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The Clifford algebra is
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p-form components are defined by
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Preface

The main purpose of this book is to explore the structure of supergravity theories at the
classical level. Where appropriate we take a general D-dimensional viewpoint, usually
with special emphasis on D = 4. Readers can consult the Contents for a detailed list of
the topics treated, so we limit ourselves here to a few comments to guide readers. We
have tried to organize the material so that readers of varying educational backgrounds
can begin to read at a point appropriate to their background. Part I should be accessible
to readers who have studied relativistic field theory enough to appreciate the importance
of Lagrangians, actions, and their symmetries. Part II describes the differential geometric
background and some basic physics of the general theory of relativity. The basic super-
gravity theories are presented in Part III using techniques developed in earlier chapters. In
Part IV we discuss complex geometry and apply it to matter couplings in global N = 1
supersymmetry. In Part V we begin a systematic derivation of N = 1 matter-coupled
supergravity using the conformal compensator method. The going can get tough on this
subject. For this reason we present the final physical action and transformation rules and
some basic applications in two separate short chapters in Part VI. Part VII is devoted
to a systematic discussion of N = 2 supergravity, including a short chapter with the
results needed for applications. Two major applications of supergravity, classical solu-
tions and the AdS/CFT correspondence, are discussed in Part VIII in considerable detail.
It should be possible to understand these chapters without full study of earlier parts of the
book.

Many interesting aspects of supergravity, some of them subjects of current research,
could not be covered in this book. These include theories in spacetime dimensions D < 4,
higher derivative actions, embedding tensors, infinite Lie algebra symmetries, and the pos-
itive energy theorem.

Like many other subjects in theoretical physics, supersymmetry and supergravity are
best learned by readers who are willing to ‘get their hands dirty’. This means actively
working out problems that reinforce the material under discussion. To facilitate this aspect
of the learning process, many exercises for readers appear within each chapter. We give a
rough indication of the level of each exercise as follows:

xv



xvi Preface

Level 1. The result of this exercise will be used later in the book.
Level 2. This exercise is intended to illuminate the subject under discussion, but it is not

needed in the rest of the book.
Level 3. This exercise is meant to challenge readers, but is not essential.

These levels are indicated respectively by single, double or triple gray bars in the outside
margin.

A website featuring solutions to some exercises, errata and additional reading material,
can be found at www.cambridge.org/supergravity.

Dan Freedman
Toine Van Proeyen

October 2011
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Introduction

Two developments in the late 1960s and early 1970s set the stage for supergravity. First
the standard model took shape and was decisively confirmed by experiments. The key
theoretical concept underlying this progress was gauge symmetry, the idea that symme-
try transformations act independently at each point of spacetime. In the standard model
these are internal symmetries, whose parameters are Lorentz scalars θ A(x) that are arbi-
trary functions of the spacetime point x . These parameters are coordinates of the com-
pact Lie group SU(3) ⊗ SU(2) ⊗ U(1). Scalar, spinor, and vector fields of the theory
are each classified in representations of this group, and the Lagrangian is invariant under
group transformations. The special dynamics associated with the non-abelian gauge princi-
ple allows different realizations of the symmetry in the particle spectrum and interactions
that would be observed in experiments. For example, part of the gauge symmetry may
be ‘spontaneously broken’. In the standard model this produces the ‘unification’ of weak
and electromagnetic interactions. The observed strength and range of these forces are very
different, yet the gauge symmetry gives them a common origin.

The other development was global (also called rigid) supersymmetry [1, 2, 3]. It is the
unique framework that allows fields and particles of different spin to be unified in rep-
resentations of an algebraic system called a superalgebra. The symmetry parameters are
spinors εα that are constant, independent of x . The simplest N = 1 superalgebra contains
a spinor supercharge Qα and the energy–momentum operator Pa . The anti-commutator of
two supercharges is a translation in spacetime. The N = 1 supersymmetry algebra has
representations containing massless particles of spins (s, s − 1/2) for s = 1/2, 1, . . . and
somewhat larger representations containing particles with a common non-vanishing mass.
Thus supersymmetry always unites bosons, integer spin, with fermions, half-integer spin.
The focus of early work was interacting field theories of the (1/2, 0) and (1, 1/2) mul-
tiplets. It was found that the ultraviolet divergences of supersymmetric theories are less
severe than in the standard model due to the cancelation between bosons and fermions in
loop diagrams.

Unbroken supersymmetry requires a spectrum of particles in equal-mass boson–fermion
pairs. This is decidedly not what is observed in experiments. So if supersymmetry is real-
ized in Nature, it must appear as a broken symmetry. Through the years much theoretical
effort has been devoted to the construction of extensions of the standard model with broken
supersymmetry. It is hypothesized that the as yet unseen superpartners of the known par-
ticles will be produced at the Large Hadron Collider (LHC) accelerator, thus confirming a
supersymmetric version of the standard model. The advantages of supersymmetric models
include the following:

1



2 Introduction

• Milder ultraviolet divergences permit an improved and more predictive treatment of elec-
troweak symmetry breaking.

• When extrapolated using the renormalization group, the three distinct gauge couplings
of the standard model approach a common value at high energy. The unification of cou-
plings is a major success.

• Supersymmetry provides natural candidates for the particles of cosmological cold dark
matter.

The role of gauge symmetry in the standard model suggested that a gauged form of
supersymmetry would be interesting and perhaps more powerful than the global form. Such
a theory would contain gauge fields for both spacetime translations Pa and SUSY transfor-
mations generated by Qα . Thus gauged supersymmetry was expected to be an extension
of general relativity in which the graviton acquires a fermionic partner called the gravitino.
The name supergravity is certainly appropriate and was used even before the theory was
actually found. It was reasonable to think that the gauge fields of the theory would be the
vierbein, ea

μ(x), needed to describe gravity coupled to fermions, and a vector–spinor field,
ψμα(x), for the gravitino. The graviton and gravitino belong to the (2, 3/2) representa-
tion of the algebra. A Lagrangian field theory of supergravity was formulated in the spring
of 1976 in [4]. The approach taken was to modify the known free field Lagrangian for
ψμα to agree with gravitational gauge symmetry and then find, by a systematic procedure,
the additional terms necessary for invariance under supersymmetry transformations with
arbitrary εα(x). Soon an alternative approach appeared [5] in which the most complicated
calculation required in [4] is avoided.

Research in supergravity became a very intense activity in the years following its dis-
covery. One early direction was the construction of Lagrangian field theories in which the
spin-(2, 3/2) gravity multiplet is coupled to the (1/2, 0) and (1, 1/2) multiplets of global
supersymmetry. This is the framework of matter-coupled supergravity. It shares the posi-
tive features of global symmetry listed above. In addition supergravity provides new sce-
narios for the breaking of supersymmetry. In particular, the structure of the supergravity
Lagrangians allows SUSY breaking with vanishing vacuum energy and thus vanishing
cosmological constant. This feature is not available without the coupling of matter fields
to supergravity. Matter-coupled supergravity theories typically contain scalar fields, which
can be useful in constructing phenomenological models of inflationary cosmology.

A spin-3/2 particle is the key prediction of supergravity. SUSY breaking gives it a mass
whose magnitude depends on the breaking mechanism. Unfortunately it appears difficult
to detect it at the LHC because it is coupled to matter with the feeble strength of quan-
tum gravity. However, gravitinos can be copiously produced in the ultra-high-temperature
environment at or near the big bang. Gravitino production leads to important constraints
on early universe cosmology.

A second direction of research involves the construction of theories with several super-
charges Qiα , i = 1, 2, . . . ,N . Such extended supergravity theories can be constructed up
to the limit N = 8 in spacetime dimension D = 4. Beyond that the superalgebra represen-
tations necessarily contain particles of spin s ≥ 5/2, for which no consistent interactions
exist. Many of the ultraviolet divergences expected in a field theory containing gravity are
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known to cancel in the maximal N = 8 theory, and some theorists speculate that it is
ultraviolet finite to all orders in perturbation theory.

Supergravity theories in spacetime dimensions D > 4 have been constructed up to
the bound D = 11 (which is again due to the higher spin consistency problem). Two
10-dimensional supergravity theories, known as the Type IIA and Type IIB theories, are
related to the superstring theories that carry the same names. Roughly speaking, supergrav-
ity appears as the low-energy limit of superstring theory. This means that the dynamics of
the lowest-energy modes of the superstring are described by supergravity. But these state-
ments do not do justice to the intimate and rich relation of these two theoretical frame-
works.

The very important anti-de Sitter/conformal field theory (AdS/CFT) correspondence
provides one example of this relation. It was based on the remarkable conjecture that Type
IIB string theory on the product manifold AdS5 ⊗ S5 is equivalent to the maximal N = 4
global supersymmetric gauge theory. However, concrete tests and predictions of AdS/CFT
usually involve working in the limit in which classical supergravity is a valid approxima-
tion to string theory.

The scope of supergravity is broad. There is a supergravity-inspired approach to posi-
tive energy and stability in gravitational theories. Many classical solutions of supergravity
have the special Bogomol’nyi–Prasad–Sommerfield (BPS) property and therefore satisfy
tractable first order field equations. The scalar sectors of supergravity theories involve non-
linear σ -models on complex manifolds with new geometries of interest in both physics and
mathematics.

To summarize: supergravity is based on the gauge principle of local supersymmetry and
is thus connected to fundamental ideas in theoretical physics. Supergravity effects may turn
out to be observable at the LHC. Further there is important input from cosmology. This
real side of the subject is far from confirmation, but it must be taken seriously. In addition
there are several more theoretical applications such as BPS solutions and AdS/CFT. Active
research continues on most branches of supergravity although 35 years have passed since
it was first formulated.
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Scalar field theory and its symmetries 1

The major purpose of the early chapters of this book is to review the basic notions of rel-
ativistic field theory that underlie our treatment of supergravity. In this chapter we discuss
the implementation of internal and spacetime symmetries using the model of a system of
free scalar fields as an example. The general Noether formalism for symmetries is also dis-
cussed. Our book largely involves classical field theory. However, we adopt conventions
for symmetries that are compatible with implementation at the quantum level.

Our treatment is not designed to teach the material to readers who are encountering
it for the first time. Rather we try to gather the ideas (and the formulas!) that are useful
background for later chapters. Supersymmetry and supergravity are based on symmetries
such as the spacetime symmetry of the Poincaré group and much more!

As in much of this book, we assume general spacetime dimension D, with special
emphasis on the case D = 4.

1.1 The scalar field system

We consider a system of n real scalar fields φi (x), i = 1, . . . , n, that propagate in a flat
spacetime whose metric tensor

ημν = ημν = diag(−,+, . . . ,+) (1.1)

describes one time and D − 1 space dimensions. This is Minkowski spacetime, in which
we use Cartesian coordinates xμ, μ = 0, 1, . . . , D − 1, with time coordinate x0 = t (with
velocity of light c = 1).

Practicing physicists and mathematicians are largely concerned with fields that satisfy
nonlinear equations. However, linear wave equations, which describe free relativistic par-
ticles, have much to teach about the basic ideas. We therefore assume that our fields satisfy
the Klein–Gordon equation

φi (x) = m2φi (x) , (1.2)

where = ημν∂μ∂ν is the Lorentz invariant d’Alembertian wave operator.
7
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The equation has plane wave solutions e±i( 	p·	x−Et), which provide the wave functions
for particles of spatial momentum 	p, with spatial components pi , and energy E = p0 =√ 	p2 + m2. The general solution of the equation is the sum of a positive frequency part,
which can be expressed as the (D − 1)-dimensional Fourier transform in the plane waves
ei( 	p·	x−Et), plus a negative frequency part, which is the Fourier transform in the e−i( 	p·	x−Et),

φi (x) = φi+(x) + φi−(x) ,

φi+(x) =
∫

dD−1 	p
(2π)(D−1)2E

ei( 	p·	x−Et)ai ( 	p) ,

φi−(x) =
∫

dD−1 	p
(2π)(D−1)2E

e−i( 	p·	x−Et)ai∗( 	p). (1.3)

In the classical theory the quantities ai ( 	p), ai∗( 	p) are simply complex valued functions of
the spatial momentum 	p. After quantization one arrives at the true quantum field theory1

in which ai ( 	p), ai∗( 	p) are annihilation and creation operators2 for the particles described
by the field operator φi (	x).

The Klein–Gordon equation (1.2) is the variational derivative δS/δφi (x) of the action

S =
∫

dDx L(x) = − 1
2

∫
dDx

[
ημν∂μφ

i∂νφ
i + m2φiφi

]
. (1.4)

The repeated index i is summed. The action is a functional of the fields φi (x). It is a real
number that depends on the configuration of the fields throughout spacetime.

1.2 Symmetries of the system

Consider a set of fields such as the φi (x) that satisfy equations of motion such as (1.2). A
general symmetry of the system is a mapping of the configuration space, φi (x)→ φ′i (x),
with the property that if the original field configuration φi (x) is a solution of the equations
of motion, then the transformed configuration φ′i (x) is also a solution. For scalar fields
and for most other systems of interest in this book, we can restrict attention to symmetry
transformations that leave the action invariant. Thus we require that the mapping has the
property3,4

S[φi ] = S[φ′i ]. (1.5)

Here is an example.

1 When desirable for clarity we use bold face to indicate the operator in the quantum theory that corresponds to
a given classical quantity.

2 In the conventions above, creation and annihilation operators are normalized in the quantum theory by
[a( 	p), a∗( 	p′)] = (2π)D−12E δ( 	p − 	p′).

3 Such mappings must also respect the boundary conditions. This requirement can be non-trivial, e.g. Neumann
and Dirichlet boundary conditions for the bosonic string lead to different spacetime symmetry groups. We will
mostly assume that field configurations vanish at large spacetime distances.

4 One important exception is the electromagnetic duality symmetry, which is discussed in Sec. 4.2.
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Exercise 1.1 Verify that the map φi (x) → φ′i (x) = φi (x + a) satisfies (1.5) if aμ is a
constant vector. This symmetry is called a global spacetime translation.

We consider both spacetime symmetries, which involve a motion in Minkowski space-
time such as the global translation of the exercise, and internal symmetries, which do not.
Internal symmetries are simpler to describe, so we start with them.

1.2.1 SO(n) internal symmetry

Let Ri
j be a matrix of the orthogonal group SO(n). This means that it is an n × n matrix

that satisfies

Ri
kδi j R j

� = δk� , det R = 1. (1.6)

It is quite obvious that the linear map,

φi (x)→ φ′i (x) = Ri
jφ

j (x) , (1.7)

satisfies (1.5) and is an internal symmetry of the action (1.4). This symmetry is called
a continuous symmetry because a matrix of SO(n) depends continuously on 1

2 n(n − 1)
independent group parameters. We will discuss one useful choice of parameters shortly.
We also call the symmetry a global symmetry because the parameters are constants. In Ch.
4 we will consider local or gauged internal symmetries in which the group parameters are
arbitrary functions of xμ.

It is worth stating the intuitive picture of this symmetry. One may consider the field φi

as an n-dimensional vector, that is an element of Rn . The transformation φi → Ri
jφ

j is a
rotation in this internal space. Such a rotation preserves the usual norm φiδi jφ

j .

We now introduce the Lie algebra of the group SO(n). To first order in the small
parameter ε, we write the infinitesimal transformation

Ri
j = δi

j − εr i
j . (1.8)

This satisfies (1.6) if r i
j = −r j

i . Any antisymmetric matrix r i
j is called a generator of

SO(n). The Lie algebra is the linear space spanned by the 1
2 n(n − 1) independent genera-

tors, with the commutator product

[r, r ′] = r r ′ − r ′r. (1.9)

Note that matrices are multiplied5 as r i
kr ′k j .

A useful basis for the Lie algebra is to choose generators that act in each of the 1
2 n(n−1)

independent 2-planes of Rn . For the 2-plane in the directions î ĵ this generator is given by

r[î ĵ]
i

j ≡ δi
î
δ ĵ j − δi

ĵ
δî j = −r[ ĵ î]

i
j . (1.10)

5 Some mathematical readers may initially be perturbed by the indices used to express many equations in this
book. We will follow the standard conventions used in physics. Unless ambiguity arises we use the Einstein
summation convention for repeated indices, usually one downstairs and one upstairs. The summation conven-
tion incorporates the standard rules of matrix multiplication.
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Note the distinction between the coordinate plane labels in brackets with hatted indices and
the row and column indices. The commutators of the generators defined in (1.10) are

[r[î ĵ], r[k̂l̂]] = δ ĵ k̂r[î l̂] − δî k̂r[ ĵ l̂] − δ ĵ l̂ r[î k̂] + δî l̂ r[ ĵ k̂]. (1.11)

The row and column indices are suppressed in this equation, and this will be our practice
when it causes no ambiguity. The equation implicitly specifies the structure constants of
the Lie algebra in the basis of (1.10).

In this basis, a finite transformation of SO(n) is determined by a set of 1
2 n(n − 1) real

parameters θ î ĵ which specify the angles of rotation in the independent 2-planes. A general
element of (the connected component) of the group can be written as an exponential

R = e−
1
2 θ

î ĵ r[î ĵ] . (1.12)

1.2.2 General internal symmetry

It will be useful to establish the notation for the general situation of linearly realized inter-
nal symmetry under an arbitrary connected Lie group G, usually a compact group, of
dimension dim G. We will be interested in an n-dimensional representation of G in which
the generators of its Lie algebra are a set of n × n matrices (tA)

i
j , A = 1, 2, . . . , dim G.

Their commutation relations are6

[tA, tB] = f AB
C tC , (1.13)

and the f AB
C are structure constants of the Lie algebra. The representative of a general

element of the Lie algebra is a matrix � that is a superposition of the generators with real
parameters θ A, i.e.

� = θ AtA. (1.14)

An element of the group is represented by the matrix exponential

U (�) = e−� = e−θ AtA . (1.15)

We consider a set of scalar fields φi (x) which transforms in the representation just
described. The fields may be real or complex. If complex, the complex conjugate of every
element is also included in the set. A group transformation acts by matrix multiplication
on the fields:

φi (x)→ φ′i (x) ≡ U (�)i jφ
j (x). (1.16)

6 Although it is common in the physics literature to insert the imaginary i in the commutation rule, we do not
do this in order to eliminate ‘i’s in most of the formulas of the book. This means that compact generators tA
in this book are anti-hermitian matrices.
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If the system is complex, the representation of G will typically be reducible, and the full
set {φi } splits into equal numbers of fields and conjugates on which U (�) acts inde-
pendently. It is not necessary to distinguish the real and complex cases explicitly in our
notation.

We assume that the equations of motion of the system are obtained from an action

S[φi ] =
∫

dDx L(φi , ∂μφ
i ) , (1.17)

which is invariant under (1.16). In this chapter we consider internal symmetry with the
property that the Lagrangian density is invariant, that is

L(φi , ∂μφ
i ) = L(φ′i , ∂μφ′i ). (1.18)

This property is stronger than (1.5).

Exercise 1.2 Verify that Lagrangian density (1.4) is invariant under the SO(n) symmetry
of Sec. 1.2.1, but not under the spacetime translation of Ex. 1.1.

An infinitesimal transformation of the group is defined as the truncation of the expo-
nential power series in (1.15) to first order in �. This gives the field variation (matrix and
vector indices suppressed)

δφ = −�φ , (1.19)

which defines the action of a Lie algebra element on the fields.
It is important to define iterated Lie algebra variations carefully. The definition we make

below may seem unfamiliar. However, we show that it does give a representation of the
algebra. Later, in Sec. 1.4, we will see that the definition is compatible with implementation
of symmetry transformations by Poisson brackets of their conserved Noether charges at the
classical level and (in Sec. 1.5) by unitary transformation after quantization.

The action of a transformation δ2 with Lie algebra element �2 followed by a transfor-
mation δ1 with element �1 is defined by

δ1δ2φ ≡ −�2δ1φ = �2�1φ. (1.20)

The second variation acts only on the dynamical variables of the system, the fields φi , and
is not affected by the matrix �2 that multiplies φi . In detail,

δ1δ2φ = θ A
1 θ

B
2 tB tAφ. (1.21)

The commutator of two symmetry variations is then

[δ1, δ2]φ = −[�1,�2]φ ≡ δ3φ ,

�3 ≡ [�1,�2] = f AB
Cθ A

1 θ
B
2 tC . (1.22)

The commutator of two Lie algebra transformations is again an algebra transformation by
the element �3 = [�1,�2].
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It follows that finite group transformations compose as

φ
θ2−→ φ′ = U (�2)φ

θ1−→ φ′′ = U (�2)U (�1)φ. (1.23)

We show in Sec. 1.5 that this agrees with the composition of the unitary transformations
which implement the symmetry in the quantum theory.

1.2.3 Spacetime symmetries – the Lorentz and Poincaré groups

The Lorentz group is defined as the group of homogeneous linear transformations of coor-
dinates in D-dimensional Minkowski spacetime that preserve the Minkowski norm of any
vector. We write

xμ = �μ
νx ′ν or x ′μ = �−1μ

νxν , (1.24)

and require that

xμημνxν = x ′μημνx ′ν . (1.25)

The Poincaré group is defined by adjoining global translations and considering

x ′μ = �−1μ
ν

(
xν − aν

)
. (1.26)

In this section we review the properties of these groups, their Lie algebras and the group
action on fields such as φi (x).

If (1.25) holds for any vector xμ, it follows that

�μ
ρημν�

ν
σ = ηρσ . (1.27)

This is the defining property of the � matrices. If the Minkowski metric were replaced by
the Kronecker delta, δμν , these conditions would define the orthogonal group O(D), but
here we have the pseudo-orthogonal group O(D − 1, 1). For most purposes we need only
the connected component of this group, which we call the proper Lorentz group.

The metric tensor (and its inverse) are used to lower (or raise) vector indices. Thus one
has, for example, xμ = ημρxρ and �μν = ημρ�

ρ
ν . Upper or lower indices are called

contravariant or covariant, respectively.

Exercise 1.3 Show that (1.24) and (1.27) imply

�μν = (�−1)νμ , �μ
ν = (�−1)ν

μ ,

x ′μ = (�−1)μ
νxν = xν�

ν
μ. (1.28)

The first relation of the exercise resembles the standard matrix orthogonality property,
but it holds for Lorentz when both indices are down (or both up), which is not the cor-
rect position for their action as linear transformations. Indeed, Lorentz matrices must be
multiplied with indices in up–down position, viz. �μ

ρ�
′ρ
ν .
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We now introduce the Lie algebra of the Lorentz group, proceeding in parallel7 to the
discussion of the group SO(n) in Sec. 1.2.1. For a small parameter ε, we write the infinites-
imal transformation

�μ
ν = δμν + εmμ

ν + · · · . (1.29)

It is straightforward to see that (1.29) satisfies (1.27) to first order in ε as long as the
generator (m with two lower indices) is antisymmetric, viz.

mμν ≡ ημρmρ
ν = −mνμ. (1.30)

The Lie algebra is the real linear space spanned by the 1
2 D(D − 1) independent genera-

tors, with the commutator product [m,m′] = m m′ − m′m. These matrices must also be
multiplied as mμ

ρm′ρ
ν , but the forms with both indices down, as in (1.30), (or both up) are

often convenient.
A useful basis for the Lie algebra is to choose generators that act in each of the

1
2 D(D− 1) coordinate 2-planes. For the 2-plane in the directions ρ, σ this generator is
given by

m[ρσ ]μν ≡ δμρ ηνσ − δμσ ηρν = −m[σρ]μν . (1.31)

Note the distinction between the coordinate plane labels in brackets and the row and
column indices. In this basis, a finite proper Lorentz transformation is specified by a set of
1
2 D(D − 1) real parameters λρσ = −λσρ and takes exponential form

� = e
1
2λ

ρσm[ρσ ] . (1.32)

When matrix indices are restored, we have, with the representation (1.31), the series8

�μ
ν = δμν + λμν + 1

2λ
μ
ρλ

ρ
ν + . . . . (1.33)

The commutators of the generators defined in (1.31) are

[m[μν],m[ρσ ]] = ηνρm[μσ ] − ημρm[νσ ] − ηνσm[μρ] + ημσm[νρ]. (1.34)

These equations specify the structure constants of the Lie algebra, which may be written as

f[μν][ρσ ][κτ ] = 8η[ρ[νδ[κμ]δ
τ ]
σ ]. (1.35)

Note that antisymmetrization is always done with ‘weight 1’, see (A.8), such that the right-
hand side can be written as eight terms with coefficients ±1.

Exercise 1.4 Check that (1.34) leads to (1.35). To compare with (1.13), you have
to replace each of the indices A, B,C by antisymmetric combinations, e.g. A→[μν].
Moreover, you have to insert a factor 1

2 each time that you sum over such a combined index
to avoid double counting, as e.g. the factor 1

2 in (1.32). Therefore we rewrite (1.34) as

7 Specifically, it is �−1 which is the analogue of R in (1.12) and of U (θ) in (1.15).
8 Thus, we now replace in (1.29) εmμ

ν by 1
2λ

ρσm[ρσ ]μν .
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[m A,m B] = f AB
C mC → [m[μν],m[ρσ ]] = 1

2 f[μν][ρσ ][κτ ]m[κτ ]. (1.36)

Under a symmetry, each group element is mapped to a transformation of the configura-
tion space of the dynamical fields. This map must give a group homomorphism. For the
Lorentz matrix �, the transformation of the scalar fields is defined as

φi (x)
�−→ φ′i (x) ≡ φi (�x). (1.37)

Using (1.24), we find that φ′i (x ′) = φi (x).

Exercise 1.5 Show that the action (1.4) is invariant under the transformation (1.37).

We now define differential operators which implement the coordinate change due to an
infinitesimal transformation. A transformation in the [ρσ ] 2-plane is generated by

L [ρσ ] ≡ xρ∂σ − xσ ∂ρ. (1.38)

The commutator algebra of these operators is isomorphic to (1.34), and we thus have a
realization of the Lie algebra acting as differential operators on functions.

Exercise 1.6 Compute the commutators [L [μν], L [ρσ ]] and show that they agree with
that of (1.34) for matrix generators. Show that to first order in λρσ

φi (xμ)− 1
2λ

ρσ L [ρσ ]φi (xμ) = φi (xμ + λμνxν). (1.39)

We then define the differential operator

U (�) ≡ e−
1
2λ

ρσ L[ρσ ] . (1.40)

Using this operator, the mapping (1.37) which defines the action of finite Lorentz transfor-
mations on scalar fields can then be written as

φi (x)→ φ′i (x) = U (�)φi (x) = φi (�x). (1.41)

Box 1.1 Symmetries

Symmetries are implemented by transformations that act on fields.
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We see that both Lorentz and internal symmetries (see (1.16)) are implemented by linear
operators acting on the classical fields, a differential operator for Lorentz and a matrix
operator for internal. Both operators depend on group parameters in the same way.

By expanding the exponential, this defines the infinitesimal Lorentz transformation of
the scalars:

δ(λ)φi (x) = φ′i (x)− φi (x) = φi (�x)− φi (x) = λμνxν∂μφ
i (x) = − 1

2λ
μνL [μν]φi (x).

(1.42)

This definition does give a homomorphism of the group; namely the product of maps,
first with �2, then with �1, produces the compound map associated with the product
�1�2. This can be seen from the sequence of steps

φi (x)
�2−→ φ′i (x) = U (�2)φ

i (x)
�1−→ φ′′i (x) = U (�2)U (�1)φ

i (x)

= U (�2)φ
i (�1x)

= φi (�1�2x). (1.43)

As mentioned above, a symmetry transformation acts directly on the fields. This convention
determines the order of operations in the first line. In the second and third lines, we use
the action of the differential operators to arrive at a transformation with matrix product
�1�2. This is exactly the same for internal symmetries in (1.23), where the action of U is
obtained by matrix multiplication.

Exercise 1.7 It is instructive to check (1.43) for Lorentz transformations which are close
to the identity. Specifically, use the definition (1.40) to show that the order λ1 λ2 terms in
the product U (�2)U (�1)φ

i of differential operators acting on φi agrees with terms of the
same order in φi (�1�2x).

Calculate the infinitesimal commutator [U (�2),U (�1)] to order λ1λ2. Show that the
commutator is a Lorentz transformation with (matrix) parameters [λ1, λ2]. Note that the
second transformation acts on φi (x), and not on the x-dependent factor in (1.42).

It is important to extend the Lorentz transformation rules to covariant and contravariant
vector fields, which are, respectively, sections of the cotangent and tangent bundles of
Minkowski spacetime. The transformation of a general covariant vector field Wμ(x) can
be modeled on that of the gradient of a scalar ∂μφ(x). From (1.37) we find

∂μφ(x)→ ∂μφ
′(x) = ∂

∂xμ
φ(�x) = �−1

μ
ν(∂νφ)(�x) , (1.44)

where we have used the chain rule and (1.28) in the last step. Thus we define the transfor-
mation of a general covariant field as

Wμ(x)→ W ′
μ(x) ≡ �−1

μ
νWν(�x). (1.45)

For contravariant vectors we assume a transformation of the form

Vμ(x)→ Bμ
σ V σ (�x). (1.46)
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The matrix can determined by requiring that the inner product Vμ(x)Wμ(x) transforms as
a scalar. This fixes Bμ

σ = �−1μ
σ , and we have the transformation rule

Vμ(x)→ V ′μ(x) ≡ �−1μ
νV ν(�x). (1.47)

Next we define generators of Lorentz transformations appropriate to the covariant
and contravariant vector representations. They are combined differential/matrix operators
given by

J[ρσ ]Vμ(x) ≡ (L [ρσ ]δμν + m[ρσ ]μν)V ν(x) ,

J[ρσ ]Wν(x) ≡ (L [ρσ ]δνμ + m[ρσ ]νμ)Wμ(x). (1.48)

We avoid an overly decorative notation by suppressing row and column indices on J[ρσ ].
For each case a finite Lorentz transformation is implemented by the operator

U (�) = e−
1
2λ

ρσ J[ρσ ] . (1.49)

Exercise 1.8 Verify that J[ρσ ](VμWμ) = L [ρσ ](VμWμ).

The Lorentz group has many representations, both higher rank tensor and spinor repre-
sentations (to be discussed in Ch. 2) and combinations thereof. Let ψ i (x) denote a set of
fields where i is now an index of the components of a general representation. There is a
corresponding Lie algebra representation with matrices m[ρσ ] which act on the indices and
differential/matrix generators

J[ρσ ] = L [ρσ ] + m[ρσ ] , (1.50)

in which i
j = δi

j is the unit matrix. A finite Lorentz transformation is then the mapping
(suppressing the index i for simplicity of the notation)

ψ(x)→ ψ ′(x) = U (�)ψ(x) = e−
1
2λ

ρσm[ρσ ]ψ(�x). (1.51)

The precise forms of the operators m[ρσ ], J[ρσ ] and U (�) depend on the representation
under study.

