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A comparison between the operational states of Ignitor and ITER needed to obtain a maximal energy gain
is presented for a range of temperatures and densities, under the assumption that the ratio of electron to
ion temperatures is held fixed for all the steady states considered. A criterion for the optimal operation of
ITER is obtained in terms of the auxiliary heating to ions. The optimal states for Ignitor are achieved when
auxiliary heating to both ions and electrons is minimized. The thermal stability is also studied for the same
range of parameters, finding that the development of this instability is not a concern for ITER, while a
certain range of plasma densities and temperatures has to be maintained in order to avoid the thermonuclear
instability in Ignitor.
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PACS: 28.52.−s; 52.25.Xz; 52.35.Py; 52.55.Dy

1. Introduction

The next generation of fusion experiments will be focused on creating and studying burning
plasmas where heating from fusion reactions will be a dominant part or even the only one when
ignition is achieved. The behavior of plasmas in this state will have to be thoroughly explored in
order to check if the theoretical predictions are correct. Most efforts in that direction are being
directed toward ITER, which is currently under construction in France, although it is designed
to just reach an energy gain value of Q = 10. Another proposed experiment is Ignitor, whose
construction is still being planned under an agreement between Italy and Russia. This apparatus
will have the potential to reach ignition, allowing the study of a wider range of plasmas in a shorter
term. In any of these machines, in order to optimize the performance, it is necessary to minimize
the auxiliary heating requirements, which will ideally be zero for an ignited plasma. The optimal
operation should maximize the energy gain factor Q for a given fusion energy production and this
operation point would be maintained by a control system. A possible control system may be based
on an artificial neural network that manages the fuel injection rate and the auxiliary power (1).
In this work, we analyze the burn regimes of ITER and Ignitor for different plasma parameters,
using a zero-dimensional, two- temperature model in which energy and particle transports are
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822 J.J. Martinell

accounted for by global confinement times for energy τE , fuel particles τDT and alpha particles τα .
The operating points studied in this work are constrained to keep the ratio Te/Ti constant, and the
global transport of ions and electrons is assumed to be the same.

Another important issue in the operation of burning plasmas is the stability of the optimal
states under the thermonuclear instability, which arises when the fusion power produces a positive
feedback in the plasma temperature. At a certain temperature range, the fusion reaction rate is
an increasing function of temperature, which produces more fusion power as the temperature
rises, leading to an instability if the power losses are not large enough. We study the stability
of the operational states around the optimal points in order to make sure that the thermonuclear
instability is not a threat to a safe operation. Our analyses are based on Plasma OPeration CONtours
(POPCON) plots in the electron density ne and temperature Te space, where the appropriate range
of parameters can be identified.

2. Model equations

The model is based on the equations for particle conservation for the main ions, which are assumed
to be composed of a 50–50 mixture of deuterium and tritium, and for the alpha particles resulting
from the fusion reactions, together with energy conservation for ions and electrons. The multi-fluid
description for the plasma produces four equations for the total deuterium–tritium (D–T) density
nDT, alpha particle density nα and the electron and ion temperatures Te and Ti. The quasineutrality
condition ne = nDT + 2nα + ZBenBe + ZArnAr is assumed and two impurity species (Be and Ar)
are included, but we assume that they are fixed. The equations are as follows:

∂

∂t
nDT = Sf − 1

2
n2

DT〈σv〉 − ∇ · ��DT, (1)

∂

∂t
nα = 1

4
(1 − ffrac)n

2
DT〈σv〉 − ∇ · ��α , (2)

∂

∂t

[
3

2
neTe

]
= Paux,e + 1

4
(1 − ffrac)feQαn2

DT〈σv〉 + POH − Pbrem

− Pcycl − 3

2

ne(Te − Ti)

τei
− ∇ · ��E,e (3)

