be a good description of the
BPM cross section rather than the data.

To reduce fusion data, one seeks a bare potential to provide
a so-called nominal Coulomb barrier. This potential should
lead to good descriptions of experimental cross sections of
systems where particular nuclear structure properties have no
significant influence on fusion. A good candidate is the poten-
tial of the double-folding model, evaluated systematically by
an integral of the matter densities of the colliding nuclei with a
realistic nucleon-nucleon interaction. The São Paulo potential
[7,8] implements this model based on realistic matter den-
sities given by a two-parameter Fermi distribution. Another
good candidate is the Akyüz-Winther [9] potential, given by a
Woods-Saxon approximation to the double folding potential.
The parameters of the WS function are obtained through a
systematic study involving many systems distributed over a
broad mass range. The SPP and the AW potentials provide
similar fusion cross sections, as reported in Ref. [23].

In this section and throughout the present paper, we adopt
the São Paulo potential. This potential has been widely used
in studies of weakly bound systems, including systematic
investigations of reduced fusion cross sections [13], the en-
ergy dependence of the optical potential, seeking the so-called
breakup threshold anomaly [24], and theoretical predictions
of CF and ICF cross sections in collisions of weakly bound
stable and neutron halo radioactive projectiles [25–27]. It has
also been used as the bare potential in many coupled reac-
tion channels calculations of multinucleon transfer reactions
together with elastic, inelastic, and charge-exchange angular
distributions (see, for example, Refs. [28–30]).

The previous subsection showed that the Wong formula
works poorly for light systems at energies well below or above
the Coulomb barrier. The problem can be fixed by introducing
effective barrier parameters, R and h̄ω̄, in the modified Wong
formula,

σ W = h̄ω̄R
2

2E
ln

{
1 + exp

[
2π

h̄ω̄
(E − VB)

]}
. (38)

Since the behavior of the cross section at subbarrier en-
ergies is determined by the argument of the exponential,
2π (E − VB)/h̄ω̄, we keep the original values of the barrier
parameters in the slowly varying multiplicative factor. That
is, we approximate

h̄ω̄R
2

2E
≃ h̄ωR2

B

2E
. (39)

Then, we get the effective barrier curvature parameter, h̄w̄,
by imposing that the modified Wong cross section of Eq. (38)
be equal to the fusion cross section of the barrier penetration
model. We find

h̄ω̄ = 2π (E − VB)
/

ln
[

exp
(

2EσBPM

h̄ωR2
B

− 1
)]

. (40)

At above-barrier energies, the main contributions to the fu-
sion cross section come from angular momenta in the vicinity
of λg. This led Rowley and Hagino [21] to propose an im-
proved version of the Wong formula. It consists of replacing
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Wong formula (classical limit above VB

Rowley and Hagino PRC 91, 044615 (2015)

Overestimates the role of lg (l = l + ½)

J. Lubian, XIV LASNPA2024, Mexico
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Using the explicit form of Bλ, within the approximation of
Eq. (23), one gets the relation

λ2
g − 1

4
= 2µR2

B

h̄2 (E − VB). (26)

Within the above approximations, we can derive an an-
alytical expression for the fusion cross section of Eq. (11).
One gets

σcl(E ) = π

k2

∫ ∞

λ=1/2
2λT (λ, E )dλ, (27)

or, using Eq. (24),

σcl(E ) = π

k2

∫ λg

λ=1/2
2λdλ = π

k2

(
λ2

g − 1
4

)
. (28)

Then, using Eq. (26), one gets the classical fusion cross
section

σcl(E ) = πR2
B

(
1 − VB

E

)
for E ! VB (29)

= 0 for E < VB.

The classical fusion cross section has a serious flaw: it
vanishes at subbarrier energies.

B. The Wong formula

Wong [10] derived an analytic expression for the fusion
cross section which includes tunneling effects. To get his
formula, Wong made the same assumptions as in the deriva-
tion of the classical cross section, except for the transmission
coefficient of Eq. (24). Instead, he used the Hill-Wheeler
transmission coefficient,

THW(l, E ) = 1

1 + exp
[ 2π

h̄ω
(VB − E )

] , (30)

below and above the barrier. Then, Eq. (27) becomes

σW(E ) = π

k2

∫ ∞

λ=1/2

2λdλ

1 + exp
[ 2π

h̄ω
(VB − E )

] . (31)

The above integral can be evaluated analytically; the result is
the Wong formula,

σW = h̄ωR2
B

2E
ln

{
1 + exp

[
2π

h̄ω
(E − VB)

]}
. (32)

For future purposes, we write the above equation in the form

σW = σ0F0(x), (33)

where

σ0 = h̄ωR2
B

2E
(34)

is a characteristic (energy-dependent) strength of the cross
section, and

F0(x) = ln[1 + e2πx] (35)

FIG. 2. The Wong fusion function and its asymptotic limit.

is the universal fusion function (UFF) [12,13], which is ex-
pressed in terms of the dimensionless energy variable

x = E − VB

h̄ω
. (36)

1. The classical limit of the Wong formula

For 2πx ≫ 1, one can approximate: 1 + exp(2πx) ≃
exp(2πx) and one gets the classical limit of the universal
fusion function

F cl
0 (x) = 2πx. (37)

The convergence of F0(x) to its classical limit is illustrated
in Fig. 2. Comparing the two curves, one concludes that
the universal fusion function can be safely approximated by
Eq. (37) for x ! 0.5. Since typical values of h̄ω are between
2 and 4 MeV, the classical cross section of Eq. (29) is very
close to σW, starting at ≈1.5 MeV above VB. Then, at energies
above this limit, we can insert the classical limit of the Wong
fusion function into Eq. (35) and get the classical fusion cross
section of Eq. (29), namely,

σ cl
W(E ) = πR2

B

(
1 − VB

E

)
for E ! VB.

2. Validity of the Wong formula

The Wong formula is a very nice analytical expression,
but its validity is limited. It is a very good approximation to
the QM fusion cross section in collisions of heavy systems
(ZPZT > 500) at near-barrier energies [13]. However, it is
not appropriate for light systems or at collision energies well
below or well above the barrier.

The accuracy of the Wong formula is illustrated in
Fig. 3, which shows comparisons between σW and σBPM for
the 7Li + 27Al (ZPZT = 39), 7Li + 209Bi (ZPZT = 249), and
24Mg + 138Ba (ZPZT = 672) systems. As in the previous fig-
ures, the results are shown at collision energies ranging from 4
MeV below the Coulomb barrier to 30 MeV above it. Compar-
ing the cross sections for the 7Li + 27Al system at subbarrier
energies, one concludes that the Wong formula overestimates
σBPM drastically. At E = 2 MeV (≈4 MeV below VB), the
Wong cross section is wrong by more than one order of
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FIG. 3. The Wong fusion cross section in comparison with the cross sections predicted by the BPM. See the text for details.

magnitude. For the two heavier systems, the Wong formula
is quite close to σBPM in this energy region. At above-barrier
energies, σW is systematically larger than σBPM, mainly in
the case of the 7Li + 27Al. At 30 MeV above VB, the Wong
cross section for this system overestimates σBPM by ≈45%.
The situation is better for the other two heavier systems. For
the 7Li + 209Bi and 24Mg + 138Ba systems at the same energy
above VB, σW exceeds σBPM by 10% and ≈5%, respectively.
The exceedingly large values of the Wong cross section above
the Coulomb barrier can be traced back to neglecting the
angular-momentum dependence of the barrier parameters. A
detailed discussion of the failure of the Wong formula is
presented below.

At subbarrier energies, the cross section results exclusively
from tunneling effects. Thus, it is susceptible to the shape of
the potential barrier. Figure 4 shows the Coulomb barriers
and the parabolic fits for the three systems of Fig. 3. The
potential axes are truncated at the lowest collision energies
of our calculations, namely, V (r) = VB − 4 MeV. The com-
parison between the potential barrier of the 7Li + 27Al system
and the parabolic fit sheds light on the abnormally large val-
ues of the Wong cross section at subbarrier energies. The
parabolic barrier is much thinner than the actual Coulomb
barrier. Thus, the transmission coefficient for the parabola is
unrealistically large. This leads to a considerable enhance-
ment of σW in comparison to σBPM. Conversely, the parabolic
fits for the barriers of the two heavier systems are quite rea-
sonable. Besides, the fitted barrier is thicker on the inner side
of the barrier but thinner on the outer side. Then, there is
some compensation in calculating the transmission factors,
and the Wong formula reproduces the QM cross sections
well.

Now, we consider the Wong formula above the Coulomb
barrier. In this case, the differences between σW and σBPM
arise from the neglect of the angular-momentum dependencies
of Rλ and h̄ωλ. However, we have shown that the Wong cross

section reduces to the classical cross section just above the
Coulomb barrier, and this cross section does not depend on
the barrier curvature. Then, we concentrate on the angular-
momentum dependence of Rλ. Table II shows the explicit
value of the highest energy considered in our calculations
for each system, namely, Emax = VB + 30 MeV. The next two
columns show the corresponding values of the grazing angular
momentum and the barrier radius associated with it. They are
represented by λg and Rg, respectively. The table also shows
the s-wave barrier radius and the ratio R2

g/R2
B. This ratio esti-

mates the inaccuracy of Wong and the classical expressions in
the worst scenario of the present calculations.

In the 7Li + 27Al collision at E = 36 MeV, the angular-
momentum dependence of Rλ is significant. If one uses R2

g

instead of R2
B in the Wong or the classical expression, as

proposed by Rowley and Hagino [21], the cross section is
reduced by a factor of ≈2. The situation is better for the
7Li + 209Bi and mainly the 24Mg + 138Ba systems, where the
reduction factors would be considerably closer to one (0.83
and 0.91, respectively).

TABLE II. Variation of the barrier radii as the angular momen-
tum varies from zero to its grazing value for the systems discussed
in the text. Column two gives the maximal energy considered in our
calculations. For each system, it corresponds to the Coulomb barrier
plus 30 MeV. The remaining columns are explained in the text. The
grazing angular momenta are given in h̄ units; the barrier radii are
given in fm.

System Emax (MeV) λg Rg RB R2
g/R2

B

7Li + 27Al 36 20 6.2 8.5 0.53
7Li + 209Bi 60 34 10.4 11.4 0.83
24Mg + 138Ba 112 59 10.6 11.1 0.91
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RB and h̄ω with barrier parameters for λg. The Wong formula
then becomes

σ
g
W =

h̄ωgR2
g

2E
ln

{
1 + exp

[
2π

h̄ωg
(E − VB)

]}
, (41)

where we used the short-hand notation h̄ωg ≡ h̄ωlg .
As can be seen in Table II, the barrier radius decreases as

λ increases, and replacing R2
B with R2

g in the Wong formula
reduces the cross section at above-barrier energies. Since the
Wong formula overestimates σBPM (see Fig. 3), this modifi-
cation is expected to improve the agreement between the two
cross sections. However, it might overestimate the weight of
the grazing angular momentum in the partial-wave series. This
possibility is avoided in the improved Wong cross section pro-
posed below.

Since the system Hamiltonian depends on λ quadratically
(through the centrifugal term of the potential), we assume
that the angular-momentum dependence of the barrier radius
is also quadratic, at least around λ = 0. Then, we make a
series expansion of Rλ and keep only the term of lowest order.
We get

Rλ ≃ RB − γ λ2, (42)

where γ is a system-dependent parameter.
Then, we define the effective barrier radius in a collision

with energy E and grazing angular momentum λg as the
weighted average,

R = ⟨Rλ⟩λ = 1
N

∫ λg

0
2λdλ[RB − γ λ2], (43)

where N is the norm

N =
∫ λg

0
2λdλ. (44)

At above-barrier energies, the integrations involve large val-
ues of λ. Then, it is a reasonable approximation to use λ = 0
(instead of λ = 1/2) as the lower limit of the integrations in
Eqs. (43) and (44). Following this procedure, we get

R = RB − γ
λ2

g

2
. (45)

Comparing the above expression with Eq. (42), one concludes
that R corresponds to the barrier radius of the λ-dependent
potential of Eq. (21) at the effective angular momentum

λrms =
√

⟨λ2⟩λ =
λg√

2
. (46)

Thus, we can write

R = Rλrms . (47)

Note that R is fully determined by Eqs. (47) and (46). There-
fore, one does not need the explicit value of the coefficient γ
in the expansion of Eq. (42).

The curvature parameter can be modified in the same way,
namely,

h̄ω = ⟨h̄ωλ⟩λ = h̄ωλrms . (48)

The improved Wong cross section at above-barrier energies is
then given by Eq. (38), with the R and h̄ω parameters of the
above equations.

An improved version of the classical cross section of
Eq. (29) can be derived by the same procedure. Replacing RB
with R, one gets

σ cl = πR
2
(

1 − VB

E

)
for E ! VB

= 0 for E < VB. (49)

It is convenient to introduce the dimensionless energy
variable,

y = 1 − VB

E
. (50)

Then, the standard classical cross section takes the form

σcl = πR2
By, (51)

and its improved version can be written as

σ cl = fR(y)σcl. (52)

Above, fR(y) is the correction factor

fR(y) =
[

R(y)
RB

]2

, (53)

which is always less than one. To stress the energy-
dependence (or y-dependence) of R, we used the notation
R(y). One may notice that the R(y) value may be obtained
directly from the fR(y) function. The next section will present
an empirically obtained version of this function.

Figure 5 shows the approximate cross sections σ
g
W

[Eq. (41)], σ W [Eq. (38)] and σ cl [Eq. (52)], for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems. They are represented
by dashed lines, blue circles, and red stars, respectively. The
solid lines correspond to the BPM cross sections. First, one
notices that σ

g
W (dashed lines) actually underestimates σBPM at

above-barrier energies. The difference between the two cross
sections is particularly large in the case of the light 7Li + 27Al
system. The difference is smaller for the 7Li + 209Bi system,
and the agreement is very good for 24Mg + 138Ba. On the
other hand, the improved Wong fusion cross sections (σ W)
for the three systems are in excellent agreement with the cor-
responding σBPM below and above the Coulomb barrier. One
also observes that, at above-barrier energies, the improved
classical cross sections, σ cl, reproduce σBPM equally well,
except in a very small energy interval just above VB.

A. An approximate expression for R

The barrier parameters of the real potential, VB, RB, and
h̄ω, can be obtained from available computer codes. However,
the effective barrier radius, R, is more complicated to obtain,
as it is necessary to determine the function fR(y), of Eq. (53).
We carried out a systematic study of this function, considering
several systems over a broad mass range, and two commonly
used nuclear interactions: the SPP [7,8] and the AW [9,31]
potentials. In each case, we evaluated fR(y) for collision en-
ergies ranging from E = VB to E = 2 × VB. The results for
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RB and h̄ω with barrier parameters for λg. The Wong formula
then becomes

σ
g
W =

h̄ωgR2
g

2E
ln

{
1 + exp

[
2π

h̄ωg
(E − VB)

]}
, (41)

where we used the short-hand notation h̄ωg ≡ h̄ωlg .
As can be seen in Table II, the barrier radius decreases as

λ increases, and replacing R2
B with R2

g in the Wong formula
reduces the cross section at above-barrier energies. Since the
Wong formula overestimates σBPM (see Fig. 3), this modifi-
cation is expected to improve the agreement between the two
cross sections. However, it might overestimate the weight of
the grazing angular momentum in the partial-wave series. This
possibility is avoided in the improved Wong cross section pro-
posed below.

Since the system Hamiltonian depends on λ quadratically
(through the centrifugal term of the potential), we assume
that the angular-momentum dependence of the barrier radius
is also quadratic, at least around λ = 0. Then, we make a
series expansion of Rλ and keep only the term of lowest order.
We get

Rλ ≃ RB − γ λ2, (42)

where γ is a system-dependent parameter.
Then, we define the effective barrier radius in a collision

with energy E and grazing angular momentum λg as the
weighted average,

R = ⟨Rλ⟩λ = 1
N

∫ λg

0
2λdλ[RB − γ λ2], (43)

where N is the norm

N =
∫ λg

0
2λdλ. (44)

At above-barrier energies, the integrations involve large val-
ues of λ. Then, it is a reasonable approximation to use λ = 0
(instead of λ = 1/2) as the lower limit of the integrations in
Eqs. (43) and (44). Following this procedure, we get

R = RB − γ
λ2

g

2
. (45)

Comparing the above expression with Eq. (42), one concludes
that R corresponds to the barrier radius of the λ-dependent
potential of Eq. (21) at the effective angular momentum

λrms =
√

⟨λ2⟩λ =
λg√

2
. (46)

Thus, we can write

R = Rλrms . (47)

Note that R is fully determined by Eqs. (47) and (46). There-
fore, one does not need the explicit value of the coefficient γ
in the expansion of Eq. (42).

The curvature parameter can be modified in the same way,
namely,

h̄ω = ⟨h̄ωλ⟩λ = h̄ωλrms . (48)

The improved Wong cross section at above-barrier energies is
then given by Eq. (38), with the R and h̄ω parameters of the
above equations.

An improved version of the classical cross section of
Eq. (29) can be derived by the same procedure. Replacing RB
with R, one gets

σ cl = πR
2
(

1 − VB

E

)
for E ! VB

= 0 for E < VB. (49)

It is convenient to introduce the dimensionless energy
variable,

y = 1 − VB

E
. (50)

Then, the standard classical cross section takes the form

σcl = πR2
By, (51)

and its improved version can be written as

σ cl = fR(y)σcl. (52)

Above, fR(y) is the correction factor

fR(y) =
[

R(y)
RB

]2

, (53)

which is always less than one. To stress the energy-
dependence (or y-dependence) of R, we used the notation
R(y). One may notice that the R(y) value may be obtained
directly from the fR(y) function. The next section will present
an empirically obtained version of this function.

Figure 5 shows the approximate cross sections σ
g
W

[Eq. (41)], σ W [Eq. (38)] and σ cl [Eq. (52)], for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems. They are represented
by dashed lines, blue circles, and red stars, respectively. The
solid lines correspond to the BPM cross sections. First, one
notices that σ

g
W (dashed lines) actually underestimates σBPM at

above-barrier energies. The difference between the two cross
sections is particularly large in the case of the light 7Li + 27Al
system. The difference is smaller for the 7Li + 209Bi system,
and the agreement is very good for 24Mg + 138Ba. On the
other hand, the improved Wong fusion cross sections (σ W)
for the three systems are in excellent agreement with the cor-
responding σBPM below and above the Coulomb barrier. One
also observes that, at above-barrier energies, the improved
classical cross sections, σ cl, reproduce σBPM equally well,
except in a very small energy interval just above VB.

A. An approximate expression for R

The barrier parameters of the real potential, VB, RB, and
h̄ω, can be obtained from available computer codes. However,
the effective barrier radius, R, is more complicated to obtain,
as it is necessary to determine the function fR(y), of Eq. (53).
We carried out a systematic study of this function, considering
several systems over a broad mass range, and two commonly
used nuclear interactions: the SPP [7,8] and the AW [9,31]
potentials. In each case, we evaluated fR(y) for collision en-
ergies ranging from E = VB to E = 2 × VB. The results for
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RB and h̄ω with barrier parameters for λg. The Wong formula
then becomes

σ
g
W =

h̄ωgR2
g

2E
ln

{
1 + exp

[
2π

h̄ωg
(E − VB)

]}
, (41)

where we used the short-hand notation h̄ωg ≡ h̄ωlg .
As can be seen in Table II, the barrier radius decreases as

λ increases, and replacing R2
B with R2

g in the Wong formula
reduces the cross section at above-barrier energies. Since the
Wong formula overestimates σBPM (see Fig. 3), this modifi-
cation is expected to improve the agreement between the two
cross sections. However, it might overestimate the weight of
the grazing angular momentum in the partial-wave series. This
possibility is avoided in the improved Wong cross section pro-
posed below.

Since the system Hamiltonian depends on λ quadratically
(through the centrifugal term of the potential), we assume
that the angular-momentum dependence of the barrier radius
is also quadratic, at least around λ = 0. Then, we make a
series expansion of Rλ and keep only the term of lowest order.
We get

Rλ ≃ RB − γ λ2, (42)

where γ is a system-dependent parameter.
Then, we define the effective barrier radius in a collision

with energy E and grazing angular momentum λg as the
weighted average,

R = ⟨Rλ⟩λ = 1
N

∫ λg

0
2λdλ[RB − γ λ2], (43)

where N is the norm

N =
∫ λg

0
2λdλ. (44)

At above-barrier energies, the integrations involve large val-
ues of λ. Then, it is a reasonable approximation to use λ = 0
(instead of λ = 1/2) as the lower limit of the integrations in
Eqs. (43) and (44). Following this procedure, we get

R = RB − γ
λ2

g

2
. (45)

Comparing the above expression with Eq. (42), one concludes
that R corresponds to the barrier radius of the λ-dependent
potential of Eq. (21) at the effective angular momentum

λrms =
√

⟨λ2⟩λ =
λg√

2
. (46)

Thus, we can write

R = Rλrms . (47)

Note that R is fully determined by Eqs. (47) and (46). There-
fore, one does not need the explicit value of the coefficient γ
in the expansion of Eq. (42).

The curvature parameter can be modified in the same way,
namely,

h̄ω = ⟨h̄ωλ⟩λ = h̄ωλrms . (48)

The improved Wong cross section at above-barrier energies is
then given by Eq. (38), with the R and h̄ω parameters of the
above equations.