Spacetime translations xμ → x ′μ = xμ − aμ are much simpler because they are
implemented in the same way in all representations of the Lorentz group, namely by the
mapping

ψ i (x)→ ψ ′i (x) = ψ i (x + a) = U (a)ψ i (x) , (1.52)

U (a) = eaμPμ , (1.53)

Pμ = ∂μ = ∂

∂xμ
. (1.54)

In (1.52) we have defined the generator Pμ and the finite translation operator U (a) which
are differential operators. Finite transformations of the Poincaré group are implemented by
the operator U (a,�) ≡ U (�)U (a), which acts as follows:
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ψ(x) → ψ ′(x) ≡ U (a,�)ψ(x) = U (�)U (a)ψ(x)

= e−
1
2λ

ρσm[ρσ ]ψ(�x + a). (1.55)

Exercise 1.9 Prove that U ((�)−1a)U (�) = U (�)U (a). Verify for operators which are
close to the identity that

U (a)φ(�′x + b) = φ(�′x +�′a + b) ,

U (�)φ(�′x + b) = φ(�′�x + b). (1.56)

The Lie algebra of the Poincaré group contains the D(D + 1)/2 generators J[μν], Pμ.
The following commutation rules complete the specification of the Lie algebra:

[J[μν], J[ρσ ]] = ηνρ J[μσ ] − ημρ J[νσ ] − ηνσ J[μρ] + ημσ J[νρ] ,
[J[ρσ ], Pμ] = Pρησμ − Pσ ηρμ ,

[Pμ, Pν] = 0. (1.57)

Exercise 1.10 Verify (1.57).

We now discuss the implementation of this Lie algebra on fields. The treatment is par-
allel to the discussion of internal symmetry at the end of Sec. 1.2.2. The infinitesimal
variation of the fields ψ i (x) is defined as the first order truncation of the exponential in
(1.55):

δψ = [aμPμ − 1
2λ

ρσ J[ρσ ]]ψ. (1.58)

The J[ρσ ] operator appropriate to the representation is used, and representation indices
are suppressed for simplicity. Consider now the transformation δ2 with group parameters
(a2, λ2) followed by transformation δ1 with parameters (a1, λ1). The result is defined as

δ1δ2ψ = δ1[aμ2 Pμ − 1
2λ

ρσ
2 J[ρσ ]]ψ

= [aμ2 Pμ − 1
2λ

ρσ
2 J[ρσ ]][aν1 Pν − 1

2λ
κτ
1 J[κτ ]]ψ. (1.59)

The second transformation acts only on the field variable. With some care one can calculate
the commutator of two variations, which yields a third transformation with parameters
(a3, λ3), that is

[δ1, δ2]ψ = δ3ψ ,

λ
ρσ
3 = [λ1, λ2]ρσ = 1

4 f[μν][κτ ][ρσ ]λμν1 λκτ2 ,

aμ3 = a1ρλ
ρμ
2 − a2ρλ

ρμ
1 = 1

2 fν[ρσ ]μ
(
aν1λ

ρσ
2 − aν2λ

ρσ
1

)
(1.60)

(remember Ex. 1.4). Note that the parameters of infinitesimal transformations compose
with the structure constants of the Lie algebra, exactly as in the case of internal symmetry.
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Exercise 1.11 Verify the rule of combination of parameters in (1.60).

As in the discussion of internal symmetry at the end of Sec. 1.2.2, the product of two
finite transformations of the Poincaré group, the first with parameters (a2, λ2) followed by
the second with parameters (a1, λ1), is given by

ψ(x)→ ψ ′′(x) = U (a2, λ2)U (a1, λ1)ψ(x). (1.61)

The compound map is a representation, as we discuss at the end of Sec. 1.5 below.

1.3 Noether currents and charges

It is well known that, using the Noether method, one can construct a conserved current
for every continuous global symmetry of the action of a classical field theory. Integrals of
the time component of the currents are conserved charges, and an infinitesimal symmetry
transformation is implemented on fields by the Poisson bracket of charge and field. Poisson
brackets and the correspondence principle provide a useful bridge to the quantum theory
in which finite group transformations are implemented through unitary transformations. In
this section and the next we review this formalism in order to show that the conventions for
symmetries used are compatible with readers’ previous study of symmetries in quantum
field theory. The Noether formalism has other important applications in supersymmetry
and supergravity which enter in later chapters of this book.

We assume that we are dealing with a system of scalar fields φi (x), i = 1, . . . , n, whose
Lagrangian density is a function of the fields and their first derivatives, as described by the
action (1.17). The Euler–Lagrange equations of motion are

∂

∂xμ
δL

δ∂μφi (x)
− δL
δφi (x)

= 0. (1.62)

We define a generic infinitesimal symmetry variation of the fields by

δφi (x) ≡ εA�Aφ
i (x) , (1.63)

in which the εA are constant parameters. This formula includes as special cases the various
internal and spacetime symmetries discussed in Sec. 1.2. In these cases each �Aφ

i (x) is
linear in φi and given by a matrix or differential operator applied to φi . Specifically,

internal εA�Aφ
i →−θ A(tA)

i
jφ

j , (1.64)

spacetime εA�Aφ
i →

[
aμ∂μ − 1

2λ
ρσ (xρ∂σ − xσ ∂ρ)

]
φi . (1.65)

If (1.63) is a symmetry of the theory, then the action is invariant, and the variation of the
Lagrangian density is an explicit total derivative, i.e. δL = εA∂μKμ

A . This must hold for
all field configurations, not merely those which satisfy the equations of motion (1.62). In
detail, the variation of the Lagrangian density is
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δL ≡ εA
[

δL
δ∂μφi

∂μ�Aφ
i + δL

δφi
�Aφ

i
]
= εA∂μKμ

A . (1.66)

Using (1.62) we can rearrange (1.66) to read ∂μ JμA = 0, where JμA is the Noether current

JμA = − δL
δ∂μφi

�Aφ
i + Kμ

A . (1.67)

This is a conserved current, by which we mean that ∂μ JμA = 0 for all solutions of the
equations of motion of the system.

We temporarily assume that the symmetry parameters are arbitrary functions εA(x). In
this case the variation of the action is

δS =
∫

dDx

[
δL

δ∂μφi
∂μ(ε

A�Aφ
i )+ δL

δφi
εA�Aφ

i
]

=
∫

dDx

[
εA∂μKμ

A + (∂με
A)

δL
δ∂μφi

�Aφ
i
]

= −
∫

dDx (∂με
A)JμA . (1.68)

The use of varying parameters εA(x) is usually an efficient way to obtain the conserved
Noether current. Note that surface terms from partial integrations in the manipulations
above have been neglected because the field configurations are assumed to vanish at large
spacetime distances.

For each conserved current one can define an integrated Noether charge, which is a
constant of the motion, i.e. independent of time. Suppose that we have a foliation of
Minkowski spacetime by a family of space-like (D − 1)-dimensional surfaces �(τ). A
space-like surface has a time-like normal vector nμ at every point.9 Then for each Noether
current there is an integrated charge

Q A =
∫
�(τ)

d�μ JμA(x) , (1.69)

which is conserved, that is independent of τ for all solutions that are suitably damped at
infinity. The simplest foliation is given by the family of equal-time surfaces �(t), which
are flat (D − 1)-dimensional hyperplanes with fixed x0 = t . In this case

Q A =
∫

dD−1	x J 0
A(	x, t). (1.70)

We now discuss the specific Noether currents for the linear internal and spacetime trans-
formations of this chapter. To simplify the discussion we restrict attention to systems with
conventional scalar kinetic term, so the Lagrangian density is

9 The Minkowski space norm of any vector vμ is vμημνvν . A vector is called space-like if its norm is positive,
time-like if the norm is negative, and null for vanishing norm. d�μ is a vector proportional to nμ which
represents a surface element orthogonal to �(τ).
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L = − 1
2∂μφ

i∂μφi − V (φi ). (1.71)

For internal symmetry, substitution of the first line of (1.64) in (1.67) gives

JμA = −∂μφtAφ, (1.72)

provided that the potential V is invariant, that is, δV = ∂i V δφi = −∂i V (tA)
i
jφ

j = 0. For
spacetime translations, the index A of the generic current (1.67) is replaced by the vector
index ν, and the Noether current obtained from (1.65) and (1.67) is the conventional stress
tensor (or energy–momentum tensor)

Tμ
ν = ∂μφ ∂νφ + δμν L. (1.73)

For Lorentz transformations, the index A becomes the antisymmetric pair ρσ , and (1.65)
and (1.67) give the current

Mμ[ρσ ] = −xρTμ
σ + xσ Tμ

ρ. (1.74)

The conserved charges for internal, translations, and Lorentz transformations are
denoted by TA, Pμ, and M[ρσ ], respectively. They are given by

TA =
∫

dD−1	x J 0
A ,

Pμ =
∫

dD−1	x T 0
μ ,

M[ρσ ] =
∫

dD−1	x M0[ρσ ]. (1.75)

Note that one does not need the detailed form of the stress tensor (1.73) to show that the
current (1.74) is conserved. The situation is indeed simpler. A current of the form (1.74)
is conserved if Tμν is both conserved and symmetric, Tμν = Tνμ. For many systems of
fields, such as the Dirac field discussed in the next chapter, the stress tensor given by the
Noether procedure is conserved but not symmetric. In all cases one can modify Tμν to
restore symmetry.

In general the symmetry currents obtained by the Noether procedure are not unique.
They can be modified by adding terms of the form �JμA ≡ ∂ρSρμA, where SρμA =
−Sμρ A. The added term is identically conserved, and the Noether charges are not changed
by the addition since �J 0

A involves total spatial derivatives. It is frequently the case that
the Noether currents of spacetime symmetries need to be ‘improved’ by adding such terms
in order to satisfy all desiderata, such as symmetry of Tμν . Another example is the stress
tensor of the electromagnetic field which we discuss in Ch. 4. The Noether stress tensor
is conserved but neither gauge invariant nor symmetric. It can be made gauge invariant
and symmetric by improvement, and the improved stress tensor is naturally selected by the
coupling of the electromagnetic field to gravity.
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1.4 Symmetries in the canonical formalism

In this section we discuss the implementation of symmetries in the canonical formalism at
the classical and quantum level. In much modern work in quantum field theory the canon-
ical formalism has been superseded by the use of Feynman path integrals, but canonical
methods provide a quick pedagogical treatment of the issues of immediate concern. For
scalar fields φi , the canonical coordinates at fixed time t = 0 are the field variables φ(	x, 0)
at each point 	x of space, and the canonical momenta are given by π(	x, 0) = δS/δ∂tφ(	x, 0).
For the action (1.71), the canonical momentum is πi = ∂0φ

i = −∂0φi .
We consider explicitly the special cases of internal symmetry, space translations and

rotations in which the vector Kμ
A of (1.66) has vanishing time component. In these cases

the formula (1.70) for the Noether charge simplifies to

Q A = −
∫

dD−1	x δL
δ∂0φi

�Aφ
i

= −
∫

dD−1	x πi�Aφ
i . (1.76)

We work in this generic notation and ask readers to verify the results using (1.64) for
internal symmetry and (1.65) for space translations and rotations. The following results are
also valid for time translations and Lorentz boosts, although the manipulations needed are
a little more complicated.

We remind readers that the basic (equal-time) Poisson bracket is {φi (	x), π j (	y)} =
δi

jδ
D−1(	x − 	y). The Poisson bracket of two observables A(φ, π) and B(φ, π) is

{A, B} ≡
∫

dD−1	x
(

δA

δφi (	x)
δB

δπi (	x) −
δA

δπi (	x)
δB

δφi (	x)
)
. (1.77)

Poisson brackets {A, {B,C}} obey the Jacobi identity

{A, {B,C}} + {B, {C, A}} + {C, {A, B}} = 0. (1.78)

It is now easy to see that the infinitesimal symmetry transformation �Aφ
i is generated

by its Poisson bracket with the Noether charge Q A. In detail

�Aφ
i (x) = {Q A, φ

i (x)} = −
∫

dD−1 	y {π j (	y)�Aφ
j (	y), φi (x)}. (1.79)

Further, Poisson brackets of the conserved charges obey the Lie algebra of the symmetry
group,

{Q A , Q B} = f AB
C QC . (1.80)

Exercise 1.12 Readers are invited to verify (1.80) for internal symmetry, spatial
translations and rotations using the Noether charges given in (1.75) and the structure
constants of the subalgebra of Poincaré transformations that do not change the time
coordinate.
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In the Poisson bracket formalism an iterated symmetry variation, δ2 with parameters εB
2

followed by δ1 with parameters εA
1 , is given by

δ1δ2φ
i = εA

1 ε
B
2 {Q A, {Q B, φ

i }}. (1.81)

Using the Jacobi identity (1.78) one easily obtains the commutator

[δ1, δ2]φi = f AB
CεA

1 ε
B
2 {QC , φ

i }. (1.82)

Note that the symmetry parameters compose exactly as in (1.22) and (1.60).

Exercise 1.13 Derive from (1.79) that [�A,�B] = f AB
C�C .

When Poisson brackets are available, we define symmetry operators as in (1.79). How-
ever, in practice we streamline the notation by omitting explicit Poisson brackets and sim-
ply use the notation �Aφ

i to indicate the transformation rules. In the three cases of interest
we replace �Aφ by TAφ, Pμφ and Mμνφ and write the explicit transformation rules as

TAφ
i = −(tA)

i
jφ

j ,

Pμφ
i = ∂μφ

i ,

M[μν]φi = −J[μν]φi . (1.83)

In the rest of the book, the symmetries described are produced by these operators. The
operators satisfy the algebra (1.80) (with Q replaced by T ), and (1.57) (with J replaced
by M). The minus signs are necessary due to the steps in (1.20)–(1.22) and (1.58)–(1.60),
which change the order of the operators when they act on fields.

1.5 Quantum operators

In the quantum theory each classical observable becomes an operator10 in Hilbert space,
which we denote by bold-faced type, e.g. A(φ, π)→ A(�,�). The correspondence prin-
ciple states that, if the Poisson bracket of two observables gives a third observable, i.e.
{A, B} = C , then the commutator of the corresponding operators is [A,B]qu = iC. Note
that we use � = 1.

After quantization the symmetry operators become the operator commutators

�A�i = −i
[
QA,�

i
]

qu
,

[QA , QB]qu = i f AB
C QC . (1.84)

10 Subtleties such as operator ordering in the definition of A(�,�) are ignored because they are not relevant for
the questions of interest to us.
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The first relation implies that a finite group transformation with parameters εA is imple-
mented by the unitary transformation

�i (x)→ e−iεAQA�i (x)eiεAQA = U (ε)�i (x). (1.85)

Here U (ε) is a generic notation for a finite group transformation. More specifically, for
internal symmetry U (ε) → U (�) of (1.15), for translations U (ε) → U (a) of (1.53), and
for Lorentz U (ε) → U (�) of (1.49). For finite transformations of an internal symmetry
group G or the Poincaré group, (1.85) reads

e−iθ ATA�i (x)eiθ ATA = e−��i (x) ,

e−i[aμPμ+ 1
2λ

ρσM[ρσ ]]�i (x)ei[aμPμ+ 1
2λ

ρσM[ρσ ]] = �i (�x + a). (1.86)

Exercise 1.14 Verify the corresponding quantum operator relation

[δ1, δ2]�i = −i f AB
CεA

1 ε
B
2

[
QC ,�

i
]

qu
. (1.87)

It is also useful to verify the composition of finite group transformations. A transforma-
tion with parameters εA

2 followed by another one with parameters εA
1 is found by applying

(1.85) twice. One obtains

e−iεA
1 QA e−iεB

2 QB �i (x)eiεB
2 QB eiεA

1 QA = U (ε2)e
−iεA

1 QA�i (x)eiεA
1 QA

= U (ε2)U (ε1)�
i (x). (1.88)

This agrees with (1.23) for internal symmetry and its analogue for spacetime transfor-
mations. Furthermore the group composition law for the product eiεB

2 QB eiεA
1 QA of unitary

operators is the same as for the classical operators U (ε2)U (ε1), so we do get a consistent
representation of the symmetry group.

Exercise 1.15 For a free scalar field, use (1.75) and (1.73) to express the Hamiltonian
H = P0 in terms of the canonical momenta and coordinates

H = 1
2

∫
dD−1	x

[
π2 + (	∂φ)2

]
. (1.89)

Check that this leads, using (1.3), to the quantum commutation relation

[H,�]qu = −iπ = −i∂0φ

=
∫

dD−1 	p
(2π)(D−1)2E

E
(
−ei( 	p·	x−Et)a( 	p)+ e−i( 	p·	x−Et)a∗( 	p)

)
. (1.90)

Express the Hamiltonian in terms of a( 	p) and a∗( 	p):

H = 1
2

∫
dD−1 	p E

(2π)(D−1)2E

[
a∗( 	p)a( 	p)+ a( 	p)a∗( 	p)] . (1.91)

Using [
a( 	p), a∗( 	p′)

]
qu
= (2π)32E( 	p)δ3( 	p − 	p′). (1.92)

you can then reobtain (1.90).
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1.6 The Lorentz group for D = 4

In Sec. 1.2.3 we introduced fields transforming in a general finite-dimensional representa-
tion of the D-dimensional Lorentz group SO(D − 1, 1) without giving a detailed descrip-
tion of these representations. There are several special features of the case D = 4, which
reduce the description of the finite-dimensional representations of SO(3, 1) to those of the
familiar representations of SU(2), as we now review.

First we note that the proper subgroup of O(3, 1) is characterized by the two conditions
det(�) = 1 and �0

0 ≥ 1. The latter means that the sign of the time coordinate of any
point is preserved. There are three disconnected components, which contain the product of
the discrete transformations P , T , and PT , describing inversion in space and/or time, with
a proper transformation. Lorentz transformations in the disconnected components satisfy
either det(�) = −1 or �0

0 ≤ −1 or both.
Let m[μν] denote the matrices of a representation of the Lie algebra (1.34) for D = 4.

The six independent matrices consist of three spatial rotations Ji = − 1
2εi jkm[ jk] (where

εi jk is the alternating symbol with ε123 = 1) and three boosts Ki = m[0i]. It is a straight-
forward and important exercise to show, using (1.34), that the linear combinations

Ik = 1
2 (Jk − iKk) , k = 1, 2, 3 ,

I ′k = 1
2 (Jk + iKk) , (1.93)

satisfy the commutation relations of two independent copies of the Lie algebra su(2), viz.

[Ii , I j ] = εi jk Ik ,

[I ′i , I ′j ] = εi jk I ′k ,
[Ii , I ′j ] = 0. (1.94)

Note that the operators (1.93) are defined for the complexified algebra. The complexified
Lie algebra of so(3, 1) is thus related to su(2) ⊕ su(2). As such all finite-dimensional
irreducible representations of so(3, 1) are obtained11 from products of two representations
of su(2) and thus classified by the pair of non-negative integers or half-integers ( j, j ′).
The ( j, j ′) representation has dimension (2 j + 1)(2 j ′ + 1). The representations ( j, j ′)
and ( j ′, j) are inequivalent representations when j �= j ′. The four-dimensional vector
representation of (1.31) for D = 4 is denoted by ( 1

2 ,
1
2 ).

Exercise 1.16 Verify (1.94).

11 To be a representation of the group SO(3, 1) the sum j + j ′ must be an integer. But in fact we are interested
in the covering group SL(2,C), since this allows the representations for fermions.
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The Dirac equation is based on special representations of the Lorentz group, called spinor
representations. They were discovered by Élie Cartan in 1913 [6, 7]. These representations
are very different from the D-dimensional defining representation discussed in Ch. 1 (and
from tensor products of the defining representation). It is remarkable and profound that
spinor representations are realized in Nature and are not just mathematical curiosities. They
describe fermionic particles such as the electron and quarks, and they are required for
supersymmetry.

Our treatment of the Dirac equation should be viewed as part of our review of the basic
notions of relativistic field theory needed to move ahead in this book. Many readers will
already be familiar with the Dirac field. We advise them to skim this chapter to learn
our conventions and then move on to Ch. 3 in which the Clifford algebra and Majorana
spinors are discussed. It is this material that is really essential in applications to SUSY and
supergravity later in the book.

2.1 The homomorphism ofSL(2,C)→ SO(3, 1)

Spinor representations exist for all spacetime dimensions D. We introduce them for D = 4.
In the notation of Sec. 1.6, a general spinor representation is labeled ( j, j ′) with j a half-
integer and j ′ an integer, or vice versa. The fundamental spinor representations are ( 1

2 , 0)
and its complex conjugate (0, 1

2 ). We now discuss the important 2 : 1 homomorphism of
the group SL(2,C) of unimodular 2× 2 complex matrices onto the connected component
of O(3, 1). It will lead to an explicit description of the ( 1

2 , 0) and (0, 1
2 ) representations,

and it is central to the treatment of fermions in quantum field theory.
First we note that a general 2× 2 hermitian matrix can be parametrized as

x =
(

x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
(2.1)

and that det x = −xμημνxν , which is the negative of the Minkowski norm of the
4-vector xμ. This suggests a close relation between the linear space of hermitian 2 × 2
matrices and four-dimensional Minkowski space. Indeed, there is an isomorphism between
these spaces, which we now elucidate.

For this purpose we introduce two complete sets of 2× 2 matrices

σμ = (− , σi ), σ̄μ = σμ = ( , σi ), (2.2)
25
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where is the unit matrix, and the three Pauli matrices are

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (2.3)

The index μ on the matrices of (2.2) is a Lorentz vector index, suggesting that the matrices
are 4-vectors. We will make this precise shortly, and, in anticipation, we will raise and
lower these indices using the Minkowski metric.

Exercise 2.1 Show that

σμσ̄ν + σνσ̄μ = 2ημν , (2.4)

tr(σμ σ̄ν) = 2δμν . (2.5)

Using the matrices σμ and σ̄μ and (2.5), we easily find

x = σ̄μxμ , xμ = 1
2 tr(σμx) , (2.6)

which gives the explicit form of the isomorphism. Given the 4-vector xμ, one can construct
the associated matrix x from the first equation of (2.6), and one can obtain xμ from x using
the second equation.

Let A be a matrix of SL(2,C), and consider the linear map

x → x′ ≡ AxA† . (2.7)

The associated 4-vectors are also linearly related, i.e. x ′μ ≡ φ(A)μνxν , and (2.6) can be
used to obtain the explicit form of the matrix φ(A),

φ(A)μν = 1
2 tr(σμAσ̄νA†) . (2.8)

Since the transformation (2.7) preserves det x, the Minkowski norm xμημνxν is invariant.
This means that the matrix φ(A) satisfies (1.27); it must be a Lorentz transformation, and
we can write, using (1.24),

�−1μ
ν = φ(A)μν . (2.9)

Since the group SL(2,C) is connected [8], � lies in the connected component of O(3, 1),
i.e. the proper Lorentz group.

Here are some exercises to help familiarize readers with this important homomorphism.

Exercise 2.2 Verify that (2.8) is a group homomorphism by showing that φ(AB) =
φ(A)φ(B).

Exercise 2.3 Show that the kernel of the homomorphism consists of the matrices
( ,− ).

Exercise 2.4 Show that Aσ̄μA† = σ̄ν�
−1 ν

μ and A†σμA = σν�
ν
μ. This gives precise

meaning to the statement that the matrices σ̄μ and σν are 4-vectors.
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Let us introduce two sets of matrices that will turn out to be generators of the Lie algebra
so(3, 1) in the ( 1

2 , 0) and (0, 1
2 ) representations. We define them in terms of the matrices

σμ, σ̄ν as

σμν = 1
4 (σμσ̄ν − σνσ̄μ) ,

σ̄μν = 1
4 (σ̄μσν − σ̄νσμ) . (2.10)

Note that σμν† = −σ̄ μν . The finite Lorentz transformation (1.32) is then represented as

L(λ) = e
1
2λ

μνσμν , (2.11)

L̄(λ) = e
1
2λ

μν σ̄μν . (2.12)

Exercise 2.5 Show that

L(λ)† = L̄(−λ) = L̄(λ)−1 . (2.13)

Exercise 2.6 Use (2.4) to show that the commutator algebras of σ [μν] and σ̄ [μν] are iso-
morphic to (1.34). According to (1.93) and (1.94), the commutators of the representatives
Ik = − 1

2 (
1
2εi jkσi j + iσ0k) and I ′k = − 1

2 (
1
2εi jkσi j − iσ0k) should satisfy (1.94). Check that

in this case Ik = 0 and I ′k indeed satisfy these commutation relations. This means that the
matrices σμν are the generators of the (0, 1

2 ) representation.

The representation matrices L and L̄ of (2.11) and (2.12) are directly related to the
SL(2,C) map (2.7). For a Lorentz transformation �−1 related to SL(2,C) matrix A by
(2.9), we can identify A = L−1 and A† = L̄ .

We now argue that one can reach any proper Lorentz transformation from SL(2,C) via
the homomorphism (2.7). We show explicitly that the SL(2,C) matrix A = L(λ)−1 with
λ03 = −λ30 = −ρ and other λμν = 0 maps to a Lorentz boost in the 3-direction under
(2.7). The parameter ρ is conventionally called the rapidity. We use A†σμA = σν�

ν
μ,

which was proven in Ex. 2.4, to obtain the corresponding Lorentz transformation. Using

A = e− 1
2ρσ3 we compute

A† A = cosh ρ − σ3 sinh ρ ,

A†σ3 A = − sinh ρ + σ3 cosh ρ ,

A†σ1,2 A = σ1,2 . (2.14)

On the right-hand side we recognize the matrix of the Lorentz boost

�−1 =

⎛⎜⎜⎝
cosh ρ 0 0 − sinh ρ

0 1 0 0
0 0 1 0

− sinh ρ 0 0 cosh ρ

⎞⎟⎟⎠ . (2.15)

Similarly, one can consider the SL(2,C) matrices A = L(λ)−1 with non-vanishing λi j

only, and show that (2.7) maps them to rotations of the spatial σi with any desired rotation
angle.
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Exercise 2.7 Show that (2.7) works as claimed for spatial rotations about the 1, 2, 3
axes.

Since any proper Lorentz transformation can be expressed as a product of rotations and
a boost in the 3-direction, our discussion shows that the homomorphism is ‘onto’.

In any even spacetime dimension D = 2m the situation is similar to what we have
described in detail in four dimensions. The Lie algebra so(2m−1, 1) has a pair of inequiv-
alent fundamental spinor representations of dimension 2m−1. The products of exponentials
of matrices of either representation satisfy the composition rules of a Lie group that is
called Spin(2m − 1, 1). The latter is the universal covering group of the connected compo-
nent of O(2m − 1, 1), related by a 2 : 1 homomorphism.

For odd D = 2m + 1 the situation of spinor representations is somewhat different and
will be described in Ch. 3.

2.2 The Dirac equation

We follow, at least roughly, the historical development, and introduce the Dirac equation
as a relativistic wave equation describing a particle with internal structure. Such a particle
is described by a multi-component field, e.g. �M (x). The indices M label the compo-
nents of a column vector that transforms under some finite-dimensional representation of
the Lorentz group. For the particular case of the Dirac field the representation is closely
related to the fundamental spinor representations we have just discussed. We again work
for general D, with special emphasis on D = 4.

Dirac postulated that the electron is described by a complex valued multi-component
field �(x) called a spinor field, which satisfies the first order wave equation

/∂�(x) ≡ γ μ∂μ�(x) = m�(x) . (2.16)

The quantities γ μ, μ = 0, 1, . . . , D − 1, are a set of square matrices, which act on the
indices of the spinor field � . Applying the Dirac operator again, one finds

/∂
2
� = m2� ,

1
2 {γ μγ ν + γ νγ μ}∂μ∂ν� = m2� . (2.17)

If we require that the second order differential operator on the left is equal to the
d’Alembertian, then we fulfill the physical requirement of plane-wave solutions discussed
in Ch. 1. This means that the matrices must satisfy

{γ μ, γ ν} ≡ γ μγ ν + γ νγ μ = 2 ημν , (2.18)

where is the identity matrix in the spinor indices.
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The condition (2.18) is the defining relation of the Clifford algebra associated with the
Lorentz group. The D matrices γ μ are the generating elements of the Clifford algebra, and
a basis of the algebra consists of the unit matrix and all independent products of the gener-
ators. The structure of the Clifford algebra is important, and it is discussed systematically
for general D in Sec. 3.1. For immediate purposes, we note that there is an irreducible
representation by square matrices of dimension 2[D/2], where [x] is the largest integer less
than or equal to x . The representation is unique up to equivalence for even D = 2m,
and there are two inequivalent representations for odd dimensions. It is always possible
to choose a representation in which the spatial γ -matrices γ i , i = 1, 2, . . . , D − 1, are
hermitian and γ 0 is anti-hermitian. We will always work in such a representation, which
we call a hermitian representation.

For generic D, the matrices γ μ are necessarily complex, so the spinor field must have
complex components. After Dirac’s work, Majorana discovered that there are real repre-
sentations in D = 4 dimensions, and it is now known that such Majorana representations
exist in dimensions D = 2, 3, 4 mod 8. In these dimensions, one may impose the con-
straint that the field �(x) is real. The special case of Majorana spinors is very important
for supersymmetry and supergravity, and it will be discussed in Sec. 3.3. In this chapter we
assume that �(x) is complex.

There are various levels of interpretation of the components of �(x). In the first
quantized formalism and in many classical applications, they are simply complex num-
bers. However, when second quantization is introduced through the fermionic path inte-
gral, the components of �(x) are anti-commuting Grassmann variables, which satisfy
{�α(x),�β(y)} = 0. Finally in the second quantized operator formalism, they are oper-
ators in Hilbert space. The equations we write are valid in both of the first two situ-
ations. Although the quantized theory appears rarely in this book, our basic formulas
are compatible with the canonical formalism, positive Hilbert space metric and positive
energy.

Equivalent representations of the Clifford algebra describe equivalent physics. Therefore
the physical implications of the Dirac formalism should be independent of the choice of
representation. Indeed much of the physics can be deduced in a representation independent
fashion, but an explicit representation is convenient for some purposes. We display one
useful representation for D = 4, namely a Weyl representation in which the 4× 4 γ μ have
the 2× 2 Weyl matrices of (2.2) in off-diagonal blocks:

γ μ =
(

0 σμ

σ̄μ 0

)
. (2.19)

There are ‘block off-diagonal’ representations of this type in all even dimensions. This is
shown in Ex. 3.11 of Ch. 3.

One important fact about the Clifford algebra in general dimension D is that the com-
mutators

�μν ≡ 1
4

[
γ μ, γ ν

]
(2.20)
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are generators of a 2[D/2]-dimensional representation of the Lie algebra of SO(D − 1, 1).
It is a straightforward exercise to show, using only the Clifford property (2.18), that the
commutator algebra of the matrices �μν is isomorphic to (1.34). An explicit representation
is not needed.

Exercise 2.8 Do this straightforward exercise mentioned above.

