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ABSTRACT
Magnetic islands normally form at the low-order magnetic ratio-
nal surfaces in toroidal confinement systems when a symmetry-
breaking perturbation arises. In stellarators, the equilibrium state for
the plasma once the perturbation has created the islands is not easy
to describe due to its complexity. Numerical computation of equi-
libria can be done following a variational principle that minimizes
the energy under given boundary constraints when no islands are
allowed, as the VMEC code does. Islands can be included by adding
helical perturbations and allowingmagnetic field line slipping,which
was incorporated in the SIESTA code. Here we use these two codes
for the TJ-II heliac in order to compute the MHD equilibrium state
that provides the environment for the occurrence of all other plasma
processes. The computation was done in two parts, first, obtain an
equilibrium with VMEC for the whole toroidal cycle and second,
superimpose the magnetic islands to obtain a final equilibrium with
SIESTA by adjusting the appropriate parameters.

ARTICLE HISTORY
Received 4 December 2018
Accepted 30 January 2019

KEYWORDS
MHD Equilibrium; toroidal
confinement; magnetic
islands

1. Introduction

Experiments in some stellarators have shown a correlation between the position of mag-
netic rational surfaces and energy transport reduction. In TJ-II, the electron temperature
profile is observed tobemodified around some low-ordermagnetic surfaces (1), in lowden-
sity Electron Cyclotron Resonance heated discharges, while in LHD a sheared radial electric
field is observed at theboundary of amagnetic islandgiving rise toheat transport reduction
(2). Other studies based onNeutral Beam Injection in TJ-II discharges, produced a sweeping
of the rational surfaces along the minor radius by varying the helical current, thus show-
ing that the transport was consistently reduced at the position of the rational surfaces (3).
Bolometry studies have also shown a correlation between transport barriers appearing on
rational surfaces and MHD activity (4), which is expected to be related to magnetic island
dynamics. Transport barriers around rational surfaces may also lead to confinement transi-
tions of the L-H type. The natural association of magnetic islands with rational surfaces due
to the resonanceof themagnetic perturbations there, points to the importanceofmagnetic
islands in the behavior of the plasma and in the context of confinement improvement.

In order to study the influence of islands on the plasma as a whole it is necessary to
know theMHD equilibrium state with the presence ofmagnetic islands. This is a task that is
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not easy to accomplish since the MHD equilibrium in toroidal devices is usually computed
under the assumption of nested magnetic surfaces. This is true for the VMEC equilibrium
code (5) which uses a variational method to find the magnetic equilibrium given the vac-
uum magnetic fields at the prescribed boundary and the pressure and current (or iota)
profiles. The equilibrium with internal flux tubes representing the magnetic islands can
be computed with a different code named SIESTA which takes the VMEC equilibrium and
imposes helical perturbations that resonate at the rational surfaces (6).

In this work, the VMEC - SIESTA code combination is used to calculate MHD equilibria
with magnetic islands in the TJ-II geometry to determine the properties of the equilibrium
islands. The starting equilibrium state is the one obtained by the VMEC code with nested
magnetic surfaces taking the full toroidal range, as opposed to previous computations that
used the heliac’s toroidal symmetry of four periods. The standard procedure computed the
equilibrium in just a single leg to reduce the code runtime and assumed a four time repeti-
tion to complete the full toroidal angle. However, doing this limits the toroidal periodicity
of the islands computed later with SIESTA to multiples of four in toroidal number. This lim-
itation was solved by tailoring the input parameters to extend VMEC running to cover the
four-period cycle but keeping the same boundaries as before. In this way, running SIESTA
with the new equilibria, magnetic islands of any periodicity are obtained, including those
resonant at ι = 3/2 whose magnetic islands were previously absent from the simulations.
The results also show 2D pressure profiles that match the location of the magnetic islands
observed in the Poincaré plots of the field lines.