An improved version of the classical cross section of
Eq. (29) can be derived by the same procedure. Replacing RB
with R, one gets

σ cl = πR
2
(

1 − VB

E

)
for E ! VB

= 0 for E < VB. (49)

It is convenient to introduce the dimensionless energy
variable,

y = 1 − VB

E
. (50)

Then, the standard classical cross section takes the form

σcl = πR2
By, (51)

and its improved version can be written as

σ cl = fR(y)σcl. (52)

Above, fR(y) is the correction factor

fR(y) =
[

R(y)
RB

]2

, (53)

which is always less than one. To stress the energy-
dependence (or y-dependence) of R, we used the notation
R(y). One may notice that the R(y) value may be obtained
directly from the fR(y) function. The next section will present
an empirically obtained version of this function.

Figure 5 shows the approximate cross sections σ
g
W

[Eq. (41)], σ W [Eq. (38)] and σ cl [Eq. (52)], for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems. They are represented
by dashed lines, blue circles, and red stars, respectively. The
solid lines correspond to the BPM cross sections. First, one
notices that σ

g
W (dashed lines) actually underestimates σBPM at

above-barrier energies. The difference between the two cross
sections is particularly large in the case of the light 7Li + 27Al
system. The difference is smaller for the 7Li + 209Bi system,
and the agreement is very good for 24Mg + 138Ba. On the
other hand, the improved Wong fusion cross sections (σ W)
for the three systems are in excellent agreement with the cor-
responding σBPM below and above the Coulomb barrier. One
also observes that, at above-barrier energies, the improved
classical cross sections, σ cl, reproduce σBPM equally well,
except in a very small energy interval just above VB.

A. An approximate expression for R

The barrier parameters of the real potential, VB, RB, and
h̄ω, can be obtained from available computer codes. However,
the effective barrier radius, R, is more complicated to obtain,
as it is necessary to determine the function fR(y), of Eq. (53).
We carried out a systematic study of this function, considering
several systems over a broad mass range, and two commonly
used nuclear interactions: the SPP [7,8] and the AW [9,31]
potentials. In each case, we evaluated fR(y) for collision en-
ergies ranging from E = VB to E = 2 × VB. The results for
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RB and h̄ω with barrier parameters for λg. The Wong formula
then becomes

σ
g
W =

h̄ωgR2
g

2E
ln

{
1 + exp

[
2π

h̄ωg
(E − VB)

]}
, (41)

where we used the short-hand notation h̄ωg ≡ h̄ωlg .
As can be seen in Table II, the barrier radius decreases as

λ increases, and replacing R2
B with R2

g in the Wong formula
reduces the cross section at above-barrier energies. Since the
Wong formula overestimates σBPM (see Fig. 3), this modifi-
cation is expected to improve the agreement between the two
cross sections. However, it might overestimate the weight of
the grazing angular momentum in the partial-wave series. This
possibility is avoided in the improved Wong cross section pro-
posed below.

Since the system Hamiltonian depends on λ quadratically
(through the centrifugal term of the potential), we assume
that the angular-momentum dependence of the barrier radius
is also quadratic, at least around λ = 0. Then, we make a
series expansion of Rλ and keep only the term of lowest order.
We get

Rλ ≃ RB − γ λ2, (42)

where γ is a system-dependent parameter.
Then, we define the effective barrier radius in a collision

with energy E and grazing angular momentum λg as the
weighted average,

R = ⟨Rλ⟩λ = 1
N

∫ λg

0
2λdλ[RB − γ λ2], (43)

where N is the norm

N =
∫ λg

0
2λdλ. (44)

At above-barrier energies, the integrations involve large val-
ues of λ. Then, it is a reasonable approximation to use λ = 0
(instead of λ = 1/2) as the lower limit of the integrations in
Eqs. (43) and (44). Following this procedure, we get

R = RB − γ
λ2

g

2
. (45)

Comparing the above expression with Eq. (42), one concludes
that R corresponds to the barrier radius of the λ-dependent
potential of Eq. (21) at the effective angular momentum

λrms =
√

⟨λ2⟩λ =
λg√

2
. (46)

Thus, we can write

R = Rλrms . (47)

Note that R is fully determined by Eqs. (47) and (46). There-
fore, one does not need the explicit value of the coefficient γ
in the expansion of Eq. (42).

The curvature parameter can be modified in the same way,
namely,

h̄ω = ⟨h̄ωλ⟩λ = h̄ωλrms . (48)

The improved Wong cross section at above-barrier energies is
then given by Eq. (38), with the R and h̄ω parameters of the
above equations.

An improved version of the classical cross section of
Eq. (29) can be derived by the same procedure. Replacing RB
with R, one gets

σ cl = πR
2
(

1 − VB

E

)
for E ! VB

= 0 for E < VB. (49)

It is convenient to introduce the dimensionless energy
variable,

y = 1 − VB

E
. (50)

Then, the standard classical cross section takes the form

σcl = πR2
By, (51)

and its improved version can be written as

σ cl = fR(y)σcl. (52)

Above, fR(y) is the correction factor

fR(y) =
[

R(y)
RB

]2

, (53)

which is always less than one. To stress the energy-
dependence (or y-dependence) of R, we used the notation
R(y). One may notice that the R(y) value may be obtained
directly from the fR(y) function. The next section will present
an empirically obtained version of this function.

Figure 5 shows the approximate cross sections σ
g
W

[Eq. (41)], σ W [Eq. (38)] and σ cl [Eq. (52)], for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems. They are represented
by dashed lines, blue circles, and red stars, respectively. The
solid lines correspond to the BPM cross sections. First, one
notices that σ

g
W (dashed lines) actually underestimates σBPM at

above-barrier energies. The difference between the two cross
sections is particularly large in the case of the light 7Li + 27Al
system. The difference is smaller for the 7Li + 209Bi system,
and the agreement is very good for 24Mg + 138Ba. On the
other hand, the improved Wong fusion cross sections (σ W)
for the three systems are in excellent agreement with the cor-
responding σBPM below and above the Coulomb barrier. One
also observes that, at above-barrier energies, the improved
classical cross sections, σ cl, reproduce σBPM equally well,
except in a very small energy interval just above VB.

A. An approximate expression for R

The barrier parameters of the real potential, VB, RB, and
h̄ω, can be obtained from available computer codes. However,
the effective barrier radius, R, is more complicated to obtain,
as it is necessary to determine the function fR(y), of Eq. (53).
We carried out a systematic study of this function, considering
several systems over a broad mass range, and two commonly
used nuclear interactions: the SPP [7,8] and the AW [9,31]
potentials. In each case, we evaluated fR(y) for collision en-
ergies ranging from E = VB to E = 2 × VB. The results for
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FIG. 5. The BPM fusion cross sections for the 7Li + 27Al, 7Li + 209Bi, and 24Mg + 138Ba systems, in comparison to those obtained by the
improved versions of the Wong formula, σ

g
W and σ W. The improved classical cross sections, σ cl, are also shown.

the SPP and for the AW interactions are shown in Figs. 6(a)
and 6(b), respectively. The points correspond to the effective
barrier radius numerically calculated at a mesh of collision
energies.

FIG. 6. The function fR(y) of Eq. (53), for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems, plotted versus the dimension-
less energy variable, y.

The solid line represents the pocket formula

fapp(y) = 1 − 0.14y − 0.14y2, (54)

which gives the best fit to the data. Inspecting Figs. 6(a) and
6(b), one concludes that fR(y) has a very weak dependence
on the system. For all systems, fR(y) is given by Eq. (54) as
an excellent approximation. Furthermore, one notices that this
conclusion is valid for both the SPP and the AW potentials.
Then, the dependence of σ W and σ cl on the nuclear potential
occurs exclusively through the S-wave barrier parameters.

The improved version of the Wong formula presented in
this section is valid for any choice of nuclear potential. The
only requirement is that RB, VB, and h̄ω be the parameters of
the parabolic approximation of the barrier in the BPM calcu-
lation. On the other hand, the validity of the pocket formula
has been demonstrated exclusively for the SPP and the AW
potentials. However, we should keep in mind that the angular-
momentum dependence of Rλ and h̄ωλ arises exclusively from
the centrifugal term of the total potential in the radial equation.
For this reason, we believe that the pocket formula remains
valid for any choice of nuclear interaction.

B. Reduction of fusion data and universal functions

A frequently used reduction procedure is the fusion func-
tion (FF) method [12,13], which is based on the Wong
formula. The collision energy E and the fusion cross sec-
tion σF are transformed into the dimensionless quantities

E → x = E − VB

h̄ω
, σF → F (x) = σF

σ0
, (55)

where σ0 is the characteristic cross section of Eq. (34).
The improved Wong cross section of Eq. (38) leads to an

improved fusion function (IFF) method, implemented by the
transformations

E → x = E − VB

h̄ω̄
, σF → F (x) = σF

σ 0
. (56)
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RB and h̄ω with barrier parameters for λg. The Wong formula
then becomes

σ
g
W =

h̄ωgR2
g

2E
ln

{
1 + exp

[
2π

h̄ωg
(E − VB)

]}
, (41)

where we used the short-hand notation h̄ωg ≡ h̄ωlg .
As can be seen in Table II, the barrier radius decreases as

λ increases, and replacing R2
B with R2

g in the Wong formula
reduces the cross section at above-barrier energies. Since the
Wong formula overestimates σBPM (see Fig. 3), this modifi-
cation is expected to improve the agreement between the two
cross sections. However, it might overestimate the weight of
the grazing angular momentum in the partial-wave series. This
possibility is avoided in the improved Wong cross section pro-
posed below.

Since the system Hamiltonian depends on λ quadratically
(through the centrifugal term of the potential), we assume
that the angular-momentum dependence of the barrier radius
is also quadratic, at least around λ = 0. Then, we make a
series expansion of Rλ and keep only the term of lowest order.
We get

Rλ ≃ RB − γ λ2, (42)

where γ is a system-dependent parameter.
Then, we define the effective barrier radius in a collision

with energy E and grazing angular momentum λg as the
weighted average,

R = ⟨Rλ⟩λ = 1
N

∫ λg

0
2λdλ[RB − γ λ2], (43)

where N is the norm

N =
∫ λg

0
2λdλ. (44)

At above-barrier energies, the integrations involve large val-
ues of λ. Then, it is a reasonable approximation to use λ = 0
(instead of λ = 1/2) as the lower limit of the integrations in
Eqs. (43) and (44). Following this procedure, we get

R = RB − γ
λ2

g

2
. (45)

Comparing the above expression with Eq. (42), one concludes
that R corresponds to the barrier radius of the λ-dependent
potential of Eq. (21) at the effective angular momentum

λrms =
√

⟨λ2⟩λ =
λg√

2
. (46)

Thus, we can write

R = Rλrms . (47)

Note that R is fully determined by Eqs. (47) and (46). There-
fore, one does not need the explicit value of the coefficient γ
in the expansion of Eq. (42).

The curvature parameter can be modified in the same way,
namely,

h̄ω = ⟨h̄ωλ⟩λ = h̄ωλrms . (48)

The improved Wong cross section at above-barrier energies is
then given by Eq. (38), with the R and h̄ω parameters of the
above equations.

An improved version of the classical cross section of
Eq. (29) can be derived by the same procedure. Replacing RB
with R, one gets

σ cl = πR
2
(

1 − VB

E

)
for E ! VB

= 0 for E < VB. (49)

It is convenient to introduce the dimensionless energy
variable,

y = 1 − VB

E
. (50)

Then, the standard classical cross section takes the form

σcl = πR2
By, (51)

and its improved version can be written as

σ cl = fR(y)σcl. (52)

Above, fR(y) is the correction factor

fR(y) =
[

R(y)
RB

]2

, (53)

which is always less than one. To stress the energy-
dependence (or y-dependence) of R, we used the notation
R(y). One may notice that the R(y) value may be obtained
directly from the fR(y) function. The next section will present
an empirically obtained version of this function.

Figure 5 shows the approximate cross sections σ
g
W

[Eq. (41)], σ W [Eq. (38)] and σ cl [Eq. (52)], for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems. They are represented
by dashed lines, blue circles, and red stars, respectively. The
solid lines correspond to the BPM cross sections. First, one
notices that σ

g
W (dashed lines) actually underestimates σBPM at

above-barrier energies. The difference between the two cross
sections is particularly large in the case of the light 7Li + 27Al
system. The difference is smaller for the 7Li + 209Bi system,
and the agreement is very good for 24Mg + 138Ba. On the
other hand, the improved Wong fusion cross sections (σ W)
for the three systems are in excellent agreement with the cor-
responding σBPM below and above the Coulomb barrier. One
also observes that, at above-barrier energies, the improved
classical cross sections, σ cl, reproduce σBPM equally well,
except in a very small energy interval just above VB.

A. An approximate expression for R

The barrier parameters of the real potential, VB, RB, and
h̄ω, can be obtained from available computer codes. However,
the effective barrier radius, R, is more complicated to obtain,
as it is necessary to determine the function fR(y), of Eq. (53).
We carried out a systematic study of this function, considering
several systems over a broad mass range, and two commonly
used nuclear interactions: the SPP [7,8] and the AW [9,31]
potentials. In each case, we evaluated fR(y) for collision en-
ergies ranging from E = VB to E = 2 × VB. The results for
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RB and h̄ω with barrier parameters for λg. The Wong formula
then becomes

σ
g
W =

h̄ωgR2
g

2E
ln

{
1 + exp

[
2π

h̄ωg
(E − VB)

]}
, (41)

where we used the short-hand notation h̄ωg ≡ h̄ωlg .
As can be seen in Table II, the barrier radius decreases as

λ increases, and replacing R2
B with R2

g in the Wong formula
reduces the cross section at above-barrier energies. Since the
Wong formula overestimates σBPM (see Fig. 3), this modifi-
cation is expected to improve the agreement between the two
cross sections. However, it might overestimate the weight of
the grazing angular momentum in the partial-wave series. This
possibility is avoided in the improved Wong cross section pro-
posed below.

Since the system Hamiltonian depends on λ quadratically
(through the centrifugal term of the potential), we assume
that the angular-momentum dependence of the barrier radius
is also quadratic, at least around λ = 0. Then, we make a
series expansion of Rλ and keep only the term of lowest order.
We get

Rλ ≃ RB − γ λ2, (42)

where γ is a system-dependent parameter.
Then, we define the effective barrier radius in a collision

with energy E and grazing angular momentum λg as the
weighted average,

R = ⟨Rλ⟩λ = 1
N

∫ λg

0
2λdλ[RB − γ λ2], (43)

where N is the norm

N =
∫ λg

0
2λdλ. (44)

At above-barrier energies, the integrations involve large val-
ues of λ. Then, it is a reasonable approximation to use λ = 0
(instead of λ = 1/2) as the lower limit of the integrations in
Eqs. (43) and (44). Following this procedure, we get

R = RB − γ
λ2

g

2
. (45)

Comparing the above expression with Eq. (42), one concludes
that R corresponds to the barrier radius of the λ-dependent
potential of Eq. (21) at the effective angular momentum

λrms =
√

⟨λ2⟩λ =
λg√

2
. (46)

Thus, we can write

R = Rλrms . (47)

Note that R is fully determined by Eqs. (47) and (46). There-
fore, one does not need the explicit value of the coefficient γ
in the expansion of Eq. (42).

The curvature parameter can be modified in the same way,
namely,

h̄ω = ⟨h̄ωλ⟩λ = h̄ωλrms . (48)

The improved Wong cross section at above-barrier energies is
then given by Eq. (38), with the R and h̄ω parameters of the
above equations.

An improved version of the classical cross section of
Eq. (29) can be derived by the same procedure. Replacing RB
with R, one gets

σ cl = πR
2
(

1 − VB

E

)
for E ! VB

= 0 for E < VB. (49)

It is convenient to introduce the dimensionless energy
variable,

y = 1 − VB

E
. (50)

Then, the standard classical cross section takes the form

σcl = πR2
By, (51)

and its improved version can be written as

σ cl = fR(y)σcl. (52)

Above, fR(y) is the correction factor

fR(y) =
[

R(y)
RB

]2

, (53)

which is always less than one. To stress the energy-
dependence (or y-dependence) of R, we used the notation
R(y). One may notice that the R(y) value may be obtained
directly from the fR(y) function. The next section will present
an empirically obtained version of this function.

Figure 5 shows the approximate cross sections σ
g
W

[Eq. (41)], σ W [Eq. (38)] and σ cl [Eq. (52)], for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems. They are represented
by dashed lines, blue circles, and red stars, respectively. The
solid lines correspond to the BPM cross sections. First, one
notices that σ

g
W (dashed lines) actually underestimates σBPM at

above-barrier energies. The difference between the two cross
sections is particularly large in the case of the light 7Li + 27Al
system. The difference is smaller for the 7Li + 209Bi system,
and the agreement is very good for 24Mg + 138Ba. On the
other hand, the improved Wong fusion cross sections (σ W)
for the three systems are in excellent agreement with the cor-
responding σBPM below and above the Coulomb barrier. One
also observes that, at above-barrier energies, the improved
classical cross sections, σ cl, reproduce σBPM equally well,
except in a very small energy interval just above VB.

A. An approximate expression for R

The barrier parameters of the real potential, VB, RB, and
h̄ω, can be obtained from available computer codes. However,
the effective barrier radius, R, is more complicated to obtain,
as it is necessary to determine the function fR(y), of Eq. (53).
We carried out a systematic study of this function, considering
several systems over a broad mass range, and two commonly
used nuclear interactions: the SPP [7,8] and the AW [9,31]
potentials. In each case, we evaluated fR(y) for collision en-
ergies ranging from E = VB to E = 2 × VB. The results for
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RB and h̄ω with barrier parameters for λg. The Wong formula
then becomes

σ
g
W =

h̄ωgR2
g

2E
ln

{
1 + exp

[
2π

h̄ωg
(E − VB)

]}
, (41)

where we used the short-hand notation h̄ωg ≡ h̄ωlg .
As can be seen in Table II, the barrier radius decreases as

λ increases, and replacing R2
B with R2

g in the Wong formula
reduces the cross section at above-barrier energies. Since the
Wong formula overestimates σBPM (see Fig. 3), this modifi-
cation is expected to improve the agreement between the two
cross sections. However, it might overestimate the weight of
the grazing angular momentum in the partial-wave series. This
possibility is avoided in the improved Wong cross section pro-
posed below.

Since the system Hamiltonian depends on λ quadratically
(through the centrifugal term of the potential), we assume
that the angular-momentum dependence of the barrier radius
is also quadratic, at least around λ = 0. Then, we make a
series expansion of Rλ and keep only the term of lowest order.
We get

Rλ ≃ RB − γ λ2, (42)

where γ is a system-dependent parameter.
Then, we define the effective barrier radius in a collision

with energy E and grazing angular momentum λg as the
weighted average,

R = ⟨Rλ⟩λ = 1
N

∫ λg

0
2λdλ[RB − γ λ2], (43)

where N is the norm

N =
∫ λg

0
2λdλ. (44)

At above-barrier energies, the integrations involve large val-
ues of λ. Then, it is a reasonable approximation to use λ = 0
(instead of λ = 1/2) as the lower limit of the integrations in
Eqs. (43) and (44). Following this procedure, we get

R = RB − γ
λ2

g

2
. (45)

Comparing the above expression with Eq. (42), one concludes
that R corresponds to the barrier radius of the λ-dependent
potential of Eq. (21) at the effective angular momentum

λrms =
√

⟨λ2⟩λ =
λg√

2
. (46)

Thus, we can write

R = Rλrms . (47)

Note that R is fully determined by Eqs. (47) and (46). There-
fore, one does not need the explicit value of the coefficient γ
in the expansion of Eq. (42).

The curvature parameter can be modified in the same way,
namely,

h̄ω = ⟨h̄ωλ⟩λ = h̄ωλrms . (48)

The improved Wong cross section at above-barrier energies is
then given by Eq. (38), with the R and h̄ω parameters of the
above equations.

An improved version of the classical cross section of
Eq. (29) can be derived by the same procedure. Replacing RB
with R, one gets

σ cl = πR
2
(

1 − VB

E

)
for E ! VB

= 0 for E < VB. (49)

It is convenient to introduce the dimensionless energy
variable,

y = 1 − VB

E
. (50)

Then, the standard classical cross section takes the form

σcl = πR2
By, (51)

and its improved version can be written as

σ cl = fR(y)σcl. (52)

Above, fR(y) is the correction factor

fR(y) =
[

R(y)
RB

]2

, (53)

which is always less than one. To stress the energy-
dependence (or y-dependence) of R, we used the notation
R(y). One may notice that the R(y) value may be obtained
directly from the fR(y) function. The next section will present
an empirically obtained version of this function.

Figure 5 shows the approximate cross sections σ
g
W

[Eq. (41)], σ W [Eq. (38)] and σ cl [Eq. (52)], for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems. They are represented
by dashed lines, blue circles, and red stars, respectively. The
solid lines correspond to the BPM cross sections. First, one
notices that σ

g
W (dashed lines) actually underestimates σBPM at

above-barrier energies. The difference between the two cross
sections is particularly large in the case of the light 7Li + 27Al
system. The difference is smaller for the 7Li + 209Bi system,
and the agreement is very good for 24Mg + 138Ba. On the
other hand, the improved Wong fusion cross sections (σ W)
for the three systems are in excellent agreement with the cor-
responding σBPM below and above the Coulomb barrier. One
also observes that, at above-barrier energies, the improved
classical cross sections, σ cl, reproduce σBPM equally well,
except in a very small energy interval just above VB.