∂

∂t

[
3

2
(nDT + nα + nBe + nAr)Ti

]
= Paux,i + 1

4
(1 − ffrac)fiQαn2

DT〈σv〉

+ 3

2

ne(Te − Ti)

τei
− ∇ · ��E,i, (4)

where the electron energy losses and sources include bremsstrahlung Pbrem and cyclotron radiation
Pcycl, ohmic heating POH, fusion power (in terms of the D–T reactivity 〈σv〉) and auxiliary power
Paux,e. For ions, there is only fusion and auxiliary power Paux,1. There is also the electron–ion
energy exchange measured by the relaxation time τei.The expression that we use for the reactivity is
from (2). Thermalization of the alpha particles produced by fusion is assumed to be instantaneous.
The birth energy of the alpha particles is Qα = 3.5 MeV; ffrac is the effective fraction of alpha
particles which are anomalously lost due to magnetohydrodynamic (MHD) events before they
are thermalized; and fe and fi are the fractions of the alpha particle energy Qα deposited to the
electrons and to the ions, respectively.

The fluxes �k are not considered explicitly because of the poor understanding of particle and
energy plasma transport, and instead we take a volume average of the fluid equations, which
reduces the transport losses to the use of confinement times for the electron and ion energies τE,e

and τE,i, as well as for the particle number of D–T and helium ash τp and τα , respectively. This
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Radiation Effects & Defects in Solids 823

operation simplifies the model to zero dimensions, since all the radial variation of the plasma
quantities is washed out. We do this in two different ways:

(a) Assume constant density profiles nk(r) = nk0 and radial temperature profiles for both ions
and electrons of the form

Tk(r, t) = Tk0(t)

[
1 −

( r

a

)2
]γ

, (5)

with Tk0 being the central temperature of each species and a being the tokamak minor radius. This
was adopted for the ITER analyses. The flat n(r) is justified for the H mode in the confinement
region, which is the mode considered for ITER.

(b) Obtain the nk(r) and Tk(r) profiles from transport simulations using the Astra transport
code (3), corresponding to a steady-state operation with a reference state. Since a certain radial
transport information is conveyed in this way, we can call this a half-dimensional model. This
was followed for the Ignitor studies.

The volume-averaged equations for steady-state operation, which are expressed in terms of the
central temperatures and density (the 0 subscript is dropped for shortness), take the form

Sf − 1

2
n2

DT〈σv〉vol − nDT

τp
= 0, (6)

1

4
(1 − ffrac)n

2
DT〈σv〉vol − nα

τα

= 0, (7)

Paux,e + Qα

4
(1 − ffrac)fen2

DT〈σv〉vol − 3

2
fpe

neTe

τE
− 3

2
fexne

Te − Ti

τei

+ Ah
Z1/2

eff

T 3/2
e

(
1 + 1.198Z1/2

eff + 0.22Zeff

1 + 2.97Z1/2
eff + 0.75Zeff

)
fOH − AbZeff fradn2

eT 1/2
e

− AcycfRn1/2
e T 2.5

e
1 + 1.93Te/511

1 − 0.58Te/511

(
1 + 18a

R
√

Te

)1/2

= 0, (8)

Paux,i + Qα

4
(1 − ffrac)fin

2
DT〈σv〉vol + 3

2
fexne

Te − Ti

τei
− 3

2
fpeni

Ti

τE
= 0, (9)

where ni = nDT + nα + nBe + nAr and the averaged power densities are given explicitly in
MW/m3, with Ab = 5.33 × 10−43, Ah = 0.032, Acyc = 2.9 × 10−17κ5/6/(B5a)0.5 for n, and T in
m−3, keV. The f factors include the profile averaging weight and, as such, depend on the shape of
the profiles. The volume-averaged D–T reactivity can be written as 〈σv〉vol = G × 〈σv〉, where G
is a correction factor due to the radial profile average.