Exercise 2.9 Show, using only (2.18), that [�μν, γ ρ] = 2γ [μην ]ρ = γ μηνρ − γ νημρ .

In the Weyl representation given above, one sees that the matrices �μν are block diag-
onal with the 2-component σμν and σ̄ μν of (2.11) and (2.12) as the diagonal entries. The
four-dimensional spinor representation of so(3, 1) is therefore reducible. Indeed, it is the
direct sum of the irreducible ( 1

2 , 0) and (0, 1
2 ) representations discussed in Sec. 2.1. Of

course, reducibility of the representation �μν holds for any choice of the γ μ, since the
matrices �μν are equivalent to those of the Weyl representation. In all even dimensions,
there is an analogous reduction to the direct sum of a 1

2 2[D/2]-dimensional irreducible
representation of so(D − 1, 1) plus the conjugate representation (see Sec. 3.1.6). In odd
spacetime dimension the representation given by the �μν is irreducible.

Finite proper Lorentz transformations are represented by the matrices

L(λ) = e
1
2λ

μν�μν , (2.21)

and we have

L(λ)γ ρL(λ)−1 = γ σ�(λ)σ
ρ . (2.22)

From this one can deduce the important Lorentz covariance property of the Dirac equation;
given any solution �(x), then

� ′(x) = L(λ)−1�(�(λ)x) (2.23)

is also a solution.

Exercise 2.10 Use the result of Ex. 2.9 and (2.21) to prove (2.22) and (2.23).

Since the Dirac field is also a solution of the Klein–Gordon equation, the general solution
is again the sum of positive and negative frequency parts in analogy with (1.3). This Fourier
expansion reads

�(x) = �+(x) + �−(x) ,

�+(x) =
∫

d(D−1) 	p
(2π)D−12E

ei( 	p·	x−Et)
∑

s

u( 	p, s)c( 	p, s) ,

�−(x) =
∫

d(D−1) 	p
(2π)D−12E

e−i( 	p·	x−Et)
∑

s

v( 	p, s)d( 	p, s)∗ . (2.24)

The ∗ indicates complex conjugation in the classical theory and an operator adjoint after
quantization.
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The new features in the spinor case are the momentum space wave functions1 u( 	p, s)
and v( 	p, s), which are column vectors (with the same number of components as the field�,
namely 2[D/2] components), and s is a discrete label with 1

2 2[D/2] values. These describe
the various ‘spin states’ of the Dirac particle. For m �= 0 these states transform in an
irreducible representation of SO(D− 1), which is the subgroup of SO(D− 1, 1) that fixes
the time-like energy–momentum vector (E, 	p).

The analogous expansions of the Dirac adjoint field �̄, defined in the next section,
involve the conjugate quantities c∗ and d . In the second quantized theory of the com-
plex spinor field, c( 	p, s), c( 	p, s)∗, d( 	p, s) and d( 	p, s)∗ are the annihilation and creation
operators for particles and anti-particles of momentum 	p and spin quantum number s.
For a Majorana spinor field, anti-particles are not distinct from particles and we replace
d , d∗→ c, c∗ in these expansions. Furthermore, v is related to u∗, which the reader can
check later in Ex. 3.38.

2.3 Dirac adjoint and bilinear form

Our task in this section is to find a suitable Lorentz invariant bilinear form for the Dirac
field that can be used to construct the Lagrangian density and other fundamental quantities.
Under an infinitesimal Lorentz transformation in the [μν]-plane, the variations of � and
its adjoint �† are

δ�(x) = − 1
2λ

μν(�μν + L [μν])�(x) = − 1
2λ

μν�μν�(x)+ λμνxν∂μ�(x) ,

δ�†(x) = − 1
2λ

μν�†�μν
† + λμνxν∂μ�(x)

† . (2.25)

This can be compared with (1.58) with J[μν] = �[μν]+L [μν]. We suppose that our Lorentz
invariant non-degenerate bilinear form may be written as

�†β� , (2.26)

where β is some square, invertible matrix that we want to find. Lorentz invariance requires
that

�†
μνβ + β�μν = 0 . (2.27)

We look for a real bilinear form,2 so we will choose a hermitian matrix β.
The generators of spatial rotations �i j are anti-hermitian but those of boosts �0i are her-

mitian. Thus we cannot just choose β to be the identity. This may be understood as follows.
If the Lorentz group were compact, it would have finite-dimensional unitary representa-
tions, in which the representatives of its Lie algebra would be anti-hermitian, satisfying
�†
μν = −�μν , and �†� would be the desired Lorentz scalar. However, the Lorentz group

is non-compact, and it has no finite-dimensional unitary representations and the required
anti-hermitian property holds only for spatial rotations but not for boosts.

1 For D = 4, these wave functions will be discussed in detail in Sec. 2.5.
2 In this book the adjoint operation on a pair of quantities is defined to include both conjugation and reversal of

order, i.e. (AB)† ≡ B† A†.
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Nevertheless, it is easy to check that (2.27) is satisfied if we take β to be any multiple of
γ 0. This form is valid in any hermitian representation and is unique. It gives

βγμβ
−1 = −γ †

μ ,

β�μνβ
−1 = −�μν

† . (2.28)

The last relation is a rewriting of (2.27), which shows that the Dirac spinor representation
of the Lorentz group is equivalent to the transposed, complex conjugate representation.

It is convenient to make the specific choice

β = iγ 0 . (2.29)

We then define the Dirac adjoint, a row vector, by

�̄ = �†β = �†iγ 0 , (2.30)

and write our invariant bilinear form as

�̄� . (2.31)

Exercise 2.11 Show that the bilinear form �̄� has signature (2, 2) in four dimensions.

Exercise 2.12 Show that (�̄1�2)
† = �̄2�1 for any pair of Dirac spinors and is valid

for both commuting and anti-commuting (Grassmann-valued) components.

2.4 Dirac action

We can now define the action of the free Dirac field,

S[�̄,�] = −
∫

dDx�̄[γ μ∂μ − m]�(x) . (2.32)

The condition that it is stationary reads (including integration by parts in the second term)

δS[�̄,�] = −
∫

dDx{δ�[γ μ∂μ − m]� − �̄[γ μ
←
∂ μ + m]δ�} = 0 . (2.33)

The variations δ� and δ� are arbitrary infinitesimal quantities related by conjugation as
in (2.30). Given one choice, one may consider another with δ′� = iδ� and δ′� = −iδ�.
With the second choice, the relative sign between the two terms in (2.33) changes. Thus
the coefficients of δ� and δ� in (2.33) must vanish independently. The Euler–Lagrange
variational process therefore yields the Dirac equation (2.16) and its conjugate

�̄[γ μ
←
∂ μ + m] = 0 . (2.34)

Note that, in the discussion above, we assumed that the components of � were ordinary
complex numbers. In later work we will want to take them to be either anti-commuting
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Grassmann numbers or operators on Hilbert space. Since the manipulations we carried out
did not require a change of the order of � and δ� they remain valid in that more general
situation.

2.5 The spinors u( 	p, s) and v( 	p, s) for D = 4

In this section we construct the 	p-space spinors u( 	p, s) and v( 	p, s), which appear in the
plane wave expansion (2.24) of the free Dirac field. We treat the case D = 4 explicitly, but
the ideas involved are similar in all spacetime dimensions. The details are not essential to
the understanding of supergravity, but it is useful to complete the story of the expansion
(2.24). Furthermore, the spinors we find for the Dirac field are used to form the momentum
space wave functions for the gravitino in Ch. 5.

Since �±(x) in (2.24) satisfy the Dirac equation (2.16) and the plane waves eip·x for dif-
ferent 4-vectors pμ are linearly independent, it follows that the spinors satisfy the algebraic
equations

γ · p u( 	p, s) = −im u( 	p, s) ,

γ · p v( 	p, s) = +im v( 	p, s) . (2.35)

We will solve these equations using the Weyl representation (2.19) in which the equation
for u( 	p, s) in (2.35) becomes(

0 σ · p
σ̄ · p 0

)(
w1

w2

)
= −im

(
w1

w2

)
. (2.36)

Here w1 and w2 are a temporary notation for the upper and lower components of u( 	p, s).
The equation for v( 	p, s) is similar, differing only in the sign of the right-hand side.

We assume that m > 0 and take a direct approach to the solution of (2.36), suggested by
the treatment of Sec. 3.3 of [9]. We note that the matrices −σ · p and σ̄ · p each have the
two positive eigenvalues E±| 	p|, and they therefore have matrix square roots

√−σ · p and√
σ̄ · p defined by taking the positive root in each eigenspace. We also have the relations

−σ · p σ̄ · p = −σ̄ · p σ · p = m2. Using this information it is easy to see that

u(p) =
(√−σ · p ξ

i
√
σ̄ · p ξ

)
(2.37)

is a solution of (2.36) for any two-component spinor ξ . Similarly

v(p) =
( √−σ · p η
−i
√
σ̄ · p η

)
(2.38)

is a solution of the corresponding equation for v(p) for any two-component η. Note that
we have omitted the index s, which describes the spin state of the particle because that
information is determined by the choice of ξ and η, to which we now turn.

It is convenient to choose spin states which are eigenstates of the helicity, the compo-
nent of angular momentum in the direction of motion of the particle. Therefore we define
spinors ξ( 	p,±) that satisfy
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	σ · 	p ξ( 	p,±) = ±| 	p| ξ( 	p,±) . (2.39)

Note that 	σ · 	p ≡ σ i pi is summed over the spatial components only. We assume these
spinors to be normalized:

ξ( 	p,±)†ξ( 	p,±) = 1 , ξ( 	p,±)†ξ( 	p,∓) = 0 . (2.40)

Since the angular momentum operator is 	J = 1
2 	σ , the spinor ξ( 	p,±) is an eigenstate of

	p · 	J/| 	p| with eigenvalue ±1/2. We also choose

η( 	p,±) = −σ2 ξ( 	p,±)∗ , (2.41)

which is then normalized in the same way as ξ in (2.40).

Exercise 2.13 Assume that (p1, p2, p3) = | 	p|(sinβ cosα, sinβ sinα, cosβ). Find
ξ( 	p,±) explicitly.

Exercise 2.14 Show that 	σ · 	p η( 	p,±) = ∓| 	p| η( 	p,±).

We may now specify the precise spinors to be inserted in the Fourier expansion (2.24) as

u( 	p,±) =
( √

E ∓ | 	p| ξ( 	p,±)
i
√

E ± | 	p| ξ( 	p,±)
)
, (2.42)

v( 	p,±) =
( √

E ± | 	p| η( 	p,±)
−i
√

E ∓ | 	p| η( 	p,±)
)
. (2.43)

Let us note that the spinors (2.42) and (2.43) have a smooth massless limit and satisfy
the massless Dirac equation in this limit. The limit simplifies because of the relations (E ±
	σ · 	p)ξ( 	p,±) = 2Eξ( 	p,±) and (E ± 	σ · 	p)ξ( 	p,∓) = 0, where E = | 	p| for a massless
particle. Thus the massless u spinors take the simple form3

u( 	p,−) = √
2E

(
ξ( 	p,−)

0

)
, u( 	p,+) = √

2E

(
0

iξ( 	p,+)
)
. (2.44)

Similarly, one finds for massless v spinors

v( 	p,−) = √
2E

(
0

−iη( 	p,−)
)
, v( 	p,+) = √

2E

(
η( 	p,+)

0

)
. (2.45)

Exercise 2.15 The following properties of bilinears of the u, v spinors are frequently
useful. Derive them.

ū( 	p, s) u( 	p, s′) = −v̄( 	p, s)v( 	p, s′) = −2mδss′ ,

ū( 	p, s)v( 	p, s′) = v̄( 	p, s)u( 	p, s′) = 0 ,

ū( 	p, s)γ μu( 	p, s) = v̄( 	p, s)γ μv( 	p, s) = −2ipμ . (2.46)

3 Since Lorentz transformations cannot change the helicity of a massless particle, the relative phase of positive
and negative helicity spinors is arbitrary, and the relative phase of the corresponding spinors is arbitrary. One
can redefine u( 	p,+) → αu( 	p,+) and v( 	p,+) → α∗v( 	p,+) where α is an arbitrary phase; α = −i is
particularly convenient.
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2.6 Weyl spinor fields in even spacetime dimension

Let’s return to the case of even dimension D = 2m. We saw in Sec. 2.2 that the Dirac
representation of the Lorentz group is reducible if D = 4. Since there is a ‘block off-
diagonal’ representation for any even dimension, the same is true for all D = 2m with two
irreducible subrepresentations, each of dimension 2(m−1). This suggests that a Dirac spinor
�(x) is not the simplest Lorentz covariant field. In a sense this is correct. One can define a
Weyl field ψ(x) with 2(m−1) components, which is defined to transform as

ψ(x)→ ψ ′(x) = L(λ)−1ψ(�(λ)x) , (2.47)

where L(λ) is defined as in (2.11), but now for any even dimension. One can also define a
field χ̄ (x) that transforms in the conjugate representation, namely as

χ̄ (x)→ χ̄ ′(x) = L̄(λ)−1χ̄ (�(λ)x) , (2.48)

with L̄(λ) defined as in (2.12). There are Lorentz invariant wave equations for these fields:

σ̄ μ∂μψ(x) = 0 , (2.49)

σμ∂μχ̄(x) = 0 . (2.50)

Exercise 2.16 Extend the discussion of Lorentz transformations in Sec. 2.2 to any even
dimension and show that the wave equations are indeed Lorentz invariant. Show that (2.49)
and (2.50) imply that ψ(x) = 0 and χ̄(x) = 0.

The Weyl equations thus admit plane wave solutions e±ip·x with p0 = | 	p| and therefore
describe massless particles. For D = 4 the fields ψ and χ̄ each describe particles of a
single helicity value, namely negative for ψ and positive for χ̄ , and their anti-particles of
opposite helicity. The plane wave expansion of ψ(x) is

ψ(x) =
∫

d(D−1) 	p
(2π)

1
2 (D−1)

√
2E

[
eip·x c( 	p,−) + e−ip·x d( 	p,+)∗

]
ξ( 	p,−) . (2.51)

It follows from (2.49) that one can choose the same momentum space spinor ξ( 	p,−) in
the positive and negative frequency terms. The expansion for χ̄ (x) is similar.

For D = 2m the expansion contains a sum over 2m−2 values of the ‘spin label’ s, and the
spin states of the particle transform in an irreducible spinor representation of SO(D − 2).

To write a kinetic action for the Weyl field we need both ψ(x) and its adjoint ψ(x)†.
From these we can construct a bilinear form that transforms as a vector.

Exercise 2.17 Use (2.47) and the results of Exs. 2.4 and 2.5 to show that, under the
Lorentz transformation �,

ψ(x)†σ̄ μψ(x)→ �−1μ
νψ(�x)†σ̄ νψ(�x) . (2.52)

The Lorentz invariant hermitian action is then

S[ψ, ψ̄] = −
∫

dDx iψ†σ̄ μ∂μψ . (2.53)

There is an analogous action for the field χ̄(x) and its adjoint.
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It is intriguing that, with a single Weyl field (either ψ or χ̄), there is no way to introduce
a mass. The candidate wave equation

σ̄ μ∂μψ(x) = mψ(x) (2.54)

is not Lorentz invariant.

Exercise 2.18 Why not?

One can describe massive particles using both ψ(x) and χ̄ (x). In fact this is the secret
content of a single Dirac field in any even dimension, and this can be exhibited using a
Weyl representation of the γ -matrices.

Exercise 2.19 Show this! Write the Dirac field as the column

�(x) =
(
ψ(x)
χ̄(x)

)
(2.55)

and show that the Dirac equation (2.16) in the representation (2.19) is equivalent to the
pair of equations

σ̄ μ∂μψ(x) = mχ̄(x) , σμ∂μχ̄(x) = mψ(x) . (2.56)

Exercise 2.20 Show that the Dirac Lagrangian in (2.32) can be rewritten in terms of
ψ, χ̄ and their adjoints as

L = i
[
−ψ† σ̄ · ∂ ψ + χ̄† σ · ∂ χ̄ − m χ̄† ψ + m ψ† χ̄

]
. (2.57)

Show that each of the four terms is a Lorentz scalar. Note that the result in (2.13) holds for
all even D = 2m.

2.7 Conserved currents

2.7.1 Conserved U(1) current

In this section we discuss the global U(1) symmetry property of the Dirac field in any
spacetime dimension. The free Dirac action (2.32) is invariant under the global U(1) phase
transformation �(x) → � ′(x) ≡ eiθ�(x). The conserved Noether current for this sym-
metry is

Jμ = i�̄γ μ� . (2.58)

The time component is positive in all Lorentz frames for commuting complex spinors,

J 0 = �†� > 0 . (2.59)

Thus, the vector Jμ is generically future-directed time-like.
One of Dirac’s original motivations for his famous equation was that, unlike the Klein–

Gordon equation, the quantity J 0 could be regarded as a positive probability density. This
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is important in the first quantized version of the theory that Dirac considered, but it ceases
to be an issue in the second quantized quantum field theory.

2.7.2 Energy–momentum tensors for the Dirac field

The action (2.32) of a complex spinor field is also invariant under spacetime translations
and Lorentz transformations. For translations the Noether current (1.67) obtained from the
action (2.32) is

Tμν = �̄γμ∂ν� + ημνL , (2.60)

where the Lagrangian density L is the integrand of (2.32). This tensor, which is sometimes
called the canonical energy–momentum tensor, is conserved on the first index only and
non-symmetric, which is different from the scalar stress tensor in (1.72). Since symmetry
fails, the simple form (1.74) of the Noether current for Lorentz transformations does not
hold if Tμν is used. For these reasons the canonical stress tensor needs to be improved, and
we now guide the reader through some exercises that accomplish this.

Exercise 2.21 It is well known that the Lagrangian density of a field theory can be
changed by adding a total divergence ∂μBμ, since the Euler–Lagrange equations are unaf-
fected. Show that the addition of 1

2∂μ(�̄γ
μ�) brings the action to the form

S′ = −
∫

dDx

[
1
2 �̄γ

μ
↔
∂ μ� − m�̄�

]
. (2.61)

Note that the antisymmetric derivative is defined as

A
↔
∂ μB ≡ A(∂μB)− (∂μA)B . (2.62)

The advantage of the form (2.61) of the Dirac theory is that the Lagrangian density L′ is
hermitian as an operator in Hilbert space.

Exercise 2.22 Show that the Noether stress tensor obtained using L′ is

T ′
μν = 1

2 �̄γμ
↔
∂ ν� + ημνL′ . (2.63)

Show that T ′
μν − Tμν = ∂ρSρμν where the tensor Sρμν satisfies Sρμν = −Sμρν , as in the

discussion of improved Noether currents in Sec. 1.3.

Exercise 2.23 Show that the addition of �Tμν = 1
4∂

ρ
(
�̄{�ρμ, γν}�

)
to T ′

μν produces
the symmetric energy–momentum tensor

�μν = 1
4 �̄(γμ

↔
∂ ν + γν

↔
∂ μ)� + ημνL′. (2.64)

Note that symmetry currents are evaluated ‘on-shell’, i.e. one should assume that � and
�̄ satisfy the Dirac equation. The last term L′ then vanishes.
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Exercise 2.24 Consider the variation δ(λ)� = − 1
2λ

ρσ (�ρσ + L [ρσ ])�, where L [ρσ ]
was defined in (1.38), under infinitesimal Lorentz transformations and the analogue for
δ�̄. These variations may be obtained using (2.21) and (2.23). Show that the Noether
current and Lorentz generators M[ρσ ] can be written in the form of (1.74), but using the
symmetric stress tensor (2.64).



Clifford algebras and spinors 3

The Dirac equation is a relativistic wave equation that is first order in space and time
derivatives. The key to this remarkable property is the set of γ -matrices, which satisfy the
anti-commutation relations (2.18):

γ μγ ν + γ νγ μ = 2ημν . (3.1)

These matrices are the generating elements of a Clifford algebra which plays an impor-
tant role in supersymmetric and supergravity theories. In the first part of this chapter we
discuss the structure of this Clifford algebra for general spacetime dimension D. For a
generic value of D, the γ -matrices are intrinsically complex. This is why we assumed that
the Dirac field is complex in the previous chapter. In certain spacetime dimensions the rep-
resentation of the Clifford algebra is real, which means that the γ -matrices are conjugate
to real matrices. In this case the basic spinor field may be taken to be real and is called a
Majorana spinor field. Since the Majorana field has a smaller number of independent com-
ponents, it is fair to say that, when it exists, it is more fundamental than the Dirac field. For
this reason Majorana spinors are selected in supersymmetry and supergravity. We study the
special properties of Majorana spinors in the second part of this chapter.

In the body of the chapter we take a practical approach, intended as a guide to the appli-
cations needed later in the book. Further supporting arguments are collected in Appendix
3A at the end of the chapter.

3.1 The Clifford algebra in general dimension

3.1.1 The generating γ -matrices

The main purpose of this section is to discuss the Clifford algebra associated with the
Lorentz group in D dimensions. To be concrete, we start with a general and explicit con-
struction of the generating γ -matrices. It is simplest first to construct Euclidean γ -matrices,
which satisfy (3.1) with Minkowski metric ημν replaced by δμν :

γ 1 = σ1 ⊗ ⊗ ⊗ . . . ,

γ 2 = σ2 ⊗ ⊗ ⊗ . . . ,

39
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γ 3 = σ3 ⊗ σ1 ⊗ ⊗ . . . ,

γ 4 = σ3 ⊗ σ2 ⊗ ⊗ . . . ,

γ 5 = σ3 ⊗ σ3 ⊗ σ1 ⊗ . . . ,

. . . = . . . . (3.2)

These matrices are all hermitian with squares equal to , and they mutually anti-commute.
Suppose that D = 2m is even. Then we need m factors in the construction (3.2) to obtain
γ μ, 1 ≤ μ ≤ D = 2m. Thus we obtain a representation of dimension 2D/2.

For odd D = 2m + 1 we need one additional matrix, and we take γ 2m+1 from the list
above, but we keep only the first m factors, i.e. deleting a σ1. Thus there is no increase in
the dimension of the representation in going from D = 2m to D = 2m + 1, and we can
say in general that the construction (3.2) gives a representation of dimension 2[D/2], where
[D/2] means the integer part of D/2.

Euclidean γ -matrices do have physical applications, but we need Lorentzian γ for the
subject matter of this book. To obtain these, all we need to do is pick any single matrix
from the Euclidean construction, multiply it by i and label it γ 0 for the time-like direction.
This matrix is anti-hermitian and satisfies (γ 0)2 = − . We then relabel the remaining
D−1 matrices to obtain the Lorentzian set γ μ, 0 ≤ μ ≤ D−1. The hermiticity properties
of the Lorentzian γ are summarized by

γ μ† = γ 0γ μγ 0 . (3.3)

It is fundamental to the Dirac theory that the physics of a spinor field is the same in
all equivalent representations of the Clifford algebra. Thus we are really concerned with
classes of representations related by conjugacy, i.e.

γ ′μ = Sγ μS−1 . (3.4)

Since we consider only hermitian representations, in which (3.3) holds, the matrix S must
be unitary. Given any two equivalent representations, the transformation matrix S is unique
up to a phase factor. Up to this conjugation, there is a unique irreducible representation
(irrep) of the Clifford algebra by 2m ×2m matrices for even dimension D = 2m. Any other
representation is reducible and equivalent to a direct sum of copies of the irrep above. One
can always choose a hermitian irrep, defined as one which satisfies (3.3). In odd dimensions
there are two mathematically inequivalent irreps, which differ only in the sign of the ‘final’
±γ 2m+1. In this book we will always use a hermitian irrep of the γ -matrices. Physical
consequences are independent of the particular representation chosen.

3.1.2 The complete Clifford algebra

The full Clifford algebra consists of the identity , the D generating elements γ μ, plus
all independent matrices formed from products of the generators. Since symmetric prod-
ucts reduce to a product containing fewer γ -matrices by (3.1), the new elements must be
antisymmetric products. We thus define



3.1 The Clifford algebra in general dimension 41

γ μ1...μr = γ [μ1 . . . γ μr ] , e.g. γ μν = 1
2

(
γ μγ ν − γ νγ μ

)
, (3.5)

where the antisymmetrization indicated with [. . .] is always with total weight 1. Thus the
right-hand side of (3.5) contains the overall factor 1/r ! times a sum of r ! signed permuta-
tions of the indices. Non-vanishing tensor components can be written as the products

γ μ1μ2...μr = γ μ1γ μ2 · · · γ μr where μ1 �= μ2 �= · · · �= μr . (3.6)

All these matrices are traceless (a proof can be found in Appendix 3A), except for the
lowest rank r = 0, which is the unit matrix, and the highest rank matrix with r = D,
which is traceless only for even D as we will see below.

There are C D
r (binomial coefficients) independent index choices at rank r . For even

spacetime dimension the matrices are linearly independent, so that the Clifford algebra is
an algebra of dimension 2D .

Exercise 3.1 Show that the higher rank γ -matrices can be defined as the alternate
commutators or anti-commutators

γ μν = 1
2 [γ μ, γ ν] ,

γ μ1μ2μ3 = 1
2 {γ μ1 , γ μ2μ3} ,

γ μ1μ2μ3μ4 = 1
2 [γ μ1 , γ μ2μ3μ4 ] ,

etc. (3.7)

Exercise 3.2 Show that γ μ1...μD = 1
2

(
γ μ1γ μ2...μD − (−)Dγ μ2...μDγ μ1

)
. Thus,

Tr γ μ1...μD vanishes for even D.

3.1.3 Levi-Civita symbol

We need a short technical digression to introduce the Levi-Civita symbol and derive some
of its properties. In every dimension D this is defined as the totally antisymmetric rank D
tensor εμ1μ2...μD or εμ1μ2...μD with

ε012(D−1) = 1 , ε012(D−1) = −1 . (3.8)

Indices are raised using the Minkowski metric which leads to the difference in sign above
(due to the single time-like direction).

Exercise 3.3 Prove the contraction identity for these tensors:

εμ1...μnν1...νpε
μ1...μnρ1...ρp = − p! n! δρ1···ρp

ν1···νp , p = D − n . (3.9)

The antisymmetric p-index Kronecker δ is in turn defined by

δ
ρ1···ρp
ν1...νq ≡ δ[ρ1

ν1
δρ2
ν2
· · · δρp]

νq , (3.10)

which includes a signed sum over p! permutations of the lower indices, each with a coeffi-
cient 1/p!, such that the ‘total weight’ is 1 (as in (A.8)).
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In four dimensions the totally antisymmetric Levi-Civita tensor symbol is written as
εμνρσ . Because an antisymmetric tensor of rank 5 necessarily vanishes when D = 4, this
satisfies the Schouten identity

0 = 5δμ
[νερστλ] ≡ δμ

νερστλ + δμ
ρεστλν + δμ

σ ετλνρ + δμ
τ ελνρσ + δμ

λενρστ . (3.11)

3.1.4 Practical γ -matrix manipulation

Supersymmetry and supergravity theories emerge from the concept of fermion spin. It
should be no surprise that intricate features of the Clifford algebra are needed to establish
and explore the physical properties of these field theories. In this section we explain some
useful tricks to multiply γ -matrices. The results are valid for both even and odd D.

Consider first products with index contractions such as

γ μνγν = (D − 1)γ μ . (3.12)

You can memorize this rule, but it is easier to recall the simple logic behind it: ν runs over
all values except μ, so there are (D− 1) terms in the sum. Similar logic explains the result

γ μνργρ = (D − 2)γ μν , (3.13)

or even more generally

γ μ1...μr ν1...νsγνs ...ν1 =
(D − r)!

(D − r − s)!γ
μ1...μr . (3.14)

Indeed, first we can write γνs ...ν1 as the product γνs . . . γν1 since the antisymmetry is guar-
anteed by the first factor. Then the index νs has (D − (r + s − 1)) values, while νs−1 has
(D− (r + s−2)) values, and this pattern continues to (D− r) values for the last one. Note
that the second γ on the left-hand side has its indices in opposite order, so that no signs
appear when contracting the indices. It is useful to remember the general order reversal
symmetry, which is

γ ν1...νr = (−)r(r−1)/2γ νr ...ν1 . (3.15)

The sign factor (−)r(r−1)/2 is negative for r = 2, 3 mod 4.
Even if one does not sum over indices, similar combinatorial tricks can be used. For

example, when calculating

γ μ1μ2γν1...νD , (3.16)

one knows that the index values μ1 and μ2 appear in the set of {νi }. There are D possi-
bilities for μ2, and since μ1 should be different, there remain D − 1 possibilities for μ1.
Hence the result is

γ μ1μ2γν1...νD = D(D − 1)δμ2μ1
[ν1ν2

γν3...νD] . (3.17)

Note that such generalized δ-functions are always normalized with ‘weight 1’, i.e.

δμ2μ1
ν1ν2

= 1
2

(
δμ2
ν1
δμ1
ν2
− δμ1

ν1
δμ2
ν2

)
. (3.18)
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This makes contractions easy; e.g. we obtain from (3.17)

γ μ1μ2γν1...νDε
ν1...νD = D(D − 1)εμ2μ1ν3...νDγν3...νD . (3.19)

We now consider products of γ -matrices without index contractions. The very simplest
case is

γ μγ ν = γ μν + ημν . (3.20)

This follows directly from the definitions: the antisymmetric part of the product is defined
in (3.5) to be γ μν , while the symmetric part of the product is ημν , by virtue of (3.1). This
already illustrates the general approach: one first writes the totally antisymmetric Clifford
matrix that contains all the indices and then adds terms for all possible index pairings.

Here is another example:

γ μνργστ = γ μνρστ + 6γ [μν [τ δρ]σ ] + 6γ [μδν [τ δρ]σ ] . (3.21)

This follows the same pattern. We write the indices στ in down position to make it easier
to indicate the antisymmetry. The second term contains one contraction. One can choose
three indices from the first factor and two indices from the second one, which gives the fac-
tor 6. For the third term there are also six ways to make two contractions. The δ-functions
contract indices that were adjacent, or separated by already contracted indices, so that no
minus signs appear.

Exercise 3.4 As a similar exercise, derive

γ μ1...μ4γν1ν2 = γ μ1...μ4
ν1ν2 + 8γ [μ1...μ3 [ν2δ

μ4]
ν1] + 12γ [μ1μ2δμ3 [ν2δ

μ4]
ν1] . (3.22)

Finally, we consider products with both contracted and uncontracted indices. Consider
γ μ1...μ4ργρν1ν2 . The result should contain terms similar to (3.22), but each term has an extra
numerical factor reflecting the number of values that ρ can take in this sum. For example,
in the second term above there is now one contraction between an upper and lower index,
and therefore ρ can run over all D values except the four values μ1, . . . μ4, and the two
values ν1, ν2. This counting gives

γ μ1...μ4ργρν1ν2 = (D − 6)γ μ1...μ4
ν1ν2 + 8(D − 5)γ [μ1...μ3 [ν2δ

μ4]
ν1]

+ 12(D − 4)γ [μ1μ2δμ3 [ν2δ
μ4]

ν1] . (3.23)

Exercise 3.5 Show that

γνγ
μγ ν = (2− D)γ μ ,

γργ
μνγ ρ = (D − 4)γ μν . (3.24)

Derive the general form γργ
μ1μ2...μr γ ρ = (−)r (D − 2r)γ μ1μ2...μr .