A. An approximate expression for R

The barrier parameters of the real potential, VB, RB, and
h̄ω, can be obtained from available computer codes. However,
the effective barrier radius, R, is more complicated to obtain,
as it is necessary to determine the function fR(y), of Eq. (53).
We carried out a systematic study of this function, considering
several systems over a broad mass range, and two commonly
used nuclear interactions: the SPP [7,8] and the AW [9,31]
potentials. In each case, we evaluated fR(y) for collision en-
ergies ranging from E = VB to E = 2 × VB. The results for
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RB and h̄ω with barrier parameters for λg. The Wong formula
then becomes

σ
g
W =

h̄ωgR2
g

2E
ln

{
1 + exp

[
2π

h̄ωg
(E − VB)

]}
, (41)

where we used the short-hand notation h̄ωg ≡ h̄ωlg .
As can be seen in Table II, the barrier radius decreases as

λ increases, and replacing R2
B with R2

g in the Wong formula
reduces the cross section at above-barrier energies. Since the
Wong formula overestimates σBPM (see Fig. 3), this modifi-
cation is expected to improve the agreement between the two
cross sections. However, it might overestimate the weight of
the grazing angular momentum in the partial-wave series. This
possibility is avoided in the improved Wong cross section pro-
posed below.

Since the system Hamiltonian depends on λ quadratically
(through the centrifugal term of the potential), we assume
that the angular-momentum dependence of the barrier radius
is also quadratic, at least around λ = 0. Then, we make a
series expansion of Rλ and keep only the term of lowest order.
We get

Rλ ≃ RB − γ λ2, (42)

where γ is a system-dependent parameter.
Then, we define the effective barrier radius in a collision

with energy E and grazing angular momentum λg as the
weighted average,

R = ⟨Rλ⟩λ = 1
N

∫ λg

0
2λdλ[RB − γ λ2], (43)

where N is the norm

N =
∫ λg

0
2λdλ. (44)

At above-barrier energies, the integrations involve large val-
ues of λ. Then, it is a reasonable approximation to use λ = 0
(instead of λ = 1/2) as the lower limit of the integrations in
Eqs. (43) and (44). Following this procedure, we get

R = RB − γ
λ2

g

2
. (45)

Comparing the above expression with Eq. (42), one concludes
that R corresponds to the barrier radius of the λ-dependent
potential of Eq. (21) at the effective angular momentum

λrms =
√

⟨λ2⟩λ =
λg√

2
. (46)

Thus, we can write

R = Rλrms . (47)

Note that R is fully determined by Eqs. (47) and (46). There-
fore, one does not need the explicit value of the coefficient γ
in the expansion of Eq. (42).

The curvature parameter can be modified in the same way,
namely,

h̄ω = ⟨h̄ωλ⟩λ = h̄ωλrms . (48)

The improved Wong cross section at above-barrier energies is
then given by Eq. (38), with the R and h̄ω parameters of the
above equations.

An improved version of the classical cross section of
Eq. (29) can be derived by the same procedure. Replacing RB
with R, one gets

σ cl = πR
2
(

1 − VB

E

)
for E ! VB

= 0 for E < VB. (49)

It is convenient to introduce the dimensionless energy
variable,

y = 1 − VB

E
. (50)

Then, the standard classical cross section takes the form

σcl = πR2
By, (51)

and its improved version can be written as

σ cl = fR(y)σcl. (52)

Above, fR(y) is the correction factor

fR(y) =
[

R(y)
RB

]2

, (53)

which is always less than one. To stress the energy-
dependence (or y-dependence) of R, we used the notation
R(y). One may notice that the R(y) value may be obtained
directly from the fR(y) function. The next section will present
an empirically obtained version of this function.

Figure 5 shows the approximate cross sections σ
g
W

[Eq. (41)], σ W [Eq. (38)] and σ cl [Eq. (52)], for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems. They are represented
by dashed lines, blue circles, and red stars, respectively. The
solid lines correspond to the BPM cross sections. First, one
notices that σ

g
W (dashed lines) actually underestimates σBPM at

above-barrier energies. The difference between the two cross
sections is particularly large in the case of the light 7Li + 27Al
system. The difference is smaller for the 7Li + 209Bi system,
and the agreement is very good for 24Mg + 138Ba. On the
other hand, the improved Wong fusion cross sections (σ W)
for the three systems are in excellent agreement with the cor-
responding σBPM below and above the Coulomb barrier. One
also observes that, at above-barrier energies, the improved
classical cross sections, σ cl, reproduce σBPM equally well,
except in a very small energy interval just above VB.

A. An approximate expression for R

The barrier parameters of the real potential, VB, RB, and
h̄ω, can be obtained from available computer codes. However,
the effective barrier radius, R, is more complicated to obtain,
as it is necessary to determine the function fR(y), of Eq. (53).
We carried out a systematic study of this function, considering
several systems over a broad mass range, and two commonly
used nuclear interactions: the SPP [7,8] and the AW [9,31]
potentials. In each case, we evaluated fR(y) for collision en-
ergies ranging from E = VB to E = 2 × VB. The results for
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FIG. 4. The Coulomb barriers for the 7Li + 27Al, 7Bi + 209Al,
and 24Mg + 138Ba systems, in comparison with the corresponding
parabolic fits.

IV. IMPROVED VERSIONS OF THE WONG
AND THE CLASSICAL CROSS SECTIONS

Two papers reported improvements in the original Wong
formula (32). One was already mentioned at the end of the
previous section [21]. The other was another paper by Wong
[22]. Wong reported corrections to the original formula due
to the continuum approximation of the discrete angular mo-
mentum l . Besides, he proposed a method to improve the
description of the fusion cross section by determining the ex-
perimental barrier for each angular momentum from the low-
energy fusion cross section. In this way, the modified Wong
formula can describe the fusion data better than the barrier
penetration model devised in the original approximation, con-
sidering the influence of particular nuclear structure effects on
the fusion cross section. Although it is a nice feature of this
formula, it is unsuitable for the reduction of fusion data, which
is the main concern of the present work. The fusion function

reduction method, which will be discussed in Sec. IV B, re-
quires that the Wong formula be a good description of the
BPM cross section rather than the data.

To reduce fusion data, one seeks a bare potential to provide
a so-called nominal Coulomb barrier. This potential should
lead to good descriptions of experimental cross sections of
systems where particular nuclear structure properties have no
significant influence on fusion. A good candidate is the poten-
tial of the double-folding model, evaluated systematically by
an integral of the matter densities of the colliding nuclei with a
realistic nucleon-nucleon interaction. The São Paulo potential
[7,8] implements this model based on realistic matter den-
sities given by a two-parameter Fermi distribution. Another
good candidate is the Akyüz-Winther [9] potential, given by a
Woods-Saxon approximation to the double folding potential.
The parameters of the WS function are obtained through a
systematic study involving many systems distributed over a
broad mass range. The SPP and the AW potentials provide
similar fusion cross sections, as reported in Ref. [23].

In this section and throughout the present paper, we adopt
the São Paulo potential. This potential has been widely used
in studies of weakly bound systems, including systematic
investigations of reduced fusion cross sections [13], the en-
ergy dependence of the optical potential, seeking the so-called
breakup threshold anomaly [24], and theoretical predictions
of CF and ICF cross sections in collisions of weakly bound
stable and neutron halo radioactive projectiles [25–27]. It has
also been used as the bare potential in many coupled reac-
tion channels calculations of multinucleon transfer reactions
together with elastic, inelastic, and charge-exchange angular
distributions (see, for example, Refs. [28–30]).

The previous subsection showed that the Wong formula
works poorly for light systems at energies well below or above
the Coulomb barrier. The problem can be fixed by introducing
effective barrier parameters, R and h̄ω̄, in the modified Wong
formula,

σ W = h̄ω̄R
2

2E
ln

{
1 + exp

[
2π

h̄ω̄
(E − VB)

]}
. (38)

Since the behavior of the cross section at subbarrier en-
ergies is determined by the argument of the exponential,
2π (E − VB)/h̄ω̄, we keep the original values of the barrier
parameters in the slowly varying multiplicative factor. That
is, we approximate

h̄ω̄R
2

2E
≃ h̄ωR2

B

2E
. (39)

Then, we get the effective barrier curvature parameter, h̄w̄,
by imposing that the modified Wong cross section of Eq. (38)
be equal to the fusion cross section of the barrier penetration
model. We find

h̄ω̄ = 2π (E − VB)
/

ln
[

exp
(

2EσBPM

h̄ωR2
B

− 1
)]

. (40)

At above-barrier energies, the main contributions to the fu-
sion cross section come from angular momenta in the vicinity
of λg. This led Rowley and Hagino [21] to propose an im-
proved version of the Wong formula. It consists of replacing
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FIG. 5. The BPM fusion cross sections for the 7Li + 27Al, 7Li + 209Bi, and 24Mg + 138Ba systems, in comparison to those obtained by the
improved versions of the Wong formula, σ

g
W and σ W. The improved classical cross sections, σ cl, are also shown.

the SPP and for the AW interactions are shown in Figs. 6(a)
and 6(b), respectively. The points correspond to the effective
barrier radius numerically calculated at a mesh of collision
energies.

FIG. 6. The function fR(y) of Eq. (53), for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems, plotted versus the dimension-
less energy variable, y.

The solid line represents the pocket formula

fapp(y) = 1 − 0.14y − 0.14y2, (54)

which gives the best fit to the data. Inspecting Figs. 6(a) and
6(b), one concludes that fR(y) has a very weak dependence
on the system. For all systems, fR(y) is given by Eq. (54) as
an excellent approximation. Furthermore, one notices that this
conclusion is valid for both the SPP and the AW potentials.
Then, the dependence of σ W and σ cl on the nuclear potential
occurs exclusively through the S-wave barrier parameters.

The improved version of the Wong formula presented in
this section is valid for any choice of nuclear potential. The
only requirement is that RB, VB, and h̄ω be the parameters of
the parabolic approximation of the barrier in the BPM calcu-
lation. On the other hand, the validity of the pocket formula
has been demonstrated exclusively for the SPP and the AW
potentials. However, we should keep in mind that the angular-
momentum dependence of Rλ and h̄ωλ arises exclusively from
the centrifugal term of the total potential in the radial equation.
For this reason, we believe that the pocket formula remains
valid for any choice of nuclear interaction.

B. Reduction of fusion data and universal functions

A frequently used reduction procedure is the fusion func-
tion (FF) method [12,13], which is based on the Wong
formula. The collision energy E and the fusion cross sec-
tion σF are transformed into the dimensionless quantities

E → x = E − VB

h̄ω
, σF → F (x) = σF

σ0
, (55)

where σ0 is the characteristic cross section of Eq. (34).
The improved Wong cross section of Eq. (38) leads to an

improved fusion function (IFF) method, implemented by the
transformations

E → x = E − VB

h̄ω̄
, σF → F (x) = σF

σ 0
. (56)
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Using the explicit form of Bλ, within the approximation of
Eq. (23), one gets the relation

λ2
g − 1

4
= 2µR2

B

h̄2 (E − VB). (26)

Within the above approximations, we can derive an an-
alytical expression for the fusion cross section of Eq. (11).
One gets

σcl(E ) = π

k2

∫ ∞

λ=1/2
2λT (λ, E )dλ, (27)

or, using Eq. (24),

σcl(E ) = π

k2

∫ λg

λ=1/2
2λdλ = π

k2

(
λ2

g − 1
4

)
. (28)

Then, using Eq. (26), one gets the classical fusion cross
section

σcl(E ) = πR2
B

(
1 − VB

E

)
for E ! VB (29)

= 0 for E < VB.

The classical fusion cross section has a serious flaw: it
vanishes at subbarrier energies.

B. The Wong formula

Wong [10] derived an analytic expression for the fusion
cross section which includes tunneling effects. To get his
formula, Wong made the same assumptions as in the deriva-
tion of the classical cross section, except for the transmission
coefficient of Eq. (24). Instead, he used the Hill-Wheeler
transmission coefficient,

THW(l, E ) = 1

1 + exp
[ 2π

h̄ω
(VB − E )

] , (30)

below and above the barrier. Then, Eq. (27) becomes

σW(E ) = π

k2

∫ ∞

λ=1/2

2λdλ

1 + exp
[ 2π

h̄ω
(VB − E )

] . (31)

The above integral can be evaluated analytically; the result is
the Wong formula,

σW = h̄ωR2
B

2E
ln

{
1 + exp

[
2π

h̄ω
(E − VB)

]}
. (32)

For future purposes, we write the above equation in the form

σW = σ0F0(x), (33)

where

σ0 = h̄ωR2
B

2E
(34)

is a characteristic (energy-dependent) strength of the cross
section, and

F0(x) = ln[1 + e2πx] (35)

FIG. 2. The Wong fusion function and its asymptotic limit.

is the universal fusion function (UFF) [12,13], which is ex-
pressed in terms of the dimensionless energy variable

x = E − VB

h̄ω
. (36)

1. The classical limit of the Wong formula

For 2πx ≫ 1, one can approximate: 1 + exp(2πx) ≃
exp(2πx) and one gets the classical limit of the universal
fusion function

F cl
0 (x) = 2πx. (37)

The convergence of F0(x) to its classical limit is illustrated
in Fig. 2. Comparing the two curves, one concludes that
the universal fusion function can be safely approximated by
Eq. (37) for x ! 0.5. Since typical values of h̄ω are between
2 and 4 MeV, the classical cross section of Eq. (29) is very
close to σW, starting at ≈1.5 MeV above VB. Then, at energies
above this limit, we can insert the classical limit of the Wong
fusion function into Eq. (35) and get the classical fusion cross
section of Eq. (29), namely,

σ cl
W(E ) = πR2

B

(
1 − VB

E

)
for E ! VB.

2. Validity of the Wong formula

The Wong formula is a very nice analytical expression,
but its validity is limited. It is a very good approximation to
the QM fusion cross section in collisions of heavy systems
(ZPZT > 500) at near-barrier energies [13]. However, it is
not appropriate for light systems or at collision energies well
below or well above the barrier.

The accuracy of the Wong formula is illustrated in
Fig. 3, which shows comparisons between σW and σBPM for
the 7Li + 27Al (ZPZT = 39), 7Li + 209Bi (ZPZT = 249), and
24Mg + 138Ba (ZPZT = 672) systems. As in the previous fig-
ures, the results are shown at collision energies ranging from 4
MeV below the Coulomb barrier to 30 MeV above it. Compar-
ing the cross sections for the 7Li + 27Al system at subbarrier
energies, one concludes that the Wong formula overestimates
σBPM drastically. At E = 2 MeV (≈4 MeV below VB), the
Wong cross section is wrong by more than one order of
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FIG. 5. The BPM fusion cross sections for the 7Li + 27Al, 7Li + 209Bi, and 24Mg + 138Ba systems, in comparison to those obtained by the
improved versions of the Wong formula, σ

g
W and σ W. The improved classical cross sections, σ cl, are also shown.

the SPP and for the AW interactions are shown in Figs. 6(a)
and 6(b), respectively. The points correspond to the effective
barrier radius numerically calculated at a mesh of collision
energies.

FIG. 6. The function fR(y) of Eq. (53), for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems, plotted versus the dimension-
less energy variable, y.

The solid line represents the pocket formula

fapp(y) = 1 − 0.14y − 0.14y2, (54)

which gives the best fit to the data. Inspecting Figs. 6(a) and
6(b), one concludes that fR(y) has a very weak dependence
on the system. For all systems, fR(y) is given by Eq. (54) as
an excellent approximation. Furthermore, one notices that this
conclusion is valid for both the SPP and the AW potentials.
Then, the dependence of σ W and σ cl on the nuclear potential
occurs exclusively through the S-wave barrier parameters.

The improved version of the Wong formula presented in
this section is valid for any choice of nuclear potential. The
only requirement is that RB, VB, and h̄ω be the parameters of
the parabolic approximation of the barrier in the BPM calcu-
lation. On the other hand, the validity of the pocket formula
has been demonstrated exclusively for the SPP and the AW
potentials. However, we should keep in mind that the angular-
momentum dependence of Rλ and h̄ωλ arises exclusively from
the centrifugal term of the total potential in the radial equation.
For this reason, we believe that the pocket formula remains
valid for any choice of nuclear interaction.

B. Reduction of fusion data and universal functions

A frequently used reduction procedure is the fusion func-
tion (FF) method [12,13], which is based on the Wong
formula. The collision energy E and the fusion cross sec-
tion σF are transformed into the dimensionless quantities

E → x = E − VB

h̄ω
, σF → F (x) = σF

σ0
, (55)

where σ0 is the characteristic cross section of Eq. (34).
The improved Wong cross section of Eq. (38) leads to an

improved fusion function (IFF) method, implemented by the
transformations

E → x = E − VB

h̄ω̄
, σF → F (x) = σF

σ 0
. (56)
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FIG. 7. Reduced BPM cross sections for the 7Li + 27Al,
7Li + 209Bi, and 24Mg + 138Ba systems, reduced by the two fusion
function procedures discussed in the text.

Above, h̄ω̄ is the effective barrier curvature parameter of
Eq. (40), and σ 0 is the characteristic cross section of the
improved Wong formula,

σ 0 = h̄ωR
2

2E
. (57)

As a simple test, the reduction procedures can be applied
to the BPM fusion cross section [11,13]. The procedure is
successful if reduced cross sections for systems in different
mass ranges are very similar. Furthermore, if the procedure
leads to a universal function, the reduced cross sections should
be very close to it. We applied this test to the two versions of
the fusion function method, Eqs. (55) and (56).

Figure 7(a) shows the reduced σBPM fusion cross sec-
tions for the 7Li + 27Al, 7Bi + 209Al, and 24Mg + 138Ba
systems. They are denoted by FBPM(x). The reduction was
carried out through the standard fusion function method of
Eq. (55). For comparison, the UFF is also shown (black
solid line). One notices that the fusion functions exhibit a
significant system dependence. At the highest energies, corre-
sponding to x ≈ 10 (≈25 MeV above VB), the fusion function
for the 7Li + 27Al system is ≈30% lower than the UFF. The
fusion functions for the two heavier systems remain below
the UFF, but the difference is much smaller. Despite this
system dependence, the fusion method has been widely used

in comparing fusion data of weakly bound systems [13,32–
37]. In practical studies of nuclear structure effects based on
this reduction method, the fusion functions are renormalized
to avoid system dependencies arising from the inaccuracy of
the Wong formula [13].

Next, we apply the same test to the improved fusion func-
tion method of Eq. (56). The reduced cross sections, shown
in Fig. 7(b), are denoted by F BPM(x). Now, the situation is
entirely different. The system dependence of the previous
figure is fully eliminated. The fusion functions for different
systems can hardly be distinguished, and they agree very well
with the UFF.

The fact that the improved classical cross section of
Eq. (49) is very close to σBPM leads to another universal
function, which we denote by G0(y). It is obtained by the
transformations

E → y = 1 − VB

E
, σ cl → G0 = σ cl

πR
2 . (58)

In this way, one gets the classical fusion line (CFL)

G0(y) = y. (59)

The above transformation suggests a new reduction pro-
cedure to analyze fusion data at energies above the Coulomb
barrier. The energy is transformed into the dimensionless en-
ergy variable, y, as in Eq. (58), and the fusion cross section,
σF, is transformed into the classical fusion function (CFF),

G(y) = σF

πR
2 = σF

πR2
B fR(y)

. (60)

Above, fR(y) is the ratio R
2
/R2

B, introduced in Eq. (53).
We submitted the classical fusion function (CFF) reduction
method of Eqs. (58) and (60) to the same test applied to the
fusion function method. Since the empirical function fapp(y)
is quite close to fR(y), we used the approximate expression

G
expt

(y) =
σ

expt
F

π fapp(y)R2
B
. (61)

The reduced σBPM cross sections, denoted by GBPM(y),
for the 7Li + 27Al, 7Bi + 209Bi, and 24Mg + 138Ba systems are
shown in Fig. 8. The black solid line represents the classical
fusion line of Eq. (59). We observe that the reduced cross
sections for the three systems are extremely close and agree
very well with the classical fusion line.

An interesting point in Fig. 8 is that the results for heavier
systems are concentrated at the lower region of the CFL,
whereas those for lighter systems reach the high end of this
line. The reason is that our calculations were performed at
energies up to ≈VB + 30 MeV. In this way, the largest y value
in the calculations is

ymax = 1 − VB

VB + 30 MeV
.

Then, for the lightest systems, 7Li + 27Al, the barrier (VB =
6.1 MeV) is much lower than 30 MeV and ymax is close to one.
For the heaviest system, 24Mg + 138Ba, the barrier (VB = 81, 6
MeV) is much larger than 30 MeV, so that ymax is much lower.

054609-10

CANTO, ZAGATTO, LUBIAN, AND DONANGELO PHYSICAL REVIEW C 109, 054609 (2024)
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7Li + 209Bi, and 24Mg + 138Ba systems, reduced by the two fusion
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Above, h̄ω̄ is the effective barrier curvature parameter of
Eq. (40), and σ 0 is the characteristic cross section of the
improved Wong formula,
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2E
. (57)
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to the BPM fusion cross section [11,13]. The procedure is
successful if reduced cross sections for systems in different
mass ranges are very similar. Furthermore, if the procedure
leads to a universal function, the reduced cross sections should
be very close to it. We applied this test to the two versions of
the fusion function method, Eqs. (55) and (56).