For our analysis, we use the energy gain factor QG defined as the ratio of the energy generation
rate in the plasma due to the fusion reactions to the total external heating power:

QG = 〈Pfusion〉vol

〈Paux + Pohmic〉vol
. (10)

Here, Paux includes both the auxiliary heating to electrons and to ions and Pfusion takes into
account the total energy produced in the D–T fusion reactions, that is, the energy carried by the
alpha particles and by the neutrons. If operation in the H mode is desired, total power has to be
maintained above the L–H power threshold (4),

Pthreshold = 4.30M−1
eff B0.772n0.782

e R0.999a0.975. (11)

In the following analysis, we solve Equations (6)–(9) for the DT refueling rate, Sf , the fractional
density of helium ash, fα , and the auxiliary heating power to electrons and ions, Paux,e and Paux,i,
varying ne and Te over a range about the reference state.

D
ow

nl
oa

de
d 

by
 [

U
N

A
M

 C
iu

da
d 

U
ni

ve
rs

ita
ri

a]
 a

t 0
9:

53
 1

1 
O

ct
ob

er
 2

01
1 



824 J.J. Martinell

3. Optimal operating states for ITER and Ignitor

3.1. ITER

The operational states for ITER have been presented in (5) for a fixed fraction of Be impurities
of fBe = 0.02 and a fixed density of Ar of nAr = 1.21 × 1017 m3. The fudge factors correspond-
ing to Equation (5) and with the weights needed to match the design values for ITER are as
follows: fOH = 7.5(1 + 3

2γ ), fpe = 1/(1 + γ ), fex = (1 + 3γ /2)/(1 + γ ), fR = (1 + 5
2γ )−1 and

frad = 2/(1 + γ /2), the factor 2 meant to account for the combined bremsstrahlung and line radi-
ated power reported at the nominal density and temperatures for ITER (6), which compensates
for the lack of a line radiation term in the energy balance equations. The G factor of 〈σv〉 is fitted
by a polynomial

G = 0.249 + 0.017Ti − 0.00011T 2
i − 0.13γ + 0.023γ 2 − 0.0077γ Ti + 0.00125Tiγ

2

+ 0.000067T 2
i γ − 0.0000126T 2

i γ 2, (12)

where Ti is the central ion temperature in keV and 〈σv〉 is the reactivity evaluated at the central
ion temperature. The value of τE is taken from the IPB98(y,2) scaling (7):

τIPB98(y,2) = 0.0562HI0.93R1.97B0.15M0.19ε0.58κ0.78n0.41
e P−0.69

s , (13)

where the factor H expresses the degree of enhancement expected over the predicted value due
to improved confinement, but we set H = 1.

The calculated values for the fraction of energy deposited to electrons and to ions in the energy
range of the alpha particle thermalization are fe = 0.78 and fi = 0.22. The reference operating
state has n0 = 1.01 × 1020 m−3, Te0 = 23.6 keV and Ti0 = 23.0 keV, for the electron density and
the peak temperatures of the electrons and the ions, respectively. The radial profile parameter is
γ = 1.85 for both electron and ion temperatures. It is assumed that 10% of the alpha particles
are anomalously lost before they are thermalized, hence ffrac = 0.1 and the confinement times are
τα = 6.8τE and τDT = τα for DT ions. The corresponding value of the fixed temperature ratio is
(Te − Ti)/Te = 0.025 for all the operation states considered.

Possible steady states can be classified according to the values of different parameters of
interest. Important information about the operation states can be gained from Figure 1(a), which
shows the contour plots of the auxiliary heating power to electrons and ions in POPCON plots
(normalized Te–ne space) with isolines for these quantities. It can be seen that for a constant
electron density, the auxiliary heating power to the ions decreases when Te decreases reaching a
point where Paux,i = 0. Note that the contour lines with Paux,i < 0 are not included because these
are not physically plausible steady states. Thus, the line Paux,i = 0 represents a boundary for the
available operating points of the reactor.

