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Resonances can be defined in several ways,
but it is generally accepted that, under
rather general conditions, we can associate
a resonance to each of the pairs of poles of
the analytic continuation of the S-matrix.



In spite of the long-time elapsed

since the discovery of alpha decay phenomena in nuclei
and their description in ferms of resonances, the use of
the concept in nuclear structure calculations has

been hampered by an apparent contradiction with
conventional quantum mechanics, the so-called
probability problem. It refers to the fact that a state
with complex energy cannot be the eigenstate

of a self-adjoint operator, like the Hamiltonian,
therefore resonances are not vectors belonging to
the conventional Hilbert space.



These lectures are devoted to the
description of resonances, i.e. Gamow states,
in an amenable mathematical

formalism, i.e. Rigged Hilbert Spaces. Since
we aim at further applications in the domain
of nuclear structure and nuclear many-body
problems, we shall address the issue in a
physical oriented way, restricting the
discussion of mathematical concepts to the
needed, unavoidable, background.



From a rigorous historical prospective, the
sequence of events and papers leading to our
modern view of Gamow vectors in nuclear
structure physics includes the following

steps:



a) The use of Gamow states in conventional
scattering and nuclear structure problems
was advocated by Berggren, at Lund, in the
1960s, and by Romo, Gyarmati and Vertse, and
by 6. Garcia Calderon and Peierls in the late
70s. The notion was recovered years later, by
Liotta, at Stockholm, in the 1980s, in
connection with the microscopic description of
nuclear giant resonances, alpha

decay and cluster formation in nuclei. Both at
GANIL-Oak Ridge, and at Stockholm, the use
of resonant states in shell model calculations
was (and still is) reported actively.



b) A parallel mathematical development
took place, this time along the line
proposed by Bohm, Gadella and
collaborators.

Curiously enough both attempts went
practically unnoticed to each other for
quite a long time until recently, when some
of the mathematical and physical
difficulties found in numerical applications
of Gamow states were discussed on
common grounds ( Gadella and myself).



Technically speaking, one may summarize
the pros and drawbacks ofBerggren and
Bohm approaches in the following:

(i) The formalism developed by Berggren is
oriented, primarily, to the use of a mixed
representation where scattering states
and bound states are treated on a foot of
equality. In his approach a basis should
contain bound states and few resonances,
namely those which have a small imaginary
part of the energy.



ii)In Bohm's approach the steps
towards the description of Gamow
states are based on the
fact that the spectrum of the
analytically continued Hamiltonian
covers the full real axis. As a
difference with respect to
Berggren's method, the calculations
in Bohm's approach are facilitated
by the use of analytic functions.



The subjects included in these lectures
can be ordered in two well-separated
conceptual regions, namely:

(a) the S-matrix theory, with reference
to Moller wave operators, to the spectral
theorem of Gelfand and Maurin, and to
the basic notions about Rigged Hilbert
Spaces, and

(b) the physical meaning of Gamow
resonances in dealing with calculation of
observables.



The mathematical tools needed to
cover part (a) are presented in a self -
contained fashion.

In that part of the lectures

we shall follow, as closely as possible,
the discussion advanced in the work of
Arno Bohm.



Gamow vectors and decaying
states

Complex eigenvalues

A model for decaying states
* An explanation and a remedy for the

exponential catastrophe

Gamow vectors and Breit-Wigner
distributions
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-Decay law

Number of particles that have not decay at the time t

ND(I) =ND(0)€_M.

1 (_ dNp (1)

| _ a1 (initi
N0 7 )Lﬂ (initial decay rate)

Np(t)/Np(0)=e~*  (survival)



For a vector that represents the
decaying state, like

QbG(f) —e :‘Ht/ﬁ¢G(0)

The probability of survival is written

|(¢G(0),€ - l'Ht(ﬁ‘pG(O))IZ

Therefore, this absolute value should be
equal to the exponent of the decay rate



The decay condition can be achieved if we think of
the state as belonging to a set of states with
complex eigenvalues

Hy®(0) = [E, — i(T/2)]¥°(0)

From where it follows that

|(#5(0),e = ™/ 4(0))?
= [('J’G(O),;bﬁ'(o))e—f'[Eu—:‘(rxz]}uﬁ'z

— Tt
=e 7



The equality between the experimental and
theoretical expressions for the probability

of survival imply

=A%

which is, of course, a rather nice but strange
relationship which has been obtained under the
assumption that there are states, upon which we
are acting with of a self-adjoint operator (the
Hamiltonian), which possesses complex eigenvalues.



A model for decaying systems

A particle of point-mass (m)
confined in a spherically
symmetric potential well

(0, r<a,
Ulr) =10, a<r<b,
L 0, r>b,

The solutions of the non-relativistic
Schroedinger equation are written (zero angular
momentum for simplicity)



. atﬁ(?,ﬁ:‘}b:t) — __ﬁivz t
# p = U (r,0,4,t)

+ U(r)¢(r,0,0,t).

Y(r0.0,t) = [y(r)/rle"E/*%

12
: éyrgr) - i;f [U(r) = E ]y (r)




The stationary solutions are obtained in the
limit of a barrier of infinite height, and
they are of the form (inside the barrier)

Ys(r) =Asin kgr

with the real wave number

ks =[@m/FYEs, |A|>=1/2ma.

ks =nw/a, n=123,..



And for the three regions considered the
quasi-stationary solutions are of the form

yi(?) =Asin kr + B cos kr; 0<r<a,
¥2(r) = Ce % 4 DeX’, a<r<b,
¥s(r) =Fe ™ 4+ Ge'™, r>b,

the wave-number are real (k) inside and
outside the barrier region and complex (K)

inside
k = /2—"15 K= \/—-(Uﬂ E), E= Eﬂ—;-l;—




By requiring the continuity of the function and its
first derivative, and by assuming purely outgoing
boundary conditions to the solution in the external

region, one gets

A sin ka = Ce ~ % 4 De*?,
Ak cos ka = — KCe ™ % 4+ KDe**,
Ce — Kb _I_ Dexb — Gefkb,

— KCe™ ** + KDe** = ikGe™®,



The solution of the system of equations
yields

G=[e XP—De~ kb /(K — ik)] (K sin ka — k cos ka)A

and the relation between k and K (eigenvalue
equation)

1 +£tan ka =¢ 2K -9 K + ik (K tan ka — 1)
k | K—ik\k



The initial decay rate can be calculated from
the flux of the probability current integrated
over the sphere

A :j S(r,6,4,t=0)-dA

sphere o
radius b

— f dQ b8, (r = b,8,4,t =0)

where

S;(f' - bﬂ:ﬁf’:? = 0) =

i ( OYF 6%)
Zm(ar Vo5 ),

(radial component of the current in the external
region)



After some trivial calculations one gets (for
the external component of the solution)

A = (4mhk /m)|G |?

Since the real part of the energy is much
smaller that the barrier (but positive) we have

ko=~ Cm/A)VEp, Ko=+Cm/#F)(U,— Ep),



Then, by replacing G for its value in terms

of the approximated wave numbers, we find

A=~ (4mhiky/m) [e 20 - ")/(_Kﬁ + k3)] (kg cos kqa)?

X [ (Ko/ko)tan koa — 112|4 |2

A~ (8%k 3 /maK 2 )e~ 2Kotb - @



and
I'= Afi= (8#°k 3 /maK §)e 2~
If we proceed in the same fashion
starting from the definition of the Gamow

vector, we find for the complex wave
humber

2m 2m ' .I")
— f_._ — [2T(E. —i—
k E ( b :_2




by keeping only leading order terms, since
the imaginary part of the energy is much
smaller that the real part:

k= ko — imT/2#k,

K=K,



With these approximations, the relationship between
k and K determines the structure of the decay width:

tanka . _ak,b-a) (Ko + ko )?
K:+kg

X (ﬁ tan k,a — 1).
Ko

1 + K,

and tanka _ tan kg
kK k

_|_' a B tankua)(—iml")
ko cos® kea k2 2%k,




And by equating the imaginary parts of both
equations one gets

1 ( Ka _I_(_[_,_tankoa)( —_f:nr)
ko \cos?® kya k, 21k,

_ _2ikeK, (Kﬂ tankﬂa_l)e-zx.,(b—m
Ki+ki\k _




which is fulfilled if (at the same
order)

I~ (8%%k /maK })e b=

This last result is quite remarkable,
because it shows that decaying states can
indeed be represented by states with
complex eigenvalues. It also leads to the
rather natural interpretation of the decay
time as the inverse of the imaginary part
of the complex energy.



The exponential catastrophe

For well behaved vectors in Hilbert space
one has the probability density (finite and
hormalizable)

p(x) = |{x|4)|?

fd%cp(x)-:: 0

But not all vectors are proper vectors,
since (for instance for Dirac's kets)



And it means that, for them

(x|p) = (2mhi) ~>/2%™"

p(x) — \(i\p>|_2 = (2m#) >

Although it is finite at each point (in space) it is
infinite when integrated over the complete domain.
For a Gamow vector one has, similarly:

p(x,t) = [{r,8,8|¢° (1)) |> = |¥°(r,6,6,1)|?



from the wave function in the external
region one has

¥a(r,6,0,1)
= ¥3 (r,t) = GE'H hor =

— (T/2)(1 — mr/hik,)/Fi
Xe Mo

Ept /i)

r>b.

one has

p(r,r)z(|G|2/rz) e—r(t—mr/ﬁku}/ﬁ, r}b.