Figure 7(a) shows the reduced σBPM fusion cross sec-
tions for the 7Li + 27Al, 7Bi + 209Al, and 24Mg + 138Ba
systems. They are denoted by FBPM(x). The reduction was
carried out through the standard fusion function method of
Eq. (55). For comparison, the UFF is also shown (black
solid line). One notices that the fusion functions exhibit a
significant system dependence. At the highest energies, corre-
sponding to x ≈ 10 (≈25 MeV above VB), the fusion function
for the 7Li + 27Al system is ≈30% lower than the UFF. The
fusion functions for the two heavier systems remain below
the UFF, but the difference is much smaller. Despite this
system dependence, the fusion method has been widely used

in comparing fusion data of weakly bound systems [13,32–
37]. In practical studies of nuclear structure effects based on
this reduction method, the fusion functions are renormalized
to avoid system dependencies arising from the inaccuracy of
the Wong formula [13].

Next, we apply the same test to the improved fusion func-
tion method of Eq. (56). The reduced cross sections, shown
in Fig. 7(b), are denoted by F BPM(x). Now, the situation is
entirely different. The system dependence of the previous
figure is fully eliminated. The fusion functions for different
systems can hardly be distinguished, and they agree very well
with the UFF.

The fact that the improved classical cross section of
Eq. (49) is very close to σBPM leads to another universal
function, which we denote by G0(y). It is obtained by the
transformations

E → y = 1 − VB

E
, σ cl → G0 = σ cl

πR
2 . (58)

In this way, one gets the classical fusion line (CFL)

G0(y) = y. (59)

The above transformation suggests a new reduction pro-
cedure to analyze fusion data at energies above the Coulomb
barrier. The energy is transformed into the dimensionless en-
ergy variable, y, as in Eq. (58), and the fusion cross section,
σF, is transformed into the classical fusion function (CFF),

G(y) = σF

πR
2 = σF

πR2
B fR(y)

. (60)

Above, fR(y) is the ratio R
2
/R2

B, introduced in Eq. (53).
We submitted the classical fusion function (CFF) reduction
method of Eqs. (58) and (60) to the same test applied to the
fusion function method. Since the empirical function fapp(y)
is quite close to fR(y), we used the approximate expression
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The reduced σBPM cross sections, denoted by GBPM(y),
for the 7Li + 27Al, 7Bi + 209Bi, and 24Mg + 138Ba systems are
shown in Fig. 8. The black solid line represents the classical
fusion line of Eq. (59). We observe that the reduced cross
sections for the three systems are extremely close and agree
very well with the classical fusion line.

An interesting point in Fig. 8 is that the results for heavier
systems are concentrated at the lower region of the CFL,
whereas those for lighter systems reach the high end of this
line. The reason is that our calculations were performed at
energies up to ≈VB + 30 MeV. In this way, the largest y value
in the calculations is

ymax = 1 − VB

VB + 30 MeV
.

Then, for the lightest systems, 7Li + 27Al, the barrier (VB =
6.1 MeV) is much lower than 30 MeV and ymax is close to one.
For the heaviest system, 24Mg + 138Ba, the barrier (VB = 81, 6
MeV) is much larger than 30 MeV, so that ymax is much lower.
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7Li + 209Bi, and 24Mg + 138Ba systems, reduced by the two fusion
function procedures discussed in the text.

Above, h̄ω̄ is the effective barrier curvature parameter of
Eq. (40), and σ 0 is the characteristic cross section of the
improved Wong formula,

σ 0 = h̄ωR
2

2E
. (57)

As a simple test, the reduction procedures can be applied
to the BPM fusion cross section [11,13]. The procedure is
successful if reduced cross sections for systems in different
mass ranges are very similar. Furthermore, if the procedure
leads to a universal function, the reduced cross sections should
be very close to it. We applied this test to the two versions of
the fusion function method, Eqs. (55) and (56).

Figure 7(a) shows the reduced σBPM fusion cross sec-
tions for the 7Li + 27Al, 7Bi + 209Al, and 24Mg + 138Ba
systems. They are denoted by FBPM(x). The reduction was
carried out through the standard fusion function method of
Eq. (55). For comparison, the UFF is also shown (black
solid line). One notices that the fusion functions exhibit a
significant system dependence. At the highest energies, corre-
sponding to x ≈ 10 (≈25 MeV above VB), the fusion function
for the 7Li + 27Al system is ≈30% lower than the UFF. The
fusion functions for the two heavier systems remain below
the UFF, but the difference is much smaller. Despite this
system dependence, the fusion method has been widely used

in comparing fusion data of weakly bound systems [13,32–
37]. In practical studies of nuclear structure effects based on
this reduction method, the fusion functions are renormalized
to avoid system dependencies arising from the inaccuracy of
the Wong formula [13].

Next, we apply the same test to the improved fusion func-
tion method of Eq. (56). The reduced cross sections, shown
in Fig. 7(b), are denoted by F BPM(x). Now, the situation is
entirely different. The system dependence of the previous
figure is fully eliminated. The fusion functions for different
systems can hardly be distinguished, and they agree very well
with the UFF.

The fact that the improved classical cross section of
Eq. (49) is very close to σBPM leads to another universal
function, which we denote by G0(y). It is obtained by the
transformations

E → y = 1 − VB

E
, σ cl → G0 = σ cl

πR
2 . (58)

In this way, one gets the classical fusion line (CFL)

G0(y) = y. (59)

The above transformation suggests a new reduction pro-
cedure to analyze fusion data at energies above the Coulomb
barrier. The energy is transformed into the dimensionless en-
ergy variable, y, as in Eq. (58), and the fusion cross section,
σF, is transformed into the classical fusion function (CFF),

G(y) = σF

πR
2 = σF

πR2
B fR(y)

. (60)

Above, fR(y) is the ratio R
2
/R2

B, introduced in Eq. (53).
We submitted the classical fusion function (CFF) reduction
method of Eqs. (58) and (60) to the same test applied to the
fusion function method. Since the empirical function fapp(y)
is quite close to fR(y), we used the approximate expression
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The reduced σBPM cross sections, denoted by GBPM(y),
for the 7Li + 27Al, 7Bi + 209Bi, and 24Mg + 138Ba systems are
shown in Fig. 8. The black solid line represents the classical
fusion line of Eq. (59). We observe that the reduced cross
sections for the three systems are extremely close and agree
very well with the classical fusion line.

An interesting point in Fig. 8 is that the results for heavier
systems are concentrated at the lower region of the CFL,
whereas those for lighter systems reach the high end of this
line. The reason is that our calculations were performed at
energies up to ≈VB + 30 MeV. In this way, the largest y value
in the calculations is

ymax = 1 − VB

VB + 30 MeV
.

Then, for the lightest systems, 7Li + 27Al, the barrier (VB =
6.1 MeV) is much lower than 30 MeV and ymax is close to one.
For the heaviest system, 24Mg + 138Ba, the barrier (VB = 81, 6
MeV) is much larger than 30 MeV, so that ymax is much lower.
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Conclusions

• We proposed the UFF reduction method. It has a universal function as 
a benchmark.

• The CF is enhanced below VB and hindered above VB for the reactions 
of weakly bound projectiles with heavy targets

• The Wong formula was improved to consider the angular momentum 
dependence of barrier parameters.

• The improved fusion method was  introduced that allows to study of 
the effect of any reaction channel on fusion cross section.
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Theoretical estimation
• Potential Scattering approach
• Fusion is not a channel 
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FIG. 1. (Color online) CF cross sections in the 11Be + 208Pb
collision. The solid and the dashed lines correspond, respectively, to
CDCC calculations with and without CCC [7].

calculation of the CF cross section for the 11Be + 208Pb system,
performed by Hagino et al. [14]. The importance of CCC was
investigated in a subsequent CDCC calculation for the same
system, performed by Diaz-Torres and Thompson [7]. In this
work, the CF cross sections evaluated with and without CCC
were compared.

The results are shown in Fig. 1. The comparison indicates
that CCC leads to a drastic reduction of the CF cross section at
near- and sub-barrier energies. The reduction is of about two
orders of magnitude.

Is there a simple and intuitive explanation for this result?
To answer this question we use the language of polarization
potentials. The elastic wave functions obtained from a set
of coupled channel equations can always be obtained from
a single-channel equation with an effective potential. This
potential is the sum of the optical potential and polarization
potentials. The former represents the diagonal part of the
interaction in channel space and an average influence of
channel coupling. The latter contains the detailed influence of
the strongly coupled excited channels. In this way, the coupled
channel problem can be handled as a problem of potential
scattering. Following the approach of Ref. [15], we use this
picture and resort to the schematic representation of Fig. 2. It
shows the currents and the potentials (real and imaginary parts)
involved in the collision, for some particular partial wave.
The fusion barrier is the sum of the real parts of the optical
and polarization potentials plus the centrifugal term. As the
incident current, jin, approaches the external turning point, it
is attenuated by the long-range absorptive potential Wpol. The
lost flux populates the channels that are responsible for this
imaginary potential, that is, inelastic channels, transfer, and
breakup. At large distances, Wpol is dominated by Coulomb
breakup. The final destination of the fragments produced by
the breakup process, namely NCBU, ICF is not relevant for
our discussion. The situation would be different if all the
fragments were absorbed sequentially, leading to CF. Since
the contribution of this process to the CF cross section is not
supposed to be large, it is neglected here. When the attenuated
incident current reaches the barrier, it splits into two parts.

W
op

t Wpol

jin

jsc

jF attenuation

reflectiontransmission

Vopt + VL + Vpol

FIG. 2. (Color online) Effects of the real and imaginary parts of
the optical and the polarization potential on the incident current.

The reflected component, jsc, and the transmitted current, jCF.
The reflected current is attenuated as it moves away from the
barrier, until it is out of the reach of Wpol. It is then responsible
for the elastic scattering cross section. The transmitted current
is fully absorbed by the short-range imaginary part of the
optical potential inside the barrier giving rise to CF. The
probabilities of elastic scattering, Psc, and fusion PCF, at that
partial wave then given by are

Psc = jsc

jin
and PCF = jCF

jin
. (1)

The direct reaction probability, representing inelastic scatter-
ing + transfer + ICF + NCBU, is given by the current absorbed
by Wpol,

PDR = 1 − jsc + jCF

jin
. (2)

We can now speculate on the modifications of the polariza-
tion potential arising from the inclusion of CCC in the CDCC
calculations. The strong suppression observed in Fig. 1 implies
that the transmitted current is drastically reduced. In principle,
it could be caused by three factors:

(i) The inclusion of CCC strengthens the absorptive
imaginary potential Wpol. In this case the quasielastic
cross section becomes larger, due to the increase of
breakup.

(ii) The inclusion of CCC makes the real part of the po-
larization potential more repulsive, so that the incident
current has to cross a higher barrier to produce fusion. If
this case, jCF is reduced and jsc increases. Therefore, the
suppression CF should be followed by an enhancement
of the elastic scattering cross section.

(iii) A combination of possibilities (i) and (ii). In this case,
both the breakup and the elastic cross sections could be
enhanced.

To find out which of these possibilities is actually happen-
ing, one should check the cross section for other channels. We
first consider possibility (i). In this case, the reduction of σCF
would arise from some kind of irreversibility of the transition to
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calculation of the CF cross section for the 11Be + 208Pb system,
performed by Hagino et al. [14]. The importance of CCC was
investigated in a subsequent CDCC calculation for the same
system, performed by Diaz-Torres and Thompson [7]. In this
work, the CF cross sections evaluated with and without CCC
were compared.

The results are shown in Fig. 1. The comparison indicates
that CCC leads to a drastic reduction of the CF cross section at
near- and sub-barrier energies. The reduction is of about two
orders of magnitude.

Is there a simple and intuitive explanation for this result?
To answer this question we use the language of polarization
potentials. The elastic wave functions obtained from a set
of coupled channel equations can always be obtained from
a single-channel equation with an effective potential. This
potential is the sum of the optical potential and polarization
potentials. The former represents the diagonal part of the
interaction in channel space and an average influence of
channel coupling. The latter contains the detailed influence of
the strongly coupled excited channels. In this way, the coupled
channel problem can be handled as a problem of potential
scattering. Following the approach of Ref. [15], we use this
picture and resort to the schematic representation of Fig. 2. It
shows the currents and the potentials (real and imaginary parts)
involved in the collision, for some particular partial wave.
The fusion barrier is the sum of the real parts of the optical
and polarization potentials plus the centrifugal term. As the
incident current, jin, approaches the external turning point, it
is attenuated by the long-range absorptive potential Wpol. The
lost flux populates the channels that are responsible for this
imaginary potential, that is, inelastic channels, transfer, and
breakup. At large distances, Wpol is dominated by Coulomb
breakup. The final destination of the fragments produced by
the breakup process, namely NCBU, ICF is not relevant for
our discussion. The situation would be different if all the
fragments were absorbed sequentially, leading to CF. Since
the contribution of this process to the CF cross section is not
supposed to be large, it is neglected here. When the attenuated
incident current reaches the barrier, it splits into two parts.
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FIG. 2. (Color online) Effects of the real and imaginary parts of
the optical and the polarization potential on the incident current.

The reflected component, jsc, and the transmitted current, jCF.
The reflected current is attenuated as it moves away from the
barrier, until it is out of the reach of Wpol. It is then responsible
for the elastic scattering cross section. The transmitted current
is fully absorbed by the short-range imaginary part of the
optical potential inside the barrier giving rise to CF. The
probabilities of elastic scattering, Psc, and fusion PCF, at that
partial wave then given by are

Psc = jsc

jin
and PCF = jCF

jin
. (1)

The direct reaction probability, representing inelastic scatter-
ing + transfer + ICF + NCBU, is given by the current absorbed
by Wpol,

PDR = 1 − jsc + jCF

jin
. (2)

We can now speculate on the modifications of the polariza-
tion potential arising from the inclusion of CCC in the CDCC
calculations. The strong suppression observed in Fig. 1 implies
that the transmitted current is drastically reduced. In principle,
it could be caused by three factors:

(i) The inclusion of CCC strengthens the absorptive
imaginary potential Wpol. In this case the quasielastic
cross section becomes larger, due to the increase of
breakup.

(ii) The inclusion of CCC makes the real part of the po-
larization potential more repulsive, so that the incident
current has to cross a higher barrier to produce fusion. If
this case, jCF is reduced and jsc increases. Therefore, the
suppression CF should be followed by an enhancement
of the elastic scattering cross section.

(iii) A combination of possibilities (i) and (ii). In this case,
both the breakup and the elastic cross sections could be
enhanced.

To find out which of these possibilities is actually happen-
ing, one should check the cross section for other channels. We
first consider possibility (i). In this case, the reduction of σCF
would arise from some kind of irreversibility of the transition to
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Other processes: elastic scattering, quasi-elastic scattering, transfer reactions, quasi-
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Finding CF and ICF cross section is a great 
challenge (both for experimentalists and theorists)

• sCF absorption of all projectile charge  ( 11Be = 10Be +n)
• Most  experiments determine only sTF
• Individual sCF and/or sICF have been measured for some 

particular stable and radioactive P-T combinations:

Some examples:
Stable                                               radioactive
6Li:  B = 1.47 MeV                                               6He:  B = 0.973 MeV 
7Li:  B = 2.45 MeV                                               11Be: B = 0.502 MeV
9Be: B = 1.65 MeV  

6,7Li + 209Bi,  159Tb,  197Au, 124Sn.    6He + 209Bi, 238U        
9Be + 208Pb, 197Au                          11Be + 209Bi

Experiment:

25
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Light exotic nuclei

15N stable 15C exotic, neutron-rich (drip-line) 

Exotic nuclei
8B = 7Be+p         (0.137 MeV)
6He = a + 2n       (0.973 MeV)
11Li = 9Li + 2n     (0.369 MeV)
11Be = 10Be+n      (0.502 MeV)
15C  =  14C+n       (1.218 MeV)

Weakly bound nuclei
7Be = a + 3He     (1.587 MeV)
8He = 6He + 2n    (2.140 MeV)
9Be = 8Be + n      (1.665 MeV)
6Li = a + d          (1.474 MeV)
7Li  = a + t           (2.467 MeV)
8Li  = 7Li + n        (2.032 MeV)

Tightly bound nuclei
16O = 12C + a (7.192 MeV)
10B = 6Li + a (4.461 MeV)
11B = 7Li + a (8.664 MeV)
12B = 11B+n       (3.370 MeV)
10C = 8Be+2p    (3.821 MeV)

Extended matter distribution

Nucleon distribution

Low binding energy
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Projectiles of two-fragment

Theory ( quantum mechanic):

Difficulty:

=)
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Continuous energy label Infinite set of equations
(even with truncation)

V(r,R) = V1(r1) + V2(r2)

Vj(rj) = Uj(rj)� iWj(rj), j = 1, 2

26
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Solution: discretize the continuum
{'"} =) {'i}
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Reduces  to a standard  CC  problem,
(finite number  of coupled equations)

CDCC method with bins

27

COMPLETE AND INCOMPLETE FUSION OF 7Li … PHYSICAL REVIEW C 102, 064628 (2020)

The continuum expansion of Eq. (8) included bins gen-
erated by scattering states of the 3H - 4He system with
orbital angular momenta l = 0, . . . , lmax (1/2 ! j ! lmax +
1/2) and collision energies from zero to a cutoff energy εmax.
The bins were generated by the equation,

uβlβ jβ (r) =
∫

dε #β (ε)uεlβ jβ (r), (47)

where uεlβ jβ (r) is the radial wave function in a scattering state
with collision energy ε, angular momentum quantum numbers
lβ, jβ , and #β (ε) is a weight function concentrated around the
energy εβ . In the present paper we discretize the continuum in
the energy space using bins with constant values within some
interval around εβ . Weight functions of this kind either in the
energy or in the momentum space are commonly used in the
literature [48–51]. The weight functions were given by

#β (ε) = 1
√

$β

, if ε(+)
β " εβ " ε(−)

β

= 0, otherwise. (48)

Above, ε(±)
β = εβ ± $β/2 are the limits of the interval.

The bins must cover the whole energy interval from zero
to εmax. That is, the upper limit of the βth bin εβ + $β/2
should coincide with the lower limit of the subsequent bin
εβ+1 − $β+1/2.

The locations and widths of the bins depend on the reso-
nance structure of the projectile. In the absence of resonances,
good convergence can be achieved using bins with $ ≈ 1 −
2 MeV or even larger than this. To increase the speed of the
numerical calculations, the number of bins can be reduced
using broader bins as ε approaches εmax. The situation is
more complicated in the presence of sharp resonances. Then,
it is necessary to use, at least, one narrow bin in the res-
onance region. The meshes for angular momenta with and
without resonances are represented in Fig. 2. For l = 3, jπ =
7/2−, where there is a sharp resonance at εres = 2.16 MeV
with $exp = 0.093 MeV (see Table I), we used the mesh
represented in panel (a). The region below the resonance is
composed four bins of ≈0.5 MeV, and the resonance was
covered by a single bin of width 0.2 MeV. Above the reso-
nance, we used three bins of width ≈2 MeV. For l = 3, jπ =
5/2− there is a broader resonance at εres = 4.21 MeV with
$exp = 0.88 MeV (see Table I). Then, we adopted the mesh
represented in panel (b). Below the resonance, we used seven
bins with ≈$ = 0.5 MeV. The resonance region, between
3.5 and 5 MeV, was covered by three bins of about the same
width, and the region between 5 and 8 MeV was covered by a
bin of 1 MeV and a bin of 2 MeV. Finally in the remaining
cases, where there are no resonances, the continuum was
discretized with four bins of $ = 1.5 MeV and one bin of
$ = 2.0 MeV as shown in panel (c).

We got very good convergence in our calculations using
εmax = 8 MeV and lmax = 3h̄. This is illustrated in Figs. 3–
6, which show cross sections of the 7Li + 209Bi system for
different values of εmax and lmax. The main body of the figures
shows cross sections on the logarithmic scales, whereas the in-
sets show results on linear scales. In this way, the convergence
below and above the barrier can be easily assessed. Inspecting

FIG. 2. Discretization of the continuum of 7Li [panel (a)] and
7Li [panel (b)]. The narrower bins in the resonances regions are
represented in light blue.

Fig. 3, one concludes that the convergence of σCF for εmax =
8 MeV is excellent. The cross section can hardly be distin-
guished from the one obtained with the higher cutoff value of
εmax = 10 MeV. Even for εmax = 6 MeV, the convergence is

FIG. 3. Convergence of σCF with respect to εmax.

064628-5

Bins adopted for 7Li
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• Project angular momentum

• Solve CC equations, get S-matrices and radial w.f.

=)
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- Indirect calculation:

- Direct calculation using radial wave functions

Calculation of fusion cross sections

�R =
⇡

k2

X

l

(2l + 1)
h
1� |S0l(E)|2

i
�F = �R �

X
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Fusion Estimations: classical picture

Hagino et al., NPA 238, 475 (2004), Dasgupta et al., PRC 66, 041602 (2002), 

• Classical picture with stochastic 
parameters. 

29
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Fusion Estimations: semi-classical models
* Marta et al., PRC 89, 034625 (2014), Kolinger et al., PRC 98, 044604 (2018)

30

• Classical trajectory
• Intrinsic dynamic: time 

dependent Schrodinger 
equation 

• Fusion: tunnelling trough the  
barrier 
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The method of Hagino, Vitturi, Dasso
and Lenzi (HVDL) Hagino et al., PRC 61, 037602 (2000)

A. Diaz-Torres and I. J. Thompson, PRC 65, 024606 
(2002). 

• P-T imaginary potential ( instead of W(1) + W(2) )

Then,

Or,

Contributions from
from bound channels

From continuum  channels (bins)

W (R, r) = W 1(r1) +W 2(r2) ! W (R) = W↵�↵,↵0

�TF =
k

E

NX

↵=1

h ↵ |W↵ | ↵i =
NX

↵=1

�↵

�TF = �B + �C

With �B =
k

E

X

↵ ✏ bound

h ↵ |W↵ | ↵i

And �C =
k

E

X

↵ ✏ cont.

h ↵ |W↵ | ↵i 31

J. Lubian, XIV LASNPA2024, Mexico



11Be (10Be - n) + 208Pb

Works fine !