3.1.5 Basis of the algebra for even dimension D = 2m

To continue our study we restrict to even-dimensional spacetime and construct an orthog-
onal basis of the Clifford algebra. It will be easy to extend the results to odd D later.
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The basis is denoted by the following list {�A} of matrices chosen from those defined in
Sec. 3.1.2:

{�A = , γ μ, γ μ1μ2 , γ μ1μ2μ3 , · · · , γ μ1···μD } . (3.25)

Index values satisfy the conditions μ1 < μ2 < . . . < μr . There are C D
r distinct index

choices at each rank r and a total of 2D matrices. To see that this is a basis, it is convenient
to define the reverse order list

{�A = , γμ, γμ2μ1 , γμ3μ2μ1 , . . . , γμD ···μ1} . (3.26)

By (3.15) the matrices of this list differ from those of (3.25) by sign factors only.

Exercise 3.6 Show that �A�B = ±�C , where �C is the basis element whose indices are
those of A and B with common indices excluded. Derive the trace orthogonality property

Tr(�A�B) = 2m δA
B . (3.27)

The list (3.25) contains 2D trace orthogonal matrices in an algebra of total dimension
2D . Therefore it is a basis of the space of matrices M of dimension 2m × 2m .

Exercise 3.7 Show that any matrix M can be expanded in the basis {�A} as

M =
∑

A

m A�
A , m A = 1

2m ă
Tr(M�A) . (3.28)

Readers may already have noted that the signature of spacetime has played little role in
the discussion above. The basic conclusion that there is a unique representation of the Clif-
ford algebra of dimension 2m is true for pseudo-Euclidean metrics of any signature (p, q).
Another general fact is that the second rank Clifford elements γ μν are the generators of a
representation of the Lie algebra so(p, q), with p+q = D = 2m; see (1.34) with the met-
ric signature (p, q). Only the hermiticity properties depend on the signature in an obvious
fashion.

Exercise 3.8 Show that

Tr γ μγ νγ ργ σ = 2m[ημνηρσ − ημρηνσ + ημσ ηνρ] . (3.29)

Exercise 3.9 Count the number of elements in the basis (3.25) for odd dimensions D =
2m + 1, and see that it contains twice the number of independent 2m × 2m matrices.
Check that we already have enough matrices if we consider the matrices up to γμ1...μ(D−1)/2 .
Therefore the results of this section hold only for even dimensions and will have to be
modified for odd dimensions; see Sec. 3.1.7.

3.1.6 The highest rank Clifford algebra element

For several reasons it is useful to study the highest rank tensor element of the Clifford
algebra. It provides the link between even and odd dimensions and it is closely related to
the chirality of fermions, an important physical property. We define
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γ∗ ≡ (−i)m+1γ0γ1 . . . γD−1 , (3.30)

which satisfies γ 2∗ = in every even dimension and is hermitian. For spacetime dimension
D = 2m, the matrix γ∗ is frequently called γD+1 in the physics literature, as in four
dimensions where it is called γ5.

This matrix occurs as the unique highest rank element in (3.25). For any order of com-
ponents μi , one can write

γμ1μ2···μD = im+1εμ1μ2···μD γ∗ , (3.31)

where the Levi-Civita tensor introduced in Sec. 3.1.3 is used.

Exercise 3.10 Show that γ∗ commutes with all even rank elements of the Clifford alge-
bra and anti-commutes with all odd rank elements. Thus, for example,{

γ∗, γ μ
} = 0 , (3.32)[

γ∗, γ μν
] = 0 . (3.33)

Since γ 2∗ = and Tr γ∗ = 0, it follows that one can choose a representation in which

γ∗ =
(

0
0 −

)
. (3.34)

Some exercises follow, which illustrate the properties of a representation of the full Clifford
algebra in which γ∗ takes the form in (3.34).

Exercise 3.11 Assume a general block form,

γ μ =
(

A B
C D

)
, (3.35)

for the generating elements in a basis where (3.34) holds. Show that (3.32) implies the
block off-diagonal form

γ μ =
(

0 σμ

σ̄μ 0

)
, (3.36)

in which the matrices σμ and σ̄ μ are 2m−1 × 2m−1 generalizations of the explicit Weyl
matrices of (2.2).

Exercise 3.12 Show that the matrices σμ and σ̄ μ satisfy (2.4) and that Tr(σμσ̄ν) =
2(m−1)δ

μ
ν .

Exercise 3.13 Show similarly that (3.33) implies that the second rank matrices take the
block diagonal form

�μν = 1

2
γ μν = 1

4

(
σμσ̄ ν − σνσ̄μ 0

0 σ̄ μσ ν − σ̄ νσμ

)
. (3.37)

This exercise shows explicitly that the Dirac representation of so(D − 1, 1), which is
generated by �μν , is reducible (for even D). The matrices of the upper and lower blocks
in (3.37) are generators of two subrepresentations, which are inequivalent and irreducible.
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(Indeed they are related to the two fundamental spinor representations of Dm denoted by
Dynkin integers (0, 0, . . . , 1, 0) and (0, 0, . . . , 0, 1).)

Exercise 3.14 Show that all requirements are satisfied by generalized Weyl matrices
in which the spatial matrices are σ i = σ̄ i , where the σ i are hermitian generators of the
Clifford algebra in odd dimension 2m − 1 Euclidean space, and the time matrices are
σ 0 = −σ̄ 0 = . Thus the form of the Weyl matrices in D = 2m dimensions is the same as
in D = 4.

It is frequently useful to note that the Weyl fields ψ and χ can be obtained from a Dirac
� field by applying the chiral projectors

PL = 1
2 ( + γ∗) , PR = 1

2 ( − γ∗) . (3.38)

Thus (
ψ

0

)
≡ PL� ,

(
0
χ̄

)
≡ PR� . (3.39)

The specific Weyl representation (3.36) will rarely be used in the rest of this book. How-
ever, we will use the projectors PL and PR to define the chiral parts of Dirac (and Majorana)
spinors in a general representation of the γ -matrices.

Exercise 3.15 Show that the matrices (3.38) project to orthogonal subspaces, i.e.
PL PL = PL, PR PR = PR and PL PR = 0. No specific choice of the Clifford algebra
representation is needed.

3.1.7 Odd spacetime dimension D = 2m + 1

The basic idea that we need is that the Clifford algebra for dimension D = 2m + 1 can be
obtained by reorganizing the matrices in the Clifford algebra for dimension D = 2m. In
particular we can define two sets of 2m + 1 generating elements by adjoining the highest
rank γ∗ as follows:

γ±μ = (γ 0, γ 1, . . . , γ (2m−1), γ 2m = ±γ∗) . (3.40)

This gives us two sets of matrices, which each satisfy (2.18) for dimension D = 2m + 1.
The two sets {γ μ±} are not equivalent, but they lead to equivalent representations of the
Lorentz group; see Appendix 3A.3.

The main difference with the case of even dimensions is that the matrices in the list (3.25)
are not all independent and are thus an over-complete set. Indeed, the highest element of
that list, which is the product of all γ -matrices, is, due to (3.40), a phase factor times the
unit matrix. More generally, the rank r and rank D − r sectors are related by the duality
relations

γ
μ1...μr± = ±im+1 1

(D − r)!ε
μ1...μDγ±μD ...μr+1 . (3.41)
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Note that the order of the indices in the γ -matrix on the right-hand side is reversed. Other-
wise there would be different sign factors.

Exercise 3.16 Prove the relation (3.41) and the analogous but different relation for even
dimension:

γ μ1μ2...μr γ∗ = −(−i)m+1 1

(D − r)!ε
μrμr−1...μ1ν1ν2...νD−r γν1ν2...νD−r . (3.42)

You can use the tricks explained in Sec. 3.1.4. Show that in four dimensions

γμνρ = iεμνρσ γ
σ γ∗ . (3.43)

Thus, a basis of the Clifford algebra in D = 2m+ 1 dimensions contains the matrices in
(3.25) only up to rank m. This agrees with the counting argument in Ex. 3.9. For example,
the set { , γ μ, γ μν} of 1 + 5 + 10 = 16 matrices is a basis of the Clifford algebra for
D = 5. Ex. 3.16 shows that it is a rearrangement of the basis {�A} for D = 4.

3.1.8 Symmetries of γ -matrices

In the Clifford algebra of the 2m × 2m matrices, for both D = 2m and D = 2m + 1, one
can distinguish between the symmetric and the antisymmetric matrices where the symme-
try property is defined in the following way. There exists a unitary matrix, C , called the
charge conjugation matrix, such that each matrix C�A is either symmetric or antisymmet-
ric. Symmetry depends only on the rank r of the matrix �A, so we can write:

(C�(r))T = −tr C�(r) , tr = ±1 , (3.44)

where �(r) is a matrix in the set (3.25) of rank r . (The − sign in (3.44) is convenient for
later manipulations.) For rank r = 0 and 1, one obtains from (3.44)

CT = −t0C , γ μT = t0t1 Cγ μC−1 . (3.45)

These relations suffice to determine the symmetries of all Cγ μ1...μr and thus all coefficients
tr : e.g. t2 = −t0 and t3 = −t1. Further, tr+4 = tr .

Exercise 3.17 A formal proof of the existence of C can be found in [10, 11], but you
can check that the following two matrices satisfy (3.45) for even D. They are given in the
product representation of (3.2):1

C+ = σ1 ⊗ σ2 ⊗ σ1 ⊗ σ2 ⊗ . . . , t0t1 = 1 ,
C− = σ2 ⊗ σ1 ⊗ σ2 ⊗ σ1 ⊗ . . . , t0t1 = −1 .

(3.46)

The values of t0 and t1 (thus all tr ) depend on the spacetime dimension D modulo 8
and on the rank r modulo 4, and are given in Table (3.1). The entries in the table are
determined by counting the number of independent symmetric and antisymmetric matrices
in every dimension; see Appendix 3A.4. An exercise for the simple case D = 5 follows
below. For even dimension both C+ and C− are possible choices. One can go from one to

1 We consider here only the Minkowski signature of spacetime. A full treatment is given in [12], for which you
should set ε = t0 and η = −t0t1.
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Table 3.1 Symmetries of γ -matrices. The entries contain the numbers
r mod 4 for which tr = ±1. For even dimensions, in bold face are the

choices that are most convenient for supersymmetry.

D (mod 8) tr = −1 tr = +1

0 0, 3 2, 1
0, 1 2, 3

1 0, 1 2, 3

2 0, 1 2, 3
1, 2 0, 3

3 1, 2 0, 3

4 1, 2 0, 3
2, 3 0, 1

5 2, 3 0, 1

6 2, 3 0, 1
0, 3 1, 2

7 0, 3 1, 2

the other by replacing the charge conjugation matrix C by Cγ∗ (up to a normalizing phase
factor). For applications in supersymmetry we need the choice indicated in bold face. For
odd dimension, C is unique (again up to a phase factor).

Exercise 3.18 Check that in five dimensions, where the Clifford algebra basis contains
only matrices of rank 0, 1 and 2, the numbers in the table are fixed by counting the number
of matrices of each rank. The count must conform to the requirement that there are 10
symmetric and 6 antisymmetric matrices in a basis of 4× 4 matrices.

Since we use hermitian representations, which satisfy (3.3), the symmetry property of
a γ -matrix determines also its complex conjugation property. To see this, we define the
unitary matrix

B = it0Cγ 0 . (3.47)

Exercise 3.19 Derive

γ μ∗ = −t0t1 Bγ μB−1 . (3.48)

Exercise 3.20 Prove that B∗B = −t1 .

Exercise 3.21 Show that, in the Weyl representation (2.19), one can choose B =
γ 0γ 1γ 3, which is real, symmetric, and satisfies B2 = . Then C = iγ 3γ 1.

The properties (3.45) and (3.48) hold for the representation (3.2) using the matrices
(3.46) and (3.47). In another representation, related by (3.4), the C and B matrices are
given by

C ′ = S−1 T C S−1 , B ′ = S−1 T B S−1 . (3.49)
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Majorana conjugation Box 3.1

Since symmetries of spinor bilinears are important for supersymmetry, we use the Majorana conjugate to
define λ̄.

3.2 Spinors in general dimensions

In Ch. 2 we used complex spinors. We defined the Dirac adjoint (2.30), which involves
the complex conjugate spinor, and used it to obtain a Lorentz invariant bilinear form. In
this section we start rather differently. We define the ‘Majorana conjugate’ of any spinor λ
using its transpose and the charge conjugation matrix,

λ̄ ≡ λT C . (3.50)

The bilinear form λ̄χ is Lorentz invariant as readers will show in Ex. 3.23 below. It is
appropriate to use (3.50) in supersymmetry and supergravity in which the symmetry prop-
erties of γ -matrices and of spinor bilinears are very important and these properties are
determined by C . For Majorana spinors, to be defined in Sec. 3.3, the definitions (3.50)
and (2.30) are equivalent.

Unless otherwise stated, we assume in this book that spinor components are anti-
commuting Grassmann numbers. This reflects the important physical relation between spin
and statistics.

3.2.1 Spinors and spinor bilinears

Using the definition (3.50) and the property (3.44), we obtain

λ̄γμ1...μrχ = tr χ̄γμ1...μrλ . (3.51)

The minus sign obtained by changing the order of Grassmann valued spinor components
has been incorporated. The symmetry property (3.51) is valid for Dirac spinors, but its main
application for us will be to Majorana spinors. For this reason we use the term ‘Majorana
flip relations’ to refer to (3.51).

We now give some further relations that are useful for spinor manipulations. In fact, the
same sign factors can be used for a longer chain of Clifford matrices:

λ̄�(r1)�(r2) · · ·�(rp)χ = t p−1
0 tr1 tr2 · · · trp χ̄�

(rp) · · ·�(r2)�(r1)λ , (3.52)

where �(r) stands for any rank r matrix γμ1...μr . Note that the prefactor t p−1
0 is not relevant

in four dimensions, where t0 = 1.



50 Clifford algebras and spinors

Exercise 3.22 One often encounters the special case that the bilinear contains the prod-
uct of individual γ μ-matrices. Prove that for the Majorana dimensions D = 2, 3, 4 mod 8,

λ̄γ μ1γ μ2 · · · γ μpχ = (−)pχ̄γ μp · · · γ μ2γ μ1λ . (3.53)

The previous relations imply also the following rule. For any relation between spinors
that includes γ -matrices, there is a corresponding relation between the barred spinors,

χμ1...μr = γμ1...μrλ �⇒ χ̄μ1...μr = t0tr λ̄γμ1...μr , (3.54)

and similar for longer chains,

χ = �(r1)�(r2) · · ·�(rp)λ �⇒ χ̄ = t p
0 tr1 tr2 · · · trp λ̄�

(rp) · · ·�(r2)�(r1) . (3.55)

In even dimensions we define left-handed and right-handed parts of spinors using the
projection matrices (3.38). The definition (3.50) implies that the chirality of the conjugate
spinor depends on t0tD , and we obtain2

χ = PLλ → χ̄ =
{
λ̄PL , for D = 0, 4, 8, . . . ,
λ̄PR, for D = 2, 6, 10, . . . .

(3.56)

Exercise 3.23 Using the ‘spin part’ of the infinitesimal Lorentz transformation (2.25),

δχ = − 1
4λ

μνγμνχ , (3.57)

prove that the spinor bilinear λ̄χ is a Lorentz scalar.

3.2.2 Spinor indices

For most of this book we do not need spinor indices because they appear contracted within
Lorentz covariant expressions. However, in some cases indices are necessary, for example,
to write (anti-)commutation relations of supersymmetry generators. The components of
the basic spinor λ are indicated as λα . The components of the barred spinor defined in
(3.50) are indicated with upper indices: λα . Sometimes we write λ̄α to stress that these are
the components of the barred spinor, but in fact the bar can be omitted. We introduce the
raising matrix Cαβ such that

λα = Cαβλβ . (3.58)

Comparing with (3.50) we see that Cαβ are the components of the matrix CT . Note that
the summation index β in (3.58) appears in a northwest–southeast (NW–SE) line in the

2 The definition (2.30) would always lead to χ̄ = λ̄PR .
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equation when adjacent indices are contracted. Therefore, this convention is frequently
called the NW–SE spinor convention. This is relevant when the raising matrix is antisym-
metric (t0 = 1 in the terminology of Table 3.1). Most applications in the book are for
dimensions in which this is the case, e.g. D = 2, 3, 4, 5, 10, 11.

We also introduce a lowering matrix such that (again NW–SE contraction)

λα = λβCβα . (3.59)

In order for these two equations to be consistent, we must require

CαβCγβ = δγ
α , CβαCβγ = δα

γ . (3.60)

Hence Cαβ are the components of C−1, and the unitarity of C implies then (Cαβ)∗ = Cαβ .
When we write a covariant spinor bilinear with components explicitly indicated, the

γ -matrices are written as (γμ)αβ . For example, for the simplest case,

χ̄γμλ = χα(γμ)α
βλβ , (3.61)

where again all contractions are NW–SE.
One can now raise or lower indices consistently. For example, one can define

(γμ)αβ = (γμ)α
γ Cγβ . (3.62)

These γ -matrices with indices at the ‘same level’ have a definite symmetry or antisymme-
try property, which follows from (3.44):

(γμ1...μr )αβ = −tr (γμ1...μr )βα . (3.63)

An interesting property is that

λαχα = −t0λαχ
α . (3.64)

Thus, in four dimensions, raising and lowering a contracted index produces a minus sign.
The same property can be used when the contracted indices involved are on γ -matrices,
e.g. γμαβγνβγ = −t0γμαβγνβγ .

Exercise 3.24 Using this property and (3.63) prove the relation (3.52). Do not forget
the sign due to interchange of two (anti-commuting) spinors.

Exercise 3.25 Show that, using the index raising and lowering conventions, Cαβ = δ
β
α ,

and for D = 4 that Cαβ = −δαβ .
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3.2.3 Fierz rearrangement

In this subsection we study an important consequence of the completeness of the Clifford
algebra basis {�A} in (3.25). As we saw in Ex. 3.7 completeness means that any matrix
M has a unique expansion in the basis with coefficients obtained using trace orthogonal-
ity. The expansion was derived for even D = 2m in Ex. 3.7, but it is also valid for odd
D = 2m + 1 provided that the sum is restricted to rank r ≤ m. We saw at the end of
Sec. 3.1.7 that the list of (3.25) is complete for odd D when so restricted. The rearrange-
ment properties we derive using completeness are frequently needed in supergravity. These
involve changing the pairing of spinors in products of spinor bilinears, which is called a
‘Fierz rearrangement’.

Let’s proceed to derive the basic Fierz identity. Using spinor indices, we can regard the
quantity δαβδγ δ as a matrix in the indices γ β with the indices α δ as inert ‘spectators’. We

apply (3.28) in the detailed form δ
β
α δ

δ
γ =

∑
A(m A)

δ
α(�A)γ

β . The coefficients are (m A)
δ
α =

2−mδα
βδγ

δ(�A)β
γ = 2−m(�A)α

δ . Therefore, we obtain the basic rearrangement lemma

δα
βδγ

δ = 1

2m

∑
A

(�A)α
δ(�A)γ

β . (3.65)

Note that the ‘column indices’ on the left- and right-hand sides have been exchanged.

Exercise 3.26 Derive the following result:

(γ μ)α
β(γμ)γ

δ = 1

2m

∑
A

vA(�A)α
δ(�A)γ

β , (3.66)

and prove that the explicit values of the expansion coefficients are given by vA =
(−)rA (D − 2rA), where rA is the tensor rank of the Clifford basis element �A.

Exercise 3.27 Lower the β and δ index in the result of the previous exercise and con-
sider the completely symmetric part in (βγ δ). The left-hand side is only non-vanishing for
dimensions in which t1 = −1. Consider the right-hand side and use Table 3.1 and the
result for vA to prove that for D = 3 and D = 4 only rank 1 γ -matrices contribute to the
right-hand side. For D = 4 you have to use the bold face row in the table to arrive at this
result. You can also check that there are no other dimensions where this occurs.

The previous exercise implies that, for D = 3 and D = 4,

(γμ)α(β(γ
μ)γ δ) = 0 . (3.67)

This is called the cyclic identity and is important in the context of string and brane actions.
It can be extended to some other dimensions under further restrictions.3 Multiplying the
equations with three spinors λβ1 , λγ2 and λγ3 , equation (3.67) can be written as

γμλ[1λ̄2γ
μλ3] = 0 , (3.68)

3 For D = 2 and D = 10 this equation holds when contracted with chiral spinors. Owing to (3.56) only odd
rank γ -matrices then occur in the sum over A. This is sufficient to extend the result (3.67) to these cases. With
the same restrictions of chirality there is for D = 6 an analogous identity for the completely antisymmetric
part in [βγ δ].
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where the symmetry of the indices in (3.67) is transformed to an antisymmetry between
the three spinors due to the anti-commutating nature of spinors. This result is important to
construct supersymmetric Yang–Mills theories; see Sec. 6.3.

The following application of Fierz rearrangement is valid for any set of four anti-
commuting spinor fields. The basic Fierz identity (3.65) immediately gives

λ̄1λ2λ̄3λ4 = − 1

2m

∑
A

λ̄1�
Aλ4λ̄3�Aλ2 . (3.69)

This can be generalized to include general matrices M, M ′ of the Clifford algebra.

Exercise 3.28 Show that

λ̄1 Mλ2λ̄3 M ′λ4 = − 1

2m

∑
A

λ̄1 M�A M ′λ4λ̄3�
Aλ2

= − 1

2m

∑
A

λ̄1�A M ′λ4λ̄3�
A Mλ2 . (3.70)

When λ1,2,3,4 are not all independent, it is frequently the case that some terms in the
rearranged sum vanish due to symmetry relations such as (3.51).

One can write the Fierz relation (3.65) in the alternative form:

M = 2−m
[D]∑
k=0

1
k!�μ1...μk Tr

(
�μk ...μ1 M

)
(3.71)

where { [D] = D, for even D ,

[D] = (D − 1)/2, for odd D .

The factor 1/k! compensates for the fact that in the sum over μ1 . . . μk each matrix of the
basis appears k! times.

Exercise 3.29 Prove the following chiral Fierz identities for D = 4:

PLχλ̄PL = − 1
2 PL

(
λ̄PLχ

)+ 1
8 PLγ

μν
(
λ̄γμν PLχ

)
,

PLχλ̄PR = − 1
2 PLγ

μ
(
λ̄γμPLχ

)
. (3.72)

You will need (3.42) to combine terms in (3.71).

Exercise 3.30 Prove that for D = 5 the matrix χλ̄− λχ̄ can be written as

χλ̄− λχ̄ = γμν(λ̄γ
μνχ) . (3.73)

Readers who understand the Majorana flip properties (3.51) and Fierz rearrangement are
well equipped for supersymmetry and supergravity!
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Box 3.2 Charge conjugation

Complex conjugation can be replaced by charge conjugation, an operation that acts as complex conjugation
on scalars, and has a simple action on fermion bilinears. For example, it preserves the order of spinor factors.

3.2.4 Reality

In this chapter, we have not yet discussed the complex conjugation of the spinor fields we
are working with. Complex conjugation is necessary for such purposes as the verification
that a term in the Lagrangian involving spinor bilinears is hermitian. But the complex con-
jugation of a bilinear4 is an awkward operation since the hermiticity of both the C matrix in
(3.50) and γ -matrices is involved. Therefore we present a related operation called charge
conjugation which is much simpler in practice. For any scalar, defined here as a quantity
whose spinor indices are fully contracted, charge conjugation and complex conjugation are
the same. Since the Lagrangian is a scalar, charge conjugation can be used to manipulate
the terms it contains.

First we define the charge conjugate of any spinor as

λC ≡ B−1λ∗ . (3.74)

The barred charge conjugate spinor is then, using (3.50) and (3.47),

λC = (−t0t1)iλ
†γ 0 . (3.75)

Note that this is the Dirac conjugate as defined in (2.30) except for the numerical factor
(−t0t1). The meaning of this will become clear below when we discuss Majorana spinors.
Note that (−t0t1) = +1 in 2, 3, 4, 10 or 11 dimensions.5

The charge conjugate of any 2m × 2m matrix M is defined as

MC ≡ B−1 M∗B . (3.76)

Charge conjugation does not change the order of matrices: (M N )C = MC N C . In practice
the matrices M we deal with are products of γ -matrices. Hence, we need only the charge
conjugation property of the generating γ -matrices, which is

(γμ)
C ≡ B−1γ ∗μB = (−t0t1)γμ . (3.77)

Exercise 3.31 Start from (3.77) (and note that charge conjugation on any number is
just complex conjugation). Prove that

(γ∗)C = (−)D/2+1γ∗ . (3.78)

4 We use the convention that the order of fermion fields is reversed in the process of complex conjugation. See
(A.16) with β = 1.

5 For these dimensions the spinor bilinears of Chs. 2 and 3 are related by (λ̄χ)Ch.2 = (λCχ)Ch.3.



3.3 Majorana spinors 55

With these ingredients, we can derive the following rule for complex conjugation of a
spinor bilinear involving an arbitrary matrix M :

(χ̄Mλ)∗ ≡ (χ̄Mλ)C = (−t0t1)χC MCλC . (3.79)

A ‘hidden’ interchange of the order of the fermion fields is needed in the derivation, but
there is no change of order in the final result for the charge conjugate of any bilinear. One
may think of this relation as the appropriate conjugation property when the conjugate of a
spinor is defined as in (3.50).

Exercise 3.32 It is important that any spinor λ and its conjugate λC transform in the
same way under a Lorentz transformation. Prove this using (3.57) and the rules above. If
the matrix M is a Clifford element of rank r , i.e. M = γμ1...μr , then both sides of (3.79)
transform as tensors of rank r .

Exercise 3.33 Show that for any spinor (λC )C = −t1λ, and for any matrix
(MC )C = M.

Exercise 3.34 Suppose that ψ(x) is a fermion field which satisfies the free massive
Dirac equation /∂ψ = mψ for D = 4. Show that the charge conjugate field ψC satisfies the
same equation. This exercise gives some physical motivation for the definition of Majorana
spinors in the next section.

3.3 Majorana spinors

The concept of supersymmetry is closely tied to the relativistic treatment of particle spin.
Indeed the transformation parameters are spinors εα . It is reasonable to suppose that the
simplest supersymmetric field theories in each spacetime dimension D are based on the
simplest spinors that are compatible with invariance under the Lorentz group SO(D−1, 1).
In even dimension D = 2m we already know that Weyl fields, rather than Dirac fields,
transform irreducibly under Lorentz transformations. Weyl fields were first discussed in
Sec. 2.6. They have 2m−1 complex components while a Dirac field has 2m complex com-
ponents. Weyl fields can be obtained by applying the chiral projector PL or PR to a Dirac
field.

In this section we introduce Majorana fields, which are Dirac fields that satisfy an addi-
tional ‘reality condition’. This condition reduces the number of independent components
by a factor of 2. Thus, like Weyl fields, a Majorana spinor field has half the degrees of free-
dom and can be viewed as more fundamental than a complex Dirac field. Physically the
properties of particles described by a Majorana field are similar to Dirac particles, except
that particles and anti-particles are identical. The spin states of massive and massless
Majorana spinors transform in representations of SO(D− 1) and SO(D− 2), respectively.
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3.3.1 Definition and properties

The results of Sec. 3.2.4 suggest that it might be possible to impose the reality constraint

ψ = ψC = B−1ψ∗ , i.e. ψ∗ = Bψ , (3.80)

on a spinor field. Ex. 3.32 shows that both sides transform in the same way under Lorentz
transformations in any dimension D, so the constraint is compatible with Lorentz symme-
try. In fact (3.80) is the defining condition for Majorana spinors. However, there is a subtle
and important consistency condition that we now derive, which restricts the spacetime
dimension in which Majorana spinors can exist. It is easy to see that the reality condition
(3.80) is not automatically consistent. Take the complex conjugate of the second form of
the condition and use it again to obtain ψ = B∗B ψ . Thus the reality condition is mathe-
matically consistent only if B∗B = . Using Ex. 3.20, we see that this requires6 t1 = −1.

The two possible values t0 = ±1 must be considered, and we begin with the case t0 =
+1. Consulting Table 3.1, we see that t0 = +1 holds for spacetime dimension D = 2, 3, 4,
mod 8. In this case we call the spinors that satisfy (3.80) Majorana spinors. It is clear from
(3.75) that if t0 = 1 and t1 = −1, the barred (3.50) and Dirac adjoint spinors (2.30) agree
for Majorana spinors. In fact, this gives an alternative definition of a Majorana spinor.

Another fact about the Majorana case is that there are representations of the γ -matrices
that are explicitly real and may be called really real representations. Here is a really real
representation for D = 4:

γ 0 =
(

0
− 0

)
= iσ2 ⊗ ,

γ 1 =
(

0
0 −

)
= σ3 ⊗ ,

γ 2 =
(

0 σ1

σ1 0

)
= σ1 ⊗ σ1 ,

γ 3 =
(

0 σ3

σ3 0

)
= σ1 ⊗ σ3 . (3.81)

Note that the γ i are symmetric, while γ 0 is antisymmetric. This is required by hermiticity
in any real representation. We construct really real representations in all allowed dimen-
sions D = 2, 3, 4 mod 8 in Appendix 3A.5.

In such representations (3.48) implies that B = (up to a phase). The relation (3.47)
then gives C = iγ 0. Further, a Majorana spinor field is really real since (3.80) reduces to
�∗ = �.

Really real representations are sometimes convenient, but we emphasize that the physics
of Majorana spinors is the same in, and can be explored in, any representation of the Clif-
ford algebra, replacing complex conjugation with charge conjugation. For convenience we

6 This manipulation is the same as working out Ex. 3.33, and this thus leads to the same result.
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often write ‘complex conjugation’ when in fact we use ‘charge conjugation’. For exam-
ple, the complex conjugate of χ̄γμ1...μrψ , where χ and ψ are Majorana, is computed as
follows. We follow Sec. 3.2.4 and write

(χ̄γμ1...μrψ)
∗ = (χ̄γμ1...μrψ)

C = χ̄ (γμ1...μr )
Cψ = χ̄γμ1...μrψ . (3.82)

We used the reality conditions ψC = ψ and χ̄C = χ̄C as well as (3.77) to deduce this
result.7 Hence, bilinears such as χ̄ψ and χ̄γμ1...μrψ are real.