Figure 1(b) shows the contour lines of the gain factor, QG, as obtained from Equation (10) and
for constant total fusion power (including the energy of the neutrons), together with the bound-
ary line Paux,i = 0. We can observe that for a fixed fusion power value, we can decrease the
electron temperature increasing simultaneously the electron density, properly moving along the
corresponding Pfusion = constant line, thus increasing the QG monotonically until the boundary
Paux,i = 0 is reached. Thus, the optimal states, defined as those having a maximum QG for a given
Pfusion, correspond to the crossings with boundary line Paux,i = 0. Note that the H-mode operation
has to be to the right of the magenta line (color online) which represents the L–H transition power
threshold.

D
ow

nl
oa

de
d 

by
 [

U
N

A
M

 C
iu

da
d 

U
ni

ve
rs

ita
ri

a]
 a

t 0
9:

53
 1

1 
O

ct
ob

er
 2

01
1 



Radiation Effects & Defects in Solids 825

170

11065

40

25

12
5

0
12

16

20

24

30

37

45
55

70
90

130

0.6 0.8 1.0 1.2 1.4

0.6

0.8

1.0

1.2

1.4

Te Te0

n e
n e

0

(a)

16

15

14

12

10

8.5
7

6
5

445
80

140
230

350
500

700

900
1200

1500

0.6 0.8 1.0 1.2 1.4

0.6

0.8

1.0

1.2

1.4

Te Te0

n e
n e

0

(b)

Figure 1. Contour curves of (a) auxiliary power to electrons, Paux,e (dashed line), and to ions, Paux,i labeled in MW
(only positive values are plotted) and (b) total fusion power in MW (dashed line) and the Q-gain factor. Lines of Paux,i = 0
(red, from (a)) and L–H transition threshold (magenta) are shown (color online).

3.2. Ignitor

Ignitor is proposed to be the first nuclear fusion experiment ever to achieve ignition. It has been
extensively studied under several operation scenarios, in particular, its operation in an ignited
state with only ohmic heating (8). Auxiliary heating will be present in the form of ion cyclotron
resonance heating (ICRH) in order to aid in reaching the high temperatures required, but in
ignition, ICRH will be shut down. We analyze the possible operational states around the design
reference state given in Table 1 for operation in the L mode.

For this study, we will use the half-dimensional approach mentioned above, obtaining the
profiles from Astra transport simulations. To do this, an initial state is provided and the code
evolves until a steady state is reached with the design values of the Ignitor plasma. In order to get to
this state, some weight factors are varied during the run. Once this is achieved, the resulting profiles
are used to determine the volume average of the conservation equations. Thus, the corresponding
fudge factors are obtained, and for the reference state, we have the following values: fOH = 200,
fpe = 0.2, fex = 0.34, fR = 0.1 and frad = 0.21, while G = 0.056. For the confinement time τE ,
the Coppi–Mazzucato–Gruber (CMG) scaling is used,

τCMG = HI−1a3Te

(
M

Zeff

)−0.4

(1 + κ2)κ−0.5n0.8
e , (14)

where again H = 1. The values for Ignitor for the fraction of energy deposited to electrons and to
ions are fe = 0.81 and fi = 0.19. The reference operating state has n0 = 9.97 × 1020 m−3, Te0 =
10.7 keV and Ti0 = 10.4 keV, ffrac = 0 and the confinement times are τα = 6τE and τDT = 3τα for
DT ions. The fixed temperature ratio is (Te − Ti)/Te = 0.028. The density is below the Greenwald
limit nG/n0 = 1.59.

Table 1. Ignitor parameters.