Basic Assumption:

Limitation: works for a fragment much heavier than the other

32

�CF = �B ,�ICF = �C
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7Li (4He - 3H) + 209Bi

Does not work !

Basic Assumption:

Limitation: works for a fragment much heavier than the other

33

�CF = �B ,�ICF = �C
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Indirect determination of CF using the 
spectator model*

* Lei and Moro, PRL 122, 042503 (2019) 

�R = �CF + �inel + �EBU + �(1)
NBU + �(2)

NBU
<latexit sha1_base64="ZVI4OCxnYARNIDg2/JaxO01x+Zo="></latexit>

• sR : from CDCC calculation or opt. model analysis
• sinel :from standard CC calculation (only bound channels)
• sEBU : from CDCC calculation:
• sNEB1 ,sNEB2 : from inclusive spectator- participant model 

(IAV)

Extract sCF from the relation:

34
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Quantum mechanical methods

1. Indirect determination of CF using the spectator model*

* Lei and Moro, PRL 122, 042503 (2019) 

Nice model, … but cannot evaluate ICF 35
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Other methods found in the literature

36

• S. Hashimoto et al., Prog. Theor. Phys. 122, 1291 (2009): Radial integrals of the
imaginary potentials with CDCC w.f.s over the coordinates of the fragments, r1 and
r2. They picked contribution from proper regions to determine individual cross
sections for each fusion process. ICF the neutron and the proton in the d + 7Li
collision.

• M. Boseli and Diaz-Torres, JPG 41 (2014) 094001, PRC 92 (2015) 044610: Used
position projection operators to describe the time-evolution of wave packets. Used
to estimate CF and ICF cross sections for the 6Li +209Bi system. The method is
promising but so far it has not been used in realistic calculations involving weakly
bound projectiles.

• V.V. Parkar et al., PRC 94, 024606 (2016): Performed separate CDCC calculations
with short-range W to determine CF, ICF, TF (no self-consistent) 6,7Li +209Bi,198Pt

J. Lubian, XIV LASNPA2024, Mexico



A new QM method to evaluate CF and ICF*
(Based on the HVDL method, but with abs. of each fragment)

Instead of absorption of the cm of the projectile:

Individual absorption of each fragment:

Assumption:

* J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 )

W (R, r) = W 1(r1) +W 2(r2) ! W (R) = W↵�↵,↵0

W (R, r) = W 1(r1) +W 2(r2), W↵,↵0 6= W↵

W i does not connect spaces B and C
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Appendix. Following Refs. [26,27,39], we perform the intu-
itive assumptions,

P ICF1(J ) = P (1)
C (J )

[
1 − P (2)

C (J )
]
, (35)

P ICF2(J ) = P (2)
C (J )

[
1 − P (1)

C (J )
]
. (36)

The SCF probability is then obtained inserting Eqs. (16), (35)
and (36) into Eq. (34). We get

PSCF(J ) = 2 P (1)
C (J )P (2)

C (J ). (37)

Note that the factor of 2 is essential to satisfy Eq. (16).
On the other hand, owing to the presence of this factor, it
is not obvious that the SCF probability satisfies the essen-
tial requirement: PSCF(J ) ! 1. However, the proof of this
condition is straightforward. Since PTF

C (J ) is contained in
PTF(J ), Eq. (33) guarantees that PTF

C (J ) < 1. Then, according
to Eq. (16), we have

PTF
C (J ) = P (1)

C (J ) + P (2)
C (J ) < 1. (38)

Since this quantity is less than one, its square is still smaller.
Thus, we can write

[
P (1)

C (J ) + P (2)
C (J )

]2
< P (1)

C (J ) + P (2)
C (J ) < 1. (39)

Evaluating the square of the term within brackets explicitly,
the above equation becomes

[
P (1)

C (J )
]2 +

[
P (1)

C (J )
]2 + 2P (1)

C (J )P (2)
C (J ) < 1. (40)

Then, moving the squares to the right side of the inequality,
we get

2P (1)
C (J )P (2)

C (J ) < 1 −
[
P (1)

C (J )
]2 −

[
P (1)

C (J )
]2

, (41)

which guarantees that the condition,

2P (1)
C (J )P (2)

C (J ) < 1 (42)

is satisfied.

III. APPLICATIONS

We used our method to study fusion reactions in collisions
of 7Li projectiles with 209Bi, 197Au, 124Sn, and 198Pt targets
for which experimental data are available. In our calcula-
tions, 7Li is treated as the two-cluster system: 7Li ≡ 3H + 4He
with separation energy B = 2.45 MeV. To determine the cross
sections, we used the CF-ICF computer code [43], which
evaluates the angular momentum projected version of the
expressions of the previous section, derived in the Appendix.
These expressions involve intrinsic states of the projectile
and radial wave functions, which were obtained running the
CDCC version of the FRESCO code [44].

The real part of the interaction between fragment ci and
the target V (i)(ri ) is given by the São Paulo potential [45]
(SPP), calculated with the densities of the systematic study
of Chamon et al. [46]. The projectile-target potential in the
elastic channel is then given by

V00(R) =
∫

d3r|φ0(r)|2[V (1)(r1) + V (2)(r2)], (43)

TABLE I. Experimental [47] and theoretical energies and widths
of the 7Li resonances. The energies and widths are given in MeV.

l jπ εth
res $th εexp

res $exp

3 7/2− 2.15 0.1 2.16 0.093
3 5/2− 4.54 0.88 4.21 0.88

where φ0(r) is the ground-state wave function of the projec-
tile. Note that this potential takes into account the low breakup
threshold of the projectile. This makes its Coulomb barrier
lower than the one given by the SPP calculated directly for the
projectile-target system. This static effect of the low binding
energy enhances the fusion cross section below and above the
barrier.

Since the imaginary parts of the fragment-target potentials
represent fusion absorption, they must be strong and act ex-
clusively in the inner region of the Coulomb barrier. Then, we
adopted Woods-Saxon (WS) functions with the form

W (i)(ri ) = W0

1 + exp[(ri − Rw)/aw]
, i = 1, 2, (44)

with the following parameters:

W0 = 50 MeV, Rw = 1.0
[
A1/3

i + A1/3
T

]
fm; aw = 0.2 fm.

(45)

The intrinsic states of the projectile are solutions of a
Schrödinger equation with the Hamiltonian,

h(r) = Kr + V12(r12), (46)

where Kr is the relative kinetic energy of fragments within
the projectile and V12(r12) is the interaction potential between
them. The potential used to describe the bound states of the
projectile was parametrized by Woods-Saxon functions and
derivatives (for the spin-orbit term), with parameters fitted to
reproduce its binding energy. Different potentials were used
for continuum states. In this case, the parameters were fitted
to reproduce the energies and widths of the main resonances.
The parameters are basically the ones adopted by Diaz-Torres
et al. [29] except for the reduced radius of the central potential.
We used r0 = 1.153 fm, that gives a slightly better description
of the resonances of 7Li. Their experimental energies and
widths are shown in Table I together with the theoretical
values obtained in this way.

Multipole expansions of the potentials were carried out,
taking into account multipoles up to λ = 4. In the CDCC cal-
culations we used a matching radius of 40 fm and considered
total angular momenta up to J = 60h̄. Note that higher angu-
lar momenta, which are essential in calculations of breakup
cross sections, do not give relevant contribution to fusion. We
checked the convergence of the calculations with respect to
these parameters and found that the results are very stable.

A. Discretization of the continuum

The channel expansion of Eq. (7) included the ground
state of 7Li ( j = 3/2−, l = 1) and its only excited state with
energy ε∗ = 0.48 MeV ( j = 1/2−, l = 1).
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198Pt targets and compare the predictions of our method with
the experimental data. Finally, in Sec. IV we present our
conclusions and discuss future extensions of our method.

II. THEORY OF COMPLETE AND INCOMPLETE FUSIONS

In this section we describe the theory to evaluate CF and
ICF cross sections introduced in Ref. [39], which we use
in the present paper. We consider the collision of a weakly
bound projectile formed by two fragments c1 and c2 with a
spherical target. The projectile-target relative vector and the
vector between the two fragments of the projectile are denoted
by R and r, respectively. For simplicity, we do not discuss
explicitly spins or orbital angular momenta at this stage. The
collision dynamics is dictated by the Hamiltonian,

H(R, r) = h(r) + K̂ + U (1)(r1) + U (2)(r2), (1)

where

U (i)(ri ) ≡ V (i)(ri ) − iW (i)(ri) (2)

is the complex interaction between the fragment ci and the
target with ri representing the distance between their centers.
These distances are given by

ri = |R + r′
i|, (3)

where r′
i is the position vector of fragment ci relative to the

center of mass (c.m.) of the projectile. For the situation de-
picted in Fig. 1, these vectors are

r′
1 = A2

AP

r and r′
2 = −A1

AP

r, (4)

with Ai and AP standing for the mass numbers of fragment ci
and the projectile, respectively.

To evaluate the fusion cross sections, we perform CDCC
calculations adopting short-range functions for the imaginary
potentials W (1) and W (2). The calculations involve a set
of bound channels—subspace B, and a set of continuum-
discretized channels (bins)—subspace C. Since the imaginary
potentials have short ranges, the total fusion cross section is
equal to the absorption cross section, which is given by the

well-known expression [40],

σTF = 1
|N |2

K
E

⟨" (+)|W (1) + W (2)|" (+)⟩. (5)

Above, " (+) is the scattering state in a collision with incident
wave-vector K and energy E , and N is an arbitrary normaliza-
tion constant, taken as N = (2π )−2/3 in the present paper [see
Eq. (A1)].

Next, we split the wave function as

" (+)(R, r) = "B(R, r) + "C(R, r), (6)

where "B and "C are its components in the bound and bin
subspaces, respectively. They are given by the channel expan-
sions,

"B(R, r) =
∑

β∈B

[ψβ (R) ⊗ φβ (r)] (7)

"C(R, r) =
∑

γ∈C

[ψγ (R) ⊗ φγ (r)], (8)

where φβ and φγ are bound and unbound states, respectively,
of the projectile, and ψβ and ψγ are the corresponding wave
functions describing the projectile-target relative motion.

In our method, we assume that matrix elements of the
imaginary potentials connecting bound channels to bins are
negligible. Approximations along this line are frequently per-
formed in fusion calculations [29,41,42]. Then, Eq. (5) can be
put in the form

σTF = σ B
TF + σ C

TF, (9)

with

σ B
TF = 1

|N |2
K
E

∑

β,β ′∈B

⟨ψβ |W (1)
ββ ′ + W (2)

ββ ′ |ψβ ′ ⟩ (10)

σ C
TF = 1

|N |2
K
E

∑

γ ,γ ′∈C

⟨ψγ |W (1)
γ γ ′ + W (2)

γ γ ′ |ψγ ′ ⟩. (11)

Above,

W (i)
αα′ = (φα|W (i)|φα′ ), (12)

with α,α′ standing for either β,β ′ or γ , γ ′, are the matrix
elements of the imaginary potentials.

Performing angular momentum expansions of the wave
functions and the imaginary potentials, the cross sections of
Eqs. (10) and (11) can be put in the form

σ B
TF = π

K2

∑

J

(2J + 1)PTF
B (J ), (13)

σ C
TF = π

K2

∑

J

(2J + 1)PTF
C (J ), (14)

with

PTF
B (J ) = P (1)

B (J ) + P (2)
B (J ), (15)

PTF
C (J ) = P (1)

C (J ) + P (2)
C (J ). (16)

Above, P (i)
B (J ) and P (i)

C (J ) are the probabilities of absorption
of fragment ci in bound channels and in the continuum, re-
spectively. They are the contributions of W (i) to the TF cross
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In this section we describe the theory to evaluate CF and
ICF cross sections introduced in Ref. [39], which we use
in the present paper. We consider the collision of a weakly
bound projectile formed by two fragments c1 and c2 with a
spherical target. The projectile-target relative vector and the
vector between the two fragments of the projectile are denoted
by R and r, respectively. For simplicity, we do not discuss
explicitly spins or orbital angular momenta at this stage. The
collision dynamics is dictated by the Hamiltonian,

H(R, r) = h(r) + K̂ + U (1)(r1) + U (2)(r2), (1)

where

U (i)(ri ) ≡ V (i)(ri ) − iW (i)(ri ) (2)

is the complex interaction between the fragment ci and the
target with ri representing the distance between their centers.
These distances are given by

ri = |R + r′
i|, (3)

where r′
i is the position vector of fragment ci relative to the

center of mass (c.m.) of the projectile. For the situation de-
picted in Fig. 1, these vectors are

r′
1 = A2

AP
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2 = −A1

AP

r, (4)

with Ai and AP standing for the mass numbers of fragment ci
and the projectile, respectively.

To evaluate the fusion cross sections, we perform CDCC
calculations adopting short-range functions for the imaginary
potentials W (1) and W (2). The calculations involve a set
of bound channels—subspace B, and a set of continuum-
discretized channels (bins)—subspace C. Since the imaginary
potentials have short ranges, the total fusion cross section is
equal to the absorption cross section, which is given by the

well-known expression [40],
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K
E
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Above, " (+) is the scattering state in a collision with incident
wave-vector K and energy E , and N is an arbitrary normaliza-
tion constant, taken as N = (2π )−2/3 in the present paper [see
Eq. (A1)].

Next, we split the wave function as

" (+)(R, r) = "B(R, r) + "C(R, r), (6)

where "B and "C are its components in the bound and bin
subspaces, respectively. They are given by the channel expan-
sions,

"B(R, r) =
∑

β∈B

[ψβ (R) ⊗ φβ (r)] (7)

"C(R, r) =
∑

γ∈C

[ψγ (R) ⊗ φγ (r)], (8)

where φβ and φγ are bound and unbound states, respectively,
of the projectile, and ψβ and ψγ are the corresponding wave
functions describing the projectile-target relative motion.

In our method, we assume that matrix elements of the
imaginary potentials connecting bound channels to bins are
negligible. Approximations along this line are frequently per-
formed in fusion calculations [29,41,42]. Then, Eq. (5) can be
put in the form

σTF = σ B
TF + σ C

TF, (9)

with
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TF = 1
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∑

β,β ′∈B
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ββ ′ |ψβ ′ ⟩ (10)
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TF = 1
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∑
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⟨ψγ |W (1)
γ γ ′ + W (2)

γ γ ′ |ψγ ′ ⟩. (11)

Above,

W (i)
αα′ = (φα|W (i)|φα′ ), (12)

with α,α′ standing for either β,β ′ or γ , γ ′, are the matrix
elements of the imaginary potentials.

Performing angular momentum expansions of the wave
functions and the imaginary potentials, the cross sections of
Eqs. (10) and (11) can be put in the form

σ B
TF = π

K2

∑
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(2J + 1)PTF
B (J ), (13)

σ C
TF = π

K2

∑

J

(2J + 1)PTF
C (J ), (14)

with

PTF
B (J ) = P (1)

B (J ) + P (2)
B (J ), (15)

PTF
C (J ) = P (1)

C (J ) + P (2)
C (J ). (16)

Above, P (i)
B (J ) and P (i)

C (J ) are the probabilities of absorption
of fragment ci in bound channels and in the continuum, re-
spectively. They are the contributions of W (i) to the TF cross
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in the present paper. We consider the collision of a weakly
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by R and r, respectively. For simplicity, we do not discuss
explicitly spins or orbital angular momenta at this stage. The
collision dynamics is dictated by the Hamiltonian,

H(R, r) = h(r) + K̂ + U (1)(r1) + U (2)(r2), (1)

where

U (i)(ri ) ≡ V (i)(ri ) − iW (i)(ri ) (2)

is the complex interaction between the fragment ci and the
target with ri representing the distance between their centers.
These distances are given by

ri = |R + r′
i|, (3)

where r′
i is the position vector of fragment ci relative to the

center of mass (c.m.) of the projectile. For the situation de-
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with Ai and AP standing for the mass numbers of fragment ci
and the projectile, respectively.

To evaluate the fusion cross sections, we perform CDCC
calculations adopting short-range functions for the imaginary
potentials W (1) and W (2). The calculations involve a set
of bound channels—subspace B, and a set of continuum-
discretized channels (bins)—subspace C. Since the imaginary
potentials have short ranges, the total fusion cross section is
equal to the absorption cross section, which is given by the

well-known expression [40],

σTF = 1
|N |2

K
E

⟨" (+)|W (1) + W (2)|" (+)⟩. (5)

Above, " (+) is the scattering state in a collision with incident
wave-vector K and energy E , and N is an arbitrary normaliza-
tion constant, taken as N = (2π )−2/3 in the present paper [see
Eq. (A1)].

Next, we split the wave function as

" (+)(R, r) = "B(R, r) + "C(R, r), (6)

where "B and "C are its components in the bound and bin
subspaces, respectively. They are given by the channel expan-
sions,

"B(R, r) =
∑

β∈B

[ψβ (R) ⊗ φβ (r)] (7)

"C(R, r) =
∑

γ∈C

[ψγ (R) ⊗ φγ (r)], (8)

where φβ and φγ are bound and unbound states, respectively,
of the projectile, and ψβ and ψγ are the corresponding wave
functions describing the projectile-target relative motion.

In our method, we assume that matrix elements of the
imaginary potentials connecting bound channels to bins are
negligible. Approximations along this line are frequently per-
formed in fusion calculations [29,41,42]. Then, Eq. (5) can be
put in the form
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with
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Above,
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with α,α′ standing for either β,β ′ or γ , γ ′, are the matrix
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by R and r, respectively. For simplicity, we do not discuss
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collision dynamics is dictated by the Hamiltonian,
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where
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and the projectile, respectively.

To evaluate the fusion cross sections, we perform CDCC
calculations adopting short-range functions for the imaginary
potentials W (1) and W (2). The calculations involve a set
of bound channels—subspace B, and a set of continuum-
discretized channels (bins)—subspace C. Since the imaginary
potentials have short ranges, the total fusion cross section is
equal to the absorption cross section, which is given by the
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Above, " (+) is the scattering state in a collision with incident
wave-vector K and energy E , and N is an arbitrary normaliza-
tion constant, taken as N = (2π )−2/3 in the present paper [see
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Next, we split the wave function as

" (+)(R, r) = "B(R, r) + "C(R, r), (6)

where "B and "C are its components in the bound and bin
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where φβ and φγ are bound and unbound states, respectively,
of the projectile, and ψβ and ψγ are the corresponding wave
functions describing the projectile-target relative motion.

In our method, we assume that matrix elements of the
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put in the form

σTF = σ B
TF + σ C

TF, (9)

with

σ B
TF = 1

|N |2
K
E

∑

β,β ′∈B

⟨ψβ |W (1)
ββ ′ + W (2)

ββ ′ |ψβ ′ ⟩ (10)

σ C
TF = 1

|N |2
K
E

∑

γ ,γ ′∈C

⟨ψγ |W (1)
γ γ ′ + W (2)

γ γ ′ |ψγ ′ ⟩. (11)

Above,
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with α,α′ standing for either β,β ′ or γ , γ ′, are the matrix
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(3) As in Refs. [48,49], we neglect matrix elements of the
imaginary potential between bound and unbound channels.

Formally, the complex potential acting on the elastic chan-
nel in a one-channel calculation can be derived by Feshbach’s
formalism [73]. One introduces a projector onto the elastic
channel, P , and a projector onto a set of channels that have
strong influence on elastic scattering, Q. Then, the effective
potential acting on the elastic channel is given by

Ueff = P U P + P U Q [GQQ] QU P, (25)

where GQQ is the Green’s function in the Q subspace. The
first term in the above equation is the potential in the elastic
channel when all couplings are neglected, and the second
is a polarization potential accounting for the influence of
nonelastic channels on elastic scattering. This procedure has
been used to derive complex polarization potentials associated
with different direct reactions (a recent review can be found in
Ref. [74]).

The above procedure can be extended to coupled-channel
descriptions of heavy ion scattering. In this case, the elas-
tic channel and a set of nonelastic channels are taken into
account explicitly, whereas other channels are left out of
the coupled equations. In our CDCC calculations, the bound
channels (B) and the continuum discretized channels (C) are
explicitly included in the calculations, and they are associated
with projectors PB and PC , respectively. On the other hand,
there are important channels that have been left out of the
coupled equations, namely, CF, ICF1, and ICF2, together with
all intermediate channels populated in the thermalization pro-
cesses. These channels are associated with a projector Q. The
imaginary parts of the polarization potentials acting on the B
and C spaces are then given by

WB = Im{PB U Q [GQQ]QU PB},
WC = Im{PC U Q [GQQ] QU PC}. (26)

However, the above equations are not very useful because
the projector Q involves many intrinsic degrees of freedom,
and it is defined in a space of extremely large dimension.
Thus, its calculation is prohibitively complicated, even within
approximations. For this reason, practical one-channel and
coupled-channel calculations of fusion cross sections adopt
phenomenological imaginary potentials consistent with the
nature of the fusion processes and the main trends of the data.