When t0 = −1 (and still t1 = −1) spinors that satisfy (3.80) are called pseudo-Majorana
spinors. They are mostly relevant for D = 8 or 9. There are no really real representations
in these dimensions; instead there are representations of the Clifford algebra in which the
generating γ -matrices are imaginary, (γ μ)∗ = −γ μ. In any representation (3.79) and
(3.77) hold with t0 = t1 = −1. This implies that the reality properties of bilinears are
different from those of Majorana spinors. Although these differences are significant, the
essential property that a complex spinor can be reduced to a real one still holds, and it
is common in the literature not to distinguish between Majorana and pseudo-Majorana
spinors. However, note the following.

Exercise 3.35 Show that the mass term mχ̄χ = 0 for a single pseudo-Majorana field.
Pseudo-Majorana spinors must be massless (unless paired).

We now consider (pseudo-)Majorana spinors in even dimensions D = 0, 2, 4 mod 8.
We can quickly show using (3.78) that these cases are somewhat different. For D = 2 mod
8 we have (γ∗ψ)C = γ∗ψC . Thus the two constraints

Majorana: ψC = ψ , Weyl: PL ,Rψ = ψ , (3.83)

are compatible. It is equivalent to observe that the chiral projections of a Majorana spinor
ψ satisfy

(PLψ)
C = PLψ , (PRψ)

C = PRψ . (3.84)

Thus the chiral projections of a Majorana spinor are also Majorana spinors. Each chiral
projection satisfies both constraints in (3.83) and is called a Majorana–Weyl spinor. Such
spinors have 2m−1 independent ‘real’ components in dimension D = 2m = 2 mod 8 and
are the ‘most fundamental’ spinors available in these dimensions. It is not surprising that
supergravity and superstring theories in D = 10 dimensions are based on Majorana–Weyl
spinors.

For D = 4 mod 4 dimensions we have (γ∗ψ)C = −γ∗ψC , so that the equations of
(3.84) are replaced by

(PLψ)
C = PRψ , (PRψ)

C = PLψ . (3.85)

7 Notice that Majorana spinors, which are real in the sense of C-conjugation, are not real for the original
complex conjugation, not even in the really real representation. In fact, χ̄ is purely imaginary in the really real
representation. However, under complex conjugation we should interchange the order of the spinors, which
leads to another− sign, compensating the− sign of complex conjugation of χ̄ . Neither sign appears explicitly
when one uses charge conjugation, independent of the γ -matrix representation. This illustrates how the use of
C simplifies the reality considerations.
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These equations state that the ‘left’ and ‘right’ components of a Majorana spinor are related
by charge conjugation. A direct consequence is that, for any expression involving the left-
handed projection PLψ of a Majorana spinor ψ , the corresponding expression for PRψ

follows by complex conjugation. Of course there are Weyl spinors that are chiral projec-
tions PL ,Rψ of a Dirac spinor ψ , but these cannot satisfy the Majorana condition since for
Majorana fermions (PL ,Rψ)

C = PR,Lψ .

3.3.2 Symplectic Majorana spinors

When t1 = 1 we cannot define Majorana spinors, but we can define ‘symplectic Majorana
spinors’. These consist of an even number of spinors χ i , with i = 1, . . . , 2k, which satisfy
a ‘reality condition’ containing a non-singular antisymmetric matrix εi j . The inverse matrix
εi j satisfies εi jεk j = δi

k . Symplectic Majorana spinors satisfy the condition

χ i = εi j (χ j )C = εi j B−1(χ j )∗ . (3.86)

The consistency check discussed after (3.80) now works for t1 = 1 because of the anti-
symmetric εi j .

Exercise 3.36 Check that, in five dimensions with symplectic Majorana spinors, ψ̄ iχi ≡
ψ̄ iχ jε j i is pure imaginary while ψ̄ iγμχi is real.

For dimensions D = 6 mod 8, one can use (3.78) to show that the symplectic Majorana
constraint is compatible with chirality. We can therefore define the symplectic Majorana–
Weyl spinors PLχ

i or PRχ
i .

3.3.3 Dimensions of minimal spinors

The various types of spinors we have discussed are linked to the signs of t0 and t1 as
follows:

t1 = −1 , t0 = 1 : Majorana,
t0 = −1 : pseudo-Majorana,

t1 = 1 : symplectic Majorana .
(3.87)

As explained above we no longer distinguish between Majorana and pseudo-Majorana
spinors. In any even dimension one can define Weyl spinors, while in dimensions D =
2 mod 4, one can combine the (symplectic) Majorana condition and Weyl conditions. These
facts are summarized in Table 3.2.8 For each spacetime dimension it is indicated whether
Majorana (M), Majorana–Weyl (MW), symplectic (S) or symplectic Weyl (SW) spinors
can be defined as the ‘minimal spinor’. The number of components of this minimal spinor
is given. The table is for Minkowski signature and has a periodicity of 8 in dimension.
When D is changed to D + 8, the number of spinor components is multiplied by 16. The

8 For D = 4 mod 4 we can also define Weyl spinors, but we omit this in the table.
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Table 3.2 Irreducible spinors, number of components and
symmetry properties.

dim spinor min # components antisymmetric

2 MW 1 1
3 M 2 1,2
4 M 4 1,2
5 S 8 2,3
6 SW 8 3
7 S 16 0,3
8 M 16 0,1
9 M 16 0,1
10 MW 16 1
11 M 32 1,2

final column indicates the ranks of the antisymmetric spinor bilinears, e.g. a 0 indicates
that ε̄2ε1 = −ε̄1ε2, and a 2 indicates that ε̄2γμνε1 = −ε̄1γμνε2. This entry is modulo 4, i.e.
if rank 0 is antisymmetric, then so are rank 4 and 8 bilinears. Minimal spinors in dimension
D = 2 mod 4 must have the same chirality to define a symmetry for their bilinears. The
property (3.56) then implies that non-vanishing bilinears contain an odd number of γ -
matrices. For D = 4 mod 4, there are two possibilities for reality conditions and we have
chosen the one that includes rank 1 in the column ‘antisymmetric’. This property is needed
for the supersymmetry algebra.

3.4 Majorana spinors in physical theories

3.4.1 Variation of a Majorana Lagrangian

In this section we consider a prototype action for a Majorana spinor field in dimension
D = 2, 3, 4 mod 8. Majorana and Dirac fields transform the same way under Lorentz
transformations, but Majorana spinors have half as many degrees of freedom, so we write

S[�] = − 1
2

∫
dDx �̄[γ μ∂μ − m]�(x) . (3.88)

There is an immediate and curious subtlety due to the symmetries of the matrices C and
Cγ μ. Using (3.50), we see that the mass and kinetic terms are proportional to �T C� and
�T Cγ μ∂μ�. Suppose that the field components � are conventional commuting numbers.
Since C is antisymmetric, the mass term vanishes. Since Cγ μ is symmetric, the kinetic
term is a total derivative and thus vanishes when integrated in the action. For commuting
field components, there is no dynamics! To restore the dynamics we must assume that
Majorana fields are anti-commuting Grassmann variables, which we always assume unless
stated otherwise.
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Let’s derive the Euler–Lagrange equation for �. Field variations must satisfy the Majo-
rana condition (3.80), so that δ� and δ�̄ are related following Sec. 3.2.1. Initially δS[�]
contains two terms. However, after a Majorana flip and partial integration, one can see that
the two terms are equal, so that δS[�] can be written as the single expression

δS[�] = −
∫

dDx δ�̄[γ μ∂μ − m]�(x) . (3.89)

Thus a Majorana field satisfies the conventional Dirac equation.
This fact is no surprise, but it is an example of a more general and simplifying rule for

the variation of Majorana spinor actions. If integration by parts is valid, it is sufficient to
vary �̄ and multiply by 2 to account for the variation of �.

Exercise 3.37 Derive (3.89) in full detail.

Exercise 3.38 A Majorana field is simply a Dirac field subject to the reality condition
(3.80). Let’s impose that constraint on the plane wave expansion (2.24) for D = 4 using
the relation v = uC = Bu∗, which holds for the u and v spinors defined in (2.37) and
(2.38). In this way one derives d( 	p, s) = c( 	p, s) which proves that a Majorana particle is
its own anti-particle. Readers should derive this fact!

Exercise 3.39 Show that

v( 	p, s) = u( 	p, s)C (3.90)

holds for the u and v spinors defined for the Weyl representation in Sec. 2.5. This was the
motivation for the choice (2.41).

3.4.2 Relation of Majorana andWeyl spinor theories

In even dimensions D = 0, 2, 4 mod 8, both Majorana and Weyl fields exist and both have
legitimate claims to be more fundamental than a Dirac fermion. In fact both fields describe
equivalent physics. Let’s show this for D = 4. We can rewrite the action (3.88) as

S[ψ] = − 1
2

∫
d4x

[
�̄γ μ∂μ − m

]
(PL + PR)�

= −
∫

d4x
[
�̄γ μ∂μPL� − 1

2 m�̄PL� − 1
2 m�̄PR�

]
. (3.91)

We obtained the second line by a Majorana flip and partial integration. In the second form
of the action, the Majorana field is replaced by its chiral projections. In our treatment of
chiral multiplets in supersymmetry, we will exercise the option to write Majorana fermion
actions in this way.

Exercise 3.40 Show that the Euler–Lagrange equations that follow from the variation
of the second form of the action in (3.91) are

/∂PL� = m PR� , /∂PR� = m PL� . (3.92)

Derive PL ,R� = m2 PL ,R� from the equations above.
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Majorana andWeyl fields in D = 4 Box 3.3

Any field theory of a Majorana spinor field� can be rewritten in terms of a Weyl field PL� and its complex
conjugate. Conversely, any theory involving the chiral field χ = PLχ and its conjugate χC = PRχ

C

can be rephrased as a Majorana equation if one defines the Majorana field� = PLχ + PRχ
C . Super-

symmetry theories in D = 4 are formulated in both descriptions in the physics literature.

Let’s return to the Weyl representation (2.19) for the final step in the argument to show
that the equation of motion for a Majorana field can be reexpressed in terms of a Weyl field
and its adjoint. The Majorana condition � = B−1�∗ = γ 0γ 1γ 3�∗ requires that � take
the form

� =

⎛⎜⎜⎝
ψ1

ψ2

ψ∗
2

−ψ∗
1

⎞⎟⎟⎠ . (3.93)

With (3.93) and (2.55) in view we define the two-component Weyl fields

ψ =
(
ψ1

ψ2

)
, ψ̃ =

(
ψ∗

2
−ψ∗

1

)
. (3.94)

Using the form of γ μ (2.19) and γ∗ (3.34) in the Weyl representation, we see that we can
identify (

ψ

0

)
= PL� ,

(
0
ψ̃

)
= (PL�)

C = PR� . (3.95)

The equations of motion (3.92) can then be rewritten as

σ̄ μ∂μψ = mψ̃ , σμ∂μψ̃ = mψ . (3.96)

These are equivalent to the pair of Weyl equations in (2.56) with the restriction ψ̃ = χ̄

which comes because we started in this section with a Majorana rather than a Dirac field.

3.4.3 U(1) symmetries of a Majorana field

In Sec. 2.7.1 we considered the U(1) symmetry operation� → � ′ = eiθ�. This symmetry
is obviously incompatible with the Majorana condition (3.80). Thus the simplest internal
symmetry of a Dirac fermion cannot be defined in a field theory of a (single) Majorana
field. However, it is easy to see that (iγ∗)C = iγ∗, so the chiral transformation � → � ′ =
eiγ∗θ� preserves the Majorana condition. Let’s ask whether the infinitesimal limit of this
transformation is a symmetry of the free massive Majorana action (3.88).

Exercise 3.41 Use δ�̄ = iθ�̄γ∗ and partial integration to derive the variation

δS[�] = iθm
∫

d4x �̄γ∗� , (3.97)

which vanishes only for a massless Majorana field.
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Thus we have learned the following.

• The conventional vector U(1) symmetry is incompatible with the Majorana condition.

• The axial transformation above is compatible and is a symmetry of the action for a
massless Majorana field only.

Exercise 3.42 Show that the axial current

Jμ∗ = 1
2 i�̄γ μγ∗� (3.98)

is the Noether current for the chiral symmetry defined above. Use the equations of motion
to show that

∂μ Jμ∗ = −im �̄γ∗� . (3.99)

The current is conserved only for massless Majorana fermions.

The dynamics of a Majorana field � can be expressed in terms of its chiral projections
PL ,R�. So can the chiral transformation, which becomes PL ,R� → PL ,R�

′ = e±iθ�.
Throughout this section we used the simple dynamics of a free massive fermion to illus-

trate the relation between Majorana and Weyl fields and to explore their U(1) symmetries.
It is straightforward to extend these ideas to interacting field theories with nonlinear equa-
tions of motion.

Appendix 3A Details of the Clifford algebras for D = 2m

3A.1 Traces and the basis of the Clifford algebra

Let us start with the following facts discussed in Sec. 3.1. The Clifford algebra in even
dimension D = 2m has a basis of 2m linearly independent, trace orthogonal matrices,
given in (3.25). Any representation by matrices of dimension 2m is irreducible.

The trace properties of the matrices are important for proofs of these properties which
are independent of the explicit construction in (3.2). The matrices �A for tensor rank 1 ≤
r ≤ D − 1 are traceless. One simple way to see this is to use the Lorentz transformations
(2.22) and its extension to general rank

L(λ)γ μ1μ2...μr L(λ)−1 = γ ν1ν2...νr�ν1
μ1 . . . �νr

μr . (3.100)

Traces then satisfy the Lorentz transformation law as suggested by their free indices:

Tr γ μ1μ2...μr = Tr γ ν1ν2...νr�ν1
μ1 . . . �νr

μr . (3.101)

This means that the traces must be totally antisymmetric Lorentz invariant tensors. How-
ever the only invariant tensors available are the Minkowski metric ημν and the Levi-Civita
tensor εμ1μ2...μD introduced in Sec. 3.1.3. No totally antisymmetric tensor can be formed
from products of ημν . This proves that Tr�A = 0 for all elements of rank 1 ≤ r ≤ D − 1.
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The argument does not apply to the highest rank element. However, one can see from
the pattern of alternation in (3.7) that this is given by a commutator for even D = 2m
and by an anti-commutator for odd D = 2m + 1. Thus the trace of the highest rank
element vanishes for D = 2m but need not (and does not) vanish for D = 2m + 1.
This is actually a fundamental distinction between the Clifford algebras for even and odd
dimensions. It might have been expected since the second rank elements (see Ex. 2.8) give
a representation of the Lorentz algebras so(D − 1, 1) which are real forms of different Lie
algebras in the Cartan classification, namely Dm for even D = 2m and Bm for D = 2m+1.

There is another way to prove the traceless property, which does not require information
concerning invariant tensors. For rank 1, we simply take the trace of the formula derived
in Ex. 2.9. Contraction with ηνρ immediately gives Tr γ μ = 0. As an exercise, the reader
can extend this argument to higher rank.

The trace property leads also to the proof of independence of the elements of the basis
(3.25) for even spacetime dimensions. One uses the ‘reverse order’ basis of (3.26) and the
trace orthogonality property (3.27). We suppose that there is a set of coefficients xA such
that ∑

A

xA�
A = 0 . (3.102)

Multiply by �B from the right. Take the trace and use the trace orthogonality to obtain∑
A

xA Tr�A�B = ±xB Tr = 0 . (3.103)

Hence all xA = 0 and linear independence is proven.
Furthermore, since we have a linearly independent, indeed trace orthogonal, basis of the

algebra, the �A are a complete set in the space of 2m × 2m matrices.
It now follows that, in any representation of the Clifford algebra for D = 2m spacetime

dimensions, the dimension of the N × N matrices satisfies N ≥ 2m . The reason is that no
linearly independent set of matrices of any smaller dimension exists. It also follows that any
representation of dimension 2m is irreducible. It can have no non-trivial invariant subspace,
since a set of linearly independent matrices of smaller dimension would be realized by
projection to this subspace.

3A.2 Uniqueness of the γ -matrix representation

We must now show that there is exactly one irreducible representation up to equivalence.
We use the basic properties of representations of finite groups. However, the Clifford alge-
bra is not quite a group because the minus signs that necessarily occur in the set of products
�A�B = ±�C are not allowed by the definition of a group. This problem is solved by dou-
bling the basis in (3.25) to the larger set {�A,−�A}. This set is a group of order 22m+1

since all products are contained within the larger set. For m = 1, the group obtained is
isomorphic to the quaternions, so the groups defined by doubling the Clifford algebras are
called generalized quaternionic groups.

Every representation of the Clifford algebra by a set of matrices D(�A) extends to
a representation of the group if we define D(−�A) = −D(�A). It is not true that
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every group representation gives a representation of the algebra. For example, in a one-
dimensional group representation, the matrices D(γ μ) of the Clifford generators cannot
satisfy {D(γ μ), D(γ ν)} = 2ημν .

The three basic facts that we need are discussed in many mathematical texts such as
[13, 14]. Consider the set of all finite-dimensional irreducible representations and choose
one representative within each class of equivalent representations. The set so formed,
which may be called the set of all inequivalent irreducible representations, has the fol-
lowing properties:

1. The sum of the squares of the dimensions of these representations is equal to the order
of the group.

2. The number of inequivalent irreducible representations is equal to the number of con-
jugacy classes in the group.

3. The number of inequivalent one-dimensional representations is equal to the index of the
commutator subgroup Gc. The index of a subgroup is the ratio of the order of the group
divided by the order of the subgroup.

The conjugacy classes of the group are sets of products ±�B�A(�B)−1 (with no sum
on B).

Exercise 3.43 Show that for rank r ≥ 1 there is a conjugacy class containing the
pair (�A,−�A) for each distinct �A, and that and − belong to different conjugacy
classes.

Thus there are a total of 22m + 1 conjugacy classes.
The commutator subgroup is generated by all products of the form ±�B�A(�B)−1

(�A)−1. But in our case this subgroup contains only ± , so the order of the subgroup
is 2 and its index is 22m .

These facts establish that the group has exactly one irreducible representation of dimen-
sion 2m plus 22m inequivalent one-dimensional representations. We must now show that
the 2m-dimensional representation of the group is also a representation of the algebra.
We use the fact that any finite-dimensional algebra has a (reducible) representation called
the regular representation for which the algebra itself is the carrier space. The dimen-
sion is thus the dimension of the algebra, 22m in our case. The regular representation
�A → T (�A) is defined by T (�A)�B ≡ �A�B . This algebra representation, in which
T (−�A) = −T (�A) is necessarily satisfied, is also a group representation. Its decom-
position into irreducible components thus cannot contain any one-dimensional group rep-
resentations in which D(−�A) = +D(�A). Thus the only possibility is that the regular
representation decomposes into 2m copies of the 2m-dimensional irreducible representa-
tion. This proves the essential fact that there is exactly one irreducible representation of the
Clifford algebra for even spacetime dimension. For dimension D = 2m, the dimension of
the Clifford representation is 2m .

Another fact from finite group theory is helpful at this point. Any representation of a
finite group is equivalent to a representation by unitary matrices. We can and therefore will
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choose a representation in which the spatial γ -matrices γ i , i = 1, . . . , D−1, which satisfy
(γ i )2 = , are hermitian, and γ 0, which satisfies (γ 0)2 = − , is anti-hermitian.

3A.3 The Clifford algebra for odd spacetime dimensions

We gave in (3.40) two different sets of γ -matrices for odd dimensions. They are inequiva-
lent as representations of the generating elements. Indeed it is easily seen that Sγ+μS−1 =
γ−μ cannot be satisfied. This requires Sγ μS−1 = γ μ for the first 2m components. But
then, from the product form in (3.6) and (3.30), we obtain Sγ 2m S−1 = +γ 2m , rather than
the opposite sign needed.

It follows from Ex. 2.8 that the two sets of second rank elements constructed from the
generating elements above, namely

�±μν = 1
4 [γ μ, γ ν] , μ, ν = 0, . . . , 2m − 1 ,

= 1
4 [γ μ,±γ∗] , μ = 0, . . . , 2m − 1 , ν = 2m , (3.104)

are each representations of the Lie algebra so(2m, 1). The two representations are equiva-
lent, however, since γ∗�+μνγ∗ = �−μν . This representation is irreducible; indeed it is a
copy of the unique 22m-dimensional fundamental irreducible representation with Dynkin
designation (0, 0, . . . , 0, 1). It is associated with the short simple root of the Dynkin dia-
gram for Bm .

We refer readers to9 [10, 11, 12, 15, 16] for alternative discussions of γ -matrices and
Majorana spinors.

3A.4 Determination of symmetries of γ -matrices

We will determine the possible symmetries of γ -matrices for each spacetime dimension
D = 2m by showing that each matrix C�A formed from the basis (3.25) has a definite
symmetry that depends only on the tensor rank r . Then we will count the number of sym-
metric and antisymmetric matrices in the list {C�A}, which must be equal to 2m−1(2m±1)
for D = 2m. For given values of t0 and t1, the number of antisymmetric matrices in the list
{C�A} is given, using (3.44), by

N− =
2m∑

r=0

1
2 [1+ tr ] C2m

r

= 22m−1 + 1
2 t0

m∑
s=0

(−)sC2m
2s + 1

2 t1

m−1∑
s=0

(−)sC2m
2s+1

= 22m−1 + t0 2m−1 cos
mπ

2
+ t1 2m−1 sin

mπ

2
= 2m−1(2m − 1) . (3.105)

We thus find

t0 cos
mπ

2
+ t1 2m−1 sin

mπ

2
= −1 , (3.106)

9 In [15], the discussion of Majorana spinors is in Sec. 4, pp. 843–851.
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which leads to the solutions that are in Table 3.1 for even dimensions.
To understand the situation in odd D = 2m + 1 we note that the highest rank Clifford

element γ∗ in (3.30) has the symmetry determined by t2m . Since we attach ±γ∗ = γ 2m as
the last generating element in (3.40) we must require it to have the same symmetry as the
other generating γ μ, and thus t2m should be equal to t1. This determines which of the two
possibilities for even dimensions in Table 3.1 is valid in the next odd dimension.

3A.5 Friendly representations

General construction

In this section we present an explicit recursive construction of the generating γ μ for any
even dimension D = 2m. In this representation each generating matrix will be either pure
real or pure imaginary. A representation of this type will be called a friendly representa-
tion.10 Using this representation it is also possible to prove the existence of Majorana (and
pseudo-Majorana) spinors in a quite simple way [17, 12] (see Appendix B in [17]).

We already know that the γ -matrices in dimension D = 2m are 2m×2m matrices. In the
recursive construction the generating matrices γ μ for dimension D = 2m will be written
as direct products of the γ̃ μ and γ̃∗ for dimension D = 2m − 2 with the Pauli matrices σi .

We start in D = 2 and write

γ 0 =
(

0 1
−1 0

)
= iσ2 , γ 1 =

(
0 1
1 0

)
= σ1 , (3.107)

which is a really real, hermitian, and friendly representation. The matrix γ∗ is also real:

γ∗ = −γ0γ1 = σ3 . (3.108)

Adding it to (3.107) as γ 2 gives a real representation in D = 3.
The recursion relation for moving from a D = 2m − 2 representation with γ̃ to D =

2m is

γ μ = γ̃ μ ⊗ , μ = 0, . . . , 2m − 3 ,

γ 2m−2 = γ̃∗ ⊗ σ1 , γ 2m−1 = γ̃∗ ⊗ σ3 . (3.109)

This gives

γ∗ = −γ̃∗ ⊗ σ2 . (3.110)

This matrix γ∗ can be used as γ 2m to define a representation in D = 2m + 1 dimensions.
This construction gives a real representation in four dimensions, which is explicitly given

in (3.81). This one has an imaginary γ∗ and hence this construction will not give real
representations for higher dimensions. The matrix B is obtained as the product of all the
imaginary γ -matrices.

10 All of our friends use friendly representations.
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We thus obtained representations for all dimensions, and really real for D = 2, 3, 4.
The latter can be extended to any D = 10, 11, 12 or any other dimension that differs from
it modulo 8. To see this, consider the following 16× 16 matrices:

E1 = σ1 ⊗ ⊗ ⊗ ,

E2 = σ3 ⊗ ⊗ ⊗ ,

E3 = σ2 ⊗ σ2 ⊗ σ1 ⊗ ,

E4 = σ2 ⊗ σ2 ⊗ σ3 ⊗ ,

E5 = σ2 ⊗ σ1 ⊗ ⊗ σ2 ,

E6 = σ2 ⊗ σ3 ⊗ ⊗ σ2 ,

E7 = σ2 ⊗ ⊗ σ2 ⊗ σ1 ,

E8 = σ2 ⊗ ⊗ σ2 ⊗ σ3 ,

E∗ = E1 . . . E8 = σ2 ⊗ σ2 ⊗ σ2 ⊗ σ2 . (3.111)

This is a real representation for Euclidean γ -matrices in D = 8 (or D = 9 if one includes
E∗). Using this and a representation γ̃ μ in any D, one can construct a representation γ μ in
D + 8 dimensions by

γ μ = γ̃ μ ⊗ E∗ , μ = 0, . . . , D − 1 ,

γ D−1+i = ⊗ Ei , i = 1, . . . , 8 . (3.112)

When the γ̃ μ are real, the γ -matrices in D + 8 are also real. Hence this gives explicitly
real representations in D = 2, 3, 4 mod 8. For even dimensions, one obtains

γ∗ = γ̃∗ ⊗ E∗ . (3.113)

Hence this is real if γ̃∗ is real. For the real representations we saw that it is real for D = 2
and not in D = 4. This shows explicitly that we can define real projections PL and PR on
real spinors if and only if D = 2 mod 8. These are called Majorana–Weyl representations.

Exercise 3.44 We denote a Clifford algebra in s space-like and t time-like directions as
C(s, t) (the ones discussed above are thus of the form C(D − 1, 1), apart from the Ei that
correspond to C(8, 0)). See that the above construction proves that the reality properties of
C(s + 8, t) are the same as C(s, t). Further, show that the analogous construction starting
with (3.107) shows that also C(s + 1, t + 1) has the same properties as C(s, t).



4 The Maxwell and Yang–Mills gauge fields

In this chapter we discuss the classical abelian and non-abelian gauge fields. Although our
treatment is self-contained, it is best taken as a review for readers who have previously
studied the role of the vector potential as the gauge field in Maxwell’s electromagnetism
and also have some acquaintance with Yang–Mills theory.

We will again take a general dimensional viewpoint, but let’s begin the discussion in four
dimensions with some remarks about the particle representations of the Poincaré group and
the fields usually used to describe elementary particles. A particle is classified by its mass
m and spin s, and a massive particle of spin s has 2s + 1 helicity states. Massless particles
of spin s = 0 or s = 1/2 have one or two helicity states, respectively, in agreement with
the counting for massive particles. However, massless particles of spin s ≥ 1/2 have two
helicity states, for all values of s.

Helicity is defined as the eigenvalue of the component of angular momentum in the
direction of motion. For a massless particle of spin s, the two helicity states have eigen-
values ±s. For a massive particle of spin s the helicity eigenvalues, called λ, range in
integer steps from λ = s to λ = −s.

Let us compare the count of the helicity states with the number of independent functions
that must be specified as initial data for the Cauchy initial value problem of the associated
field. The first number can be considered to be the number of on-shell degrees of freedom,
or number of quantum degrees of freedom, while the second is the number of classical
degrees of freedom.

Let’s do the counting for massless particles that are identified with their anti-particles.
The associated fields are real for bosons and satisfy the Majorana condition for fermions.
The counting is similar for complex fields. We assume that the equations of motion are
second order in time for bosons and first order for fermions. A unique solution of the
Cauchy problem for the scalar φ(x) requires the initial data φ(	x, 0) and φ̇(	x, 0), the time
derivative. For �α(x), we must specify the initial values �α(	x, 0) of all four components,
and the first order Dirac equation then determines the future evolution of �α(	x, t) and thus
the time derivatives �̇α(	x, 0). The number of helicity states (number of on-shell degrees
of freedom) is 1 for φ(x) and 2 for �α(x). The number of classical degrees of freedom is
twice the number of helicity states.

We continue this counting, in a naive fashion, for vector Aμ(x), vector–spinor ψμα(x),
and symmetric tensor hμν(x) fields, the latter describing gravitons in Minkowski space.
Following the earlier pattern we would expect to need 8, 16, and 20 functions, respectively,
as initial data. These numbers greatly exceed the two helicity states for spin-1, spin-3/2 and
spin-2 particles. Something new is required to resolve this mismatch.

68
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The lessons from quantum electrodynamics, Yang–Mills theory, general relativity and
supergravity teach us that the only way to proceed is to use very special field equations
with gauge invariance. Gauge invariance accomplishes the following goals:

(a) Relativistic covariance is maintained.
(b) The field equations do not determine certain ‘longitudinal’ field components (such as

∂μAμ for vector fields).
(c) A subset of the field equations are constraints on the initial data rather than time evo-

lution equations. The independent initial data are contained in four real functions, thus
again two for each helicity state.

(d) The field describes a pure spin-s particle with no lower spin admixtures. Otherwise
there would be some negative metric ghosts.

(e) Most important, for s = 1, 3/2, 2, gauge invariant interactions can be introduced.1

Classical dynamics is consistent at the nonlinear level and the theories can be quantized
(although power-counting renormalizability is expected to fail except for spin 1).

The dynamics of the gauge fields Aμ, ψμα and hμν is analyzed in this and subsequent
chapters. In every case the purpose is to separate the Euler–Lagrange equations into time
evolution equations and constraints and determine the initial data required for a unique
solution of the former. In the process we will find that certain field components are har-
monic functions in Minkowski space; they satisfy the Laplace equation∇2φ(	x) = 0, which
is time independent. Any combination of gauge field components that satisfies this equa-
tion is simply eliminated because the Laplace equation has no normalizable solutions in
flat space RD−1. The relevance of the normalizability criterion can be seen by transforming
the Laplace equation to momentum space where it becomes 	k2φ̂(	k) = 0. The only smooth
solution vanishes identically. A smooth solution is one that contains no δ-function-type
terms.

4.1 The abelian gauge field Aμ(x)

We now review the elementary features of gauge invariance for spin 1. One purpose is to
set the stage for spin 3/2 in the next chapter.

4.1.1 Gauge invariance and fields with electric charge

In Chs. 1 and 2 we discussed the global U(1) symmetry of complex scalar and spinor
fields. The abelian gauge symmetry of quantum electrodynamics is an extension in which
the phase parameter θ(x) becomes an arbitrary function in Minkowski spacetime. We gen-
eralize the previous discussion slightly and assign an electric charge q, an arbitrary real

1 There are gauge invariant free fields for massless particles of any spin (see [18], for example). It appears to
be impossible to introduce consistent interactions for any finite subset of these, but remarkably one can make
progress for certain infinite sets of fields and for background spacetimes different from Minkowski space
[19, 20, 21].
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number at this stage, to each complex field in the system. For a Dirac spinor field of charge
q, the gauge transformation, a local change of the phase of the complex field, is2

�(x)→ � ′(x) ≡ eiqθ(x)�(x) . (4.1)

The goal is to formulate field equations that transform covariantly under the gauge trans-
formation. This requires the introduction of a new field, the vector gauge field or vector
potential Aμ(x), which is defined to transform as

Aμ(x)→ A′μ(x) ≡ Aμ(x)+ ∂μθ(x) . (4.2)

One then defines the covariant derivative

Dμ�(x) ≡ (∂μ − iq Aμ(x))�(x) , (4.3)

which transforms with the same phase factor as �(x), namely Dμ�(x) →
eiqθ(x)Dμ�(x). The desired field equation is obtained by replacing ∂μ� → Dμ� in the
free Dirac equation (2.16), viz.