Thepaper is organizedas follows. In Section2 themethod for obtaining theMHDequilib-
riumwithno islandsover the complete toroidal range isdescribedand the results are shown
to be the same as when the periodicity is assumed. Section 3 then introduces the islands
as perturbations to the initial MHD equilibrium. The difficulties in achieving a good conver-
gence are described and present results for the magnetic field lines as well as the pressure
distribution showing, in some cases, the presence of well formed islands. In Section 4 it is
shown that in absence of imposed perturbations narrow islands can still be formed indi-
cating the unstable nature of some of the VMEC equilibria. Finally, in the last section the
conclusions of the work are presented.

2. VMEC equilibriumwith no imposed toroidal symmetry

In order to allow the presence ofmagnetic islands of any periodicity in toroidal andpoloidal
directions we used the VMEC code in a way that computes the full range of toroidal angles.
This producesMHDequilibrium states that can be used as starting points for later computa-
tions with any type of perturbations, in particular for creating magnetic islands of arbitrary
periodicity at any rational surface using SIESTA code. The magnetic islands develop at the
rational surface where the rotational transform ι- is in resonance with a perturbation with
toroidal mode number n and poloidal mode numberm, i.e. ι- = n/m. We point out that the
usual way of computing the equilibrium state in TJ-II was to take advantage of the periodic
structure of the machine in toroidal direction, and obtain the fields for only one of the four
legs, to reduce the code runtime. The total field is then given by repeating the same struc-
ture four times. While this is useful for most applications of the MHD equilibrium, it is not
adequatewhenmagnetic islands with periods that do not fit into the one-fourth length are
to be formed. For instance, if the ι- = 3/2 rational is present in the equilibrium, a resonant
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perturbation with n=3 could give rise to an island but this would not be possible if the
computed field structure only allows a periodicity n=4 or multiples thereof.

The main modification made to VMEC was to change the assumed heliac’s symmetry
of 4 toroidal field periods (NFP = 4) to a single one (NFP = 1), multiplying the number of
toroidal modes by four and modifying the corresponding mode amplitudes accordingly.
Naturally, the goal is to get the same type of equilibrium with four toroidal periods but
without imposing the periodicity from the outset. Some input parameters of VMEC had to
be also modified, notably the minimum number of grid nodes in both directions. If this
number cannot be satisfied the code fails to converge. The relations between the number
of modes (MPOL and NTOR) and the minimum of grid nodes found to produce good con-
vergencewasNTHETA = 2MPOL+ 6 andNZETA = 2NTOR+ 4+ (1). The extra number (1)
was added because it was necessary to get good results. The definition of themagnetic axis
in terms of Fourier harmonics had also to be modified by increasing their number by four.
The result of the computations for the TJ-II magnetic configuration 100_44_64 is shown in
Figure 1 where it can be appreciated that the shape of the plasma has a toroidal periodicity
of four when running the code with NFP = 1, thus confirming that the toroidal periodicity
of the machine was kept the same. The whole magnetic equilibrium is actually the same as
when NFP = 4. As a consequence, the rotational transform profiles are practically the same
for both cases as seen in Figure 2. This is themost important feature for our study since it is
what characterizes the magnetic surfaces regarding the formation of magnetic islands.

We worked with two TJ-II configurations that are commonly used in TJ-II: configura-
tion 100_44_64 will be referred to as Case A, configuration 100_36_62 as Case B. For the

Figure 1. 3D external magnetic surface from VMEC for case A obtainedwith one field period (NFP = 1).
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Figure 2. Rotational transform profiles for case A from calculations with four periods (NFP = 4) and a
single period (NFP = 1) from VMEC are practically the same.