B. CF, ICF, and TF cross sections

The CDCC calculation leads to the following cross sec-
tions:

σDCF = π

K2

∑

J

(2J + 1)PDCF(J ), (27)

σ (1)
F = π

K2

∑

J

(2J + 1)P (1)(J ), (28)

σ (2)
F = π

K2

∑

J

(2J + 1)P (2)(J ). (29)

Above, PDCF is the probability of direct absorption of the
whole projectile by the target. It results from the action of
WPT on bound channels (only the elastic channel in collisions

of 6Li). On the other hand, P (i) is the probability of absorption
of fragment ci, following breakup. It results from the action of
W (i) on unbound channels. These probabilities are discussed
in the appendices of Ref. [49].

However, the above cross sections are not the ones deter-
mined in experiments. First, σDCF is the cross section for direct
complete fusion, whereas an experiment can only measure
σCF, which includes also the contribution from SCF. Besides,
σ (1)

F and σ (2)
F are inclusive cross sections for the capture of

one of the fragments, independently of what happens to the
other. In this way, SCF is included in both σ (1)

F and σ (2)
F .

Thus, the sum σ (1)
F + σ (2)

F , which is frequently assumed to give
σTF (see, e.g., Refs. [48,49]), is in fact an overestimate of
this cross section, where the contribution of SCF is counted
twice.

The fact that a CDCC calculation is unable to account for
sequential fusion processes is not surprising. Multistep pro-
cesses are properly handled in coupled-channel calculations
when all intermediate states are included in channel space,
and their coupling matrix elements are taken into account.
However, these conditions are not satisfied by SCF. In this
case, neither the intermediate state after the capture of the
first fragment nor the final state after the capture of the second
is explicitly included in the calculations. The simulation of
fusion by imaginary potentials can account for the depletion
of flux in each channel, but it cannot describe the sequential
fusion of two fragments. Thus, the CDCC approach alone
cannot describe the SCF and ICF processes. Therefore, it
is necessary to introduce some model to relate P (1)(J ) and
P (2)(J ) to ICF and SCF probabilities. We adopt the model of
Refs. [48,49], with a slight modification, as described below.

We treat P (1)(J ) and P (2)(J ) as probabilities for independent
events, and use classical statistics. The ICF1, ICF2, and SCF
probabilities are assumed to be given by

P ICF1(J ) = P (1)(J ) × [1 − P (2)(J )], (30)

P ICF2(J ) = P (2)(J ) × [1 − P (1)(J )], (31)

PSCF(J ) = P (1)(J ) × P (2)(J ). (32)

Note that Eq. (32) does not have the factor 2 appearing in the
SCF probability of Refs. [42,48,49]. The discrepancy arises
from the different expressions adopted for the TF probability.
In these works, it is given by

PTF(J ) = PDCF(J ) + PTF
C (J ), (33)

where PTF
C represents the sum of all fusion processes following

breakup (contribution from bin states to fusion):

PTF
C (J ) = P (1)(J ) + P (2)(J ). (34)

The SCF probability is then obtained from Eq. (33), by sub-
tracting PDCF(J ) and the ICF probabilities of Eqs. (30) and
(31). In this way, one gets Eq. (32) multiplied by a factor 2.
However, as argued above, Eq. (33) double counts the contri-
bution from SCF. To fix it, we start from Eqs. (30)–(32). Then,
as it is done in experiments, one obtains the TF summing
the contributions from the three fusion processes. In this way,
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�B = �DCF
<latexit sha1_base64="amBR18s9uE4g4ye4XCPMH2QmOi4="></latexit>

* J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 )
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Our first approach was this

But we realized that that istead of using

we should use WPT for bound states: 
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FIG. 9. Same as Fig. 8 but for the 7Li + 197Au system. Here the
data are from Refs. [20,47].

7Li completely. Thus, the former takes into account the static
effect of the low breakup threshold, whereas the latter does
not. Both one-channel calculations were performed with typ-
ical short-range imaginary potentials WPT(R) given by WS
functions with radii R0 = 1.0(A1/3

P + A1/3
T ) fm, depth W0 =

100 MeV, and diffusivity a = 0.2 fm.
The overall agreement between the CF cross sections cal-

culated by our method and the experimental data is quite good.
The theoretical cross sections for the 7Li + 209Bi (Fig. 8),
7Li + 197Au (Fig. 9), and 7Li + 124Sn (Fig. 10) systems are
very close to the data at all collision energies, above and below
the Coulomb barrier. In the case of the 198Pt target (Fig. 11),
the situation is not as good. The theoretical CF cross section
is in excellent agreement with the data around and above the
Coulomb barrier, but it overestimates the experimental results
at energies well below VB. In fact, this problem is not related
to the target. It is a consequence of the extended energy range
of the experiment [15]. It reaches energies ≈6 MeV below
the Coulomb barrier where the cross sections are as low as
≈10−4 mb. The data for the other systems studied here are
restricted to energies Ec.m. ! VB − 4 MeV where the cross
sections are three orders of magnitude larger.

The inaccuracy of the theoretical CF cross section at en-
ergies well below VB can be traced back to the imaginary
potential W00(R), used in the CDCC calculations. This poten-
tial, evaluated internally within the FRESCO code, is given by
the expression,

W00(R) =
∫

d3r|φ0(r)|2[W (1)(r1) + W (2)(r2)], (49)

FIG. 10. Same as Fig. 8 but now the system is 7Li + 124Sn. Here,
the system is 7Li + 124Sn, and the data are from Ref. [19].

FIG. 11. Same as Fig. 8 but for the 7Li + 198Pt system. Here the
data are from Ref. [15].
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FIG. 12. (a) The imaginary potentials W00(R) and WPT(R), shown
on a logarithmic scale; (b) fusion cross sections at very low energies.
The CF cross section of our method (solid green line), and the
fusion cross sections of one-channel calculations with the potentials
V00(R) − iWPT(R) (red dotted line) and V00(R) − iW00(R) (black dot-
dashed line) are compared with the CF data of Ref. [15]. See the text
for details.

where r1 and r2 are the distances between the centers of
the two fragments and the target. Although the ranges of
the imaginary potentials W (i) are very short, the long tail of
|φ0(r)|2 extends W00(R) to long distances, beyond RB. This
is illustrated in panel (a) of Fig. 12, which compares the
imaginary potentials W00(R) and WPT(R). Clearly, the tail of
W00(R) has a considerably longer range. This difference is
not relevant at collision energies above VB where the incident
wave reaches the inner region of the barrier where the two
imaginary potentials are very strong. In this case, the wave is
strongly absorbed by both imaginary potentials. In this way,
the fusion cross sections calculated with W00(R) and WPT(R)
are very close. The situation is different at very low collision
energies where the transmission coefficient through the bar-
rier is extremely small. Then, the cross section has a strong
dependence on the tail of the imaginary potential, which, as
shown in the figure, is much longer for W00(R). However,
this long-range absorption cannot be associated with fusion.
Since the relevant direct channel, namely, breakup, is explic-
itly included in the CDCC equations; this kind of absorption
is spurious. It has no physical meaning.

A more quantitative picture of the problem is presented in
panel (b) of Fig. 12, which shows the data of Refs. [6,7] at
energies well below the Coulomb barrier, in comparison with

TABLE II. Coulomb barriers of VPT and V00 for the systems
studied in this paper. The fourth column gives the barrier lowering in
each case, and the fifth column is the ratio of the one-channel fusion
cross sections calculated with the potentials V00 and VPT at 10 MeV
above V 00

B . See the text for details.

System ZT V PT
B V 00

B "VB R00
PT

7Li + 209Bi 83 29.36 28.29 1.07 1.21
7Li + 197Au 79 28.25 27.21 1.04 1.20
7Li + 198Pt 78 27.83 26.81 1.02 1.21
7Li + 124Sn 50 19.29 18.50 0.79 1.18

different theoretical cross sections. The black solid line and
the green dotted line are the same curves of Fig. 11. They
represent the CF cross section calculated by our method and
the one-channel cross section, respectively, obtained with the
complex potential U = V00 − iWPT. The third curve (black
dot-dashed line) represents the results of a one-channel cal-
culation with the potential U = V00 − iW00. It corresponds to
the limit of our CDCC calculation when all channel couplings
are switched off. The difference between the two one-channel
calculations is the range of the imaginary potential. First,
one notes that the CF cross section converges to the black
dot-dashed line at very low energies. This is not surprising
since the coupling matrix elements become negligibly small in
the low-energy limit. On the other hand, at the lowest energies,
these cross sections become much larger than the one calcu-
lated with WPT, which is in very good agreement with the data.
Therefore, one concludes that the inaccuracy of our CF cross
section at energies well below VB arises from the spurious
tail of the imaginary potential in the CDCC calculations. In
principle, this shortcoming could be easily fixed by correcting
the asymptotic behavior of W00(R). However, this is not an
easy task, since it would require internal modifications of the
FRESCO code.

1. The static effect of the low breakup threshold

As mentioned before, the low breakup threshold of 7Li
affects the CF cross section in two ways. The first is a static
effect, arising from the low energy binding the triton to the α
particle, which leads to a long tail in the nuclear density. This
makes the Coulomb barrier lower, enhancing fusion. On the
other hand, the reaction dynamic is strongly affected by cou-
plings with the breakup channel. This has a major influence
on fusion as will be demonstrated in the next subsection.

Table II shows Coulomb barriers associated with VPT and
V00, denoted by V PT

B and V 00
B , respectively. As expected, the

latter is systematically lower than the former. The reduction
of the barrier height increases with the charge in the target (or
with the barrier height). For the systems studied in this pa-
per, it ranges from ≈0.8 to ≈1.1 MeV. The barrier lowering
enhances the fusion cross section for the potential V00, with
respect to that for VPT. At ≈10 MeV above the barrier, the
ratio of the two cross sections for the four systems is on the
order of 1.2 or, more precisely, between 1.18 and 1.21.
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Contribution from channels in the continuum to TF
(here is the difference to HVDL)

* J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 )

Performing ang. mom. projection and the summing over a and a’ (in C), 
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k
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X
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P(i) (J) = abs. probability of fragment i in the C-space
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⇥
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⇥
1� P 1(J)
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ICF (ICF1, ICF2), SCF cross sections

�ICF = �ICF1 + �ICF2

* J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 )
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ICF (ICF1, ICF2), SCF cross sections

�CF = �DCF + �SCF

• J. Rangel, M. Cortes, J. Lubian, LFC ( Phys. Let. B, 803- 2020 )
• M.R Cortes, J. Rangel. J.L. Ferreira, J. Lubian., L.F Canto (PRC 102, 06428 (2020)
• J. Lubian, J.L. Ferreira, J. Rangel, M. Cortes, L.F. Canto (PRC 105, 054601 (2022)
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�TF = �CF + �ICF
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one gets

PTF(J ) = PDCF(J ) + PSCF(J ) + P ICF1(J ) + P ICF2(J )

= PDCF(J ) + P (1)(J ) + P (2)(J ) − P (1)(J ) × P (2)(J ).

The above expression does not double count SCF.
The theoretical cross sections for the different fusion pro-

cesses are then given by

σSCF = π

K2

∑

J

(2J + 1)PSCF(J ), (35)

σICF1 = π

K2

∑

J

(2J + 1)P ICF1(J ), (36)

σICF2 = π

K2

∑

J

(2J + 1)P ICF2(J ), (37)

and the observable CF, ICF, and TF cross sections are

σCF = σDCF + σSCF, (38)

σICF = σICF1 + σICF2, (39)

σTF = σCF + σICF. (40)

We point out that our new expression for the SCF proba-
bility [Eq. (32)] does not contain the factor 2, included in the
7Li fusion calculations of Refs. [48,49]. One then wonders
how the results of those works would be affected by the
removal of this factor. The contribution from SCF to the CF
cross section strongly depends on the breakup threshold. In
collisions of 7Li (B = 2.45 MeV) at above-barrier energies
it is responsible for ≈10% of the CF cross section, whereas
at sub-barrier energies SCF is negligible. Then, the removal
of the factor 2 would not lead to appreciable changes in the
fusion cross sections of Refs. [48,49].

In collisions of 6Li (B = 1.47 MeV) at above-barrier en-
ergies, the contributions from DCF and SCF are of the
same order. On the other hand, SCF is negligible below the
Coulomb barrier. Thus, in the case of 6Li, removing factor 2
leads to an appreciable reduction of the CF cross section above
the barrier. However, we point out that the spectroscopic am-
plitude also influences the cross sections. This amplitude is
expected to be of the order of 1 (something between 0.5 and
1.0), but its precise value is not known. Then, we used it as
a free parameter, varying it within this range. In this way,
changes arising from the absence of factor 2 can be partly
compensated by changing the spectroscopic amplitude.

III. APPLICATION: 6Li COLLISIONS WITH
HEAVY TARGETS

Now we use the theory of the previous sections to study CF
and ICF in collisions of 6Li projectiles with the heavy targets
124Sn, 197Au, 198Pt, and 209Bi. To determine the cross sections,
we evaluate the probabilities P (1)(J ), P (2)(J ), and P (DCF)(J ),
given in the Appendix of Ref. [49]. The numerical calcu-
lations were performed by the code CF-ICF (unpublished),
using intrinsic and radial wave functions obtained running the
CDCC version of the FRESCO code [75].

The real part of the projectile-target interaction is given by
Eq. (15), with V (i)(ri ) (i = 1, 2) given by the SPP between
fragment ci and the target.

For the imaginary potential, we adopted the prescription of
Sec. II A 3. In the elastic channel (the only bound channel
for 6Li) we take the potential WPT (R) of Eq. (19), with the
parameters: W0 = 50 MeV, rw = 1.0 fm, and aw = 0.2 fm.
They are not exactly the same as in Ref. [47], but they lead to
very similar results [76]. For the continuum-discretized space,
we used the imaginary potential of Eq. (20), with W (1)(r1) and
W (2)(r2) given by Woods-Saxon functions with parameters
W0 = 50 MeV, rw = 1.0 fm, and aw = 0.2 fm.

All calculations were performed with the spectroscopic
amplitude [see Eqs. (16) and (18)] α = 0.7, which leads to
the best overall description of the data.

A. CF cross sections

Figure 5 shows the theoretical CF cross sections for colli-
sions of 6Li with 124Sn [Figs. 5(a) and 5(b)], 197Au [Figs. 5(c)
and 5(d)], 198Pt [Figs. 5(e) and 5(f)], and 209Bi [Figs. 5(g) and
5(h)], in comparison with the data of Refs. [11,12,21,25,77].

The overall agreement between theory and experiment is
excellent. It is particularly good at sub-barrier energies, even
well below the Coulomb barrier, where the cross sections are
as low as 10−4 mb. This means that collective excitations of
the target do not play an important role in the reaction dynam-
ics, and that the SPP is a suitable potential to represent the real
part of the optical potential. Above the Coulomb barrier, the
agreement is also very good, except for the 6Li + 209Bi system
at the three data points with the highest energies, where the
theoretical cross section falls slightly below the data.

Nowadays, it is well established that CF data on weakly
bound systems at above-barrier energies are suppressed in
comparison to predictions of barrier penetration models. The
same conclusion is reached when one compares reduced CF
data on weakly bound systems with those on tightly bound
ones. However, the reaction mechanism responsible for the
suppression is still under discussion [48,49,52,56,78]. In this
discussion, the treatment of the continuum plays a central role.
In our CDCC calculations, the continuum is approximated
by bins formed by scattering states of the two fragments
of the projectile. In Refs. [52,56], the fragment captured by
the target is dominantly in an unbound state. Thus, neither
of the projectile’s fragments is bound to the target. Therefore,
the space spanned by such states is the same as the breakup
space of the CDCC calculation. The difference between the
approaches of Refs. [52,56] and of Refs. [48,49] is that they
use different bases to describe the continuum. As a matter of
fact, a more realistic basis for the continuum would be the
two-center molecular states adopted by Moschini and Diaz-
Torres [79]. However, quantum mechanical calculations using
this basis are very difficult to implement.

B. ICF and TF cross sections

Figure 6 shows ICF and TF cross sections calculated by
our method, in comparison to the available data. The systems
are the same as in Fig. 5. Inspecting the figure, one concludes
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Application: Fusion cross sections in 7Li + A

Procedure:

• Perform CDCC calculations running FRESCO, with options to export intrinsic 
and radial w.f.

• !!! We need radial w.f. converged inside VB too. Hard task!!!

• Use them in the the angular momentum projected expressions for 
the cross sections (Code CF-ICF, unpublished)

• J. Rangel, M.R. Cortes, J. Lubian, L.F.Canto ( Phys. Let. B, 803- 2020 )
• M.R Cortes, J. Rangel. J.L. Ferreira, J. Lubian., L.F Canto (PRC 102, 06428 (2020)
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7Li + A CF – theory vs. experiment

Dasgupta et al., PRC 
66, 041602(R) (2002); 
PRC 70, 024606 (2004) 

M. R. CORTES et al. PHYSICAL REVIEW C 102, 064628 (2020)

FIG. 9. Same as Fig. 8 but for the 7Li + 197Au system. Here the
data are from Refs. [20,47].

7Li completely. Thus, the former takes into account the static
effect of the low breakup threshold, whereas the latter does
not. Both one-channel calculations were performed with typ-
ical short-range imaginary potentials WPT(R) given by WS
functions with radii R0 = 1.0(A1/3

P + A1/3
T ) fm, depth W0 =

100 MeV, and diffusivity a = 0.2 fm.
The overall agreement between the CF cross sections cal-

culated by our method and the experimental data is quite good.
The theoretical cross sections for the 7Li + 209Bi (Fig. 8),
7Li + 197Au (Fig. 9), and 7Li + 124Sn (Fig. 10) systems are
very close to the data at all collision energies, above and below
the Coulomb barrier. In the case of the 198Pt target (Fig. 11),
the situation is not as good. The theoretical CF cross section
is in excellent agreement with the data around and above the
Coulomb barrier, but it overestimates the experimental results
at energies well below VB. In fact, this problem is not related
to the target. It is a consequence of the extended energy range
of the experiment [15]. It reaches energies ≈6 MeV below
the Coulomb barrier where the cross sections are as low as
≈10−4 mb. The data for the other systems studied here are
restricted to energies Ec.m. ! VB − 4 MeV where the cross
sections are three orders of magnitude larger.

The inaccuracy of the theoretical CF cross section at en-
ergies well below VB can be traced back to the imaginary
potential W00(R), used in the CDCC calculations. This poten-
tial, evaluated internally within the FRESCO code, is given by
the expression,

W00(R) =
∫

d3r|φ0(r)|2[W (1)(r1) + W (2)(r2)], (49)

FIG. 10. Same as Fig. 8 but now the system is 7Li + 124Sn. Here,
the system is 7Li + 124Sn, and the data are from Ref. [19].

FIG. 11. Same as Fig. 8 but for the 7Li + 198Pt system. Here the
data are from Ref. [15].
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FIG. 9. Same as Fig. 8 but for the 7Li + 197Au system. Here the
data are from Refs. [20,47].
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not. Both one-channel calculations were performed with typ-
ical short-range imaginary potentials WPT(R) given by WS
functions with radii R0 = 1.0(A1/3

P + A1/3
T ) fm, depth W0 =

100 MeV, and diffusivity a = 0.2 fm.
The overall agreement between the CF cross sections cal-

culated by our method and the experimental data is quite good.
The theoretical cross sections for the 7Li + 209Bi (Fig. 8),
7Li + 197Au (Fig. 9), and 7Li + 124Sn (Fig. 10) systems are
very close to the data at all collision energies, above and below
the Coulomb barrier. In the case of the 198Pt target (Fig. 11),
the situation is not as good. The theoretical CF cross section
is in excellent agreement with the data around and above the
Coulomb barrier, but it overestimates the experimental results
at energies well below VB. In fact, this problem is not related
to the target. It is a consequence of the extended energy range
of the experiment [15]. It reaches energies ≈6 MeV below
the Coulomb barrier where the cross sections are as low as
≈10−4 mb. The data for the other systems studied here are
restricted to energies Ec.m. ! VB − 4 MeV where the cross
sections are three orders of magnitude larger.

The inaccuracy of the theoretical CF cross section at en-
ergies well below VB can be traced back to the imaginary
potential W00(R), used in the CDCC calculations. This poten-
tial, evaluated internally within the FRESCO code, is given by
the expression,

W00(R) =
∫

d3r|φ0(r)|2[W (1)(r1) + W (2)(r2)], (49)

FIG. 10. Same as Fig. 8 but now the system is 7Li + 124Sn. Here,
the system is 7Li + 124Sn, and the data are from Ref. [19].

FIG. 11. Same as Fig. 8 but for the 7Li + 198Pt system. Here the
data are from Ref. [15].
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FIG. 16. ICFt and ICFα cross sections for the 7Li + 197Au system
calculated by our method, in comparison to the data of Palshetkar
et al. [20,47].

dominant, but the ICFα component is appreciable. At above
barrier energies, σICFα

is about 50% of σICFt .

2. 7Li + 197Au

Figure 16 shows the σICFt (green dashed line) and σICFα

(blue dotted line) cross sections for the 7Li + 197Au system,
calculated by our method. The results are compared to the
experimental cross sections of Palshetkar et al. [20,47], mea-
sured by the γ -ray spectroscopy method (in and off beam).
Note that in this experiment, it was possible to determine
individual cross sections for each ICF process. Inspecting
the figure, we conclude that the σICFt cross section predicted
by our method reproduces very well the data except for the
data point at Ec.m. ! 31 MeV, which is ≈30% larger than the
theoretical prediction.

On the other hand, the theoretical predictions for σICFα
are

well above the data except for the data point at the highest
energy where the difference between the two cross sections is
small. Note that the σICFα

/σICFt ratio at above-barrier energies
predicted by our method is on the order of 50%, similar to the
7Li + 209Bi system. The origin of the discrepancy between our
predictions for σICFα

and the data are not clear to us. It calls
for further investigations.