[γ μDμ − m]� ≡ [γ μ(∂μ − iq Aμ)− m]� = 0 . (4.4)

This equation is gauge covariant; if �(x) satisfies (4.4) with gauge potential Aμ(x), then
� ′(x) satisfies the same equation with gauge potential A′μ(x).

The same procedure can be applied to a complex scalar field φ(x), to which we assign
an electric charge q (which may differ from the charge of �). We extend the global U(1)
symmetry discussed in Ch. 1 to the local gauge symmetry φ(x)→ φ′(x) = eiqθ(x)φ(x) by
defining the covariant derivative Dμφ = (∂μ − iq Aμ)φ and modifying the Klein–Gordon
equation to the form

[DμDμ − m2]φ = 0 . (4.5)

The procedure of promoting the global U(1) symmetry of the Dirac or Klein–Gordon
equation to a local or gauge symmetry through the introduction of the vector potential in the
covariant derivative is called the principle of minimal coupling. Another part of standard
vocabulary is to say that fields with electric charge, such as φ or �, are charged ‘matter
fields’, which are minimally coupled to the gauge field Aμ.

Box 4.1 Degrees of freedom

On-shell degrees of freedom= number of helicity states.
Off-shell degrees of freedom= number of field components− gauge transformations.

2 In the notation of Ch. 1, the ‘matrix’ generator is t = −iq . The U(1) transformation in Sec. 2.7.1 corresponds
to the choice q = 1.



4.1 The abelian gauge field Aμ(x) 71

4.1.2 The free gauge field

It is quite remarkable that the promotion of global to gauge symmetry requires a new field
Aμ(x). In some cases one may wish to consider (4.4) or (4.5) in a fixed external background
gauge potential, but it is far more interesting to think of Aμ(x) as a field that is itself
determined dynamically by its coupling to charged matter in a gauge invariant fashion. The
resulting theory is quantum electrodynamics, the quantum and Lorentz covariant version
of Maxwell’s theory of electromagnetism. The predictions of this theory, both classical
and quantum, are well confirmed by experiment. There can be no doubt that Nature knows
about gauge principles.

Although we expect that readers are familiar with classical electromagnetism, we review
the construction because there are similar patterns in Yang–Mills theory, gravity, and super-
gravity. The first step is the observation that the antisymmetric derivative of the gauge
potential, called the field strength

Fμν(x) = ∂μAν(x)− ∂ν Aμ(x) , (4.6)

is invariant under the gauge transformation, a fact that is trivial to verify. In four dimen-
sions Fμν has six components, which split into the electric Ei = Fi0 and magnetic
Bi = 1

2εi jk Fjk fields.
Since Aμ is a bosonic field, we expect it to satisfy a second order wave equation. The

only Lorentz covariant and gauge invariant quantity available is ∂μFμν , so the free elec-
tromagnetic field satisfies

∂μFμν = 0 . (4.7)

Since ∂ν∂μFμν vanishes identically,3 (4.7) comprises D − 1 independent components in
D-dimensional Minkowski spacetime. This is not enough to determine the D components
of Aμ, which is not surprising because of the gauge symmetry. One can change Aμ →
Aμ + ∂μθ without affecting Fμν . So far, we did not yet use the field equations. Therefore,
we will call this number, i.e. (D− 1) for the gauge vectors, the number of off-shell degrees
of freedom.

One deals with this situation by ‘fixing the gauge’. This means that one imposes one
condition on the D components of Aμ, which eliminates the freedom to change gauge.
Different gauge conditions illuminate different physical features of the theory. We will
look first at the condition ∂ i Ai (	x, t) = 0, which is called the Coulomb gauge condition.
Although non-covariant it is a useful gauge to explore the structure of the initial value
problem and determine the true degrees of freedom of the system. Note that the time–space
split implicit in the initial value problem is also non-covariant.

First let’s show that this condition does eliminate the gauge freedom. We check whether
there are gauge functions θ(x) with the property that ∂ i A′i = ∂ i (Ai + ∂iθ) = 0 when
∂ i Ai = 0. This requires that ∇2θ = 0. As explained above, the only smooth solution is
θ(x) ≡ 0, so the gauge freedom has been completely fixed.

3 This is the ‘Noether identity’, a relation between the field equations that is a consequence of the gauge
symmetry.
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Let’s write out the time (μ → 0) and space (μ → i) components of the Maxwell
equation (4.7). Using (4.6) and lowering all indices with the Minkowski metric, one finds

∇2 A0 − ∂0(∂
i Ai ) = 0 ,

Ai − ∂i∂
0 A0 − ∂i (∂

j A j ) = 0 . (4.8)

In the Coulomb gauge, the first equation simplifies to ∇2 A0 = 0, and we see that4 A0

vanishes. The second equation in (4.8) then becomes Ai = 0, so the spatial components
Ai satisfy the massless scalar wave equation.

We can now count the classical degrees of freedom, which are the initial data Ai (	x, 0)
and Ȧi (	x, 0) required for a unique solution of Ai = 0. There is a total of 2(D − 2)
independent degrees of freedom, because the initial data must be constrained to obey the
Coulomb gauge condition.

This number thus agrees for D = 4 with the rule that the classical degrees of freedom are
twice the number of on-shell degrees of freedom counted as helicity states. In general, we
find for the gauge vectors (D−1) off-shell degrees of freedom and (D−2) on-shell degrees
of freedom. These numbers are the dimension of the vector representation of SO(D − 1)
off-shell and SO(D − 2) on-shell.

It is instructive to write the solution of Ai = 0 as the Fourier transform

Ai (x) =
∫

d(D−1)k

(2π)(D−1)2k0

∑
λ

[eik·xεi (	k, λ)a(	k, λ)+ e−ik·xε∗i (	k, λ)a∗(	k, λ)], (4.9)

where 	k, k0 = |	k|, is the on-shell energy–momentum vector. The εi (	k, λ) are called
polarization vectors, which are constrained by the Coulomb gauge condition to satisfy
kiεi (	k, λ) = 0. So there are (D − 2) independent polarization vectors, indexed by λ, and
there are 2(D−2) independent real degrees of freedom contained in the complex quantities
a(	k, λ). As in the case of the plane wave expansions of the free Klein–Gordon and Dirac
fields, a(	k, λ) and a∗(	k, λ) are interpreted as Fourier amplitudes in the classical theory and
as annihilation and creation operators for particle states after quantization. There are D−2
particle states.

To understand these particle states better, we discuss the case D = 4 and assume that the
spatial momentum is in the 3-direction, i.e. 	k = (0, 0, k) with k > 0. The two polarization
vectors may be taken to be εi ((0, 0, k),±) = (1/

√
2)(1,±i, 0). We formally add the

0-component ε0 = 0 to form 4-vectors εμ((0, 0, k),±), which are eigenvectors of the
rotation generator J3 = −m[12], about the 3-axis (see text above (1.93)), with angular
momentum λ = ±1. For general spatial momentum 	k = k(sinβ cosα, sinβ sinα, cosβ),
we define polarization vectors εμ(	k,±) by applying the spatial rotation with Euler angles
α, β, which rotates the 3-axis to the direction of 	k. The associated particle states are photons
with helicity ±1.

The same ideas determine the properties of particle states of the gauge field for D ≥ 5.
For spatial momentum in the direction D − 1, i.e. 	k = (0, 0, . . . , k), there are D − 2
independent polarization vectors. We need not specify these in detail; the important point to

4 When a source current is added to the Maxwell equation (4.7), A0 no longer vanishes, but it is determined by
the source. Thus it is not a degree of freedom of the gauge field system.
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note is that these vectors are a basis of the vector representation of the Lie group SO(D−2),
which is the group that ‘fixes’ the vector 	k. The associated particle states also transform in
this representation. On the other hand it is clear from (4.9) that the Coulomb gauge vector
potential transforms in the vector representation of SO(D − 1).

It should be noted that the equations of the free electromagnetic field can be formulated
as conditions involving only the field strength components Fμν , with the gauge potential
Aμ appearing as a derived quantity. In this form of the theory one has the pair of equations

∂μFμν = 0 , (4.10)

∂μFνρ + ∂νFρμ + ∂ρFμν = 0 . (4.11)

The second equation is called the Bianchi identity. It is easy to see that it is automatically
satisfied if Fμν is expressed in terms of Aμ as in (4.6). In a topologically trivial spacetime
such as Minkowski space, this is the general solution. This is a consequence of the Poincaré
lemma in the theory of differential forms discussed in Ch. 7. Although the manifestly
gauge invariant formalism (4.10) and (4.11) is available for the free gauge field, the vector
potential is required ab initio to describe the minimal coupling to charged matter fields.

This chapter has progressed too far without exercises for readers, so we must now try to
remedy this deficiency.

Exercise 4.1 Derive from (4.3) that

[Dμ, Dν]� ≡ (DμDν − Dν Dμ)� = −iq Fμν� . (4.12)

Derive from (4.4) that the charged Dirac field also satisfies the second order equation[
DμDμ − 1

2 iqγ μνFμν − m2
]
� = 0 . (4.13)

Exercise 4.2 Using only (4.10) and (4.11), show that the field strength tensor satisfies
the equation Fμν = 0. This is a gauge invariant derivation of the fact that the free
electromagnetic field describes massless particles.

4.1.3 Sources and Green’s function

Let us now discuss sources for the electromagnetic field. Conventionally one takes an elec-
tric source that appears only in (4.10), which is modified to read

∂μFμν = −Jν . (4.14)

The Bianchi identity (4.11) is unchanged, so that Fμν = ∂μAν − ∂ν Aμ. Lorentz covari-
ance requires that the source is a vector, which is called the electric current vector. Since
∂ν∂μFμν vanishes identically, the current must be conserved. The theory is inconsistent
unless the current satisfies ∂ν Jν = 0. This condition simply reflects the conventional idea
that electric charge cannot be created or destroyed. It is also possible to include sources that
carry magnetic charge and appear on the right-hand side of (4.11). However, this requires
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more sophisticated considerations, which we postpone to Sec. 4.2.3, so we will confine our
attention to electric sources.

Exercise 4.3 Repeat Ex. 4.2 when there is an electric source. Show that

Fνρ = −(∂ν Jρ − ∂ρ Jν) . (4.15)

Consider first the analogous problem of the scalar field coupled to a source J (x):

( − m2)φ(x) = −J (x) . (4.16)

The response to the source is determined by the Green’s function G(x− y), which satisfies
the equation

( − m2)G(x − y) = −δ(x − y) . (4.17)

The translation symmetry of Minkowski spacetime implies that the Green’s function
depends only on the coordinate difference xμ − yμ between observation point xμ and
source point yμ. Lorentz symmetry implies that it depends only on the invariant quantities
(x − y)2 = ημν(x − y)μ(x − y)ν and sgn(x0 − y0). In Euclidean space RD , there is a
unique solution of the equation analogous to (4.17), which is damped in the limit of large
separation of observation and source points. In Lorentzian signature Minkowski space,
there are several choices, which differ in their causal structure, that is in the dependence
on sgn(x0 − y0). Many texts on quantum field theory, such as [22, 23, 9], discuss these
choices.

The Euclidean Green’s function is simplest and sufficient for the purposes of this book.
The solution of (4.17) can be written as the Fourier transform

G(x − y) =
∫

dDk

(2π)D

eik·(x−y)

k2 + m2
. (4.18)

The integral can be expressed in terms of modified Bessel functions. In the massless case
the result simplifies to the power law

G(x − y) = �( 1
2 (D − 2))

4π
1
2 D(x − y)(D−2)

. (4.19)

Here (x − y)2 = δμν(x − y)μ(x − y)ν is the Euclidean distance between source point y
and observation point x . Given G(x − y), the solution of (4.16) can be expressed as the
integral

φ(x) =
∫

dD y G(x − y) J (y). (4.20)

One may note that the Green’s function is formally the inverse of the wave operator, i.e.
G = −( − m2)−1. In Euclidean space = ∇2 which is the D-dimensional Laplacian.

Let’s continue in Euclidean space and find the Green’s function for the gauge field.
We might expect to solve (4.14) using a Green’s function Gμν(x − y), which is a
tensor. However, we run into the immediate difficulty that there is no solution to the
equation

(δμρ − ∂μ∂ρ)Gρν(x, y) = −δμν δ(x − y). (4.21)
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The Maxwell wave operator δμν − ∂μ∂ν is not invertible since any pure gradient ∂ν f (x)
is a zero mode. This problem is easily resolved. Since the source Jν is conserved, we can
replace (4.21) by the weaker condition

(δμρ − ∂μ∂ρ)Gρν(x, y) = −δμν δ(x − y)+ ∂

∂yν
�μ(x, y) , (4.22)

where �μ(x, y) is an arbitrary vector function. If �μ(x, y) and Jν(y) are suitably damped
at large distance, the effect of the second term in (4.22) cancels (after partial integration)
in the formula

Aμ(x) =
∫

dD y Gμν(x, y)J ν(y) , (4.23)

which is the analogue of (4.20).
We now derive the precise form of Gμν(x, y). By Euclidean symmetry, we can assume

the tensor form

Gμν(x, y) = δμνF(σ )+ (x − y)μ(x − y)ν Ŝ(σ ) , (4.24)

where σ = 1
2 (x − y)2. It is more useful, but equivalent, to take advantage of gauge invari-

ance and rewrite this ansatz as

Gμν(x, y) = δμνF(σ )+ ∂μ∂νS(σ ) , (4.25)

because the pure gauge term involving S(σ ) has no effect in (4.23) and cancels in (4.22).
We may also assume that the gauge term in (4.22) has the Euclidean invariant form
∂μ∂ν�(σ). Substituting (4.25) in (4.22) we find the two independent tensors δ

μ
ν and

(x − y)μ(x − y)ν and thus two independent differential equations involving F and �,
namely

2σ F ′′(σ )+ (D − 1)F ′(σ ) = �′(σ ),
F ′′(σ ) = −�′′(σ ) . (4.26)

Note that F ′(σ ) = dF(σ )/dσ , etc. We have dropped the δ-function term in (4.22), because
we will first solve these equations for σ �= 0. The second equation in (4.26) may be
integrated immediately, giving F ′(σ ) = −�′(σ ); a possible integration constant is cho-
sen to vanish, so that F ′(σ ) vanishes at large distance. The first equation then becomes

2σ F ′′(σ ) + DF ′(σ ) = 0, which has the power-law solution F(σ ) ∼ σ 1− 1
2 D . However,

on any function of σ , the Laplacian acts as F(σ ) = 2σ F ′′(σ ) + DF ′(σ ). In our case
there is a hidden δ-function in F(σ ) because the power law is singular. The effect of the
δ-function in (4.22) is automatically incorporated if we take F(σ ) = G(x − y) where G is
the massless scalar Green’s function in (4.19). The result of this analysis is the gauge field
Green’s function

Gμν(x, y) = δμνG(x − y)+ ∂μ∂νS(σ ) . (4.27)

The gauge function S(σ ) is arbitrary and may be taken to vanish. Then (4.27) becomes the
usual Feynman gauge propagator.

The gauge field propagators found above are usually derived after gauge fixing in
the path integral formalism in quantum field theory texts. The derivation here is purely
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classical, as appropriate since the response of the gauge field to a conserved current source
is a purely classical phenomenon.

It may not be obvious why this method works. To see why, apply ∂/∂xμ to both sides of
(4.22), obtaining

0 = −∂νδ(x − y)− ∂ν �(σ) , (4.28)

in which ∂ν = ∂/∂xν . This consistency condition is satisfied because the analysis above
led us the result �(σ) = −F(σ ) = −G((x − y)2).

Exercise 4.4 In D = 4 dimensions, consider a point charge at rest, i.e. Jμ(x) =
δ
μ
0 q δ(	x). Obtain, using (4.23), that the resulting value of A0, and therefore of the elec-

tric field, is

A0(x) = q

4π

1

|	x | , 	E = q

4π

	x
|x |3 . (4.29)

4.1.4 Quantum electrodynamics

The current vector Jν in (4.14) may describe a piece of laboratory apparatus, such as a
magnetic solenoid. However, we are more interested in the case where the source is the field
of a charged elementary particle, such as the Dirac spinor �. This is the theory of quantum
electrodynamics, which contains equations that determine both the electromagnetic field
Aμ, with Fμν = ∂μAν − ∂ν Aμ, and �. In dealing with coupled fields it is generally
best to package the dynamics in a Lorentz invariant action. The equations of motion then
emerge as the condition for a critical point of the action functional and are guaranteed to
be mutually consistent.

It is also advantageous to change notation from that of Sec. 4.1.1 by scaling the vector
potential, Aμ → eAμ, where e is the conventional coupling constant of the electromagnetic
field to charged fields; e2/4π ≈ 1/137 is called the fine structure constant. In this notation
the relevant equations of Sec. 4.1 read:

Fμν ≡ ∂μAν − ∂ν Aμ ,

Aμ → A′μ ≡ Aμ + 1

e
∂μθ ,

Dμ� ≡ (∂μ − ieq Aμ)� ,

[Dμ, Dν]� = −ieq Fμν� . (4.30)

The electric charges q of the various charged fields are then simple rational numbers, for
example q = 1 for the electron.5

The action functional for the electromagnetic field interacting with a field of charge q ,
which we take to be a massive Dirac field, is the sum of two terms, each gauge invariant,

5 It is an interesting question why the electric charges of elementary particles in Nature are quantized; that they
appear to be integer multiples of a lowest fundamental charge. Two reasons have been found. The first is
that quantum theory requires quantization of electric charge if a magnetic monopole exists. Second, electric
charge can emerge as an unbroken U(1) generator of a larger non-abelian gauge theory with spontaneous
gauge symmetry breaking. These reasons are not independent since monopoles solutions exist when gauge
symmetry is broken with residual U(1) symmetry. See Sec. 17A.1 and [24] for discussion of these ideas.
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S[Aμ, �̄,�] =
∫

dDx
[
− 1

4 FμνFμν − �̄(γ μDμ − m)�
]
. (4.31)

The Euler variation of (4.31) with respect to the gauge potential Aν is

δL
δAν

= ∂μFμν + ieq�̄γν� = 0 . (4.32)

This is equivalent to (4.14) with the electric current a multiple of the Noether current of the
global U(1) phase symmetry discussed in Sec. 2.7.1. It is a typical feature of the various
fundamental gauge symmetries in physics that the Noether current of a system with global
symmetry becomes the source for the gauge field introduced when the symmetry is gauged.
The Euler variation with respect to �̄ gives the gauge covariant Dirac equation (4.4), with
Dμ� given in (4.30).

4.1.5 The stress tensor and gauge covariant translations

The situation of the stress tensor of this system is quite curious. The canonical stress tensor,
calculated from the Noether formula (1.67) with �Aφ

i → ∂ν Aρ, ∂ν�̄, ∂ν� for the three
independent fields, is

Tμ
ν = Fμρ∂ν Aρ + �̄γ μ∂ν� + δμν L . (4.33)

It is conserved on the index μ, but not on ν, not symmetric and not gauge invariant. The
situation can be improved by treating fermion terms as in Sec. 2.7.2 and then adding
�Tμ

ν = −∂ρ(Fμρ Aν) in accord with the discussion in Sec. 1.3. The final result is the
gauge invariant symmetric stress tensor

�μν = FμρFν
ρ + 1

4 �̄(γμ
↔
Dν + γν

↔
Dμ)� + ημνL . (4.34)

Exercise 4.5 Consider the gauge covariant translation, defined by δAμ = aνFνμ and
δ� = aν Dν�. Show that they differ from a conventional translation by a gauge transfor-
mation with gauge dependent parameter θ = −e aν Aν . Gauge covariant translations are
a symmetry of the action (4.31). What is the Noether current for this symmetry? How is it
related to the stress tensor (4.34)?

4.2 Electromagnetic duality

The subject of electromagnetic duality has several interesting applications in supergravity
theories. For example, the symmetry group of black hole solutions of matter-coupled super-
gravity theories generally contains duality transformations. We recommend that all readers
study Secs. 4.2.1 and 4.2.2. However, because the applications of duality are somewhat
advanced, the rest of the section can be omitted in the first reading of the book.
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4.2.1 Dual tensors

We begin by discussing the duality property of second rank antisymmetric tensors Hμν in
four-dimensional Minkowski spacetime. We use the Levi-Civita tensor introduced in Sec.
3.1.3 to define the dual tensor

H̃μν ≡ − 1
2 iεμνρσ Hρσ . (4.35)

In our conventions the dual tensor is imaginary. The indices of H̃ can be raised and lowered
with the Minkowski6 metric ημν . It is also useful to define the linear combinations

H±
μν = 1

2 (Hμν ± H̃μν) , H±
μν =

(
H∓
μν

)∗
. (4.36)

Exercise 4.6 Prove that the dual of the dual is the identity, specifically that

− 1
2 iεμνρσ H̃ρσ = Hμν . (4.37)

You will need (3.9). The validity of this property is the reason for the i in the definition
(4.35).

Show that H+
μν and H−

μν are, respectively, self-dual and anti-self-dual, i.e.

− 1
2 iεμν

ρσ H±
ρσ = ±H±

μν . (4.38)

Let Gμν be another antisymmetric tensor with G±
μν defined as in (4.36). Prove the follow-

ing relations (where (μν) means symmetrization between the indices):

G+μν H−
μν = 0 , G±ρ(μH±ν)

ρ = − 1
4η

μνG±ρσ H±
ρσ , G+

ρ[μH−
ν]ρ = 0 .

(4.39)
Hint: you could first prove

G̃ρμ H̃ ν
ρ = − 1

2η
μνGρσ Hρσ − Gρν Hμ

ρ . (4.40)

Exercise 4.7 The duality operation can also be applied to matrices of the Clifford alge-
bra. Define the quantity Lμν = γμν PL. Show that this is anti-self-dual. Hint: check first
that γμνγ∗ = 1

2 iεμνρσ γ ρσ .

4.2.2 Duality for one free electromagnetic field

Duality operates as an interesting symmetry of field theories containing one or more
abelian gauge fields which may interact with other fields, principally scalars. In this sec-
tion we discuss the simplest case, namely a single free gauge field. First note that, after
contraction with the ε-tensor, the Bianchi identity (4.11) can be expressed as ∂μ F̃μν = 0.

6 The definition (4.35) is valid in Minkowski space, but must be modified in curved spacetimes as we will
discuss in Ch. 7.
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So we can temporarily ignore the vector potential and regard Fμν as the basic field variable
which must satisfy both the Maxwell and Bianchi equations:

∂μFμν = 0 , ∂μ F̃μν = 0 . (4.41)

We can now consider the change of variables (the i is included to make the transformation
real):

Fμν → F ′μν = iF̃μν . (4.42)

Since F ′μν also obeys both equations of (4.41) we have defined a symmetry of the free
electromagnetic field.

Exercise 4.8 Show that the symmetry (4.42) exchanges the electric and magnetic fields:
Ei → E ′

i = −Bi and Bi → B ′i = Ei .

It is not possible to extend the symmetry to the vector potentials Fμν = ∂μAν − ∂ν Aμ

and F ′
μν = ∂μA′ν − ∂ν A′μ because Aμ and A′μ are not related by any local transformation.

Here are some basic exercises involving the duality transform of the field strength tensor
Fμν .

Exercise 4.9 Show that the self-dual combinations F±
μν contain only photons of one

polarization in their plane wave expansions:

F±
μν = 2i

∫
d3k

(2π)32k0

[
eik·x k[μεν](	k,±)a(	k,±)− e−ik·x k[με∗ν](	k,∓)a∗(	k,∓)

]
. (4.43)

To perform this exercise, check first that with the polarization vectors given in Sec. 4.1.2,
one has

− 1
2 iεμνρσ kρεσ (	k,±) = ±k[μεν](	k,±) . (4.44)

Exercise 4.10 Show that the quantity Fμν F̃μν is a total derivative, i.e.

Fμν F̃μν = −i∂μ(ε
μνρσ AνFρσ ) . (4.45)

Show, using (1.45), that under a Lorentz transformation(
Fμν F̃μν

)
(x)→ det�−1

(
Fμν F̃μν

)
(�x) . (4.46)

Thus Fμν F̃μν transforms as a scalar under proper Lorentz transformations but changes
sign under space or time reflections. Use the Schouten identity (3.11) to prove that

Fμρ F̃ν
ρ = 1

4ημνFρσ F̃ρσ . (4.47)
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4.2.3 Duality for gauge field and complex scalar

The simplest case of electromagnetic duality in an interacting field theory occurs with one
abelian gauge field Aμ(x) and a complex scalar field Z(x). The electromagnetic part of the
Lagrangian is

L = − 1
4 (Im Z)FμνFμν − 1

8 (Re Z)εμνρσ FμνFρσ . (4.48)

Actions in which the gauge field kinetic term is multiplied by a function of complex scalar
fields are quite common in supersymmetry and supergravity. We now define an extension
of the duality transformation (4.42) which gives a non-abelian global SL(2,R) symmetry
of the gauge field equations of this theory. In Sec. 7.12.2 we will discuss a generalized
scalar kinetic term that is invariant under SL(2,R). The field Z(x) carries dynamics, and
the equations of motion of the combined vector and scalar theory are also invariant.

The gauge Bianchi identity and equation of motion of our theory are

∂μ F̃μν = 0 , ∂μ

[
(Im Z) Fμν + i(Re Z) F̃μν

]
= 0 . (4.49)

It is convenient to define the real tensor

Gμν ≡ εμνρσ
δS

δFρσ
= −i(Im Z)F̃μν + (Re Z)Fμν , (4.50)

and to consider the self-dual combinations Fμν± and Gμν±. Note that these are related by

Gμν− = Z Fμν− , Gμν+ = Z̄ Fμν+ . (4.51)

The information in (4.49) can then be reexpressed as

∂μ Im Fμν− = 0 , ∂μ Im Gμν− = 0 . (4.52)

We define a matrix of the group SL(2,R) by

S ≡
(

d c
b a

)
, ad − bc = 1 . (4.53)

The group SL(2,R) acts on the tensors F− and G− as follows:(
F ′−
G ′−

)
= S

(
F−
G−
)
. (4.54)

Since S is real, the conjugate tensors F+ and G+ also transform in the same way.

Exercise 4.11 Assume that Im F− and Im G− satisfy (4.52), and show that Im F ′− and
Im G ′− also obey the same equations. Show that G ′− and a transformed scalar Z ′ satisfy
G ′μν− = Z ′F ′μν−, if Z ′ is defined as the following nonlinear transform of Z:

Z ′ = aZ + b

cZ + d
. (4.55)

The two equations (4.54) and (4.55) specify the SL(2,R) duality transformation on
the field strength and complex scalar of our system. The exercise shows that the Bianchi
identity and generalized Maxwell equations are duality invariant. In general the duality
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transform is not a symmetry of the Lagrangian or the action integral. The following exer-
cise illustrates this.

Exercise 4.12 Show that the Lagrangian (4.48) can be rewritten as

L(F, Z) = − 1
2 Im(Z F−

μνFμν−) . (4.56)

Consider the SL(2,R) transformation with parameters a = d = 1 and b = 0. Show that

L(F ′, Z ′) = − 1
2 Im

(
Z(1+ c Z)F−

μνFμν−) �= L(F, Z) . (4.57)

The symmetric gauge invariant stress tensor of this theory is

�μν = (Im Z)

(
FμρFν

ρ − 1

4
ημνFρσ Fρσ

)
. (4.58)

As we will see in Ch. 8, when the theory is coupled to gravity, it is this stress tensor that
is the source of the gravitational field; see (8.4). It is then important that Im Z is positive,
which restricts the domain of Z to the upper half-plane. It is also important that the stress
tensor is invariant under the duality transformations (4.54) and (4.55). This is the reason
for the duality symmetry of many black hole solutions of supergravity,

Exercise 4.13 Prove that the energy–momentum tensor (4.58) is invariant under duality.
Here are some helpful relations which you will need:

Im Z ′ = Im Z

(cZ + d)(cZ̄ + d)
. (4.59)

Further you need again (4.47) and a similar identity (proven by contracting ε-tensors)

F̃μρ F̃ν
ρ = −FμρFν

ρ + 1
2ημνFρσ Fρσ . (4.60)

This leads to

F ′
μρF ′

ν
ρ − 1

4ημνF ′
ρσ F ′ρσ = |cZ + d|2

[
FμρFν

ρ − 1
4ημνFρσ Fρσ

]
. (4.61)

When the SL(2,R) duality transformation appears in supergravity, there is also a scalar
kinetic term in the Lagrangian which is invariant under the symmetry, specifically under
the transformation (4.55). The prototype Lagrangian with this symmetry is the nonlinear
σ -model whose target space is the Poincaré plane. This model and its SL(2,R) symmetry
group will be discussed in Sec. 7.12; see (7.151) and (7.152). The Poincaré plane is the
upper half-plane Im Z > 0. The relation (4.59) shows that duality transformations map the
upper half-plane into itself. The positive sign is preserved by SL(2,R) transformations and
the energy density obtained from the stress tensor �00 above will be positive!

Exercise 4.14 The free Maxwell theory is the special case of (4.48) with fixed Z = i.
Suppose that the gauge field is coupled to a conserved current as in (4.14). Check that the
electric charge can be expressed in terms of F or G by

q ≡
∫

d3	x J 0 =
∫

d3	x ∂i F0i = − 1
2

∫
d3	x εi jk∂i G jk . (4.62)
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A magnetic charge can be introduced in Maxwell theory as the divergence of 	B (recall
Ei = F0i and Bi = 1

2ε
i jk Fjk). This leads to a definition7

p ≡ − 1
2

∫
d3	x εi jk∂i Fjk . (4.63)

Show that

(
p
q

)
is a vector that transforms under SL(2,R) in the same way as the tensors

F− and G− in (4.54).