The factor between parenthesis can be writen in
terms of a "initial time" associated to the
approximated wave-number, leading to:

p(rt) = (|G |?/r)e Tli—uNl/A
| r:’b: > 1‘0(!‘)

This result (which is valid for times t greater than the
“initial " time) means that a detector place at a
distance r detects a counting rate that is maximum at
the initial time and decreases exponentially with
increasing time (Bohm-Gadella-Mainland)



Thus, when correctly interpreted,
Gamow vectors leads to an
exponential decay law and not to
an exponential catastrophe.



Gamow vectors and Breit-Wigner distributions

At this point (and as a first contact with
the proper mathematics) we shall
introduce another tool to understand
Gamow vectors. That is the analogous of
Dirac's spectral theorem and the nuclear
spectral theorem (also called Maurin-
Gelfand-Vilenkin theorem). This will be
our first exposure to the concept of
Rigged Hilbert Spaces (or Gelfand's
triads).



Dirac spectral theorem

In the infinite dimensional Hilbert space we can
define an orthonormal system of eigenvectors of
an operator with a discrete set of eigenvalues
(the Hamiltonian operator, for instance), such
that

H|E,)=E,|E,), E,=EyE,E,..,

Then, every vector of the same
space can be expanded as:

=

0.1,...



In scattering problems the Hamiltonian has a continuous
spectrum (in addition to bound states), and this part of
the spectrum can be added to the expansion

o= 2

o0
n=1501,...

E)(E,|9)+ | dEIET)CElp)

H|E-)=E|E~), 0<E<c

To show that this is indeed a correct expansion we shall introduce,
in addition to the Hilbert space (of normalizable, integrable
functions) a subspace of all integrable functions in the energy
representation. We think of these functions as " well behaved”
(infinitely differentiable and rapidly decreasing in the energy rep)
(technically speaking they are elements of the Schwartz space).



We also need another space, which should
accomodate the antilinear mappings of these
functions (something is antilinear if
F(ax+by)=a*F(x)+b*F(y)).

We then have:

a)The Hilbert space of regular vectors ¥
b)The space (Schawrtz) of test functions bCH
c)Its antilinear mapping. e

Under these conditions, Gelfand defines the
triads (or Rigged Hilbert Spaces, or triplets) as
the construction

bCH CP™



Nuclear spectral theorem:

Let H be a self-adjoint operator in the Hilbert
space. Then it exists in the subspace &>

a set of elements with the property

(HY|E ~) = E{(¢|E ), forevery pcd

Such that any function of (b) can be
written in the form

p= S IE)EI@)+| dEETCElR)
n=190,1,..



Let us see how these notions apply in the case of
Gamow vectors

A particular generalized eigenvector with complex
eigenvalues can be defined by:

- 1 [T 1
¢=| dE|E- / +
i f_m B 27 E, —i(l'/2) — E

which is a functional over well behaved functions

Gy B ‘l L l
W)= | dEWEN o s E




Properties and conditions on these vectors:

1) (Generalized eigenvalue equation)

(x|H |¢°) = [Ep — (/DT {x|#%)

2) (Time evolution)

(x| () = {yle”™""|¢y)
— LE pt /1 — FHH(XW’GL f}'ﬂ

3) (Probability of detecting a given
value of the energy E)

P(E) = [{E ~[¢°)|?
= ([/27){1/[(E — E,)? + (T/2)%]}



Proof of the properties

(y|H [¢9)
=.,F_1 dEQIHIE™) 1 \/15,, —I(IE‘IZJ—E
=:_1 dEE{X]E-}% 21; E, —:'{ll"fZ} _E
Cle ™ 41y°)

=J dE {IIE-—:'HI;"HIE—>A*
— s !

« [T 1
27 Ep —i(T/2) — E

=J. dEE—u‘E:Hﬁ{rlE—}L_
— e I

« [I 1
2r E, —i(T/2)—E




(use Cauchy integral formula):

zZ—4a

ﬁdz 2 _rmina),

The integral is calculated over a closed contour
(real energy axis) and an infinite semicircle in the
lower half of the complex plane, leading to

(x|¥°) =v2aT (y|Ep —i(T/72-)).

(Y|H [¢°) = (Ep — i(T/2)) V27T (x|Ep — i(T'/2 —).



(X|€—.~’H:HEI¢G} — E—*'E;:Hﬁer [t /2%

X\2aT (x|Ep —i(T/2—), t>0.

since e~ EUA(V|E )

vanishes on the infinite semicircle in the
lower half of the complex plane only for
1 >0.

More generally, since there is one (pair of ) S-matrix pole at E,
then every well behaved vector can be given by the generalized
expansion ( A. Mondragon has shown it first, and then with E.

Hernandez) we shall come back to this result later on)

p =f dE S (B)ENE|@) +0°(¥°|)

— wl:mn:l:;mund + ][lG (‘t’ﬁlﬂv )’



The approximation to the exponential decay
law

 The exponential decay law Is a
consequence of the choice of the Breit-
Wigner energy distribution (a natural
choice, indeed).

 Influence of the direct integration over
the physically positive energy
spectrum: it affects the decay law



r

Y= E—E) 17

It seems natural to think of the Breit-
Wigner energy distribution as the result of

the composition between to branches, like:

I
[E—(Eq—iD)I[E—(Eg+iD)] T &)

w(E)=

Where the function f(E) has no poles (Krylov)
to ensure that the only poles are those at the
positive and negative half-planes.



Then, if we integrate a given
amplitude, like

A(D)= J:e-*f‘m(mds

in the real axis, and use Cauchy formula, we get,
for the relevant part of the integral

A mr i d dE
O~ | e S E<E)+T7

that the main contribution comes from the pole located
at the lower half-plane, at it yields:

A{”=€—EEDI+E—FI



this result can be generalized easily by
considering a semibounded spectrum (that
is : the real positive set of eigenvalues)

1 (= age
A (t)=— f dE
7w Jo [(E-E )2+ TR

—iE

l rx _ Ay cos(uft)
=—f e it du

oo [u?+T3)!
i

r @y sin{uf
" g M (ut)

w Jo (u2+ T3yt

1 0 HHE*MI
+ —_ E—iE‘:I

wle” ey

{ ¢\ 14172
=— ﬂkrf-im( ——) K 12(Tpt)/T(141)

Jar 2T,

iay 2aEy

m[Eg+Ti]"" al(Eg+THH?




where the functions K are modified
Bessel functions of imaginary argument.
The term by term expansion of A(t)
reads

1 fﬂgg

= =iEpt —ruf_ —
Aoo(t)=dooe e S B2+ TD)

~ 2agekq
w2 (Eg+Tg)*

iﬂll

— —iEqt =Tyt —
An()=ane™ e ) - ST

2ay,E,
17!2(5[!1 r3)3

iag,

{4} = —iEqt ,— Dot —
An(f)=ane™ e (1410 o= T T

2a1,E,
w2 (E5+T3)3




Then, the first term already gives the expected
dependence (decay law) as a function of the
imaginary part of the complex energy, and it is
valid provided t>>1/Real part of (E).



The same result can be obtained by
applying the steepest descent method, by
re-writting A(t) as
Hde e-t’EtE—m[{E—Eu}2+I‘2]

1 o
Aﬂ(f}= ;thﬂ dﬂ'JD

1 oo oo
= — FIJ do| ef¥g(z)dz,
m 0 Jo

where
f(z)=—iz—o[(z—Eo)*+Tg(2) =1,

fl(z2)=—i—20(z—Ey)=0 for zo=Ey— g

f'(z)=-20c.



then

Eff:n}ein‘

= hZﬂg{Iﬂ}
J efPg(2)dz~ e

0 Ve|f"(zo)|

V27
Cmd _ ot(—iEg—1/20+1/40—oT?)
?

20

N N
T 0 to ’
_ 2
¢ o e t(1/4T%a+1/40)
=I - e“Eﬂ‘J do
T 0 \/;

_ _F -
p=20T, =50 dp=2T do.

=




from which

¢ o 1 g ~H([/2P+T'P[2)
Ao()=T —e'iEﬂ‘J dP
o hor
e~ iEqt ~TH2(P+1/P)
f dP

J:E-ffuf
=T - K”g{rf),
T y2ar




and with the modified Bessel functions

—.tfll[s+1,l‘s]

K, (x)= fds S

Ky(x)=> I (x)—1,(x))

2 sin v

( fZ
I_1p(x)= cos hx, Ip= 5111 hx,
T 2 T
Kin®)=3 Vo e "=“V2 ¢



finally

\/:E—LEE,: 1
Ao()=T \[—- KTt = — e Eote !
™ \2r 2

which is, again, the expected time
dependence of the amplitude A(t)



Gamow vectors: a tour from the
elementary concepts to the (more
elaborate) mathematical concepts

Some references:

R de la Madrid and M. Gadella ; Am. J. Phys.
70 (2002) 626

R de la Madrid, A. Bohm, M. Gadella ;
Forstchr. Phys. 50 (2002) 185

O. Civitarese and M. Gadella; Phys. Report.
396 (2004) 41



-We shall compare the description of Gamow
vectors

1)in the scattering problem,
2)the S-matrix formalism, and
3)in the rigged Hilbert space framework

All are equivalent way of introducing Gamow
vectors and their properties, but some are more
illustrative than others, as we shall see in the
following notes.