Major radius R0 1.32 m Mean poloidal field B̄p = Ip/5
√

ab ≤4.5 T
Minor radius a × b .47 × 0.86 m Poloidal current Iθ ≤9 MA
Aspect ratio A 2.8 Edge safety factor qψ 3.6
Elongation κ 1.83 m Confinement strength Sc ≡ IpB̄p 38 MA-T
Triangularity δ 0.4 Plasma volume V 10 m3

Toroidal field BT ≤13 T Plasma surface S 34 m2

Toroidal current Ip 11 MA ICRH heating 100–140 MHz ≤20 MW
Maximum poloidal field Bp,max ≤6.5 T Optimal ICRH heating 115 MHz 3–5 MW
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826 J.J. Martinell

In Figure 2(a), the contour plots of Paux,e and Paux,i are shown for only the positive values.
It is clear that a significant region of the n − Te space is not accessible in the considered opera-
tion conditions; only the parameter ranges where both Paux,e and Paux,i are positive are possible.
These are islands of operation. Examining Figure 2(b), which shows the contours of constant
QG and Pfusion, it is possible to note that the high-density island is the one that has the high-
est fusion powers and QG values; a state with QG = 8 can be achieved in the high-temperature
side. This is thus the preferred region of operation. In contrast with the ITER situation, here a
fixed fusion power provides higher QG values when the density is decreased and the temper-
ature is increased, but the differences are not very important since the two isolines are quite
similar. The optimization criterion would be to operate at the high-temperature side of the upper
island, where Paux,e = Paux,i = 0. At this point, one will have an ignited plasma, not requiring
external power.

4. Thermal stability

The optimal steady states just obtained have to be checked for stability under thermal fluctuations.
Temperature scalings of all the terms in the energy equations compete to determine stability.
In particular, radiation losses, which take an important fraction of the fusion energy, are of prime
importance and they also, like the fusion power for low T , have a growing dependence with
temperature (both bremsstrahlung and cyclotron radiation). The thermonuclear instability arises
when the temperature rise due to the energy released by the fusion reactions increases the DT
reactivity further, and this occurs in the energy range with a positive slope of the function 〈σv〉(T),
that is, T < 50 keV. In order to study this instability, we apply a thermal perturbation to the system
and analyze its response. We consider two different cases: (a) equal temperatures, Ti = Te ≡ T ,
and (b) two temperatures, Ti 	= Te, as in the analysis of the optimal states. The first case is
taken as a simple approximation, for in this case, there is a single equation for the total energy
W = We + Wi. Performing a linear analysis, when a perturbation of the form T = T0 + δT on
the equilibrium value T0 is applied, the total energy equation can be expanded in δT and takes
the form

∂δT

∂t
=

[
dP(T0)

dT

]
δT , (15)
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Figure 2. Isolines for Ignitor of constant (a) auxiliary power to electrons, Paux,e (dashed line), and to ions, Paux,i labeled
in MW (only positive values are plotted) and (b) total fusion power in MW (dashed line) and the Q-gain factor. Red and
orange lines indicate limits Paux,e = 0 and Paux,i = 0 from (a). Below the magenta line H-mode operation would occur,
but these states are not considered here (color online).
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where P(T) is the net power to the plasma. Clearly, the perturbation is stable when the term on
the right side is negative since otherwise the temperature perturbation will increase exponentially.
Thus, the stability criterion is dP(T0)/dT < 0. For the second case, since there are two temper-
atures, we have to take separate perturbations Te = Te0 + δTe and Ti = Ti0 + δTi and consider
the electron and ion energy equations (3) and (4). Linearizing again about the two equilibrium
temperatures, we can find an equation for the vector δT ≡ (δTe, δTi), as ∂δT/∂t = M · δT, with
the matrix

M =

⎛
⎜⎜⎝

∂Pe(T0e, T0i)

∂Te

∂Pe(T0e, T0i)

∂Ti

∂Pi(T0e, T0i)

∂Te

∂Pi(T0e, T0i)