In many applications of electromagnetic duality, magnetic and electric charges appear as
sources for the Bianchi ‘identity’ and generalized Maxwell equations of (4.49). As exem-
plified in Ex. 4.14 this leads to an SL(2,R) vector of charges. Particles that carry both
electric and magnetic charge are called dyons. In quantum mechanics, dyon charges must
obey the Schwinger–Zwanziger quantization condition. If a theory contains two dyons
with charges (p1, q1) and (p2, q2), these charges must satisfy p1q2 − p2q1 = 2πn, where
n is an integer.8 This condition is invariant under SL(2,R) transformations of the charges.
However, one can show [25] that there is a lowest non-zero value of the electric charge and
that all allowed charges are restricted to an infinite discrete set of points called the charge
lattice. The allowed SL(2) transformations must take one lattice point to another, and this
restricts the group parameters in (4.53) to be integers. This restriction defines the subgroup
SL(2,Z), often called the modular group.9 One can show that this subgroup is generated
by the following choices of S: (

1 0
1 1

)
,

(
0 1
−1 0

)
,

Z ′ = Z + 1, Z ′ = − 1

Z
. (4.64)

This means that one can express any element of SL(2,Z) as the product of (finitely many)
factors of the two generators above and their inverses.

Exercise 4.15 In (4.48), the kinetic terms of the electromagnetic fields are determined
by a variable Z that was treated as a scalar field. Z can also be replaced by a coupling
constant, and typically one takes Z to be the imaginary number10 i/g2, where g is a
coupling constant. Observe that the first transformation of (4.64) does not preserve the
restriction that Z is imaginary. However, the second one does. Prove that this transforma-
tion is of the type (4.42), interchanging the electric and magnetic fields. It transforms g
to its inverse, and thus relates the strong and weak coupling descriptions of the theory. In

7 In order to obtain a symplectic vector (p, q) and not (−p, q), we changed the sign of the magnetic charge
with respect to some classical works. This implies that we have 	∇ · 	B = − j0

m, where j0
m is the magnetic

charge density.
8 For the case (p1, q1) = (p, 0) and (p2, q2) = (0, q), this reduces to condition pq = 2πn found by Dirac in

1933.
9 The modular group generated by the matrices (4.64) is in fact PSL(2,Z). In PSL(2,Z), the elements M and
−M of SL(2,Z) are identified. Both these elements give in fact the same transformation Z ′(Z).

10 One often adds an extra term that is a real so-called θ -parameter, but we will omit this here.
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Secs. 4.1 and 4.2.2 we considered Z = ig = i. Check that general duality transformations
in this case are of the form

F ′−
μν = (d + ic)F−

μν , i.e. F ′
μν = d Fμν − icF̃μν . (4.65)

4.2.4 Electromagnetic duality for coupled Maxwell fields

In this section we explore how the duality symmetry is extended to systems containing a
set of abelian gauge fields AA

μ(x), indexed by A = 1, 2, . . . ,m together with scalar fields
φi . Scalars enter the theory through complex functions f AB(φ) = fB A(φ). We consider
the action

S =
∫

d4x L , L = − 1
4 (Re f AB)F

A
μνFμν B + 1

4 i(Im f AB)F
A
μν F̃μν B , (4.66)

which is real since F̃μν is pure imaginary, as defined in (4.35). The first term is a gener-
alized kinetic Lagrangian for the gauge fields, so we usually require that Re f AB is a pos-
itive definite matrix. This ensures that gauge field kinetic energies are positive. Although
Fμν F̃μν is a total derivative, the second term does contribute to the equations of motion
when Im f AB is a function of the scalars φi . Our discussion will not involve the scalars
directly. However, as in Sec. 4.2.3, additional terms to specify the scalar dynamics will
appear when theories of this type are encountered in extended D = 4 supergravity. The
treatment that follows is modeled on Sec. 4.2.3 (where f AB was taken to be −iZ ).

Using the self-dual tensors of (4.36), we then rewrite the Lagrangian (4.66) as

L(F+, F−) = − 1
2 Re

(
f AB F− A

μν Fμν− B
)

= − 1
4

(
f AB F− A

μν Fμν− B + f ∗AB F+ A
μν Fμν+ B

)
, (4.67)

and define the new tensors

Gμν
A = εμνρσ

δS

δFρσ A
= −(Im f AB)F

μν B − i(Re f AB)F̃
μν B = Gμν+

A + Gμν−
A ,

Gμν−
A = −2i

δS(F+, F−)
δF− A

μν

= i f AB Fμν− B ,

Gμν+
A = 2i

δS(F+, F−)
δF+ A

μν

= −i f ∗AB Fμν+ B . (4.68)

Since the field equation for the action containing (4.67) is

0 = δS

δAA
ν

= −2∂μ
δS

δF A
μν

, (4.69)

the Bianchi identity and the equation of motion can be expressed in the concise form

∂μ Im F A−
μν = 0 Bianchi identities,

∂μ Im Gμν−
A = 0 equations of motion. (4.70)

(The same equations hold for Im F A+ and Im G A
+.)
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Duality transformations are linear transformations of the 2m tensors F Aμν and Gμν
A

(accompanied by transformations of the f AB) which mix Bianchi identities and equa-
tions of motion, but preserve the structure that led to (4.70). Since the equations (4.70)
are real, we can mix them by a real 2m × 2m matrix. We extend these transformations to
the (anti-)self-dual tensors, and consider

(
F ′−
G ′−

)
= S

(
F−
G−
)
≡
(

A B
C D

)(
F−
G−
)
, (4.71)

with real m × m submatrices A, B, C , D. Owing to the reality of these matrices, the same
relations hold for the self-dual tensors F+ and G+. In Sec. 4.2.3, these matrices were just
numbers:

A = d , B = c , C = b , D = a . (4.72)

We require that the transformed field tensors F ′A and G ′
A are also related by the defi-

nitions (4.68), with appropriately transformed f AB . We work out this requirement in the
following steps:

G ′− = (C + iD f )F− = (C + iD f )(A + iB f )−1 F ′− , (4.73)

such that we conclude that

i f ′ = (C + iD f )(A + iB f )−1 . (4.74)

The last equation gives the symmetry transformation relating f ′AB to f AB . If G ′−
μν is to

be the variational derivative of a transformed action, as (4.68) requires, then the matrix f ′
must be symmetric. For a generic11 symmetric f , this requires that the matrices A, B,C, D
satisfy

AT C − CT A = 0 , BT D − DT B = 0 , AT D − CT B = . (4.75)

These relations among A, B,C, D are the defining conditions of a matrix of the symplectic
group in dimension 2m so we reach the conclusion that

S =
(

A B
C D

)
∈ Sp(2m,R) . (4.76)

The conditions (4.75) may be summarized as

ST�S = � where � =
(

0
− 0

)
. (4.77)

11 If the initial f AB is non-generic, then the matrix in the last equation can be replaced by any matrix which
commutes with f AB . For generic f AB , this must be a constant multiple of the unit matrix. The constant, which
should be positive to preserve the sign of the kinetic energy of the vectors, can be absorbed by rescaling the
matrices A, B,C, D.
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Duality transformations in D = 4 Box 4.2

The duality transformations in four dimensions are transformations in the symplectic groupSp(2m,R).

The matrix � is often called the symplectic metric, and the transformations (4.71) are then
called symplectic transformations. This is the main result originally derived in [26]. Duality
transformations in four spacetime dimensions are transformations of the group Sp(2m,R),
which is a non-compact group.

Exercise 4.16 The dimension of the group Sp(2m,R) is the number of elements of the
matrix S, namely 4m2 minus the number of independent conditions contained in (4.77).
Show that the dimension is m(2m + 1).

Duality transformations have two types of applications: they can describe symmetries of
one theory and they can describe transformations from one theory to another. In the first
case, the symmetries concerned form a subgroup of the ‘maximal’ duality group Sp(2m,R)

discussed above. The subgroup consists of transformations (4.74) of f AB(φ
i ) induced by

the symmetry transformations of the elementary scalars φi . These scalar transformations
must be symmetries of the scalar kinetic term and other parts of the Lagrangian. The model
of Sec. 4.2.3 is one example. The transformation of Z defined in (4.55) is the standard
SL(2,R) symmetry of the Poincaré plane. This could be part of the full symmetry group
of all the scalar fields of the theory. In extended supergravities it turns out that all the
symmetry transformations that act on the scalars appear also as transformations of the
vector kinetic matrix. Hence, the symmetry group is then a subgroup of the ‘maximal’
group Sp(2m,R) discussed above.

However, another application is of the type that we encountered in Ex. 4.15. In that
case constants that specify the theory under consideration change under the duality trans-
formations. The constants that transform are sometimes called ‘spurionic quantities’. The
transformations thus relate two different theories. Solutions of one theory are mapped into
solutions of the other one. This is the basic idea of dualities in M-theory.

Symplectic transformations always transform solutions of (4.70) into other solutions.
However, they are not always invariances of the action. Indeed, writing

L = − 1
2 Re

(
f AB F− A

μν Fμν− B
)
= − 1

2 Im
(

F− A
μν Gμν−

A

)
, (4.78)

we obtain

Im F ′−G ′− = Im
(
F−G−)+ Im

[
2F−(CT B)G− + F−(CT A)F− + G−(DT B)G−] .

(4.79)
If C �= 0, B = 0 the Lagrangian is invariant up to a 4-divergence, since Im F−F− =
− 1

4ε
μνρσ FμνFρσ and the matrices A and C are real constants. For B �= 0 neither the

Lagrangian nor the action is invariant.
Electromagnetic duality has important applications to black hole solutions of extended

supergravity theories. Supergravity is also very relevant to the analysis of black hole solu-
tions of string theory. Many black holes are dyons; they carry both magnetic and electric
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charges for the gauge fields of the system. The general situation is a generalization of

what was discussed at the end of Sec. 4.2.3. The charges form a symplectic vector

(
q A

m
qe A

)
which must transform as in (4.71). The Dirac–Schwinger–Zwanziger quantization condi-
tion restricts these charges to a lattice. Invariance of this lattice restricts the symplectic
transformations of (4.71) to a discrete subgroup Sp(2m,Z), which is analogous to the
SL(2,Z) group discussed previously.

Finally, we comment that symplectic transformations with B �= 0 should be considered
as non-perturbative for the following reasons. A system with no magnetic charges as in
classical electromagnetism is transformed to a system with magnetic charges. The elements
of f AB may be regarded as coupling constants (see Ex. 4.15), and a system with weak
coupling is transformed to one with strong coupling. A duality transformation which mixes
electric and magnetic fields cannot be realized by transformation of the vector potential
Aμ. One would need a ‘magnetic’ partner of Aμ to reexpress the F ′

μν and G ′
μν in terms of

potentials.
The important properties of the matrix f AB are that it is symmetric and that Re f AB

define a positive definite quadratic form in order to have positive gauge field energy. These
properties are preserved under symplectic transformations defined by (4.74).

4.3 Non-abelian gauge symmetry

Yang–Mills theory is based on a non-abelian generalization of the U(1) gauge symmetry. It
is the fundamental idea underlying the standard model of elementary particle interactions.
We follow the pattern of Sec. 4.1.1, starting with the global symmetry and then gauging it.
The focus of our discussion is the derivation of the basic formulas of the classical gauge
theory. Readers may need more information on the underlying geometric ideas and the
structure and stunning applications of the quantized theory. They are referred to a modern
text in quantum field theory.12

4.3.1 Global internal symmetry

Suppose that G is a compact simple Lie group of dimension dimG . Closely associated with
the group is its Lie algebra, denoted by g, which is a real algebra of dimension dimG . The
theory of Lie algebras and Lie groups is an important subject of mathematics with many
applications to physics. With some oversimplification we review only the most essential
features required by Yang–Mills theory for compact simple groups.

Each compact simple Lie algebra has an infinite number of inequivalent finite-
dimensional irreducible representations R of dimension dimR . In each representation, there
is a basis of matrix generators tA, A = 1, . . . , dimG , which are anti-hermitian in the case
of a compact gauge group. The commutator of the generators determines the local geomet-
rical structure of the group:

12 See, for example, Ch. 15 of [9]. This text also reviews aspects of group theory needed in physical applications.
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[tA, tB] = f AB
C tC . (4.80)

The array of real numbers f AB
C are structure constants of the algebra (the same in all

representations). They obey the Jacobi identity

f AD
E fBC

D + fB D
E fC A

D + fC D
E f AB

D = 0 . (4.81)

The indices can be lowered by the Cartan–Killing metric defined in Appendix B (see (B.6)),
and then the f ABC are totally antisymmetric. For simple algebras, the generators can be
chosen to be trace orthogonal, Tr(tAtB) = −cδAB , with c positive for compact groups, and
the Cartan–Killing metric is then proportional to this expression.

One important representation is the adjoint representation of dimension dimR = dimG ,
in which the representation matrices are closely related to the structure constants by
(tA)

D
E = f AE

D . Note that the labels DE denote row and column indices of the matrix tA.
The adjoint representation is a real representation; the representation matrices are real and
antisymmetric for compact algebras. For complex representations we will use the notation
(tA)

α
β . Anti-hermiticity then requires (t∗A)αβ = −(tA)

β
α . The row and column indices

will often be suppressed when no ambiguity arises.

Exercise 4.17 Use (4.81) to show that the matrices (tA)
D

E = f AE
D satisfy (4.80) and

therefore give a representation.

The general element of g is represented by a superposition of generators θ AtA where the
θ A are dimG real parameters. The relation between G and g is given by exponentiation,
namely e−θ AtA is an element of G in the representation R.

A theory with global non-abelian internal symmetry contains scalar and spinor fields,
each of which transforms in an irreducible representation R. For example, there may be a
Dirac spinor13 field �α(x), α = 1, . . . , dimR , that transforms in the complex representa-
tion R as

�α(x)→ (e−θ AtA)αβ�
β(x) . (4.82)

The conjugate spinor14 is denoted by �̄α and transforms as

�̄α → �̄β(e
θ AtA )βα . (4.83)

For most of our discussion it is sufficient to restrict attention to the infinitesimal transfor-
mations,

δ� = −θ AtA� ,

δ�̄ = �̄θ AtA ,

δφA = θC fBC
AφB . (4.84)

13 Note that we use here indices α, . . . for the representation of the gauge group. They should not be confused
with spinor indices, which we usually omit.

14 The Dirac conjugate (2.30) is used here rather than the Majorana conjugate (3.50).
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The first two relations are just the terms of (4.82) and (4.83) that are first order in θ A.
The last relation is the infinitesimal transformation of a field in the adjoint representation,
taken here as the set of dimG real scalars φA. Of course, scalars could be assigned to any
representation R.

Actions, such as the kinetic action for massive fermion fields,

S[�̄,�] = −
∫

dDx�̄[γ μ∂μ − m]� , (4.85)

are required to be invariant under (4.82).

Exercise 4.18 Show that (4.85) is invariant under the transformation (4.82) and (4.83).
Consider an infinitesimal transformation and derive the conserved current

JAμ = −�̄tAγμ� , A = 1, . . . , dimG . (4.86)

Show that the current transforms as a field in the adjoint representation, i.e.

δ JAμ = θC fC A
B JBμ . (4.87)

Show that δ(φA JAμ) = 0.

4.3.2 Gauging the symmetry

In gauged non-abelian internal symmetry, the group parameter θ A(x) is promoted to an
arbitrary function of xμ. The first step in the systematic formulation of gauge invariant
field equations is to introduce the gauge potentials, namely a set of vectors AA

μ(x) whose
infinitesimal transformation rule is

δAA
μ(x) =

1

g
∂μθ

A + θC (x)AB
μ(x) fBC

A . (4.88)

The first term is the gradient term similar to that for the abelian gauge field in (4.2), and
the second is exactly the transformation of a field in the adjoint representation, as one can
see from the third equation in (4.84). The constant g is the Yang–Mills coupling, which
replaces the electromagnetic coupling e of Sec. 4.1.4.

Following the pattern of Sec. 4.1.1, we next define the covariant derivative of a field in
the representation R with matrix generators tA. For the fields �α, �̄α , and φA of (4.84) we
write

Dμ� = (∂μ + gtA AA
μ)� ,

Dμ�̄ = ∂μ�̄ − g�̄tA AA
μ ,

Dμφ
A = ∂μφ

A + g fBC
A AB

μφ
C . (4.89)

Note that the gauge transformation (4.88) can be written as δAA
μ(x) = (1/g)Dμθ

A using
the covariant derivative for the adjoint representation.
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Exercise 4.19 Show that the covariant derivatives of the three fields in (4.89) transform
in the same way as the fields themselves, and with no derivatives of the gauge parameters.
For example δDμ� = −θ AtA Dμ�.

Given this result it is easy to see that any globally symmetric action for scalar and spinor
matter fields becomes gauge invariant if one replaces ∂μ → Dμ for all fields. If this is done
in (4.85), one obtains the equation of motion

δS

δ�̄α

= −[γ μDμ − m]�α = 0 . (4.90)

4.3.3 Yang–Mills field strength and action

The next step in the development is to define the quantities that determine the dynamics
of the gauge field itself. The simplest way to proceed is to compute the commutator of
two covariant derivatives acting on a field in the representation R. We would get the same
information, no matter which representation, so we will study just the case [Dμ, Dν]� ≡
(DμDν − Dν Dμ)�. A careful computation gives

[Dμ, Dν]� = gF A
μν tA� , (4.91)

where

F A
μν = ∂μAA

ν − ∂ν AA
μ + g fBC

A AB
μ AC

ν . (4.92)

The properties of the covariant derivative guarantee that the right-hand side of (4.91) trans-
forms as a field in the same representation as �. Thus F A

μν should have simple transforma-
tion properties. Indeed, one can derive

δF A
μν = θC F B

μν fBC
A . (4.93)

We see that F A
μν is an antisymmetric tensor in spacetime, which transforms as a field in the

adjoint representation of g; F A
μν is the non-abelian generalization of the electromagnetic

field strength (4.6). The principal differences between abelian and non-abelian gauge sym-
metry are that the non-abelian field strength is not gauge invariant, but transforms in the
adjoint representation, and that it is nonlinear in the gauge potential AA

μ .

Exercise 4.20 Derive (4.93).

Despite these significant differences, it is quite straightforward to formulate the Yang–
Mills equations by following the ideas of the electromagnetic case. Since both the current
and field strength transform in the adjoint representation, and the covariant derivative does
not change the transformation properties, the equation

DμF A
μν = −J A

ν (4.94)
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is both gauge and Lorentz covariant. It is the basic dynamical equation of classical Yang–
Mills theory and the analogue of (4.14) for electromagnetism. One important difference,
however, is that in the absence of matter sources, when the right-hand side of (4.94) van-
ishes, that equation is still a (much studied!) nonlinear equation for AA

μ .
There is also a non-abelian analogue of the Bianchi identity (4.11), which takes the form

DμF A
νρ + DνF A

ρμ + DρF A
μν = 0 , (4.95)

where DμF A
νρ = ∂μF A

νρ + g fBC
A AB

μFC
νρ.

Exercise 4.21 Show that (4.95) is satisfied identically if F A
νρ is written in the form (4.92).

Exercise 4.22 Show that Dν DμF A
μν vanishes identically (despite the nonlinearity). This

is again a Noether identity: a relation between field equations that follows from the gauge
symmetry.

As in the electromagnetic case, this means that the equation of motion (4.94) is consis-
tent only if the current is covariantly conserved, i.e. only if Dν J A

ν = 0. It also means that
(4.94) contains (D − 1) dimG independent equations, which is enough to determine the
D dimG components of AA

μ up to a gauge transformation. It is usually convenient to ‘fix
the gauge’ by specifying dimG conditions on the components of AA

μ .
Note that, in the limit g → 0, equations (4.92), (4.94), and (4.95) reduce to linear equa-

tions, which are dimG copies of the corresponding equations for the free electromagnetic
field. The count of degrees of freedom of Sec. 4.1.2 can be repeated in the Coulomb gauge
∂ i AA

i (	x, t) = 0. For each component A = 1, . . . , dimG , 2(D− 2) functions must be spec-
ified as initial data, and each AA

i (x) has a Fourier transform identical to (4.9). In this free
limit, the gauge field thus describes a particle with D − 2 polarization states transforming
in the adjoint representation of g.

The equations of motion of the Yang–Mills field AA coupled to the Dirac field �α can
be obtained from an action functional that is a natural generalization of (4.31):

S[AA
μ, �̄α,�

α] =
∫

dDx
[
− 1

4 F AμνF A
μν − �̄α(γ

μDμ − m)�α
]
. (4.96)

The action is gauge invariant. The Euler variation with respect to AA
ν gives (4.94) with

current source (4.86), and the variation with respect to �̄α gives (4.90).

4.3.4 Yang–Mills theory for G = SU(N )

The most commonly studied gauge group for Yang–Mills theory is SU(N ). The generators
of the fundamental representation of its Lie algebra are a set of N 2 − 1 traceless anti-
hermitian N × N matrices tA, which are normalized by the bilinear trace relation

Tr(tAtB) = − 1
2δAB . (4.97)

In this section we discuss the special notation that has been developed for this case and
is frequently used in the literature. In this notation gauge transformations are explicitly
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realized at the level of the group SU(N ) rather than just at the level of its Lie algebra
su(N ) as in the previous sections.

We will use the notation U (x) = e−�(x), with �(x) = θ A(x)tA, to denote an ele-
ment of the gauge group in the fundamental representation. This may be viewed as a map
xμ → U (xμ) from Minkowski spacetime into the group SU(N ). In this notation the gauge
transformation of a spinor field � in the fundamental representation can be written (see
(4.82))

�(x)→ U (x)�(x). (4.98)

Row and column indices of the fundamental representation are consistently omitted in this
notation. Usually we will omit the spacetime argument xμ also, unless useful for special
emphasis.

Given any matrix generator tA, the unitary transformation U (x)tAU (x)−1 gives another
traceless anti-hermitian matrix, which must then be a linear combination of the tB . There-
fore we can write

U (x)tAU (x)−1 = tB R(x)B
A , (4.99)

where R(x)B
A is a real (N 2 − 1)× (N 2 − 1) matrix.

Exercise 4.23 Consider the product of two gauge group elements U1 and U2, which
gives a third via U1U2 = U3. For each element Ui , there is an associated matrix (Ri )

B
A,

defined by Ui tAU−1
i = tB(Ri )

B
A. Prove that (R3)

B
A = (R1)

B
C (R2)

C
A, which shows

that the matrices RB
A defined by (4.99) are the matrices of an (N 2 − 1)-dimensional

representation of SU(N ). Use (4.99) to show that, to first order in the gauge parameters
θC , RB

A = δB
A + θC f AC

B + . . .. This shows that the matrices RB
A are exactly those of

the adjoint representation.15

Given any set of N 2 − 1 real quantities X A, that is any element of the vector space
RN 2−1, we can form the matrix X = tA X A. For any group element U , we have UXU−1 =
tB RB

A X A. Thus the unitary transformation of the matrix X contains the information that
the quantities X A = −2δAB Tr(tBX) transform in the adjoint representation, that is as
X A → R A

B X B . Thus, given any field in the adjoint representation, such as φA(x), we can
form the matrix �(x) = tAφ

A(x). Gauge transformations can then be implemented as

�(x)→ U (x)�(x)U (x)−1. (4.100)

One can also form the matrix Aμ(x) = tA AA
μ(x) for the gauge potential. Quite remark-

ably, the gauge transformation of the potential can be expressed in matrix form if we define
the transformation by

Aμ(x)→ A′
μ(x) ≡

1

g
U (x)∂μU (x)−1 +U (x)Aμ(x)U (x)−1. (4.101)

15 The equation (4.99) is true for the generators tA of any representation of any Lie algebra g and the associated

group element U = e−θC tC . It follows that the matrices RB
A are those of the adjoint representation of G. A

matrix description of Yang–Mills theory for a general gauge group can then be constructed by following the
procedure discussed below for the fundamental representation of SU(N ).
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For infinitesimal transformations this becomes

δAμ(x) = 1

g
∂μ�(x)+ [Aμ(x),�(x)] , (4.102)

which agrees with (4.88).

Exercise 4.24 Suppose that Aμ → A′
μ by the gauge transformation U2(x) followed

by A′
μ → A′′

μ by the gauge transformation U1(x). Show that the combined transforma-
tion Aμ → A′′

μ is correctly described by the definition (4.101) for the product matrix
U2(x)U1(x). This result is compatible with (1.23) and with the implementation of gauge
transformations by unitary operators in the quantum theory.

It is easy to define covariant derivatives in which the gauge potential appears in matrix
form. For fields � in the fundamental and �̄ in the anti-fundamental representation (and
transforming as �̄ → �̄U−1), the previous definitions in (4.89) can simply be rewritten as

Dμ� ≡ (∂μ + gAμ)� ,

Dμ�̄ ≡ ∂μ�̄ − g�̄Aμ . (4.103)

For a field in the adjoint representation, such as �, we define

Dμ� = ∂μ�+ g[Aμ,�] , (4.104)

which involves the matrix commutator.

Exercise 4.25 Demonstrate that these covariant derivatives transform correctly, specif-
ically that

Dμ� → U (x)Dμ� , Dμ�̄ → Dμ�̄U (x)−1 , Dμ�→ U (x)Dμ�U (x)−1 .

(4.105)

The non-abelian field strength can also be converted to matrix form as

Fμν = tA F A
μν = ∂μAν − ∂νAμ + g[Aμ,Aν] . (4.106)

Exercise 4.26 Prove this.

The matrix formalism is a convenient way to express quantities of interest in the theory.
For example the Yang–Mills action (4.96) can be written as

S[Aμ, �̄,�] =
∫

dDx

[
1

2
Tr(FμνFμν)− �̄(γ μDμ −m)�

]
. (4.107)

The N 2 − 1 matrix generators (tA)
α
β of the fundamental representation, normalized

as in (4.97), together with the matrix iδαβ form a complete set of N × N anti-hermitian
matrices, which are orthogonal in the trace norm. Therefore one can expand any N × N
anti-hermitian matrix Hα

β in this set as

Hα
β = ih0δ

α
β + h A(tA)

α
β ,

h0 = − i

N
Tr H, h A = −2δAB Tr(HtB) . (4.108)
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Note that there is a sum over the N 2− 1 values of the repeated indices A, B in (4.108) and
in the exercise below.

Exercise 4.27 Use the completeness property (perhaps with Sec. 3.2.3 as a guide) to
derive the rearrangement relation

δαβ δ
γ
δ =

1

N
δαδ δ

γ
β − 2(tA)

α
δδ

AB(tB)
γ
β . (4.109)

4.4 Internal symmetry for Majorana spinors

Majorana spinors play a central role in supersymmetric field theories. In many applications
they transform in a representation of a non-abelian internal symmetry group. For example,
the spinor fields of super-Yang–Mills theory are denoted as λA and transform in the adjoint
representation of the gauge group. In the notation of Sec. 4.3.4, we have λA → λ′A =
R A

Bλ
B . Since the matrix R A

B is real, this transformation rule is consistent with the fact
that Majorana spinors obey a reality constraint. Indeed, as shown in Sec. 3A.5, there are
really real representations of the Clifford algebra in which the spinors are explicitly real.
One can consider the more general situation of a set of Majorana spinors �α transforming
as �α → � ′α = (e−θ AtA)αβ �

β . The transformed � ′α must also satisfy the Majorana

condition, and this requires that the matrices e−θ AtA are those of a really real representation
of the group G. (Obviously there is a similar requirement on the symmetry transformation
of a set of real scalars, such as the φA of Sec. 4.3.1.)

In D = 4 dimensions, the requirement that Majorana spinors transform in a real rep-
resentation of the gauge group can be bypassed because internal symmetries can include
chiral transformations, which involve the highest rank element γ∗ = iγ0γ1γ2γ3 of the Clif-
ford algebra discussed in Sec. 3.1.6. This matrix is imaginary in a Majorana representation,
or in general under the C-operation; see (3.78). We use the chiral projectors PL and PR

as in (3.38). Suppose that the matrices tA are generators of a complex representation of
the Lie algebra. Then the complex conjugate matrices t∗A are generators of the conjugate
representation. Let χα denote a set of Majorana spinors to which we assign the group
transformation rule

χα → χ ′α ≡ (e−θ A(tA PL+t∗A PR))αβχ
β . (4.110)

The matrices tA PL + t∗A PR are generators of a representation of an explicitly real rep-
resentation of the Lie algebra, so the transformed spinors χ ′α also satisfy the Majorana
condition. This is the transformation rule used for Majorana spinors in supersymmetric
gauge theories in Ch. 6.

By applying the projectors to (4.110), one can see that the chiral and anti-chiral projec-
tions of χ transform as

PLχ → PLχ
′ ≡ (e−θ AtA)PLχ ,

PRχ → PRχ
′ ≡ (e−θ At∗A)PRχ . (4.111)
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Exercise 4.28 What is the covariant derivative Dμχ? We now use χ̄ for a Majorana
conjugate (3.50), where the transpose includes a transpose in the representation space.
When representation indices are needed, χ̄ carries a lower index. Show that then the kinetic
Lagrangian density χ̄γ μDμχ is invariant under the infinitesimal limit of the transforma-
tion (4.110) for anti-hermitian tA, and that the variation of the mass term is

δ(χ̄χ) = −θ Aχ̄ (tA + t T
A )γ∗χ . (4.112)

The mass term is invariant only for the subset of generators that are antisymmetric, and
thus real. This condition defines a subalgebra of the original Lie algebra g of the theory,
specifically the subalgebra that contains only parity conserving vector-like gauge transfor-
mations. For the case g = su(N ), the subalgebra is isomorphic to so(N ). Non-invariance of
the Majorana mass term is a special case of the general idea that chiral symmetry requires
massless fermions.

Exercise 4.29 Show that

1
2

∫
d4x χ̄γ μDμχ =

∫
d4x χ̄γ μPL Dμχ =

∫
d4x χ̄γ μPR Dμχ . (4.113)

Note that PL ,R Dμχ = DμPL ,Rχ .



The free Rarita–Schwinger field 5

In this chapter we begin to assemble the ingredients of supergravity by studying the free
spin-3/2 field. Supergravity is the gauge theory of global supersymmetry, which we will
usually abbreviate as SUSY. The key feature is that the symmetry parameter of global
SUSY transformations is a constant spinor εα . In supergravity it becomes a general func-
tion in spacetime, εα(x). The associated gauge field is a vector–spinor �μα(x). This field
and the corresponding particle have acquired the name ‘gravitino’.

Supergravity theories necessarily contain the gauge multiplet, the set of fields required
to gauge the symmetry in a consistent interacting theory, and may contain matter multi-
plets, sets of fields on which global SUSY is realized. The gauge multiplet contains the
gravitational field, one or more vector–spinors, and sometimes other fields. This structure
is derived from representations of the SUSY algebras in Sec. 6.4.2. In this chapter we are
concerned with the free limit, in which the various fields do not interact, and we can con-
sider them separately. In particular we consider �μ(x) (omitting the spinor index α) as a
free field, subject to the gauge transformation

�μ(x)→ �μ(x)+ ∂με(x) . (5.1)

Furthermore we will assume that �μ and ε are complex spinors with 2[D/2] spinor compo-
nents for spacetime dimension D. This is fine for the free theory in any dimension D, but
interacting supergravity theories are more restrictive as to the spinor type permitted in a
given spacetime dimension (and such theories exist only for D ≤ 11). We will need to use
the required Majorana and/or Weyl spinors when we study these theories in later chapters
(and the number 2[D/2] must be adjusted to agree with the number of components of each
type of spinor).