-Resonances for a square barrier potential

Since we have already discussed the case in the

first lecture, we shall review here the main results and
expressions for a later use. We shall start with
Schroedinger equation in the Dirac notation. When the
energies belong to the continuum spectrum of H, the
vectors are Dirac's kets and they are not vectors in the
Hilbert space (they are not square integrable). However,
we can use them to expand the space of wave functions

=

[

o=, > JvdE|E,Z,n?><EJJ?’?|fP>*
[=0 m= 0

—1



We are searching for solutions of
the equation

(| H|E —({_ﬁz
<E| | >__a 2m

V2+7(x) |(x|E)=E(x|E)

(0. 0<r<a

Vix)=V(r)=4 Vo, a<r<bhb

L,O') b"<f‘<:’:.



in spherical coordinates it reads

—h*1 & +%_.2/(1+1)+V |
2m r (9;_2? dmr” (;)_,.-

<r*,0,qb|H|E_,f_,m)=(

X(‘Fﬁ 6.‘1 (-blE'JZ‘J‘I??>

with
(r,0.¢|E,1.m)=(r|E)(0,d|l,m)

1
= ;__XE(F;E)}TE.IH( 0, 05)



The solutions are

(™ +Be”F, 0<r<a
Y(E)={ @y’ +Bre™i9,  a<r<b
{ .7-_1@""’2”‘+.7-23_5’F{F_, b<<r<w=




Boundary and continuity conditions

x(0:E)=0,
x(a—0:F)=x(a+0:F),
X' (a—0;E)=x"(a+0E),
x(b—0.E)=x(b+0:E),
X' (b—0:E)=x"(b+0E),

|)((1“;E)|<’r:.



they are of the form

e’ 9+ Bre 9= sin(ka),
i0(a,e'?"— Bre 9 = ak cos(ka),
Fli?jkb‘}_j:ze_jkb: (1{2£2ij+52€_ij,

ilk(Fe™— Foe ") =i0(a,e’?” — Bye~19?)



with solutions

k

sin(ka)+ —cos(ka)

NN — — ,—1iQa
a5 (k) e 0

a(k),

2| —

k
10

“Wsin(ka)— cos(ka)|a(k),

W
b

—
=~
"

|

l\-..)l [—

"‘D

| | k
. g!9b—a) s111(ka)+—n,os(ﬂ )

iQ

( 14+ =

:] E—fgib—a}

+( 1_;,:.

. ] a(k)

x| sin(ka)— — cos(ka)

iQ




| k
05— }( sin(ka)+ —cos(k a)

iQ

L ikb
»7:2(;»’)= “ 1_%.

o)
e

—iQ(b—a)

{8
k ]

X ( sin(ka)— —cos(ka)

0 al(k).




Thus, the zero angular momentum solution reads

(rF) (1 F) 1
<f'af95c!5|E>:X ;_ Yo,o(@ac.ﬁ):x — N1

O=sEF<x

with

r(r|E)j—o=x(r:E)

(a(k)sin(kr), 0<r<a
az(k)gjgr+52(k)€_fgr, a<r<bhb
| F (k)™ + Fy(k)e ™™, b<p<o

.




the expansion of the wave function will then be

\ = x(rE) o
e(r,0.0)= | dE Yool0.0)e(E)

0 r

and from it one has (in bra and kets notation)

(r,0,¢|0)= J dE(r,0,$|EWNE| )
0



S-matrix

(TE, ILm|E",l",m' "Y=S(E)S(E—E")8; 116, '




the probability-amplitud of detecting an out-state
(superscipt -) in an in-state (superscript +) is

llvs

vdE(e_j,r_ \E,1,m™)S,(E)

X(TE,l,m|¢™).



the S-matrix, in the energy representation, is
written

fl(]f)

S(E)=S(k)=—
==

the continuation of S is analytic except at its
poles, which are determined by

fz[;f):()



that is

k

I

—

cos(ka)

(I {— ?_F-_:]EEQ{EJ_(J b|i5i11( Ira ) +

k

I

—

cos(ka)|=0

v

+ ( 1+ %]gf-@‘b”{sin( ka)—

the solutions come in pairs of complex
conjugate values of the energy,



Decaying resonance energies (square well potential)

E (first sheet)

(a)

/ Sp(H)

E (second sheet)

AONONONONNINNNNNS NN ONNNNNNNY



E (second sheet)

(b)

<

Sp(H)

E (first sheet)

SOV NN NN NANNNNNNNY

Growing resonance energies (square well potential)



-resonance wave numbers (for the square well
potential)

Im k

Rek




Gamow vectors

The time independent Schroedinger equation is
written

H|ZR>:ZR|ZR>
<X|H|ZR>:ZR<X|ZR>

and the radial part of the zero angular momentum
Gamow vector is given by

(@™ +Be ™ 0<r<a
Y(rizp) =9 2’9+ Bre7Y, a<r<b

\ ..7-_'183;{}‘—}_.}_28_?&?3 1’_6'<F<?:




with the complex wave number

and

\/;,, 2m I \/2:?? I
\/ === TVo=\77 (2= 7))
ﬁi 0 ﬁz \“R 0

1
|



the boundary conditions are:
x(0:;z)=0,
x(a—0:zz)=x(a+0;zz),
x'(a=0:;zg)=x"(a+0;:zg),
X(b—0:zz)=x(b+0:zz),
X' (b=0;zg)=x"(b+0;zp),

.

x(r;zg)~eé' y— 0,

notice the purely outgoing condition
at infinity



the purerly outgoing boundary condition
(impossed to Gamow vectors) is often written

dx(rizp)
lim ; 4 —ikx(r;z5)=0.
dr

J—s O

next, we have to solve the equations to calculate the
radial wave functions explicitely, in matrix notations
they read



sin(ka) 0

k cos(ka) 0
0 ei"f{b
0 if-e'kb
0

- 0

10
0
where

_EEQG _E—EQG
_fQé’?Qa I-QE—JQCI
_EEQE) _e—in
—I'Qe*"Qb iQe 190

a=2ia,



the determinant of the system is then written

sin(ka) 0 _ olQa _ p—i0a

k cos(ka) 0 —I'QEF'QG I'Qe_fQ“
0 e'kb _i0b  _ —i0b =0

0 ike'™ —iQe'% Qe 0P

leading to the dispersion relation

O k )
( | — 7 p19(b— a{5111(ka)+—t.05(ﬂa + 1+ % ]
v e (.
k
,—i10(b—a)| ; -q ) — — L
X e sin(ka) 0 cos(ka)|=0.




Then for each pair of complex energies we find
the decaying

(sin(kyr), 0<r<a

decayiug(r;ZRJ =< ]Ed)ejg‘ﬂ'—{— )82(]‘:(?)8_?@&5 a<r<b

| Fi(kg)e™ ™, b<p<w,

X

k= \2m/h*(Ep—il p/2)

Q:=ki=2m/h*V,.



and growing radial solutions

r sin(korr), 0<r<a

riz§) =1 aalkg)e’% + Byky)e %, a<r<b
| Fi(kp)e™s,  b<r<oo

gmwing(

X

fkg=~\2m/h 2(Er+il'2/2)

2_ 12 2
O.=k.—2m/h"V,
] o



Green function method

h2 oo | . o
————+V(r)—E|G(r,rE)=—0(r—r").
\ 2m dr-

the formal solutions are

2m x(r—;E)(< E)

(__Y[ZF‘J‘F;E\]: 5 ;
T T2 W (x, )




where the functions entering the definition of
G are the solutions of the radial equation which
vanishes at the origin

X(r<;E)
or fulfills a purely outgoing boundary condition

(< E)
and their wronskian

W(x,)



la—0:E)=¢(a+0E),
Y'(a—0:E)=4'(a+0:E),
p(b—0;E)=y(b+0.E),
Y'(b—0:E)=4'(b+0:E),

W(rE)~e™, r—om.



The boundary conditions for the outgoing
wave are

a—0:E)=y(a+0E),
' (a—0E)=¢'(a+0,E),
W(b—0,E)=y(b+0;E),
' (b—0E)=y¢'(b+0E),

y(rE)~e*"  r—oo.



With solutions given by

(a,(k)e™+b(k)e ™, 0<r<a
Y(ry k)= 1 a,(k)e'9"+b,(k)e 97, a<r<b

LM b<r<o
the wronskian is of the form

W(x, o) (k)y=x(r)'"(r)—x"(r)p(r)=2ikF, (k)



the structure of the Green function is,
therefore

2m x(r—k)(rs k)
h? 2ik F,(k)

G(r.r': k)=

With residues at the poles (which
are the same poles of S)

2m 1
h? Zf;fdfl(kff)-}—zr{kd) X

R il F.7.0 — decaving/ . J- lecaying . J-
res|G(r,r':k J]k:ﬂ’d— SIS _ T g) X (s K yg).