3. 7Li + 124Sn

Figure 17 shows σICFt and σICFα
cross sections calculated

by our method for the 7Li + 124Sn system. The notation of the
curves is the same as in the previous figure. Our results are

FIG. 17. Same as the previous figure, but now the system is
7Li + 124Sn, and the data are from Parkar et al. [19].

compared to the experimental σICFt and σICFα
cross sections

of Parkar et al. [19], also measured by the γ -ray spectroscopy
method (in and off beam). The situation is very similar to
that observed for the previous system. The σICFt cross section
predicted by our method is in excellent agreement with the
data, whereas our predictions for σICFα

are much larger than
the data. At the highest energies of the experiment, the the-
oretical σICFα

/σICFt ratio is slightly above 50%, whereas the
experimental ratio is on the order of 10%.

4. 7Li + 198Pt

Figure 18 shows σICFt and σICFα
cross sections calculated

by our method for the 7Li + 198Pt system, in comparison with
the data of Shrivastava et al. [15]. Again, the experiment used
the γ -ray spectroscopy method and was able to measure indi-
vidual cross sections for the two ICF processes. The situation
is similar to those observed for the 197Au and 124Sn targets.
The theoretical predictions for σICFt are very close to the data,
whereas those for σICFα

overpredict them. However, here there
is a difference. As in the case of CF, the theoretical cross
section at the lowest data point is much larger than the data.
This problem is related to the overprediction of CF at very low
energies for the system. We believe that it arises from the long
tail of the imaginary potential in the CDCC calculations, but
this requires further investigation.

IV. CONCLUSIONS

We gave a detailed presentation of the new method intro-
duced in a previous paper [39] to evaluate CF and ICF cross
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FIG. 18. Same as the previous figure, but now the system is
7Li + 198Pt, and the data are from Shrivastava et al. [15].

sections in collisions of weakly bound projectiles. Our method
has the advantages of fully accounting for the influence of
continuum wave functions on the fusion processes and of
being applicable to any weakly bound projectile that breaks
up into two fragments. The method was used to evaluate CF
and ICF cross sections in collisions of 7Li with several targets,
and the results were compared with the available data.

At near-barrier and above-barrier energies, the agreement
between our theoretical CF cross section and the data is ex-
cellent. However, at energies well below the Coulomb barrier,
our cross section overestimates the data. We have shown that
this is a consequence of the long tail of the imaginary potential
evaluated within the FRESCO code. In this energy region, this
tail leads to absorption beyond the radius of the Coulomb
barrier, which does not represent fusion. This problem is
more serious in collisions of projectiles with lower binding
energies, such as 6Li, and this situation is still much worse for
projectiles far from stability, such as 8B or 11Li. Presently, a
correction of this problem is under way.

The situation for ICF cross sections is more complex. In
the case of the 7Li + 209Bi system, our ICF cross section was
compared with the experimental results of Dasgupta and co-
workers [6,7], obtained through α-particle measurements. At
low energies, the agreement between theory and experiment
is excellent. At Ec.m. ! 35 MeV, the theoretical cross section
overpredicts the data, but this may be due, at least, in part,
to missing contributions from the long-lived 209Po isotope,
which becomes important in this energy region. The theoreti-
cal ICF cross sections for the 197Au, 124Sn, and 198Pt targets

were compared with experimental cross sections measured by
the γ -ray spectroscopy method (in and off beam). In this case,
there are individual data for the ICFt and ICFα processes. We
found that our theory reproduces the ICFt data with high accu-
racy, but it systematically overpredicts σICFα

. This discrepancy
deserves further investigations.

The method of the present paper can be extended in several
directions. One could, for example, include target excitations
or even study collisions of projectiles, such as 9Be or 11Li,
which break up into three fragments. Modifying our code to
handle these problems would be straightforward. However, it
uses radial wave functions extracted from FRESCO. Then, it
would be necessary to modify the form factors in the CDCC
equations, so as to include the influence of the new degrees
of freedom. This is a hard task because the form factors are
evaluated within the FRESCO. The implementations of these
extensions are in progress.
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APPENDIX: CALCULATION OF THE
ABSORPTION PROBABILITY

In this Appendix we evaluate the probabilities P(i)
B (J ) and

P(i)
C (J ) of Sec. II. We consider the collision of a projectile

formed by two fragments, one with spin zero and the other
with s on a spinless target. In this case, the contribution from
the absorption of fragment ci to the TF cross section is given
by the expression,

σ (i)
TF = K

E
(2π )3

(2 j0 + 1)

∑

ν0

〈
& (+)

kjoνo

∣∣W (i)
∣∣& (+)

k joνo

〉
, (A1)

where & (+)
k joνo

is the scattering wave function for a colli-
sion with wave-vector k, initiated with intrinsic angular
momentum j0 and z-component ν0. In this equation, the nor-
malization constant of Eq. (5) was set as A = (2π )−3/2.

The angular momentum projected scattering wave function
is obtained coupling the intrinsic angular momentum (jα) with
the orbital angular momentum of the projectile-target motion
(L). It is given by [40]

& (+)
k joνo

(R, r) = 1
(2π )3/2

∑

αJLL0

U J
αL,0L0

(Kα, R)

KR
eiσL0

×
√

4π (2L0 + 1)⟨Jν0|L00 j0ν0⟩YJν0
αL (R̂, r),

(A2)

where U J
αL,0L0

(kα, R) are the solutions of the radial equa-
tion and YJM

αL (R̂, r) are the spin-channel wave functions (in
the present case, the intrinsic coordinates r are simply the
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TABLE II. Experimental and theoretical energies and widths of
the main resonances of 6Li (taken from Ref. [44]). The theoretical
values were calculated with the parameters of the previous table.

l jπ E th
res "th

res E exp
res "exp

res

2 3+ 0.717 0.020 0.716 0.024
2 2+ 3.14 1.88 2.84 1.7
2 1+ 4.06 3.5 4.18 1.5

Fig. 2. With this mesh and cutoff parameters (λmax, jmax, and
lmax), we got very good convergence in all calculations in the
present paper.

2. The real projectile-target interaction

The standard procedure in CDCC calculations is to write
the real part of the projectile-target potential as a sum of
interactions between the clusters c1 and c2 with the target.
That is,

V (R, r) = V (1T)(r1) + V (2T)(r2). (14)

The off-diagonal matrix elements of this potential couple
the elastic channel to the continuum, and the continuum
discretized states among themselves. On the other hand, its
diagonal matrix elements are the real potentials in the channel
Hamiltonians, on the left-hand side of Eqs. (6) and (7). In
particular,

V00(R) =
∫

d3r |φ0(r)|2 [V (1T)(r1) + V (2T)(r2)], (15)

where r1 and r2 are related with R and r by Eq. (1), is the
real potential in the elastic channel, which determines the
Coulomb barrier. Throughout the present paper, we adopt

FIG. 2. Schematic representation of the discretization mesh used
in our calculations. The resonances of Table II are also indicated
(blue curves).

TABLE III. Barrier radii (R00
B ), curvature parameters (h̄ω00), and

heights (V 00
B ) of V 00

B (R) and barrier heights of VPT (R) (V PT0
B ), for the

6Li + 124Sn, 6Li + 197Au, 6Li + 198Pt, and 6Li + 209Bi systems. The
last line shows the reduction of the barrier height due to the low
breakup threshold of 6Li.

Target 124Sn 197Au 198Pt 209Bi

R00
B (fm) 10.8 11.6 11.7 11.7

h̄ω00 (fm) 3.6 4.2 4.2 4.3
V 00

B (MeV) 18.4 27.1 26.7 28.2
V PT

B (MeV) 19.7 28.8 28.4 29.9
&VB (MeV) 1.3 1.7 1.7 1.7

the São Paulo potential [61,62] (SPP) for the real part of
the nuclear interactions between the clusters and the target.
For the Coulomb interaction, we adopt the usual proce-
dure in nucleus-nucleus collisions, used, for example, in
Refs. [48,49].

Owing to the low breakup threshold of the projectile, the
wave function φ0 has a long tail. For this reason, the barriers
of V00(R), denoted by V 00

B , are systematically lower than those
of the SPP between the projectile and the target, neglecting
the cluster structure. The latter potential and its Coulomb
barrier are denoted by VPT (R) and V PT

B , respectively. The
barrier lowering effect arising from the low breakup threshold
is illustrated in Table III, for several targets. It shows V 00

B ,
V PT

B , and the reduction of the barrier height due to the cluster
structure of the projectile (the static effect of the low breakup
threshold), &VB. For the three heaviest targets, which are very
similar, one finds &VB = 1.7 MeV. For the lighter 124Sn target,
the reduction is 0.4 MeV lower. The table shows also the
radius and curvature parameters of the parabolic expansion
of V00(R), denoted by R00

B and h̄ω00.
The influence of the barrier lowering on fusion is illus-

trated in Table IV, where we show fusion cross sections of
one-channel calculations with the two real potentials, with
short-range absorption. In both calculations, the imaginary
potential is represented by a negative Woods-Saxon function
with strength W0 = 50 MeV, radius parameter rw = 1.0 fm,
and diffusivity aw = 0.2 fm. The targets are the same of the
previous table. In each case, the cross sections are calculated
at the collision energy Ec.m. = V 00

B + 10 MeV. One concludes
that the reduction of the Coulomb barrier enhances the fusion
cross sections by ≈30%.

a. Bound-continuum couplings. The continuum discretized
bins, |φn), are linear combinations of scattering states of the
clusters c1 and c2. However, the cluster state |φ0) is just an

TABLE IV. Cross sections of one-channel calculations with V00

(σ00) and VPT (σPT ). For each system, the cross section is evaluated
at the collision energy Ec.m. = V 00

B + 10 MeV.

Target 124Sn 197Au 198Pt 209Bi

σ00 (mb) 1244 1094 1106 1136
σPT (mb) 964 815 931 830
σ00/σPT 1.3 1.3 1.2 1.4
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Owing to the low breakup threshold of the projectile, the
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barrier lowering effect arising from the low breakup threshold
is illustrated in Table III, for several targets. It shows V 00

B ,
V PT
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one-channel calculations with the two real potentials, with
short-range absorption. In both calculations, the imaginary
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at the collision energy Ec.m. = V 00

B + 10 MeV. One concludes
that the reduction of the Coulomb barrier enhances the fusion
cross sections by ≈30%.

a. Bound-continuum couplings. The continuum discretized
bins, |φn), are linear combinations of scattering states of the
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FIG. 5. Theoretical CF cross section in collisions of 6Li with several heavy targets. The cross sections calculated by our model are compared
with the data of Refs. [77] (6Li + 124Sn), [25] (6Li + 197Au), [21] (6Li + 198Pt), and [11,12] (6Li + 209Bi).

that the overall agreement between theory and experiment
is reasonably good. A detailed discussion of each system is
presented below.

The ICF and TF cross sections for the 6Li + 124Sn system
are shown in Figs. 6(a) (linear scale) and 6(b) (logarithmic
scale). First, we notice that the theoretical ICF and TF cross
sections are essentially the same at energies well below the
Coulomb barrier. The reason is that in this region the fusion
cross section is completely dominated by ICFd . Owing to its

low mass, the transmission coefficient for this cluster to reach
the strong absorption region is much larger than those for the
heavier α cluster or the whole projectile.

The theoretical cross sections are compared with the data
of Parkar et al. [77], obtained by on-line and off-line γ -ray
detection techniques. The authors measured ICFd and ICFα

cross sections for several collision energies, but in two dif-
ferent experiments. Then, the beam energies were not always
the same. In this way, the ICF cross section (sum of ICFd and

054601-9
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FIG. 6. Same as the previous figure but for TF and ICF cross sections. The data were extracted from the same references of the previous
figure.

ICFα) was not available at energies where only one of the ICF
processes has been measured. For this reason, only three data
points could be included in Fig. 6. The agreement between
theory and experiment is good at the two lowest energies, but
the theoretical prediction at the highest energy is larger than
the experimental values.

The ICF and TF cross sections for the 6Li + 197Au are
shown in Figs. 6(c) and 6(d). The cross sections calculated by

our model are compared to the data of Palshetkar et al. [25],
obtained by on-line and off-line γ -ray detection techniques.
As in the case of 6Li + 124Sn, the ICFd and ICFα cross sec-
tions were determined in two different experiments. Then, the
figure includes only experimental cross sections at energies
where both ICFd and ICFα cross sections have been mea-
sured. The agreement between theory and experiment is very
good, except for the two data points with the lowest energies.

054601-10

TF, ICF theory vs experiment

Good agreement!!

For 6Li +209Bi experimental data
are lower bund only.

6Li + 198Pt are underpredicted 
below VB … why?

J. Lubian, XIV LASNPA2024, Mexico
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FIG. 1. Experimental fusion cross section for the 11Be + 209Bi
system [59], in comparison with the prediction of our model
and of the BPM. See the text for details.

are consistent with this statement. Fig. 2 shows the the-
oretical cross sections �CF, �ICF2, and �CF+ICF2. Indeed,
�ICF2 is much smaller than �CF. At the highest energies,
where the relative importance of �ICF2 is maximal, it is
about 20% of �CF. We conclude that the relative impor-
tance of the two fusion processes agrees with the findings
of Refs. [59, 74].

B. 6He +209 Bi

1. Intrinsic states and continuum discretization

The 6He projectile has a strong cluster structure
consisting of an ↵ particle plus a halo of two neu-
trons. The projectile breaks up into three fragments,
as 6He ! 4He + n + n, with the breakup threshold
B = 0.97 MeV. Then, the ideal treatment of the collision
would be through the four-body CDCC approach, where
the intrinsic states of the projectile are complicated
three-body wave functions [17, 75–78]. However, Moro
et al. [76] have shown that the right RMS radius of
6He and good descriptions of elastic scattering data in
collisions of this nucleus with a heavy target can be
achieved by approximating the two valence neutron by
a single particle, the di-neutron, provided that one uses
an e↵ective breakup threshold of B = 1.6 MeV. This
approximation greatly simplifies the problem since the
simpler three-body CDCC can treat the collision.

Following Moro et al. [76], we used the same WS
nuclear potential for the g.s. of 6He (its only bound

FIG. 2. The theoretical cross section �F (Eqs. (16), (22) and
(25)) for the 11Be + 209Bi system, and its CF and ICF2 com-
ponents. For details see the text.

state) and scattering states with l 6= 2~. The parameters
of the potential were determined by fitting the e↵ective
separation energy of 1.6 MeV. For l = 2~, the depth of
the potential was modified by fitting the energy of the
sharp 2+ resonance at "res = 197 keV. The details of
these potentials can be found in Ref. [76].

In our CDCC calculations, we considered bound and
unbound states of the projectile with angular momen-
tum up to lmax = 2~ and truncated the continuum at
"max = 8 MeV. We considered coupling matrix elements
with multipolarities up to �max = 4~. In the absence of
resonances (l 6= 2~), the continuum was split into three
intervals. The first, ranging from " = 0 to " = 2 MeV,
was discretized by 10 bins with width � = 0.2 MeV.
The next, from 2 to 4 MeV, was covered by two bins
with width � = 1 MeV. The last interval, ranging from
4 to 8 MeV, was discretized by two bins with � = 2
MeV. For l = 2 we used a sharper mesh in the resonance
region. Below the resonance energy, we set a thin bin,
going from " = 0 to " = 0.1 MeV, followed by the
resonant bin, from " = 0.1 to 0.2 MeV. These bins were
followed by nine bins of width � = 0.2 MeV, covering
the region between " = 0.2 to " = 2 MeV. To discretize
the continuum between " = 2 to " = 8 MeV, we used the
same procedures adopted for l 6= 2~.

With the treatment of the continuum described above,
we got very good convergence of the calculated fusion
cross sections.
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can be treated by the three-body CDCC method [63–65].

The relative c1 � c2 motion is governed by the intrinsic
Hamiltonian

h(r) = � ~
2

2µ12

r2
r + v12(r), (32)

where µ12 = m0 A1A2/ (A1 +A2), with A1 and A2

standing for the mass numbers of c1 and c2 (A1 = 1 and
A2 = 10 in the present case), and m0 is the nucleon
mass. In Eq. (32), v12(r) is the interaction between the
two clusters, which is parameterized by a Woods-Saxon
function and its derivative (for the spin-orbit term).

As is frequently done in CDCC calculations, di↵erent
parameters were used to describe bound and unbound
(CDCC bins) states of the projectile. We have adopted
the parameters of di Pietro et al. [72] based on the
paper of Capel et al. [73]. The radius and di↵usivity
parameters and the strength of the spin-orbit term
were fixed. The depth of the volumetric part of the
potential for even parity was adjusted to give the
correct binding energy (BE) of the ground state of this
nucleus. This potential also correctly describes the reso-
nant state (J⇡ = 5/2+, "res = 1.28MeV,�res = 100 keV).

Our CDCC calculations included bins with orbital
angular momenta up to lmax = 4~, and we took into
account coupling matrix elements with multipolarities
up to �max = 5. The continuum was truncated at
the energy "max ' 8 MeV. For non-resonant angular
momenta (l 6= 2), we used four bins with the constant
width, �" = 2 MeV. For l = 2, we used a sharper
mesh in the resonance region. Below the resonance
energy, we set two bins of 0.5 MeV (from 0 to 1.0
MeV). These bins were followed by a bin of 0.4 MeV
containing the resonance energy, going from 1.0 to 1.4
MeV. The remaining part of the [0� 8] MeV interval
was covered by 5 bins of equal widths (�" ⇠ 1.3 MeV).
The continuum discretization described above leads to
very good convergence of the calculated fusion cross
sections. We point out that continuum discretization
in the presence of sharp resonances deserves particular
attention. In the neighbourhood of a sharp resonance,
the phase-shift approaches ⇡/2 very fast. Then, the
scattering states generating the bins change rapidly,
leading to numerical instabilities. To avoid this problem,
the FRESCO code gives special treatment to the bin,
including the resonance energy. The usual normalization
factor, exp[�i�(k)], is multiplied by the extra factor
sin[�(k)].

As we pointed out in our previous papers [21, 28],
we use the cluster model to calculate bound states of
the projectile. Although the cluster configuration is
expected to be a large component of these states, its
amplitude is not equal to one. To fix the problem, one
should multiply the matrix-elements between bound

states and bins by some spectroscopic amplitude, S.
This amplitude, which needs to be better determined, is
expected to be of the order of one, but not exactly one.
The value adopted for each system will be discussed
below.

2. The CF cross section

The collision dynamics in 11Be + 209Bi scattering is
strongly a↵ected by breakup couplings, which are dom-
inated by the Coulomb dipole term. The experimen-
tal B(E1) for the transition between the g.s. of 11Be
to its bound excited state is B(E1)exp = 0.115 e2 fm2

[72], whereas the value obtained by the cluster model is
B(E1)calc = 0.261 e2 fm2. Then, we infer that the spec-
troscopic amplitude can be approximated by

S '
p

B(E1)exp/B(E1)calc = 0.66.

We compare the data of Signorini et al. [59] with the
results of our calculations, setting S = 0.66. The exper-
iment determined the fusion cross section by detecting
characteristic alpha particles and fission fragments emit-
ted by the fusion evaporation residues. However, the
same evaporation residues are produced by the fusion of
11Be and by the capture of the 10Be fragment following
the breakup of the projectile. Thus, the data actually
correspond to the sum of cross sections for the CF and
ICF2 (capture of 10Be) fusion processes. Then, for con-
sistency, one should compare the data to the calculated
cross section

�CF+ICF2 = �CF + �ICF2. (33)

Fig. 1 shows the fusion data of Ref. [59] compared to
two theoretical cross sections: �CF+ICF2 and �PT

BPM. The
former is the cross section Eq. (33). The latter is the
prediction of the barrier penetration model (BPM) for
the São Paulo potential neglecting the cluster structure
of the projectile, denoted by V PT(R). The results are
shown in logarithmic [Fig. 1(a)] and linear [Fig. 1(b)]
scales. Around and below the Coulomb barrier, the
predictions of our model are in very good agreement
with the data. However, above 45 MeV, the agreement
is much worse. The data exhibit large fluctuations as
the energy increases. They are spread between the lines
representing �PT

BPM and �CF+ICF2. Although the data are
clearly suppressed with respect to �BPM, it is impossible
to estimate a suppression factor from this data set.

Although the experiment of Ref. [59] could not distin-
guish �CF from �ICF2, the authors claim that the contri-
bution of the latter is small, not exceeding 30% of the
former. Since our model leads to individual cross sec-
tions for the two fusion processes, we can check if they

Good agreement!!    
Hindered above and enhanced above VB

C. Signorini, et al., NPA735, 329 (2004). 
J. Lubian, XIV LASNPA2024, Mexico
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FIG. 3. Experimental CF cross section for the 6He + 209Bi
system [54, 55]. The figure shows also the theoretical CF
cross section of our model, �CF, and that of the BPM with
the potential V PT(R), �PT

BPM. See the text for further details.

2. The CF cross section

Kolata et al. [54, 55] measured fusion cross sections
in 6He + 209Bi collisions at near-barrier energies. CF
of this system leads to the formation of 215At, which
evaporates neutrons, forming lighter At isotopes. PACE
calculations in the energy range of the experiment
indicate that 215At decays exclusively by evaporation of
2, 3, and 4 neutrons, forming respectively 213At, 212At,
and 211At. Further, these calculations indicated that
the contribution from 213At are only relevant at energies
well below the Coulomb barrier. Then, they were
neglected. The fusion cross section was then determined
by measurements of the characteristic alpha particles
emitted in the decays of 212At and 211At.