last configuration, a comparative case was considered for which an inductive current was
present which produces a highmagnetic shear and some Ohmic heating: this is referred to
as Case C. The iota profile for TJ-II is normally quite flat meaning ι- does not change much
across the radius, as seen in Figure 2where it varies only in the range (1.55, 1.67). The promi-
nent rational surface in this range is ι- = 8/5whichwould give rise to islandswith 5 poloidal
and 8 toroidal periods. This island could be obtained even for the VMEC equilibrium with
NFP = 4, since 8 is a multiple of 4. On the other hand, case B has a rotational transform
profile ( ι-(s)) in the range (1.47, 1.57) containing the low-order rational ι = 3/2. The island
m/n = 3/2 associated with it cannot be obtained from the original equilibrium since 3 is
not a multiple of 4 and it is necessary to use the new equilibrium with NFP = 1. The only
island that can form in the NFP=4 case ism/n = 12/8, as will be shown later. The interest-
ing feature of high-shear case C is that the ι-(s) range is extended to (1.23, 1.65) and there
are several low-order rational surfaces. andmany islands can form, as shown in next section.

3. Island formation for arbitrary n

Using the equilibria from the three cases mentioned above as input to SIESTA the rational
surfaces can resonate with the perturbations introduced and break up into islands. Even
though SIESTA considers ideal MHD equilibria, rational surfaces open up by introducing a
finite resistivity given externally at a single time-step in order to allow field line slippage. A
helical perturbation is introduced with a given poloidal number that has the right period-
icity at that rational surface to displace the flux surfaces and form islands. After the surface
break-up the idealMHDevolution is restoreduntil the newequilibrium is reached. For some
equilibria, small islands can formevenwith nohelical perturbation (see Section 4)which are
then triggered by the numerical noise. In order to visualize the flux surfaces, which are no
longer all nested, the field lines are followedwith Poincaré plots. The islands are better seen
when displayed in radial-poloidal (s, θ) diagramswhich is what will be shown in the follow-
ing. The pressure variation will be shown with pressure isocontours in which the islands
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should display by pressure flattening. In order to have reasonable convergence in SIESTA,
some parameters have to be adjusted during each run, which for the case of TJ-II is quite
tricky given that the equilibriumneedsquite a largenumber of harmonics. The correct com-
bination of parameters can be found for some cases but not for others, as will be seen in
the following.

As a first check, we wanted to validate that the code was simulating correctly the full
toroidal cycle with no symmetry assumed, So, we ran Case B, which has a rational surface
at ι = 3/2, with NFP = 4 andwith NFP=1. The results are shown in Figures 3 and 4 respec-
tively. In the first case, islands can appear only when the the perturbation resonates as
ι = m/n = 12/8, tomakenmultiple of 4. In Figure 4 there is no restriction on theperiodicity
of the islands in the toroidal direction, and the island chain withm=2, that was previously
unable to grow, can now be seen.

Figure 3. Case B: iota profile and Poincaré plot when field-period= 4.

Figure 4. Case B: iota profile and Poincaré plot when field-period= 1.
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Figure 5. High shear iota profile allowing form/n = 3/2, 4/3 perturbations.

The question of multiple island formation can be addressed analyzing the high-
magnetic-shear equilibrium of case C. Figure 5 shows ι-(s) for case C which is seen to
include the rational surfaces ι = 3/2 and ι = 4/3. If perturbations with the appropriate
mode numbers are given the twomagnetic island chainsm/n = 3/2 and n/m = 4/3 could
be formed. The equilibrium results from SIESTA presented in Figure 6 indicate that the
chains of magnetic islands corresponding to those modes appear around the normalized
radial coordinates s=0.66 and s=0.30 respectively. However, the convergenceof the varia-
tionalmethodwith SIESTA is not as goodas itwas for VMEC; in fact the complexgeometry of
TJ-IImakes very difficult to advance in precisionbeyond residual forces of 10−11 as opposed
to 10−19 for VMEC. A better test for the convergence is to look for the island effects on
the pressure profiles. When convergence is good enough the pressure flattening inside the
island should be apparent. This is usually not observed, even when themagnetic field lines
show evidence of island formation. The island pressure flattening only develops in equilib-
ria with very small residual forces, and is a sign of a good convergence. Figure 7 shows the
pressure isocontours for case C where it is clear that the m/n = 4/3 island produced the
expected effects on the pressure meaning that island is well formed. On the other hand,
the pressure distribution at the rational surface ι = 3/2 did not produce pressure islands,
most likely because the residual force of the equilibrium is still not low enough. This prob-
ably means that the rational at ι- = 3/2 is more robust than the other one. This contention
seems tobe supportedbyother studies that have shown that thepoloidal periodicity of this
surface might not bem=2 but other higher harmonic that resonates at the same surface,
like themultiples ι = 6/4, ι = 9/6 or ι = 12/8 (7). Themodenumberwas obtained from the
observed mode rotation frequency. (See Figure 8).