Complex vector expansions

From the amplitude

(0= | ) SENE* ot aE
0

We can extract the contribution of resonances by
making an analytic continuation of the S-matrix
and by deforming the contour of integration



o= | B E e aE

— D 17i Z ;'n<l][1_ |Z{;”><+Zd,nlcp+>

n=>0

quann — 1;1_‘}.!,;":2



From it, one gets

ot = | I ElgtyaE

- 277?.2 I'J?lzd’_.f:><+sz.i?|‘ap+>'

n=>0

and a similar expression holds for the out-
state

U= Jx|E><E|e_j,r)dE
0

+2i Eﬂ I;: |Z;H+><_Z;n| ‘1.!;_>



E (first sheet)

SOOONOMIONNSSNNSONNNNNNNNNN

E (second sheet)

Contribution from decaying Gamow vectors



E (second sheet)

O
o

(b)

O

N

Sp(H)

SOMNNNNNANNNSNANNNSNNNNNNY

E (first sheet)

Contribution from growing Gamow
vectors



Time asymmetry of the purely outgoing
boundary condition:

for kd=Re(k)-iIm(k); with Re(k), Im(k)>O (fourth
quadrant) we write

decaying (7

= _-iknﬂ“ —.?'."L,];'f.-"'}'i*
; , — ) ,
imcoming' " ? ) 7€ e

_[]-“.,g_“”‘“_rﬁ““f‘ )e —.?Remfr;—;Eerr

r>>b,

and

decaving, sﬂnrf —iz t/h
mltcrmncf[ r,t ] o }—l

—[]-_] Jm(k)r—1 gt/ (24) )e —rRequ—:Eerr

r>h,



In the same fashion, for the growing vectors
we have for kg=-Re(k)-iIm(k); (with Re(k),
Im(k)>0, third quadrant )

growing (. .\ 1, +ikr —iz t/h
Xiuc::nning(I J)—]-_]g ge 78

(F E::Im{ k)yr+T pt/(2h) Ve —i Re(k)r—iEgt/h
1

r

r>b,
and

growing ; . —ik r —ijz t/h
outgoing( ,R‘)—fzg ge g

—(Foe™ Im(k)r+1 5t/ (2%) )gf Re(k)r—iEpt/h

r>b,



Leading to the probability densities

decaying (;_ 7)

mconmuung

decaying
outgoing

(7,1)

decayiug( ) f)|2
incoming\ 7>

A
]:2|28 2 Im(k)r—T gt/h
FngE—FRIﬁH-I—Phuj

d ' A2
outgoing (7'>1)|

» - (= 30 —
]:ll-eg Im(k)r—1I pt/h

T e B — )
Fllhe I'p/hl(t riv)

r>h

>



and

growing growing A2
incc:-ming(} 2 ) X 111c0111111g(} 4 )|

, . .
=|F |2€_ Im(k)r+1 pt/h

r>h

_ ‘7_-1 |2€TR fhit+riv)

»

growing (}" f) __|. grow 111g |2
outgoing Gutgomg

— ‘7_-2|2€—2 Im(k)r+ 1 pt/h

_ lezgrﬁfﬁ{f—rm} »>h

b



Rigged Hilbert Space treatment of continuum
spectrum

* Mathematical concepts
 Observables

Reference: O. Civitarese and M. Gadella

Phys. Rep. 396 (2004) 41, and references guoted
therein.



The Hilbert space of scattering
states

We can write the Hilbert space of a self-adjoint (central)
Hamiltonian as the direct orthogonal sum of the discrete (d)
and continuous (c) subspaces

H =Hq b H,

And, moreover, we can decompose the continuous
subspace into two mutually orthogonal parts (absolutely
continuous (ac) and singular continuous (sc) parts)




Scattering states are not-bound regular states and
they belong to to the ac part of the spectrum, other
states are contained in sc (fractal section of the

spectrum of H), thus

H = Hg T Hg & H




The Moller operator

We assume that any scattering state is
asymptotically free in the past. For any scattering
state , ¢ it exists a free state y such

llm _x He—ithb o e—ifH{}'][/H —0

t— —00

As the limit in a Hilbert space is taken
with respect to its norm, this is equivalent to say that

lim {e ¢ —e ™yl =0.

[——0C



Since the evolution operator is unitary,
we have:

fllm qu o eifHe—ifH{}wH — 0
— —0C

Then, we can de<ne an operator which relates each
scattering state with its corresponding
asymptotically free state

q)) — QOUT'# — f Hm eifHe—ifH]w
— — 0



Analogously, we also assume that any scattering
state is asymptotically free in the future. This
means that for any scattering state, there
exists a free state such that

llm {e—erqb o e—ifH{}qD} — 0

f_f

then, there exists an operator

(‘b QINQD . llm elfH _HH]QD



These operators are the Moller wave operators

-1 _ OF -1 _ of
Qn =82 Lour = Lour

with the properties
24(0) = ¢(0)

2y(1) = (1)



Proof:

eifHe—iIHu l,b(f) — eiIHe—i(I—l—‘E)Hn l,b(O) — e—i’EHei(f—I—’E)He—i(f—i—’E)H{} l,b(O)
Qy(r)=e 9(0) = (1)

Qe—ifﬂgw(o) — e—i’EH(P(O) — e—ifﬂgw(o)

Qe—iIH{} — e—iIHQ

QHy=HS2



The evolution of the state, from the initial
prepared state to the scattered state is given by

o(1) = Qo 2mY(?)

Then it seems natural to define the S
matrix in ferms of Moller operators

S = Q25512
so that

Se oy (0) = e p(0) = e T SY(0)



With this choice

Se—ifH{} — e—ifI—.ﬁ]S

Which is equivalent, in infinitesimal
form, to

SHy = HyS & [S,Ho] =0

Analytic continuation of S(E)->S(p=+/2mE)
(complex p-plane or k-plane)



(i) Single poles in the positive imaginary axis of S(z)
that correspond to the bound states of H.

(ii) Single poles in the negative imaginary axis that
correspond to virtual states.

(iii) Pairs of poles, in principle of any order, in the
lower half-plane. Each of the poles ofa pair

has the same negative imaginary part and the same
real part with opposite sign.

Thus, if p is one of these two poles the other is p*
(complex conjugation). These poles are

called resonance poles and in general there is an
infinite number of them



Rigged Hilbert spaces (RHS)

We shall define resonance states as
eigenvectors of H with complex eigenvalues,
located at the resonance poles.

As self-adjoint operators in Hilbert spaces
do not have complex eigenvalues, resonant
states cannot be vectors on a Hilbert space.

They belong to certain extensions of
Hilbert spaces which are the rigged Hilbert
spaces (RHS).



We start with a definition of RHS:
dCHCP”
A triplet of spaces is a rigged Hilbert space (RHS)
if:

The intermediate space H is an infinite-

# dimensional Hilbert space.

& Isatopological vector space, which is dense

in H (we call this space left-sail space of
RHS)

D" Is the anti-dual space of @

(we call this space : right-sail
space of RHS)



RHS are useful, among other applications, for:

1. Giving a rigorous meaning to the Dirac
formulation of quantum mechanics .

In this case,it is customary to demand that the

vector space on the left be nuclear(e.g.; obey the

Nuclear Spectral Theorem, according to which

every observable, or set of commuting
observables, has a complete set of generalized
eigenvectors whose corresponding eigenvalues
exhaust the whole spectrum of the
observable. This is in agreement with the Dirac
requirement



2. Giving a proper mathematical meaning to
the Gamow vectors, i.e., vector states which
represent resonances

3. Extending quantum mechanics to
accommodate the irreversible character of
certain quantum processes such as decay
processes.

4. Dealing with physical problems requiring
the use of distributions. In fact, distributions
are well known to be objects in the dual of a
nuclear locally convex space



Rigged Hilbert spaces have the following
properties:

Property 1. Let A be an operator on H. If we define
the domain (D) of its adjoint, then the following
conditions are fulfilled:

(i) The domain contains the left-sail space of the
RHS.

(ii) For each function belonging to the left-sail
space the action of the adjoint operator on it also
belongs to the left-sail space.

(iii) The adjoint operator is continuous on the left-
sail space . Then

(A" p|F) = (¢l4F), Yoc®, VF c ®”



Property 2. Let A be an operator with the properties
described in Property 1. A complex number A

is a generalized eigenvalue of A if for any function ¢
belonging to the left-sail space and for some non-
zero F belonging to the right-sail space we have that

(AT @|F) = Ao|F)

(p|AF) = Ao|F)
then

||
S

AF



Property 3. A result due to Gelfand and Maurin
states the following: Let A be a self-adjoint
operator on H with continuous spectrum o(A).
Although it is not necessary, we may assume that
the spectrum is purely continuous. Then, there
exists a RHS, such that
(i) A can be extended by the duality formula

to the anti-dual right-sail space.
(ii) There exists a measure dy. on 6(A), which can
be chosen to be the Lebesgue measure if the
spectrum is absolutely continuous, such that for
almost all A € o(A) with respect to dy, there
exists a nonzero functional F(A) of the right-sail
space such that

AF, = AF)



This means that the points in the continuous
spectrum of A are eigenvectors of the extension
of A into the right-sail space. However, these
eigenvectors do not belong to the Hilbert space.



From the previous properties of RHS we
have that for all ¢ and v (of the left-sail
space)

(plAg) = AF ) (@)[F ()] du

7(4)

(ol) = / QNS

(0 f(4)d) = / FOIEADFADT du

a(A4)



Then, in Dirac notation:

@l f( D))= [ f(A)pld)(A]¢)dA

o(4)

(A P) = (o)

f)y= [ f(DIA)(i]dA

o(4)



H|E.) = HQout|E) = QourHo|E) = EQout|E) = E|E.),
H|E_) = HQ|E) = QnHo|E) = EQn|E) = E|E_) .

(6+]E+) = (Rourd™|Qour|E) = ($™E) = [$™(E)]"

W |E) = (Qui™|2E) = (V°|E) = [WP(E)) .



s
(Bu19-) = (@%159%) = [ (4=E)S(EVE®) 4E
i

= f (B S(EWR(E) dE .

E il
f [6™"(E))*S(EW™E)dE = - f [0 (E))'S(EW™E)dE
0 —R

+ f 6 S ()dz
i

— 27 Z Residues{[¢™(z)]"S(z W™ (2)}



where

(i) The integral over the negative axis refers to
the negative axis in the second sheet of the
Riemann surface.

(ii) C is the semicircle, in the lower half-plane of
the second sheet, centered at the origin with
radius R, which does not contain any pole of S(E).

(iii) The sum ofthe residues extends over
all poles of S(E) in
the region limited by the contour [-RR]



The mathematical concepts presented in this section are related to the structure of RHS and
the construction of RHS for relevant examples. The transformations f. needed to define the basic
spaces @, or space of test vectors, and ¢~ its dual, for certain cases of physical interest, have been
presented. A brief list of the relevant objects is the following:

H :%:Tff” (Hilbert space) ,

Qour. 2w  (Meller wave operators) ,
§ = QMQJ'DUT (S-operator) ,

@ # C @ (rigged Hilbert spaces) ,
A% (Hardy spaces) ,

SN #7 (Hardy—Schwartz Functions) ,
1,07 (Mappings) .