On the other hand, ICF leads to 213At, which forms
212At and 211At through the evaporation of one and two
neutrons, respectively. We can discard contributions
from 213At to the data because they were not measured
in this experiment. However, some of the detected alpha
particles could result from ICF events. To investigate
this possibility, we consider the excitation energies of
the 212At and 211At nuclei formed in the ICF chain.
The Q-value of the 4He + 209Bi ! 212At + n reaction
has the highly negative value of Q = �15 MeV. The
highest beam energy (converted to the c.m. frame) in
the experiment is 29 MeV. Subtracting the energy to
break 6He up, ⇠ 1 MeV, there is 28 MeV to be shared
by the alpha particle and the neutrons. In the most
favorable situation, where the fragments have roughly

the velocity as the incident beam, the alpha particle
carries 2/3 of the incident energy, namely ⇠ 19 MeV.
Then, most experimental points are below the threshold
of 212At formation. The formation of 211At is still more
unlikely, as in this case, the Q-value is -19 MeV. Then, it
is reasonable to assume that the data of this experiment
correspond, basically, to CF, although the data points
at the highest energies could have some contribution
from ICF.

Fig. 3 shows the data of Kolata et al. [54, 55],
together with the CF cross section of our model, �CF.
In our calculations, we used the spectroscopic amplitude
S = 0.7 (the same value adopted for 6Li in collisions
with the same target [28]). For comparison, we also
show the cross section predicted by the BPM neglecting
the cluster structure of the projectile, �PT

BPM. All cross
sections are shown in logarithmic [Fig.3(a)] and linear
[Fig.3(b)] scales.

Inspecting Fig. 3, one concludes that our model
describes the data very well, although the theoretical
curve is slightly below the lowest energy data point. It
also underpredicts the data at the highest energies of
the experiment. This might indicate a contribution from
ICF, as discussed earlier in this section. On the other
hand, comparing the data to �PT

BPM, we find that the ex-
perimental cross section is suppressed above the barrier
and enhanced below it. The suppression is due to cou-
plings with breakup channels, whereas the enhancement
is due to the reduction of the Coulomb barrier, arising
from the low breakup threshold, �VB ⌘ V PT

B �V 00
B = 0.8

MeV (see Table I). This point will be further discussed
in section IIID.

FIG. 4. Fusion functions in collisions of 6He and 6Li pro-
jectiles on a 209Bi target, corresponding to the data of
Refs. [54, 55] and [8, 29], respectively, based on the parame-
ters of V PT(R). See the text for details.

Comparing CF suppressions in collisions of 6He

Good agreement!!    
Hindered above and enhanced above VB

J. J. Kolata, et al., PRC57, R6 (1998). 

ICF2 was very unlikely because the CN
Q-value for a + 209Bi => 213As is -15 MeV

Very endotermic !!!!
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FIG. 3. Experimental CF cross section for the 6He + 209Bi
system [54, 55]. The figure shows also the theoretical CF
cross section of our model, �CF, and that of the BPM with
the potential V PT(R), �PT

BPM. See the text for further details.

2. The CF cross section

Kolata et al. [54, 55] measured fusion cross sections
in 6He + 209Bi collisions at near-barrier energies. CF
of this system leads to the formation of 215At, which
evaporates neutrons, forming lighter At isotopes. PACE
calculations in the energy range of the experiment
indicate that 215At decays exclusively by evaporation of
2, 3, and 4 neutrons, forming respectively 213At, 212At,
and 211At. Further, these calculations indicated that
the contribution from 213At are only relevant at energies
well below the Coulomb barrier. Then, they were
neglected. The fusion cross section was then determined
by measurements of the characteristic alpha particles
emitted in the decays of 212At and 211At.

On the other hand, ICF leads to 213At, which forms
212At and 211At through the evaporation of one and two
neutrons, respectively. We can discard contributions
from 213At to the data because they were not measured
in this experiment. However, some of the detected alpha
particles could result from ICF events. To investigate
this possibility, we consider the excitation energies of
the 212At and 211At nuclei formed in the ICF chain.
The Q-value of the 4He + 209Bi ! 212At + n reaction
has the highly negative value of Q = �15 MeV. The
highest beam energy (converted to the c.m. frame) in
the experiment is 29 MeV. Subtracting the energy to
break 6He up, ⇠ 1 MeV, there is 28 MeV to be shared
by the alpha particle and the neutrons. In the most
favorable situation, where the fragments have roughly

the velocity as the incident beam, the alpha particle
carries 2/3 of the incident energy, namely ⇠ 19 MeV.
Then, most experimental points are below the threshold
of 212At formation. The formation of 211At is still more
unlikely, as in this case, the Q-value is -19 MeV. Then, it
is reasonable to assume that the data of this experiment
correspond, basically, to CF, although the data points
at the highest energies could have some contribution
from ICF.

Fig. 3 shows the data of Kolata et al. [54, 55],
together with the CF cross section of our model, �CF.
In our calculations, we used the spectroscopic amplitude
S = 0.7 (the same value adopted for 6Li in collisions
with the same target [28]). For comparison, we also
show the cross section predicted by the BPM neglecting
the cluster structure of the projectile, �PT

BPM. All cross
sections are shown in logarithmic [Fig.3(a)] and linear
[Fig.3(b)] scales.

Inspecting Fig. 3, one concludes that our model
describes the data very well, although the theoretical
curve is slightly below the lowest energy data point. It
also underpredicts the data at the highest energies of
the experiment. This might indicate a contribution from
ICF, as discussed earlier in this section. On the other
hand, comparing the data to �PT

BPM, we find that the ex-
perimental cross section is suppressed above the barrier
and enhanced below it. The suppression is due to cou-
plings with breakup channels, whereas the enhancement
is due to the reduction of the Coulomb barrier, arising
from the low breakup threshold, �VB ⌘ V PT

B �V 00
B = 0.8

MeV (see Table I). This point will be further discussed
in section IIID.

FIG. 4. Fusion functions in collisions of 6He and 6Li pro-
jectiles on a 209Bi target, corresponding to the data of
Refs. [54, 55] and [8, 29], respectively, based on the parame-
ters of V PT(R). See the text for details.

Comparing CF suppressions in collisions of 6He

J. Lubian, XIV LASNPA2024, Mexico



53

6He + 238U
9

and 6Li (a stable weakly bound isobar of 6He) with
the same 209Bi target nucleus is interesting. For this
purpose, we reduce the experimental CF cross sections of
Refs. [54, 55] and [8, 29] by the fusion function method.
We evaluated fusion functions through Eq. (28), using
the barrier parameters of the potential V PT(r) (see Table
I). These fusion functions are denoted by F PT

exp(x). The
results are shown in Fig. 4.

One finds that the experimental fusion functions for
the two systems are very similar and appreciably lower
than the UFF. They closely follow the trend of the red
dashed line, which represents the UFF multiplied by the
factor 0.60, except for the two data points for 6He at the
highest energies, which are somewhat higher. Thus, the
CF cross sections for the two systems are suppressed by
⇠ 40%.

C. 6He + 238U

The intrinsic states and the details of the continuum
discretization for this system are identical to those of
the 6He + 209Bi system.

1. Fusion cross sections

The fusion cross section for this system at sub- and
near-barrier energies has been measured by Trotta et
al. [57]. They found a huge enhancement at sub-barrier
energies. In this experiment, the signature of fusion
events was the detection of two fission fragments emit-
ted back-to-back, unaccompanied by a third charged
fragment with a projectile-like kinematic. CF leads to
the formation of a highly excited 244Pu CN. Since the
excitation energy is well above the fission barrier, it
decays exclusively by fission. On the other hand, fusion
of the 4He fragment with 238U is a highly endothermic
reaction, so that the excitation energy of the resulting
242Pu CN is well below the fission barrier. Then, it de-
cays through other modes that were not measured in this
experiment. For this reason, the authors of the experi-
ment argue that their data correspond exclusively to CF.

However, a subsequent experiment of the same
group [58] led to the conclusion that the large CF cross
sections at sub-barrier energies were mainly due to the
contribution of fission following two-neutron transfer,
which were not fully discarded. This contribution was
estimated by DWBA calculations and was subtracted
from the fission cross section. The CF cross section
obtained through this procedure did not confirm the very
large enhancement found in the previous experiment.

FIG. 5. Experimental CF section for the 6He + 238U sys-
tem [58], in comparison with the prediction of our model. The
BPM cross section for the potential V PT(r) is also shown. See
the text for details.

Fig. 5 shows the data of Raabe et al. [58] in compar-
ison with the predictions of our model. The cross sec-
tion, �PT

BPM(E) is also shown. Above the Coulomb barrier
(Ec.m. > 21 MeV), one observes that the data are very
well described by our model and that it is suppressed
with respect to �PT

BPM. At Ec.m. = 30 MeV, the ratio of
the two cross sections is about ⇠ 0.6. Below the Coulomb
barrier, the predictions of our model are enhanced with
respect to �PT

BPM, and they are consistent with the data.
Nevertheless, the agreement between theory and experi-
ment in this energy region is not meaningful, owing to the
large error bars of the CF data. The lowest data points,
several MeV below the barrier, have error bars about one
order of magnitude larger than the data. Although one
cannot learn much from this comparison, it called our at-
tention to the abrupt change in the slope of �CF between
17 and 18 MeV (a few MeV below the Coulomb barrier).
The origin of this change is addressed below.

2. The low energy behavior of CF

According to Eq. (25), the CF cross section is the sum
of the DCF and SCF components. The former are the
contributions from bound channels, whereas the latter
arises from the continuum. As the energy decreases well
below the Coulomb barrier, the influence of breakup
couplings becomes very weak, and the population of
the continuum becomes very small. Then, one might
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FIG. 6. The CF fusion cross section for the 6He + 238U
system, together with its direct and sequential components.

be led to conclude that the CF cross section would be
dominated by �DCF. However, one should keep in mind
that sub-barrier fusion involves transmission coe�cients
that become vanishingly small well below the Coulomb
barrier. Further, these coe�cients strongly depend on
the reduced mass, decreasing rapidly as it increases.
In this way, the transmission coe�cient for the whole
projectile, involved in DCF, could be much lower than
the ones for the clusters involved in ICF and SCF. The
situation is particularly favorable in the SCF of 6He
since there is no Coulomb barrier for the di-neutron.

To clarify the situation, Fig. 6 shows the CF cross sec-
tion of the previous figure, together with its DCF and
SCF components. One observes that the contribution
from the latter is small at above-barrier energies, less
than 10% at Ec.m. ⇠ 30 MeV. On the other hand, it
is the dominant component below ⇠ 18.5 MeV, becom-
ing more than one order of magnitude larger at 16 MeV.
Note that a similar situation would be found for the 6He
+ 209Bi system. The change of slope in the CF cross sec-
tion has not been observed in Fig. 3 because the energy
range of the figure was restricted to the energies of the
experiment. This will be shown in the next section.

D. Comparative study of CF

As we mentioned earlier, the low breakup threshold
of 11Be and 6He a↵ect the CF cross sections in two
ways. First, the low binding of the fragments leads to a
reduction of the Coulomb barrier. That is, V 00

B < V PT
B

(see Table I). This leads to an enhancement of the
fusion cross section at all collision energies. On the
other hand, the low breakup threshold of the projectile
makes breakup couplings very important, transferring
an appreciable part of the incident flux to breakup
channels. This dynamic e↵ect is expected to suppress
the CF cross section.

In this section, we carry out a comparative study

FIG. 7. Renormalized fusion functions associated with the
CF cross section of our model, evaluated with the barrier
parameters RPT

B , V PT
B and ~!PT. See the text for details.

of these e↵ects in the 11Be + 209Bi, 6He + 209Bi, and
6He + 238U systems. However, a study of this kind
must be based on something other than the fusion cross
sections as they are. One should first reduce them
to eliminate the influence of charges and sizes of the
collision partners. We achieve this goal using the fusion
function method (see section IIC). Further, since the
systems considered here are not heavy enough, we use
the renormalized fusion function of Eq. (31) rather than
its original form (Eq. (28)).

We begin by assessing the net e↵ect of the low
breakup threshold on �CF. Fig. 7 shows renormalized
fusion functions for the 11Be + 209Bi, 6He + 209Bi, and
6He + 238U systems compared to the UFF. To keep both
the static and the dynamic e↵ects of the low breakup
threshold, the fusion functions were evaluated with
the barrier parameters RPT

B , V PT
B and ~!PT. They are

denoted by F
PT

CF (x). Comparing them to the UFF, one
finds the same qualitative behavior: enhancement below
the Coulomb barrier and suppression at above-barrier
energies. Further, one observes that the deviations from
the UFF depend exclusively on the breakup threshold
of the projectile, at least for targets in the same mass
range. In collisions of 6He with the two heavy targets,
the fusion functions are extremely close, and in the case
of the 11Be projectile, which has a lower breakup thresh-
old, the deviations from the UFF are more pronounced.
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FIG. 3. Experimental CF cross section for the 6He + 209Bi
system [54, 55]. The figure shows also the theoretical CF
cross section of our model, �CF, and that of the BPM with
the potential V PT(R), �PT

BPM. See the text for further details.

2. The CF cross section

Kolata et al. [54, 55] measured fusion cross sections
in 6He + 209Bi collisions at near-barrier energies. CF
of this system leads to the formation of 215At, which
evaporates neutrons, forming lighter At isotopes. PACE
calculations in the energy range of the experiment
indicate that 215At decays exclusively by evaporation of
2, 3, and 4 neutrons, forming respectively 213At, 212At,
and 211At. Further, these calculations indicated that
the contribution from 213At are only relevant at energies
well below the Coulomb barrier. Then, they were
neglected. The fusion cross section was then determined
by measurements of the characteristic alpha particles
emitted in the decays of 212At and 211At.

On the other hand, ICF leads to 213At, which forms
212At and 211At through the evaporation of one and two
neutrons, respectively. We can discard contributions
from 213At to the data because they were not measured
in this experiment. However, some of the detected alpha
particles could result from ICF events. To investigate
this possibility, we consider the excitation energies of
the 212At and 211At nuclei formed in the ICF chain.
The Q-value of the 4He + 209Bi ! 212At + n reaction
has the highly negative value of Q = �15 MeV. The
highest beam energy (converted to the c.m. frame) in
the experiment is 29 MeV. Subtracting the energy to
break 6He up, ⇠ 1 MeV, there is 28 MeV to be shared
by the alpha particle and the neutrons. In the most
favorable situation, where the fragments have roughly

the velocity as the incident beam, the alpha particle
carries 2/3 of the incident energy, namely ⇠ 19 MeV.
Then, most experimental points are below the threshold
of 212At formation. The formation of 211At is still more
unlikely, as in this case, the Q-value is -19 MeV. Then, it
is reasonable to assume that the data of this experiment
correspond, basically, to CF, although the data points
at the highest energies could have some contribution
from ICF.

Fig. 3 shows the data of Kolata et al. [54, 55],
together with the CF cross section of our model, �CF.
In our calculations, we used the spectroscopic amplitude
S = 0.7 (the same value adopted for 6Li in collisions
with the same target [28]). For comparison, we also
show the cross section predicted by the BPM neglecting
the cluster structure of the projectile, �PT

BPM. All cross
sections are shown in logarithmic [Fig.3(a)] and linear
[Fig.3(b)] scales.

Inspecting Fig. 3, one concludes that our model
describes the data very well, although the theoretical
curve is slightly below the lowest energy data point. It
also underpredicts the data at the highest energies of
the experiment. This might indicate a contribution from
ICF, as discussed earlier in this section. On the other
hand, comparing the data to �PT

BPM, we find that the ex-
perimental cross section is suppressed above the barrier
and enhanced below it. The suppression is due to cou-
plings with breakup channels, whereas the enhancement
is due to the reduction of the Coulomb barrier, arising
from the low breakup threshold, �VB ⌘ V PT

B �V 00
B = 0.8

MeV (see Table I). This point will be further discussed
in section IIID.

FIG. 4. Fusion functions in collisions of 6He and 6Li pro-
jectiles on a 209Bi target, corresponding to the data of
Refs. [54, 55] and [8, 29], respectively, based on the parame-
ters of V PT(R). See the text for details.

Comparing CF suppressions in collisions of 6He

ICF2 was very unlikely because the CN 
excitation energy is well below the
fission barrier  for a + 238U => 242Pu

Good agreement!!    
Hindered above and enhanced above VB

R. Raabe et al., Nature 431, 823 (2004). 
J. Lubian, XIV LASNPA2024, Mexico



Conclusions

• We have proposed a new quantum mechanical method to evaluate CF 
and ICF in collisions of weakly bound nuclei

• The method was applied to the 6,7Li + heavy target system and the 
results were compared with the data.

• Considering that our calculations use standard interaction and have no 
free parameters, the agreement between theory and experiment is 
excellent

• Calculations for neutron halo induced reactions were in very good 
agreement with the experimental data too. For other systems are in 
progress 54

J. Lubian, XIV LASNPA2024, Mexico



Future plans

55

• Study other systems (e.g. 8B on light targets, 6,7Li on medium mass targets)

• Include spectroscopic factors* (cluster structure of g.s. is just an approximation)

• Include target excitation (important in fusion of deformed targets)*

• Include core-excitations*

• Extension to 4-body CDCC (ex: 9Be, 6He collisions)*

• Include transfer channels ??????

• Include BU triggered by transfer ?????

* Requires another version of the CDCC code

J. Lubian XXI Swieca school on TNF 6-10/03/23, Angra, R.J.
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Thank	you		J
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1.   Experiment  vs.   theory
Ds F   º s

F

exp  - s
F

theo  Þ  'ingredients' missing in the theory

a) Single channel -  standard densities
     Ds F  arises from all static and dynamic effects

b)  Single channel - realistic densities 
     Ds F  arises from couplings to all channels

c) CC calculation with all relevant bound channels
     Ds F  arises from continuum couplings

d) CDCC
     no deviation expected

Theoretical possibilities:

J. Lubian RAFA 2021, October 13 



Differences due to static effects:

2.   Compare with s F  of a similar tightly bound system  

1. Gross dependence on size and charge: 
    ZP,  ZT, AP, AT −  affects VB  and RB

    VB  ZPZTe
2 / RB;   σ geo   πRB

2,   RB ∝ (A
P

1/3 + A
T

1/3)

2. Different barrier parameters due to diffuse densities
   (lower and thicker barriers)

Fusion data reduction required !
   

J. Lubian RAFA 2021, October 13 



Fusion functions   F(x)  (our reduction method)



E® x = E -VB
hw

and s F
exp ® Fexp (x) = 2E

hwRB2
 s F

exp

Inspired in Wong’s approximation 



s F
W = RB

2 hw
2E

ln 1+ exp
2p E -VB( )

hw
æ

èç
ö

ø÷
é

ë
ê
ê

ù

û
ú
ú

F(x) = F0(x) = ln 1+ exp 2π x( )⎡⎣ ⎤⎦

F0(x) = Universal Fusion Function (UFF)

system independent !
J. Lubian RAFA 2021, October 13 



Direct	use	of	the	reduction	method

  

Compare Fexp (x) with UFF for x values where s F
opt = s F

W

Deviations are due to couplings with bound channels and breakup 

Refining the method

 Eliminate influence of couplings with bound channels

  

Renormalized fusion function

Fexp (x)® Fexp (x) =
Fexp (x)
R(x)

, with  R(x) =
s F

CC

s F
W =

s F
CC

s F
opt

  
If CC calculation describes data ® Fexp = UFF

Eliminate the failure of the Wong model for light
systems at sub-barrier energies

J. Lubian RAFA 2021, October 13 



Use	of	UFF	for	investigating	the	role	of	BU	dynamical	
effects	on	the	total	fusion	of		heavy	weakly	bound	
systems

No effect above the barrier- enhancement below the barrier
J. Lubian FMAP2021 May 14 2021



Use	of	UFF	for	investigating	the	role	of	BU	dynamical	
effects	on	the	complete	fusion	of	stable	weakly	bound	
heavy	systems

We did not include any resonance of the projectiles in CC calc.

Suppression above the barrier- enhancement below the barrier
J. Lubian RAFA 2021, October 13 



Fusion	of	neutron	halo	6,8He,	11Be

J. Lubian RAFA 2021, October 13 



Conclusion from the systematic (several
systems): CF enhancement at sub-barrier
energies and suppression above the barrier,
when compared with what it should be without
any dynamical effect due to breakup and transfer
channels.

How to measure and calculate CF, and ICF?

J. Lubian RAFA 2021, October 13 



Procedures	used	to	answer:	“Enhancement	
or	suppression	in	relation	to	what?

a) Comparison of data with theoretical predictions.
b) Comparison of data for weakly and tightly bound systems.

(reduction of x-sect is mandatory => UFF method!!

J. Lubian XXI Swieca school on TNF 6-10/03/23, Angra, R.J.



E® x = E -VB
hw

and s F
exp ® Fexp (x) = 2E

hwRB2
 s F

exp



s F
W = RB

2 hw
2E

ln 1+ exp
2p E -VB( )
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Inspired on Wong’s formula

Reducing gives: F(x) = F0(x) = ln 1+ exp 2π x( )⎡⎣ ⎤⎦

  

Renormalized fusion function

Fexp (x)® Fexp (x) =
Fexp (x)
R(x)

, with  R(x) =
s F

CC

s F
W =

s F
CC

s F
opt

L.F. Canto et al. JPG 36,015109 (2009) & NPA 821 (2009) 51  