All those modes were tested by imposing the corresponding perturbations and they
produced magnetic islands as can be seen in Figure 8. However, the obtained equilibrium
was not good enough to show pressure islands at that surface. This again would indicate
that this is a robust rational surface. The rotational transform profile for case C also covers
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Figure 6. Poincaré plots for high shear case.

Figure 7. Pressure plots for high shear case; (a) cross section, (b) s − θ plane.

other rational surfaces near the magnetic axis (s=0) that resonate with the same poloidal
frequency, as seen in Figure 8.

The pressure profiles show a bulging of the pressure in the location of rational surfaces,
similar to the bulging of the experimental electron pressure observed in other cases of res-
onant surfaces in TJ-II. An interesting result related to island formation is that it has been
found that at the resonant surface ι = 8/5, the heat diffusivity is reduced, which acts as an
internal transport barrier, improving the plasma confinement (3).
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Figure 8. Magnetic surfaces for a second perturbation withm= 4 (a),m= 6 (b) andm= 8 (c).

Figure 9. Equilibrium with no initial perturbations for high shear case C. Islands withm= 8 at r= 0.66
andm= 3 at r= 0.3 are seen.



RADIATION EFFECTS & DEFECTS IN SOLIDS 17

4. Unperturbed island formation

It has been mentioned that, in SIESTA, a perturbation with a resonant mode number has
to be given in order to break up a rational surface and cause magnetic islands to grow. The
islandwidth is usually proportional to the initial perturbation amplitude, up to a certain sat-
uration amplitude. However, in some cases it is also possible to have initial MHD equilibria
that can develop islands without an applied perturbation. When Siesta is started with no
initial perturbations on the equilibrium of case C a final equilibrium with small magnetic
islands is reached. Figure 9 shows that the small island chains are formed at the rationals
ι- = 4/3, 3/2 with m=3 and m=8, respectively. The seed for island formation may come
from numerical noise. This indicates that the equilibrium state from VMEC is inherently
unstable to resistive modes for the high shear case.

5. Conclusions

A method was developed to produce magnetic islands with any toroidal periodicity in
SIESTA by modifying the way the MHD equilibria are obtained in VMEC for TJ-II. Relevant
parameters in SIESTA have to be adjusted in order to achieve good convergence, but due
to the complex magnetic geometry of TJ-II the necessary convergence to produce the
island effects on pressure was not always found. Further work is required to find the cor-
rect simulation parameters to achieve a better convergence at the rational surface ι = 3/2
in order to get the pressure islands. Additionally, it is desirable to identify which poloidal
periodicity is more likely to develop at that surface, given that experimental results seem
to indicate that high order poloidal modes tend to be dominant. The results obtained
with the simulations of VMEC and SIESTA are interesting because they can be related to
experimental observations regarding transport barriers. Finding the correct number and
positioning of magnetic islands could be the key to achieving better magnetic confine-
ment configurations needed for future fusion reactors. All our computations are done with
fixed boundary which the most efficient way of using VMEC and the present SIESTA ver-
sion only works for this case. However, a free boundary version of SIESTA is now being
developed (8) and has been tested for the stellarator W7-X in Germany, with satisfactory
results. A desirable next stepwould be to try to get equilibria with islands for free boundary
in TJ-II.
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