SN #%|g- (Restrictions to RT of functions in § N #7) .
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Normalization and mean values

The problem: how to evaluate mean value of operators, like the
Hamiltonian, on Gamow vectors?. Since the inner product (scalar
product) of Gamow vectors is not defined, we have several
possibilities, namely:

The mean values are zero (N. Nakanishi, Prog.Theor.Phys. 19
(1958) 607)

The mean values are complex (M. Gadella, Int. Journal. Theor.Phys.
36 (1997) 2271.

The mean values are real (on the RHS, A. Bohm and M. Gadella,
Dirac kets, Gamow vectors and Gelfant triplets; Springer-Verlag
(1989))

The mean value are the result of interferences between capturing
and decaying vectors (T. Berggren; Phys. Lett. B 373 (1996) 1.)



The mean values are zero

If we define the action of the Hamiltonian on the Gamow
vector as:

Hlfy) =zzlfo? (folH=zz (fol
CHlHLf? =zl fod =z (ol fo?

(zz —z2 X ol fo) = 0= (f,lfy) = 0 and. therefore. { fy| H| f,) = 0.

Comment; the object {folfor

Is not defined, since the vectors do not
belong to the Hilbert space of H.



*The mean values are complex

In specific models. like Friedrichs’s model. the bracket ( fﬁll_f;) is well defined

I=1£Y{fl
Tr{HIT) = { fL| H| /)

<fG|H|fD = :Je<fn|f:-> = IR

Comment: physically un-acceptable, since
we cannot determine simultaneously the
real and imaginary part of the expectation
value



The mean values are real

For a mapping of analytic functions (like projections on the
positive real semi-axis) the norms are finite,

1640 Mz = [ 1oy (B)FdE< [ lo o (E)F dE=llglra <.

(o fp)=dT(zz) = ") JEo dE
and

1 .= dT(E
1(E)

D -‘.:u :df T ) = m— E
by =02z =35 ) T,



WP =« o =« -
then
) @ dE
2l = a2 | ,,\ .
—x (E—zx)" +(1I'/2)
Therefore, || || = Cl=1if a=1/V7.
| E
E —
E_:R E_:R
1 E 2 Lx EdE

ﬂ 1 o
DBy DY = — dE = —
CpPlElp =) ’j']'f_:x;E_:* E-z, er_:,: (E—ER




Changing variables to

E - ER
/2

I":

the integral transforms like

E, = dx I' = xdx
— - + — - .
’FTf_acI"+1 207w x”+ 1

Thus we find

(W P|ElW?P) = E,
and

G| |4, G\ —
CYC|EIWC) =E;.




The mean value are the result of interferences
between capturing and decaying vectors

W(E) =i, (E+i0) — i E—i0).

1 o Ll'II(E)
m(:):_"ﬂff_deE‘
: 1 oo I'Tl'II(:E) (]TE ||' X
te =) F— T T
1 = |E)dE . 1
|f“>:_sz_15—~g o0




In momentum space (Berggren) one has

,*EF o ,’T ke k. 1)

= dk
|fﬂ> 3\( T \( 7 E{.ﬂ)—
N MPT = ,ff IR
= — [—
|f‘3‘> Ev T f \( m E(k)—zj
ik KT Ak J D

i

2T % *
Ny = —Y [ di[ ar %
<f|'i|f> T gj; ,I;J in (E(f)_:g)(E(k)_:R)

(ol 4l fo? = Real{(fﬂﬂ|;1|fﬂ>] +o(1?)

This is Berggren’s main result.



To better understand the previous results we shall

start from T. Berggren’ work , and compare it with
our own work

Delta-function normalization in momentum space,
for a continuum wave function

E = (hk)?/2u by

2 kl+l
(+) — =
P D= R

@i(k,r) > Yim(P) Y (K.

fI(k*Y = fi(=k), @ (k*,r) =@/ (k, 1),
on(k,r} =§9I{_k: r)'



or(k,ry = 2ik™!~!
x { fi(=k) filk.r) — (=)' fi(k) f(=k,r)}

For a given operator

A(r,r") = Z AI‘(:;F ) ZHH!(F)}};;(F)

|



{fl}k*|A|q>k)

-2 > :ffﬁﬁftk*.rm:(r.r’)ﬂ(k,r’}drdr'
o
!

r=0 r'=0

k!fﬂ

Yim (D) Y (B).
g ff{k}fi(—k}; I ( )J'm( )




kﬂ —_ -ﬂ.'ﬂ - !']r"ﬂ*

. =4:‘k§’+1fdrga;{k,..r)1
’ 0

= 4ik2IN?,
Dy, (k) = fi(k) fi(—=k) = f[ (=Kk") fi(—k)

~ (k= k) (k= ko) | fr( —ka)|?
= [(k = k)2 + Y2 fil k)%



- 4y?
Dhr [{k_ﬁn}2+'}fﬁ]|fl'(kn}|z

fil=ky) — fi{—ka) _ fi(kn)
T + Ky iy,

f!(_kn) ~=



If we replace in the expectation value

m(k)sk“”/ f.;a,(k,rm,(r, rYer (k*, r)ydrdr’
r=0 r'=l)

then

ai(ky = ai(kn) + (k— kp)ay(kn) + ...
= ai(Kky) — iynai(Kp)

+ (k— kp +iyn) la(ky) — tyndi(kp) ]+ .00



to first order in (k — k) = (k — &, + iYn)

Re{ai(k,)} = ai(k,), Im{ay(k,)} =~ —yna;(xy,)

ai(k,) = kihzﬁl (i) Ag| i)
I .
= a'fff{kn}fi{ — k) (| Agliens)

 Lfitkn) 17
8¥n

(EﬂflAIiunf)*



Finally,

2 4yl ar(Kkn) + (k — Kp)ar( Kn) ]
Py N —
(Pi-|Al®) ~ [(k — kn)2 + Y21 filkn) |2

x 5" Y)Y (k) = 22

m

y Re(iin|Aflun) — [(k — &n) /Y21 Im{fin| Ailun)
(k - Hn.}z + T%

X 3 Yim(k) Y (k)

From where it reads

d.s,,
A}; = — Z RE H,,f'A;lH";} ]

snds,,
_ Z _Im(“nflﬂl"”n!} f .

Srain



Following Berggren'’s interpretation

(A) = Re(®,|Ald,).

(AA)? =Re(®,|(A - (A))?|®,)
= Re(®,|A? — 24(A) + (A)|®,).

(0| A%|@,) = (D | Al D) (Dy| A|D)
= (A — iIm(D,|A|®D,))>.

(AA)? = —(Im(®,|A|®D,))?



In our approach

S

. 1 1.
'*"E{E)';_,;;} f () dt,

t— 2z

where ¢ (1) = e (1 +i0) — doe(t - i

1

E,
- * 1 - =|-:
(4 (Eg)) ‘—"EEfEGu_E{%ﬂ'(E]} dE
E"}

with Eg = Ep +il', T" > 0.



and

(F(Ec))" *’»’ﬂHE‘? dE .

E’L-....____,,,,




E)

1 1
<Y|H|EG*> = Hfﬁ.;;* — E(Y(E)" dE
Ey
= EG*{’:I'FIEG*} )
. i
{Eg1E o= m
X [arctan (El ;Eﬂ) — arctan (E" ;Eﬂ)]

<Eg|H|E;> =Ep

In

(E)—Ep) +T”
(Ep—Ep )y +12

_|...

| =

arctan (B2 — arctan (B

)]






As an example, let us explore the consequences
of the procedure for an arbitrary self-adjoint
operator

o
A= f IA > Adoa(A) < A,
—00

A=

Z (A=A A< A
H=—00

A Ave < A< Ay

Ta(A) =

then

<Eg|A|Eg">

+oa
= fﬁl’EﬂﬂL‘?ﬂdﬂm(i)fiﬂEa*},

-



This value is real, since:

<Eg|A> = (<A|Eg>)".

VT 1E(k;| k1>
in/mf2 Eg"—E

7{ k& I>
ENCTE Ec” -*E{k}



-+

== (n e
2T NI
Sy = T dk —==_
<Eg|A|Eg™> = — ;fdkf
0

g
]
y <k, k ,[|Alk & I>
(E(k) — Eg)(E(k) — EG")




In Berggren’s formalism

- <A> = Re<Eg*|A|Eg*>,

<Ec*|A|Es* ::»-—Zfdkf F

<k .k ,I'|A|k, Es:.-r
{E(k ) — EG*)(E(k) — Eg*)




<A>= -=:E,3|A|E,;;"‘} = R&{EG*|A|EG*::

| oD

E‘FIchﬂc dx F[E(k] E(k)]

il |A|k, ki >
|E(k’:~ ~ Eg|'|E(k) — Eg|

Lfdkfdk vk

<k, &k, 0|Alk k>
' i :
|E(K') — Eg||E(k) — Eg|*

X

<EglA|EG*> # Re<Eg*|A|Eg*>



Summary

e The quantum mechanical expectation value of a
hermitean operator, when the system is in a resonant
state, may be derived from the corresponding values
defined for the continuum states having energies close
to the resonance energy. (Berggren'’s result)

 When resonant Gamow states are constructed in a
rigged Hilbert space, starting from Dirac’s formula, the
expectation value of a self-adjoint operator acting on a
Gamow state is real. (Our result)



Some applications of Gamow

VecCtors
lllustration of resonances in a simple
guantum mechanical problem
Zeno paradox in guantum theory
Alpha decay (revisited)
The Friedrichs Model

Nuclear structure and nuclear reactions
with Gamow vectors



Some Illustrative references

H. Massmann ; Am.J.Phys 53 (1985) 679
A. Peres; Am. J. Phys. 48 (1980) 931
B. Holstein; Am. J. Phys. 64 (1996) 1061

M. Baldo, L. S. Ferreira and L. Streit; Phys. Rev. C 36
(1987) 1743

E. Hernandez and M. Mondragon; Phys. Rev. C 29
(1984) 722

R. J. Liotta et al; Phys. Rev. Lett. 89 (2002)042501



and several other references from
other authors and from myself... too
lazy to compile them here, sorry..I
will quoted them in the written
version of the lectures....