∂Ti

⎞
⎟⎟⎠ , (16)

where the powers Pe(Te, Ti) and Pi(Te, Ti) are the right-hand sides of Equations (3) and (4),
respectively. The solution is obtained in terms of the eigenvalues of M, λ1 and λ2, as δT =
δT0 exp(λkt). The system will be unstable if the real part of at least one of the λk is positive. The
stability computations are made for all the operating states in the range considered before. The
marginal stability curves for ITER are presented in a POPCON plot in Figure 3(a) for the cases (a)
and (b). It can be seen that the unstable region is for low Te and high ne, as has been found in other
studies (9), for the two cases and there is actually not much difference between them. However,
the region of instability falls outside the allowed operating regime since it is to the left of the
green line Paux,i = 0 (color online), thus it would not be excited for the optimal states described
in Section 3 or any other allowed state.

In order to have an idea about the sensitivity of the results to the particular energy confinement
scaling used, we considered a case with constant τE . In this analysis, τE is kept fixed at its
equilibrium value when the variations in Equations (15) and (16) are made, instead of using
Equation (13). The results are shown in Figure 3 with dashed lines for the two cases of equal
and different temperatures. It is clear that the difference is quite noticeable, and now the unstable
region covers all the ranges of optimal operating states. Since the constant τE is not compatible
with the previous calculations, we cannot conclude that the instability will be present, but it shows
that the choice of the actual confinement scaling is important.

In the case of Ignitor, the situation is quite different as can be seen in Figure 3(b). The marginal
stability curve for the case of the CMG scaling falls right between the operational islands, which
means that a large fraction of the possible operation states are unstable. In particular, the optimal
states found previously for the high-temperature region are unstable. However, this confinement
scaling is quite pessimistic, and if a more optimistic τE is used, the optimal states could become

(a) (b)
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Figure 3. Marginal stability curves for (a) ITER and (b) Ignitor, with Te = Ti (blue) and Te 	= Ti (red). Dashed curves
correspond to constant confinement time. The curves delimiting the allowed operation states are also shown (color online).
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828 J.J. Martinell

stable. That this is the case can be seen in the marginal stability curves shown with dashed lines
which correspond to a constant τE , providing another extreme case; here all the allowed states
are stable. Depending upon the particular scaling used, the stability curves will fall between
these two curves. Practically, the same result is obtained for the two cases of equal and different
electron/ion temperatures. If one could use a certain scaling that is reliable and it turns out there
is a region of unstable states, then a control system for the machine has to be used in order to
avoid these states.

5. Conclusions

We have studied the plasmas of two burning plasma fusion experiments, ITER and Ignitor, in
order to determine the most efficient operation of a nuclear fusion reactor, by means of volume-
averaged balance equations for particles and energy, including electrons, ions and helium ash.
Nominal operation states were taken for each experiment and the steady states of operation
about these states were analyzed by taking variations of the electron density and temperature,
maintaining the temperature ratio Te/Ti fixed. They are presented in POPCON plots showing
contours of constant auxiliary power to electrons and ions. In the case of ITER, no states with
Paux = Paux,e + Paux,i = 0 can occur, meaning that ignition is not possible, as expected. However,
there are states with Paux,i = 0, which represent an operational boundary and they turn out to be
also the states with maximum QG for a given fusion power. Hence, we identified these operational
states as the optimal ones.

In the case of Ignitor, the range of operational states is more restricted and it is possible to
identify those with largest energy gain as those in the high-density, high-temperature region.
Among these states, there is the ignition state for which the total external power is zero.

The thermonuclear stability was studied using linear analysis by considering temperature per-
turbations about the equilibrium state. Cases with Te = Ti and Te 	= Ti were considered. For
ITER, we showed that the system will be stable for all the possible operating states regardless of
the relation Te − Ti. The assumed scaling for τE is important and a constant scaling may render
some states unstable in the high-density–low-temperature range, including the optimal states. In
the case of Ignitor, the pessimistic CMG scaling produces unstable states in the region of optimal
operation, but for more optimistic scaling, these become stable.
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