A simple example (from H. Massmann; Am.
J. Phys. 53 (1985) 679))

Let the potential be a one dimensional delta-
barrier

x <0
V(x) = { °° .
) Wblx —x,) x>0
voay i
W

_—

pa———“ Quasi-stationary states

e




(—%§$+ WQcS(x—xo)—E)qb(x)zo

Yx) = (-?2;)1!2 sin(kx) If W,=0
k= + (uE)"

L Y* ()Y (x)ax = Sk — k')

0 (x) = (_2_)1/23“5" {Sin(kx + &, X2>Xq
w _ Ak Siﬂ(k}\:] ngﬁxn If Wﬂ?éo



with

5!{ = — kxu -+ arctan ( tan(kxﬁ) )
1 + (a/kx,) tan(kx,)

A, = {sin*(kxo) + [cos(kx,)
+ (a/kx,) sinfkxy)]?) 12

a=:2ux,W,/#°*



S+kx,

This is the dependence of the phase shift
with the wave number; it increases by m
giving rise to resonances (kx=nt )



In this example, the ratio between the
probability of finding the particle in the inside
region and outside it (in an interval equal to the
position of the barrier) is given by

R tAi(l _ Sin(kaO))

2kx,



For a finite value of o

n=1 n=g n=3

o b |

Exo
Wa

Graph of the ratio R, as
a function of the energy



In terms of the S-matrix, the previous
results can be written as

U (x) = [i/(z?r]”g](e" ke G2k, + i

and with the S-matrix defined as

28
S ="

It is found that

G . §O) tiarctan(2/B) _ Sm]( - i )
i/2 — B



with

SO=.¢~%=  and
g — . 1+ la/kxgjiantkx
2 tan(kx,)

Then, if B->0 we get a resonance, that is the wave
number adquires a “resonant value" , such that at the
position of the barrier

tan(k,xo) = — Kk, x/a



For k closer to a resonant value

tan(kx[,]ﬁtan(ztﬂxﬂ] + Xolk — En)

= — (K, xo/a) + x Ak .
Then, at lowest order in the
difference Ak
gala+Vak _cla+YuE-E,) E-E,
T 2kix, 2% 2k 2 x, r,
with E, =#%2/(2u)

_ 2M%koxy 28w

Cpala+ 1) et X2 pa?

n



The, for isolated resonances the S-
matrix can be written

S=S“”(l — _T )
(E—E,)+ (i/2)T,

Thus, we hare obtained again the
characteristic Breit-Wigher structure.
The agreement between the exact
solution and the approximated one, for
isolated resonances, is shown in the
next figure



0.55

. Graph of | — §'%]? as a function of energy for the first resonance.



Another application: Zeno effect

(suggested refs: A. Peres ;Am.J. Phys. 48
(1980) 931; and O.C. and M. Gadella; Phys.
Rep. 396(2004)41)

We may say that, from common knowledge, a
watched kettle never boils. But if you like to
appear as an illustrated girl/man you may say in
Quantum Mechanics an unstable system under
constant observation will not decay (Zeno's
effect)



From the first lecture, we define the
non-decay amplitude at the time t

At = (Wle™™ |Y) = (YO (1)
and the non-decay probability
P(t) = A0 = [(yle ™ |y)[*

1) for t=0 the derivative of P(t) respecto to t is
zero, then for small values of t one has

P(t) >e "



The proof of this relation, when the eigenvector is
outside the domain of the Hamiltonian (like a Gamow
vector) is rather lenghty but we can, for the sake
of completeness, show a naive version of it, based
on the evolution of the system very near a
resonance, such that the only significant part of the
exponential behavior is given by the imaginary part
of the energy. Under this restriction:

[(¢.e™Hi)|2 =~ 1 — (AH)1?

where AH=T



hence

[1 = (AH)X(¢/n)2]" > 1 — (AH)2t?

the left hand side tends to unity as n tends
to infinity, it means that if the time interval
is small enough (and the measurement is
repeated a large number of times during the
time interval) the survival amplitude is larger
than the exponential and the system does not
decay.



2)for intermediate times, starting from a certain
time 11, smaller than the half-life, to a certain time
12, larger than the half-life, the non-decay
probability is exponential

P(t) = e "

The time t1 needed to begin with the
exponential behavior is called the Zeno time.

3) For very large values of t

P(t) ~ At™"



Alpha decay revisited
(ref: B. Holstein; Am.J.Phys. 64
(1996) 1061)

The alpha-decay rate is expressed
I'=— f exp(—20)

where o is the WKB barrier penetration factor

b
o= f dr\2M[V(r)—E]
R

w/2m is the frequency at which the pre-
formed alpha-particle strikes the barrier,
and ¢ is a factor of the order of unity.



The potential is the sum of the nuclear
potential and the Coulomb interaction. In the
|=0 wave it looks like




The radial wave functions are of the form

(r)y=(1/r)u(r)

sin Kr r<R,
1

u(r)y=N{ Vk(r)
1

N O
r_“k(r) C expz( Ldr k(r') 4), b<r,

A exp( f;dnc(r’))+B cxp( —J:dr'x(r’)”, R<r<b




With the wave numbers

K=\2M(E+V,), r<R,

k(r)=v2M[V(r)—E], R<r<b

k(r)=\2M[E-V(r)], b<r.

The relation between the constants,
as required by the matching conditios
are:

C=2A exp(o),
C=iB exp(— o)



Leading to the system

sin KR =

(A+B),

1
VvK(R)
K cos KR=+k(R)(A—B)

with solutions




but, simultaneously

i

A=2

B exp(—20)

Which implies that the energies which
may fulfill it must be complex. The
associated dispersion relation

K i

= = exp(—20)

tan KR + <(R) 2

®)
tanKR—;(—ﬂ

since the right hand side is suppressed, this
equation yields
K
x(R)

tan KR=—



This is exactly the condition found in the first
lecture, in dealing with the definition of Gamow
vectors for a single barrier.

Following the conventional WKB treatment
(see Holstein) we define the probability
flux and the decay rate as

L (dyT dy\, |CI*IN|* .
S(’)=2jv_r( a v '&?)’= M2
47 K*N|*
FEM (R} exp(—20)



By impossing normalization

2 R3 1 : 2
1==|N| Odr;;_-sm Kr.

The decay rate is re-written

2K*? 4K

U= 3Re®) P 29= LRy 20

exp(—20)



Naturally, we can understand this result by
explicitely writting for the complex eigenvalue

E=Eq—il/2
in

" tan KR+ —

o KR

2 xp(~20)=7 i

X tan KR — <(R)




then, we re-obtain, for the wave function in
the external region, the result from the
previous lectures

u(r) —lEt

Y(r,0)=

Ce—i'l'rf4 r
= exp i( J dr’ko(r'))
b

rvk(r)
r frd' M oo T
E \ r kg(r’) eXp| — 1Lyl Et

X exp



The Friedrichs model

The simplest form includes a Hamiltonian
with a continuous spectrum (eigenvalues in
the real positive axis) plus an eigenvalue
embedded in this continuum. The state is
represented as

=)
-\ p(w)

o is a complex humber and ¢(w) belongs to
the space of square integrable functions on
the positive real axis



The scalar product is given by

o B #, -
< (GD(W)) ' (W(a}) ) > =o' f+ /0 ® (w)n(w)dw
Hoy — o
"= wp(w)

0 0
Ho —
(qo(w)) (qo(w))

(restriction of the unperturbed
Hamiltonian)



1) = 1 State vector for the
| bound state

H=Hy+ AV Total Hamiltonian

vy — /0 S (@) p(w)do interaction
of " (w)



In order to describe resonances,
we consider the reduced resolvent of H in the bound
stafe

| 1 |
Fy(z) = <.1\ﬁ\1>
which is given by

oo (2 —1
() — 1>=(Z+w0+12/ f () dw)
0

z—H zZ—




o0 . 2
nz)=z— wo— /12/ /()] dw

0 zZ —

is a complex analytic function with no
singularities on the complex plane other than
a branch cut coinciding with the positive
semi-axis. It admits analytic continuations.
The proof of this result is very technical and
we refer the interested reader to the
original sources (see Phys. Rep. 396 (2004)
41)



The form of the analytic continuations is

f(o)]?
z—w=x10 d

w

n+(z) =z — wy —;LZ/‘- |
0

The poles are determined by the
zeros of the equations

ni(z)=0 and n_(z)=0



The Friedrichs model in RHS

(formal steps)

a) The spectral decomposition of the unperturbed
Hamiltonian

Hy = wo|1)(1] + /{x}w\a}) (| dw
0

b)The decomposition of the interaction

p— /0 @) 1]+ fo)1) o] do



c)The state

w=a\1>+/ﬂ"' PO

d) orthogonality

11) =1,
(1|w) = (w|1) =0,

(o) = (o'|w) = 6o — o)



e) Scalar product (old notation)

< (@((;))' (n((;)» - /ODC ¢ (0M(w)dow

Scalar product (new notation )

/ ()| dm’> = [ [ o' (0o {wlo') dodo’ .
0 Jo Jo

<[ ¢ (w) (w|dw
J0 .




f)interaction

Vw:/ ()| o) dm{l|o¢|1}—|—/- f f(@) p(0")|1){w|w)dodo’
0 o Jo

_m/’x ff(w)|ow)do + 1) /xf((u)(p((u) do .
0 0



Here, we intend to get the explicit
form of the Gamow vectors for
the Friedrichs model.

Let x be an arbitrary positive
number (x>0) and write the
eigenvalue equation

(H—x)Px)=0
with
P(x) = a(x)|1) + / U, @)|o) do
0



By applying to it the complete Hamiltonian we get the
system of equations

(wo — x)o(w) + A /0':>¢ Y(x,o)f (w)dw =0

(o —x)W(x,0)+ Af(w)u(w)=0 .

It yields an integral equation with one solution of

of the form
{1>—|—/L/0 x—w—l—i()‘mdw

V. (x)=[x)+Af"(x) ()



This is a functional in the right-sail
space of the RHS. It admits a
continuation to the lower half plane,
with a single pole:

C

AR A|

V.(z)=

+ o(z)
then

0=(H —2)¥.(2)= (H—-2z)C+ (H —2)o(z)

Z — Z(



which gives

(H—Zo)CZO = HC = zoC

then

V() ~ constant {1> N ,’{/m f(w) ) do
0

(z—2z9)




with the help of Taylor's theorem

1 B 1 Z — 2o
Z—C{)+i0_ZO—6{)+i0 (Zo—(;{)-l-i())z

+o(z)

we get

¥, (z) ~ CO“Sta“t{nJr:« / T () w>dw}
0

(z —z0) zo — @ + 10



thus

C=1fo)=1) + / T Ay do
0

zo — w—+10

This is the formal solution of the decaying
Gamow vector for the Friedrichs model .
In the same way, we have for the growing
Gamow vector the expression

fo) =11) + /0”‘3 ZAC) jw)dw

£ i . J




Some applications to nuclear
structure calculations

-Eigenvalue problem for Gamow vectors in N-N interactions
Refs: M. Baldo, L. S. Ferreira and L. Streit (Phys. Rec. C. 36
(1987) 1743

- Two particle resonant states in a many body mean field
Refs: R. J. Liotta et al; Phys. Rev. Lett 89 (2002) 042501
- The Friedrichs model with fermion boson couplings

Refs: O.C, M. Gadella and 6. Pronko
(J.Mod.Phys.E 15 (2006) 1273; ibid. 16 (2007)1.



The extended Friedrichs model

(a fermion interacting with a boson field which has a
discrete and a resonant state

Hy = woll) 1|+/ ww|w..->w|+Zu|f~,.--.._
1]

Hyp =Y [k 1)1+ hig |1 (k. 1)
k.l

HIII—Z/ dw [ fra(w) |k, w) (I + fr (W)l {k. w]]

Hyv _Z/ dw (g ()| k. DY (K w| + gip (W) K w) (k. 1]

ke k!

Z (@) hier = g (W) Oy = gre(w) Operer



(H— E)U(E) =0

U(E) =) en(E)
I

ﬁ+2%ﬂ%ﬂ+2/dwmmmm
L I 0



(H— E)V(E) = Z- (e —
k.l
+ Z((ik + wg — EJU;;l(EJ“t 1} + Z/ (EL,L»"-‘..."'«‘IIL.(E. %)J{jkr(l.d.:) |£z J.x;‘
I
-+ Z{);‘l / H}w{fr; |.rl...,~.a;—|—z‘/v (jwl'; (; +w — )”;,w‘}
0
-+ Z (L_, w F f”

h-?‘.;; |! 1)

ik '

which leads to the coupled system

f';;(E u.f) = (:ﬁ((:k — W — Z ‘1"5 (ng.l(EJgi;(m:J

o —w—FE p—w—FE




One can introduce each of these fields in the
original equations, to re-write the coupled
system

Z[hm — Bu(E)@(E)

+(cr +wo — £ — Cp(E))or1(E) = —cqr(E — c)



leading to the following system of equations

or(E)(cr — E) +Z k@i +Z/ dwiy(E,w) fir(w) =0

[

Z E)hp + (cx +wo — E) o1 (E) + / dwti(E,w)gr(w) =0
I 0

n‘;(Ew)((L + w — EJ + Z [ J f;g( ) + {Jg l(EJ{];(w) =0
[



With the quantities A, B, etc, given
by

fﬂ fﬁm
f-lF'm / f._,_, Z (E_I_w_

BF:?H-(E) :/ dw fm‘i‘( J{;”‘L( )
0

'-m‘i‘w—E
B, L h Uﬁ.( Jfﬁ.m( J
B*mE — fw
() /{; { Cl +w—F

Ci(E) = / * g @)
o 0 cp+w—F



Then, on formal grounds, we have shown that
the coupling of a bound fermion state with a

boson field with has a resonant state yields a
resonant behavior for the fermion.

This finding has some significance for nuclear
structure calculations, where, like in
Berggreen's basis, the fermions include Gamow
resonances and they are used to construct
boson fields (like two-particle or particle-hole
excitations)



some applications of the Friedrisch model to
physical systems (Onley and Kumar; Am. J. Phys.
60 (19929 431:

We shall consider a system which consists of a
particle wich can exists in a discrete state
(particle-hole state) or in a continuum as a free
massive boson, then applying our previous
concepts we write the wave function of the free
particle as

b ﬂ{f}wﬂ_bz + f d3k b(k,r)e"‘"



The interaction between both sectors of
the wave function can be written

(‘H'iﬂt }ﬂk - J d>r ¢'1¢1g€‘m rfley — @t

— V(k)el{m“—mkh’

The system is prepared at t=0 in its
discrete state, in the particle-hole state,
with the initial conditions

a(0) =1, b(k0)=0.



The equation of motion (in the
interaction picture)

:ﬂ—H v,

3 r int

Yields the equations for the amplitudes

=fd3k V(k)b(k,p)e' " ™,

3b

— V*(k t iy, — M}f
31' (k)a(t)e



The, from both equations one gets

da _ —J-d3k|V(k)|2J. dt'a(t’)e’ ™ W
|:|. .

After a long time (t->0) b(k,) is the
probability amplitude to find the boson state
and a(e) is the survival amplitude in the p-h
state. If a(t<0)=0, its Fourier transform can be

written

flw) = 1 J~cm -dr a(t)e
27 Jo |



and
a(t) = j do flw)e o

b(Kyo) = —2miV*(kK)flw, — w,).

To get the expression for f(w) we integrate

J‘Wl dr eli@— e da
0 dt

".[arrfﬁklr'u:kl'l2 T dreltom Ot ia—on):

0
[t ane=re o,
0 .
and take €->0



therefore

f(m)=[2arf(_m+fd3kf V(k)|* )]'1.

O+ @y — @y + €

This integral is transformed as an
integral on complex energies

[VK)|°
k — Wz + 1€

Zw,) =J‘d3k'
@

o0 ) V Iy |2
do,. p(ay }*| (k") |
m (@ + i€) — @,




In the complex energy plane the
integration path is of the form




since

J- do, Qw,.) —PJ.d ~ Q(‘-'ﬂk) —FI'Q(&JE)‘
path 1

ﬂ-'sc — Wy

ﬂ(mkl=Pj do, LV plon)

mk _'mkr

Q(wr) =plw)|V(K)|>.




Since now we have an explicit
expression for f(w) we can write, for
the survival amplitude

= — fawt
fort>0, a(t):L_ da ¢ .
2w J _ . £(0) — o+ o,

Which may be solved, by integration, for
an explicit structure of Z(w)



The proposed dependence of the
interaction and of the density of
states is

V(O Pp(ay) =& (@f — m*)/ (w0} — 52)?]

Where g is a coupling strength factor, m is
the mass of the boson and b is a real value
whose absolute value is smaller than the

mass m

Under this assumption, the
integral of Z vyields



. b* + wm (26 —w)m* — b’w
“l@) _82(262(113—&}2) + 4b°3 (b — w)*

(2b +w)m* + b’w

] —b ] b
XIn(m —b) + B0+ o) ni(m + b)
W — m?
b7 — o) ln(m—m))*



Z(w) = Q(w) +iQ(w)arg(m — ),

__.E..ﬂ: {arg{m_w]{i
2 2’

2b%(b* — w?) T 4b3 (b — w)?

) 2 2 2
ﬁ(m)=g2( b+ om (2b—aw)m* —b-w

(2b+w)Ym* + b*w

XIn(m—b) +
( 463 (b + w)?

In(m + b)

@* — m?
+ (b%— @*)? lnjm — ml)’

Qw) =g [ (0 — m?)/(0® — b?)?].




And with it, we integrate the expression
of the survival amplitude in the regions
limited by the contour

£+




a(ty= — > Rje”

poles,j

J"’”“ﬂﬂ ( 1 )lﬂ:}-il_""E — il
€ ’
Zm Z2(w) — 0+ ws/w—c

The contribution from the cut is a slowly varying
function of the form

. j-e_fm:J‘m d Q{m — I:P)E_‘w |
o P TUm =) — §rQ(m — i) —m + iy + wo]* + [7Q(m — )]




The following are results given by Onley
and Kumar, and they illustrated rather
nicely the transition from the linear to the
exponential decay

wo = 1000 MeV, m = 300 MeV,
a( =m*—b*) =50 MeV,
g = 750-4000 MeV>"?,




0 2 4 6 8 10

The decay is exponential up to 5
lifetimes (the time is given in units of
the lifetime), but the regime changes at
about 6 lifetimes due to interferences
between the pole and the cut
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Survival for small fractions of
the lifetime
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Dependence of the survival upon
the coupling constant
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Onset of non-exponential
decay, for the strong
coupling case
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Assisted tunneling of a metastable state

between barriers (6. Kalbermann; Phys. Rev.
C. 77 (2008) 041601 (R)

Problem: exposing a system to external
excitations can enhance its tunneling rate.

Model:

v =1 *w
l = — 4+ A (8(x + xp) + 5(x — xp))WV

ot 2m dx-




Initial non-stationary state

2

W(x.t=0)= Ne &

Stationary states (even and odd solutions)

[ cos(kx) if  |x| = xg
N(K)ye(x) = _ .
A cos(kx)=x Bsin(kx) if x =xpgorx = —xp,
[ sin(kx) if  |x] < xo

”::-(k)}‘fo(-]"} — X -
+Ccos(kx)+ Dsin(kx) if x = xporx = —xp.




Normalization factors (even
solutions)

(ne(k))* = m(Ak)* + B(k)*).
11 A

2k
111 A 9
B(k) = T{Cﬂaiﬁ(.h'n]} \

Ak)=1—sin(2 k xp)

¥

=

K(n.(k)’ = ((,{ — sin(2 k _m)#) + (nmcos(ﬁ;_m)ﬁﬁ)

=



Normalization factors (odd solutions)

(no(k))* = m(C(k)* + D(k)?).
ma 7
C(ﬁk} = —T{SIH(ﬁi.h'ﬂ)} ]

A

Dk)y=14+sm(2kx .
(k) + sin( mlﬂ_

A

5 ) +(m}h(si11u;_m)}2)f)

K(n,(k))? = ((A + sin(2 k xp)



External perturbation

Vix,t) = pxsin(wt)

Wave function

a8 ..__'-‘?
W(x, )= Z [ }{;{ﬁ;,-r)u,-{ﬁ;.r‘lc-*_iTch
i v

=, 0



Amplitudes:

. (k2 k2
[a.(k) = /f_ 2

X A xe(k, ) V(x, 1)]x, (k'

. T
las(k) = | e” Im

X (xolk, )|V (x, 1) xe(k',

L xNdk'a (k' 1),

x)NWdk'a.(k', t).



Matrix element of the external potential

{xe(k, x)|V(x, ”|X::-“f;- X))

o0
— f yelk, XYV (x, )y (k', x)dx
— 00

l 08k — k")

AY LT Sin(wt)
ne(kn,(k"y ok’




Then, the egs. for the amplitudes
read

id.(k, 1) = 1) — ﬂﬂ(ﬂ Y/ no(k)as (k. t)

- ! (k,
 no(k)n.(k)
ikt :
— —a,lk, r}) s ent ),

i

(for even solutions)

lag(k, ) = —

fm(;ﬂe(k} (”:’(R‘ 1) —n(k)/ne(kac(k, 1)
ikt _

— —a.(k, f)),u sin(awt)
m

(for odd solutions)



Rescaling the variables:
g k

k k = :
- Vmw

r—.‘rf:cur.

I

Vv dm 1

p—> =

The amplitudes are given by

T
fak,f)= —ji 1"k, TY—=n"(k)/n (k)a,(k, T
a,(k,1) fﬂf,(k);ff(k}({ 0 ) —n,(k)/ny(k) )

— ikta,(k.1))sin(f),

- JT ~
(k1) = —] (k. T
(%, £) ﬂﬂ.;a(k}fff(k}(u*{ )

—nl(k)/ n(k)a,(k,f)— ikfa,(k,))sin(f).




The normalization factors have
zeros at the values

2,2
AEH V[":(AE LJ:: ) _|_ﬁu:

where j is the pole index, with

(2n 4+ 1)mamai NIT A
e — - o = - .
2(1 + mixo) t (1 + mixp)
maxg{maixg maxg(maixg -+ ¢
2max;(mixo +4) 25 ( +4)
Vv — H r LY V',I — :"I -
E (2n 4+ 1)*m? t 4nm?
p (2n + 1)*=? 5 nm?
g — 4 0 — T AL 4
L6m?)2x {j{ mﬂﬁﬁ_rg



with these expressions the poles are located
symmeftrically above and below the real momentum

axis, with values given by

. 2n + Dmmi\* . | Be
¢ — l [ =
fn 2(1 + maxp) \ v
|III J{-gtl

. NIT M A .
q, = _ +i [—.
({l + nm_h'ﬂ)) \.' V.



In Kalbermann's calculations, the pole
structure is of the form:

1500
ik 2ne(k)?)
1000
500 |
0 L |
0.1 0.3 0.5 0.7 0.9
k
1500 .
1000 | Rk ngk)
500 .
0.1 0.3 0.5 0.7 0.9
K

FIG. 1. —Z— and 1—? as a function of k in units of fm~=! for
Kngik) Ko (k)2

the parameters maxp = 400, xg = 10 fm.



The first pole dominates the structure of
the wave function, as of the decay constant,

which is then given by (even states)

Lj
—1i n=1" — At
|{.-' 2m | _} {a- bl
|
\ L B
Em\f 1
T_'i
B Smxim2)2’
0

And (odd states) A, = 8A,.



Then, from Kalbermann's results it is seen that two
main effects are due to the action of the
external potential upon the decaying states,
namely:

a) The decay constant is enhanced

b) The dominance of the first pole produces an
extra damping

That is: the external field causes the acceleration
of the tunneling (the wave function will tunnel
faster)



Two-Particle Resonant States in a Many-Body
Mean Field (from PRL 89 (2002) 042501

"...The role played by single-particle resonances and of
the continuum itself upon particles moving in the continuum
of a heavy nucleus is not fully understood.

One may approach this problem by using, as

the single-particle representation, the

Berggren representation.

One chooses the proper continuum

as a given contour in the complex energy plane

and forms the basis set of states as the bound states plus
the Gamow resonances included in that contour plus the
scattering states on the contour.." (Qquoted from the

paper)



One may

thus think that the Berggren representation can also be
used straightaway to evaluate many-particle quantities, as
one does with the shell model using bound representations.
Unfortunately this is not the case. The root of the problem
is that the set of energies of the two-particle basis states
may cover the whole complex energy plane of interest..."

TABLE I.  Energies (in MeV) of the A = 0 first excited bound state and of the lowest two-particle resonances in *’Ni. The energies
are given as a function of the number of scattering states included in the single-particle representation, i.e., the number N, of
Gaussian points. For N, = 0 the representation consists of bound states and Gamow resonances only. The calculation of these states
was performed by using the high precision piecewise perturbation method [6].

!I‘IIIFH E] E] E::, E4
0 (—0.642,0.012) (2.158,0.719) (3.268, —0.883) (7.931, —0.198)
35 (—0.65417,0) (1.968 74, —0.392 35) (3.924 20, —1.05208) (7.95693, —0.25236)
70 (—0.65274,0) (1.969 88, —0.39321) (3.924 29, —1.05159) (7.95691, —0.25251)
110 (—0.65274,0) (197261, —0.398 38) (3.924 16, —1.051 68) (7.956 87, —0.252 50)
225 (—0.653 08, 0) (1.97241, —0.399 35) (3.923 90, —1.051 89) (7.956 85, —0.25249)
550 (—0.65308,0) (1.97241, —0.399 35) (3.923 90, —1.051 89) (7.956 85, —0.252 49)




Then, the main contribution to the imaginary part of
the energy of the many-body states is given by
Gamow vectors in the single-particle basis, as
expected, with no effects coming from scattering
states. To illustrate this point we go to the nex
example (dispersion of neutrinos by a nucleus)



Some applications to nuclear structure
and nuclear reactions

refs: O.C,R. J. Liotta and M. Mosquera
(Phys. Rev. C. 78 (2008) 064308)

We study the

process (charge y 1208 Py, o= 4208 B
current neutrino-

nucleos scattering)

By assuming that the single particle states to be
used in the calculations belong to a basis with bound,
quasi-bound, resonant and scattering states.



The proton-particle states are (al large
distances they behave as exp{ikr}):

a) bound states, for which Re(k)=0,
Im(k)>0,

b)anti-bound states, for which Re(k)=0,
Im(k)<O.

c) outgoing (decay) states for which
Re(k)>0, Im(k)<O,

d) incoming (capture) states for which
Re(k)<O, Im(k)<O.



Proton states after the diagonalization of the
Woods Saxon plus Coulomb potential

7 E (real) [MeV] E (imag) [MeV]

hg o -3.784 0 bound
f?:;'g -3.541 0 bound
i1 /2 -1.544 0 bound
P3 2 -0.690 0 bound
..:'2 -0.518 0 bound
f«’ll,-'g (0491 0 quasi-bound
.[}D:a"? 4028 0 quasi-bound
in /2 5434 0 quasi-bound
J 15:,-'9 5.960 0 quasi-bound
dy 1o 6.748 -0.002 resonant
51 g 7.843 -0.037 resonant
-‘J"Tl.a"? 5.087 -0.001 resonant
dlgll.,-'z 8.530 -0.028 resonant
7 2 12.748 -.652 resonant
hyy /2 11.390 -0.022 resonant
I"LT;"? 14.066 -0.001 resonant
h ﬂ? 15.964 -0.393 resonant
J l?;,e"? 15.086 -0.005 resonant

i13/2 18,143 -L575 resonant
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Effects due to the inclusion of resonant and
continuum states
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The results of the calculations, show that:

1. the largest contributions to the considered
channels of the cross section are given by
nuclear excitations where bound and resonant
states participate as proton single-particle
states, and

2. the contribution of single-particle states in
the continuum is, for all practical purposes,
negligible.



Some final words after these
examples....
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