It is consistent with the pattern set in the previous chapter that the gauge field �μ(x) is
a field with one more vector index than the gauge parameter ε(x). Furthermore, as in the
case of electromagnetism, the antisymmetric derivative ∂μ�ν − ∂ν�μ is gauge invariant.
An important difference arises because we now seek a gauge invariant first order wave
equation for the fermion field. It is advantageous to start with the action, which must be
(a) Lorentz invariant, (b) first order in spacetime derivatives, (c) invariant under the gauge
transformation (5.1) and the simultaneous conjugate transformation of �̄μ, and (d) hermi-
tian, so that the Euler–Lagrange equation for �̄μ is the Dirac conjugate of that for �μ. It
is easy to see that the expression

95
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S = −
∫

dDx �̄μγ
μνρ∂ν�ρ , (5.2)

which contains the third rank Clifford algebra element γ μνρ , has all these properties. Note
that the action is gauge invariant but the Lagrangian density is not. Instead its variation
is the total derivative δL = −∂μ(ε̄γ μνρ∂ν�ρ). The reason is that the fermionic gauge
symmetry is the remnant of supersymmetry, and the anti-commutator of two SUSY trans-
formations is a spacetime symmetry.

It should be noted that a physically equivalent theory can be obtained by rewriting (5.2)
in terms of the new field variable � ′

μ ≡ �μ+aγμγ ·� where a is an arbitrary parameter.1

The gauge transformation is modified accordingly. The presentation in (5.1) and (5.2) is
universally used in the modern literature, because the gauge transformation is simplest and
closely resembles that of electromagnetism. Historically, Rarita and Schwinger invented a
wave equation for a massive spin-3/2 particle in 1941. The massless limit of the action is
a transformed version of (5.2), and Rarita and Schwinger simply noted that it possesses a
fermionic gauge symmetry.2

The equation of motion obtained from (5.2) reads

γ μνρ∂ν�ρ = 0 . (5.3)

One can immediately see that it shares some of the properties of the analogous electro-
magnetic equation (4.7), which is ∂μFμν = 0. Gauge invariance is manifest, and the left-
hand side vanishes identically when the derivative ∂μ is applied. Thus (5.3) comprises
(D − 1)2[D/2] independent equations, which is enough to determine the 2[D/2]D com-
ponents of �ρ up to the freedom of a gauge transformation. The difference between the
number of components of the gauge field and those of the gauge parameter, in this case
(D − 1)2[D/2], is called the number of off-shell degrees of freedom.

Exercise 5.1 Show directly that for D = 3, the field equation (5.3) implies that ∂ν�ρ −
∂ρ�ν = 0. This means that the field has no gauge invariant degrees of freedom and thus
no propagating particle modes. This is the supersymmetric counterpart of the situation in
gravity for D = 3, where the field equation Rμν = 0 implies that the full curvature tensor
Rμνρσ = 0. Hence no degrees of freedom.

We notice that (5.3) can be rewritten in an equivalent but simpler form. For this purpose,
we use the γ -matrix relation γμγ

μνρ = (D − 2)γ νρ , which implies that γ νρ∂ν�ρ = 0 in
spacetime dimension D > 2. We also note that γ μνρ = γ μγ νρ − 2ημ[νγ ρ]. Using this
information, it is easy to see that (5.3) implies that

γ μ(∂μ�ν − ∂ν�μ) = 0 . (5.4)

1 The case a = −1/D requires special treatment since γ ·� ′ = 0.
2 One of the present authors met Prof. Schwinger at a cocktail party in the early 1980s. Supergravity came up

in the conversation, and Schwinger remarked lightheartedly ‘I should have discovered supergravity.’
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This is an alternative form of the equation of motion, equivalent to (5.3), but which cannot
be obtained directly from an action. To see that (5.4) is equivalent, note that one can apply
γ ν and obtain γ νρ∂ν�ρ = 0. The previous steps can then be reversed to obtain (5.3) from
(5.4). One can also show that the left-hand side of (5.4) vanishes identically if γ ν /∂ is
applied. Finally, let’s apply ∂ρ to (5.4) and antisymmetrize in ρν to obtain

/∂(∂ρ�ν − ∂ν�ρ) = 0 . (5.5)

This is a gauge invariant derivation of the fact that the wave equations, either (5.3) or (5.4),
describe massless particles.

Exercise 5.2 Do all the manipulations in the preceding paragraph. Do them backwards
and forwards.

5.1 The initial value problem

Let’s now study the initial value problem for (5.3) and thus count the number of on-shell
degrees of freedom. We must untangle constraints on the initial data from time evolution
equations. For this purpose we need to fix the gauge, so we impose the non-covariant
condition

γ i�i = 0 , (5.6)

which will play the same role as the Coulomb gauge condition we used in Sec. 4.1.2.

Exercise 5.3 Show by an argument analogous to that in Sec. 4.1.2 that this condition
does fix the gauge uniquely.

We use the equivalent form (5.4) of the field equations. The ν = 0 and ν → i compo-
nents are

γ i∂i�0 − ∂0γ
i�i = 0 ,

γ · ∂�i − ∂iγ ·� = 0 . (5.7)

Using the gauge condition one can see that ∇2�0 = 0, so �0 = 0 according to the
discussion on p. 69. The spatial components �i then satisfy the Dirac equation

γ · ∂�i = 0 , (5.8)

which is a time evolution equation. However, there is an additional constraint, ∂ i�i = 0,
obtained by contracting (5.8) with γ i . Thus from the gauge condition and the equation of
motion, we find 3× 2[D/2] independent constraints on the initial data, namely

γ i�i (	x, 0) = 0 , (5.9)

�0(	x, 0) = 0 , (5.10)

∂ i�i (	x, 0) = 0 . (5.11)
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Box 5.1 Degrees of freedom of themassless Rarita–Schwinger field

On-shell degrees of freedom= 1
2 (D − 3)2[D/2].

Off-shell degrees of freedom= (D − 1)2[D/2].

These constraints imply that there are only 2[D/2](D − 3) initial components of �i to be
specified. The time derivatives are already determined by the Dirac equation (5.8). Hence
there are 2[D/2](D − 3) classical degrees of freedom for the Rarita–Schwinger gauge field
in D-dimensional Minkowski space. The on-shell degrees of freedom are half this number.
In dimension D = 4, with Majorana conditions, we find the two states expected for a
massless particle for any spin s > 0. We will show below that these states carry helicity
±3/2. In general dimension, it should be a representation of SO(D − 2) as discussed in
Sec. 4.1.2. Indeed, the vector–spinor representation is an irreducible representation after
subtraction of the γ -trace. It then contains 1

2 (D − 3)2[D/2] components.

Exercise 5.4 Analyze the degrees of freedom using the original equation of
motion (5.3).

According to the discussion for D = 4 at the beginning of Ch. 4, we would expect the
Fourier expansion of the field to contain annihilation and creation operators for states of
helicity λ = ±3/2. Let’s derive this fact starting from the plane wave

�i (x) = eip·xvi ( 	p)u( 	p) , (5.12)

for a positive null energy–momentum vector pμ = (| 	p|, 	p). Since �i (x) satisfies the Dirac
equation (5.8), the four-component spinor u( 	p) must be a superposition of the massless
helicity spinors u( 	p,±) given in (2.44). Thus we use the Weyl representation (2.19) of the
γ -matrices. The vector vi ( 	p) may be expanded in the complete set

vi ( 	p) = api + bεi ( 	p,+)+ cεi ( 	p,−) , (5.13)

where εi ( 	p,±) are the transverse polarization vectors of Sec. 4.1.2, i.e. they satisfy
piεi ( 	p,±) = 0. The constraint (5.11) requires that a = 0. Thus (5.12) is reduced to
the form

�i (x) = eip·x [b+εi ( 	p,+)u( 	p,+)+ c+εi ( 	p,−)u( 	p,+)
+ b−εi ( 	p,+)u( 	p,−)+ c−εi ( 	p,−)u( 	p,−)

]
. (5.14)

We must still enforce the constraint γ i�i = 0. Some detailed algebra is needed, which we
leave to the reader; the result is that c+ = b− = 0, while b+ and c− are arbitrary. Thus
there are two independent physical wave functions εi ( 	p,±)u( 	p,±) for each pμ.

Exercise 5.5 Do the algebra that was just left for the reader. Show that the resulting
vector–spinor wave functions εi ( 	p,±)u( 	p,±) carry helicity ±3/2. Show that the spinor
wave functions for the conjugate plane wave are ε∗i ( 	p,±)v( 	p,±), where v( 	p,±) =
B−1u( 	p,±)∗ are the massless v spinors of (2.45).
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The net result of this analysis is that the Rarita–Schwinger field that satisfies the equation
of motion and constraints above has the Fourier expansion (we add the trivial 0-components
ε0 = 0 to polarization vectors)

�μ(x) =
∫

d3 	p
(2π)32p0

∑
λ

[eip·xεμ( 	p, λ)u( 	p, λ)c( 	p, λ)+e−ip·xε∗μ( 	p, λ)v( 	p, λ)d∗( 	p, λ)] .
(5.15)

The sum extends over the two physical wave functions of helicity ±3/2. In the quantum
theory the Fourier amplitude c( 	p, λ) becomes the annihilation operator for helicity ±3/2
particles, and d∗( 	p, λ) becomes the creation operator for anti-particles. The situation is
similar to that for the Dirac field in (2.24). A Majorana gravitino has the same expansion,
with d∗( 	p, λ) = c∗( 	p, λ), since there is no distinction between particles and anti-particles.

In dimension D > 4 the allowed gravitino modes are obtained by starting with products
of the D−2 transverse polarization vectors εi ( 	p, j) and the 1

2 2[D/2] massless Dirac spinors
u( 	p, s). The gauge fixing constraint γ i�i = 0 must then be enforced on linear combina-
tions of these products as was done in (5.14). This leads to 1

2 2[D/2](D − 3) independent
wave functions, which describe the on-shell states of the gravitino.

The canonical stress tensor obtained from (5.2) is

Tμν = �̄ργ
ρσ

μ∂ν�σ − ημνL . (5.16)

It is neither symmetric nor gauge invariant under (5.1) (and its Dirac conjugate). It can be
made symmetric (see [27]), but gauge non-invariance is intrinsic and cannot be restored
by adding terms of the form ∂σ Sσμν . The reason is that the gravitino must be joined with
gravity in the gauge multiplet of SUSY. In a gravitational theory there is no well-defined
energy density.

Exercise 5.6 Show that the total energy–momentum Pν = ∫
d3	x T 0ν(	x, t) is gauge

invariant and given (for D = 4) by

Pν =
∫

d3 	p
(2π)32p0

pν
∑
λ

[c∗( 	p, λ)c( 	p, λ)− d( 	p, λ)d∗( 	p, λ)] . (5.17)

5.2 Sources and Green’s function

Let’s follow the pattern of Sec. 4.1.3 and couple the Rarita–Schwinger field to a vector–
spinor source via

γ μνρ∂ν�ρ = Jμ . (5.18)

The contraction of ∂μ with the left-hand side vanishes identically, which indicates that
(5.18) is a consistent equation only if the source current is conserved, i.e. ∂μJμ = 0.
This is the exact analogue of what happens in electromagnetism and Yang–Mills theory.
In those theories, the gauge field was later coupled to matter systems, and the source was
the Noether current of the global symmetry. Supergravity theories are more complicated.
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The same phenomenon occurs, but only as an approximation valid to lowest order in the
gravitational coupling. The current Jμ is the Noether supercurrent of the matter multiplets
in the theory.

Let’s now apply the method of Sec. 4.1.3 to find the Green’s function that determines the
response of the field to the source. We first solve the simpler problem for the Dirac field,

(/∂ − m)�(x) = J(x) . (5.19)

Given a Green’s function S(x − y) that satisfies

(/∂ x − m)S(x − y) = −δ(x − y) , (5.20)

the solution of (5.19) is given by

�(x) = −
∫

dD y S(x − y)J(y) . (5.21)

Let’s solve this problem using the Fourier transform. The symmetries of Minkowski space-
time allow us to assume the Fourier representation

S(x − y) =
∫

dD p

(2π)D
eip·(x−y)S(p) . (5.22)

In momentum space, (5.20) reads

(i/p − m)S(p) = −1, (5.23)

and the solution (with Feynman’s causal structure) is

S(p) = − 1

i /p − m
= i /p + m

p2 + m2 − iε
. (5.24)

Comparing with (4.18), we see that we can express S(x − y) in terms of the scalar Green’s
function as

S(x − y) = (/∂x + m)G(x − y) . (5.25)

This result satisfies (5.20) by inspection and could have been guessed at the start. However,
the Fourier transform method is useful as a warmup for the more complicated case of the
Rarita–Schwinger field.

We expect the Green’s function solution of (5.18) to take the form

�μ(x) = −
∫

dD y Sμν(x − y)Jν(y) , (5.26)

where Sμν(x − y) is a tensor bispinor. A bispinor has two spinor indices, which are sup-
pressed in our notation, and it can be regarded as a matrix of the Clifford algebra. As in the
electromagnetic case, the Rarita–Schwinger operator is not invertible, but we can assume
that the Green’s function satisfies

γ μσρ
∂

∂xσ
Sρν(x − y) = −δμν δ(x − y)+ ∂

∂yν
�μ(x − y) . (5.27)
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The last term on the right is a ‘pure gauge’ in the source point index. In momentum space
(5.27) reads

iγ μσρ pσ Sρν(p) = −δμν − ipν�
μ(p) . (5.28)

We will solve (5.28) by writing an appropriate ansatz for Sρν(p) and then find the
unknown functions in the ansatz. The matrix γ μσρ pσ in (5.28) contains an odd rank ele-
ment of the Clifford algebra and it is odd under the reflection pσ →−pσ . It is reasonable
to guess that the ansatz we need should also involve odd rank Clifford elements and be odd
under the reflection. We would also expect that terms that contain the momentum vectors
pρ or pν are ‘pure gauges’ and thus arbitrary additions to the propagator, which would not
be determined by the equation (5.28). So we omit such terms and postulate the ansatz

i Sρν(p) = A(p2) ηρν /p + B(p2) γρ /p γν . (5.29)

The next step is to substitute the ansatz in (5.28) and simplify the products of γ -matrices
that appear. This process yields

iγ μσρ pσ Sρν(p) = Aγ μσ ν /p pσ + (D − 2)Bγ μσ /pγν pσ

= A
(

pμγ σ ν − pσ γ μν
)

pσ + (D − 2)B
(−pμγ σ + pσ γ μ

)
γν pσ

+ . . .

= [A − (D − 2)B] (pμγ σ ν − pσ γ μν
)

pσ + (D − 2)Bp2δμν

+ . . . . (5.30)

We have omitted terms that are proportional to the vector pν , because such terms will be
‘matched’ in (5.28) by �μ(p) rather than by δ

μ
ν . It is now easy to see that the δμν term in

(5.28) determines the values A = −1/p2 and B = −1/((D − 2)p2). Thus we have found
the gravitino propagator

Sμν(p) = i
1

p2

[
ημν /p + 1

D − 2
γμ/pγν + C pμγν + E γμ pν + F pμ/p pν

]
, (5.31)

in which we have added possible gauge terms that are not determined by this procedure. In
position space the propagator is

Sμν(x− y) =
[
ημν /∂ + 1

D − 2
γμ/∂γν + C ∂μγν + E γμ∂ν − F∂μ/∂∂ν

]
G(x− y) , (5.32)

where G(x−y) is the massless scalar propagator (4.19), and all derivatives are with respect
to x .

Exercise 5.7 Include the omitted pν terms in (5.30) and �(p) in the analysis and
verify that the gauge terms in the propagator are arbitrary. Show that, for the choice
E = −1/(D − 2), and arbitrary C and F, the propagator satisfies

iγ μσρ pσ Sρν(p) = −
(
δμν −

pμ pν
p2

)
. (5.33)

Show that, for D = 4, the propagator, with C = −1, takes the ‘reverse index’ form
Sμν(p) = −i 1

2 γν /p γμ, which is the form used in most of the literature on perturbative
studies in supergravity [28].
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5.3 Massive gravitinos from dimensional reduction

Our aim in this section is quite narrow, but the approach will be broad. The narrow goal
is to extend the Rarita–Schwinger equation to describe massive gravitinos, but we wish to
do it by introducing the important technique of dimensional reduction, which is also called
Kaluza–Klein theory. The main idea is that a fundamental theory, perhaps supergravity
or string theory, that is formulated in D′ spacetime dimensions can lead to an observable
spacetime of dimension D < D′. In the most common variant of this scenario, there is a
stable solution of the equations of the fundamental theory that describes a manifold of the
structure MD′ = MD × Xd with d = D′ − D. The factor MD is the spacetime in which we
might live, thus non-compact with small curvature, while Xd is a tiny compact manifold
of spatial extent L . The compact space Xd can be thought of as hidden dimensions of
spacetime that are not accessible to direct observation because of basic properties of wave
physics that are coded in quantum mechanics as the uncertainty principle. This principle
asserts that it would take wave excitations of energy E ≈ 1/L to explore structures of
spatial scale L . If L is sufficiently small, this energy scale cannot be achieved by available
apparatus. Nevertheless, the dimensional reduction might be confirmed since the presence
of Xd has important indirect effects on physics in MD .

In this section we study an elementary version of dimensional reduction, which still has
interesting physics to teach. Instead of obtaining the structure MD×Xd from a fundamental
theory including gravity, we will simply explore the physics of the various free fields we
have studied, assuming that the (D + 1)-dimensional spacetime is MinkowskiD ⊗ S1.
The main feature is that Fourier modes of fields on S1 are observed as infinite ‘towers’
of massive particles by an observer in MinkowskiD . The reduction of the free massless
gravitino equation in D + 1 dimensions will then tell us the correct description of massive
gravitinos. Massive gravitinos appear in the physical spectrum of D = 4 supergravity when
SUSY is spontaneously broken.

5.3.1 Dimensional reduction for scalar fields

Let’s change to a more convenient notation and rename the coordinates of the (D + 1)-
dimensional product spacetime x0 = t, x1, . . . , x D−1, y, where y is the coordinate of S1

with range 0 ≤ y ≤ 2πL . We consider a massive complex scalar field φ(xμ, y) that obeys
the Klein–Gordon equation

[ D+1 − m2]φ =
[

D +
(
∂

∂y

)2

− m2

]
φ = 0 . (5.34)

Acceptable solutions must be single-valued on S1 and thus have a Fourier series expansion

φ(xμ, y) =
∞∑

k=−∞
eiky/Lφk(x

μ). (5.35)
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It is immediate that the spacetime function associated with the kth Fourier mode, namely
φk(xμ), satisfies [

D −
(

k

L

)2

− m2

]
φk = 0 . (5.36)

Thus it describes a particle of mass mk
2 = (k/L)2 +m2. So the spectrum of the theory, as

viewed in MinkowskiD , contains an infinite tower of massive scalars!
There is an even simpler way to find the mass spectrum. Just substitute the plane

wave eipμxμ eiky/L directly in the (D+ 1)-dimensional equation (5.34). The D-component
energy–momentum vector pμ must satisfy pμ pμ = (k/L)2 + m2. The mass shift due to
the Fourier wave on S1 is immediately visible.

5.3.2 Dimensional reduction for spinor fields

We will consider the dimensional reduction process for a complex spinor�(xμ, y) for even
D = 2m (so that the spinors in D + 1 dimensions have the same number of components).
Two new ideas enter the game. The first just involves the Dirac equation in D dimensions.
We remark that if �(x) satisfies

[/∂D − m]�(x) = 0 , (5.37)

then the new field �̃ ≡ e−iγ∗β�, obtained by applying a chiral phase factor, satisfies

[/∂D − m(cos 2β + iγ∗ sin 2β)]�̃ = 0 . (5.38)

Physical quantities are unchanged by the field redefinition, so both equations describe par-
ticles of mass m. One simple implication is that the sign of m in (5.37) has no physical
significance, since it can be changed by field redefinition with β = π/2.

The second new idea is that a fermion field can be either periodic or anti-periodic
�(xμ, y) = ±�(xμ, y + 2πL)). Anti-periodic behavior is permitted because a fermion
field is not observable. Rather, bilinear quantities such as the energy density T 00 =
−�̄γ 0∂0� are observables and they are periodic even when � is anti-periodic. Thus we
consider the Fourier series

�(xμ, y) =
∑

k

eiky/L�k(x
μ), (5.39)

where the mode number k is integer or half-integer for periodic or anti-periodic fields,
respectively. In either case when we substitute (5.39) in the (D + 1)-dimensional Dirac
equation [/∂D+1 − m]�((xμ, y) = 0, we find that �k(xμ) satisfies3[

/∂D −
(

m − iγ∗
k

L

)]
�k(x

μ) = 0 . (5.40)

By applying a chiral transformation with phase tan 2β = k/(mL), we see that �k(xμ)
describes particles of mass mk

2 = (k/L)2+m2. Again we would observe an infinite tower
of massive spinor particles with distinct spectra for the periodic and anti-periodic cases.

3 Recall from Ch. 3 that for odd spacetime dimension D = 2m + 1, γ D = ±γ∗, where γ∗ is the highest rank
Clifford element in D = 2m dimensions.
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5.3.3 Dimensional reduction for the vector gauge field

We now apply circular dimensional reduction to Maxwell’s equation

∂νFνμ = D+1 Aμ − ∂μ(∂
ν Aν) = 0 (5.41)

in D + 1 dimensions, and we assume a periodic Fourier series representation

Aμ(x, y) =
∑

k

eiky/L Aμk(x) , AD(x, y) =
∑

k

eiky/L ADk(x) , (5.42)

with k an integer. The analysis simplifies greatly if we assume the gauge conditions
ADk(x) = 0 for k �= 0 and vector component D tangent to S1. It is easy to see that
this gauge can be achieved and uniquely fixes the Fourier modes θk(x), k �= 0, of the
gauge function. The gauge invariant Fourier mode AD0(x) remains a physical field in the
dimensionally reduced theory. A quick examination of the μ → D component of (5.41)
shows that it reduces to

k = 0: D+1 AD0 = D AD0 = 0,

k �= 0: ∂μAμk = 0, (5.43)

so the mode AD0(x) simply describes a massless scalar in D dimensions. For μ ≤ D − 1,
the wave equation (5.41) implies that the vector modes Aμk(x) satisfy[

D − k2

L2

]
Aμk − ∂μ(∂

ν Aνk) = 0 . (5.44)

For mode number k = 0 this is just the Maxwell equation in D dimensions with its gauge
symmetry under Aμ0 → Aμ0+∂μθ0 intact, since the Fourier mode θ0(x) remained unfixed
in the process above. For mode number k �= 0, (5.44) is the standard equation4 for a
massive vector field with mass m2

k = k2/L2, namely the equation of motion of the action

S =
∫

dDx
[
− 1

4 FμνFμν − 1
2 m2 AμAμ

]
. (5.45)

A counting argument similar to that for the massless case in Ch. 4 shows that we have
the D-component field Aμk subject to the single constraint (5.43) and thus giving D − 1
quantum degrees of freedom for each Fourier mode k �= 0. The D − 1 particle states for
each fixed energy–momentum pμ transform in the vector representation of SO(D − 1) as
appropriate for a massive particle. Note that there are three states for D = 4, which agrees
with 2s + 1 for spin s = 1. The count of states is the same in the massless k = 0 sector
also, where we have the gauge vector Aμ0 plus the scalar AD0 with (D − 2) + 1 on-shell
degrees of freedom.

5.3.4 Finally�μ(x, y)

Let’s apply dimensional reduction to the massless Rarita–Schwinger field in D+ 1 dimen-
sions with D = 2m. We will assume that the field �μ(x, y) is anti-periodic in y so that

4 Note that the result (5.43) can be obtained by applying ∂μ to (5.44) and is thus consistent with that equation.
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its Fourier series involves modes exp(iky/L)�μk(x) with half-integral k. This assumption
simplifies the analysis, since only k �= 0 occurs, and all modes will be massive.

We would like to start with (5.3) in dimension D + 1 and derive the wave equation of a
massive gravitino in MinkowskiD . A gauge choice makes this task much easier. All Fourier
modes have k �= 0, so we can impose the gauge condition �Dk(x) = 0 on all modes and
completely eliminate the field component �D(x, y).

Let’s write out the μ = D and μ ≤ D − 1 components of (5.3) with �D = 0 (using
γ D = γ∗):

γ νρ∂ν�ρk = 0 ,[
γ μνρ∂ν − i

k

L
γ∗γ μρ

]
�ρk = 0 . (5.46)

Note that the first equation of (5.46) follows by application of ∂μ to the second one.

Exercise 5.8 Show that the chiral transformation �ρk = e(−iπγ∗/4)� ′
ρk leads, after

replacing � ′ → �, to the equation of motion(
γ μνρ∂ν − mγ μρ

)
�ρ = 0 . (5.47)

The last equation is the Euler–Lagrange equation of the action

S = −
∫

dDx �̄μ

[
γ μνρ∂ν − mγ μρ

]
�ρ . (5.48)

Exercise 5.9 The equation of motion (5.47) also contains constraints on the initial data.
Obtain γ μν∂μ�ν = 0, which is not a constraint, by contracting the equation with ∂μ. Then
find the constraint γ μ�μ = 0 by contracting with γμ. Show that the μ = 0 component of
the equation of motion gives the constraint (γ i j∂i − mγ j )� j = 0.

Exercise 5.10 By analysis similar to that which led from (5.3) to (5.4) in the massless
case, derive (/∂ +m)�μ = 0, which closely resembles the Dirac equation. The constraints
of Ex. 5.9 must still be applied to the initial data, but the new equation clearly shows that
the field has definite mass m.

It is useful to recapitulate the equations that we obtained during the analysis (or directly
from (5.47)) that determine the counting of the number of initial data and thus the number
of degrees of freedom:

γ μ�μ = 0 ,

(γ i j∂i − mγ j )� j = 0 ,[
/∂ + m

]
�μ = 0 . (5.49)

As in the massless case, the time derivatives are determined by the Dirac equation (last
equation of (5.49)). The initial data are thus the values at t = 0 of the �μ restricted
by the first two equations of (5.49). Hence, the complex field �μ(x) with D × 2[D/2]
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degrees of freedom contains (D − 2) × 2[D/2] independent classical degrees of freedom
and thus 1

2 (D − 2)× 2[D/2] on-shell physical states. For D = 4 these are the four helicity
states required for a massive particle of spin s = 3/2. In the situation of dimensional
reduction, there is a massive gravitino with m = |k|/L for every Fourier mode k, each
with 1

2 (D− 2)2[D/2] states. Note that this is the same as the number of states of a massless
gravitino in D + 1 dimensions.

Exercise 5.11 Study the Kaluza–Klein reduction for the Rarita–Schwinger field assum-
ing periodicity �μ(x, y + 2π) = �μ(x, y) in y. Show that the spectrum seen in
MinkowskiD consists of a massive gravitino for each Fourier mode k �= 0 plus a mass-
less gravitino and massless Dirac particle for the zero mode.

The dimensional reduction process has thus taught us the correct action for a massive
gravitino. In particular the mass term is m�̄μγ

μν�ν . There is a more general action,
namely

S = −
∫

dDx �̄μ

[
γ μνρ∂ν − mγ μρ − m′ημρ

]
�ρ , (5.50)

which contains an additional Lorentz invariant term with a coefficient m′ with the dimen-
sion of mass. It is curious that this does not give the correct description of a massive
gravitino, because it contains too many degrees of freedom. In the following exercise we
ask readers to verify this.

Exercise 5.12 Derive the equation of motion for the action (5.50). Analyze this equation
as in Ex. 5.9, and show that the previous constraint γ · � = 0 does not hold if m′ �= 0.
The field components γ ·� then describe additional degrees of freedom (which propagate
as negative Hilbert space metric ‘ghosts’). See [28] for an analysis in terms of projection
operators.
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In global SUSY the scope of symmetries included in quantum field theory is extended
from Poincaré and internal symmetry transformations, with charges M[μν], Pμ, and TA, to
include spinor supercharges Qi

α , where α is a spacetime spinor index, and i = 1, . . . ,N is
an index labeling the distinct supercharges. We will assume that the Qi

α are four-component
Majorana spinors, although an equivalent formulation using two-component Weyl spinors
is also commonly used. In this chapter we will mostly study the simplest case N = 1 where
there is a single spinor charge Qα . This case is called N = 1 SUSY or simple SUSY.
Some features of theories with N > 1 spinor charges, called extended SUSY theories, are
discussed in Sec. 6.4 and Appendix 6A.

In N = 1 global SUSY the Poincaré generators and Qα join in a new algebraic struc-
ture, that of a superalgebra. A superalgebra contains two classes of elements, even and odd.
From the physics viewpoint, they can be called bosonic (B) and fermionic (F). The struc-
ture relations include both commutators and anti-commutators in the pattern [B, B] = B,
[B, F] = F , {F, F} = B. The bosonic charges span a Lie algebra. In SUSY the subalgebra
of the bosonic charges M[μν] and Pμ is the Lie algebra of the Poincaré group discussed in
Ch. 1, while the new structure relations involving Qα are

{
Qα, Q̄β

} = − 1
2 (γμ)α

β Pμ ,[
M[μν], Qα

] = − 1
2 (γμν)α

β Qβ ,[
Pμ, Qα

] = 0 . (6.1)

Note that these are the classical (anti-)commutator relations; see Secs. 1.4 and 1.5. We will
discuss this further in Ch. 11.

Exercise 6.1 Use (2.30) to reexpress the supercharge anti-commutator in terms of Q
and Q†. Then use the correspondence principle, that is multiply by the imaginary i, to
obtain the quantum anti-commutator from the classical relation. This procedure gives the
operator relation {

Qα, (Q
†)β
}

qu
= 1

2

(
γμγ

0
)
α

β Pμ . (6.2)

Trace on the spinor indices to obtain the positivity condition

Tr(Q Q† + Q† Q) = 2P0 . (6.3)

107
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The energy E = P0 of any state in the Hilbert space of a global supersymmetric field
theory must be positive.

Many SUSY theories, but not all, are invariant under a chiral U(1) symmetry called
R-symmetry. We denote the generator by TR . This acts on Qα via

[TR, Qα] = −i(γ∗)αβ Qβ (6.4)

but this generator TR is not required. Other internal symmetries, which commute with Qα

and are frequently called outside charges, can also be included.
There are two important theorems that severely limit the type of charges and algebras

that can be realized in an interacting relativistic quantum field theory in D = 4 (strictly
speaking in a theory with a non-trivial S-matrix in flat space). According to the Coleman–
Mandula (CM) theorem [29, 30], in the presence of massive particles, bosonic charges
are limited to M[μν] and Pμ plus (optional) scalar internal symmetry charges, and the Lie
algebra is the direct sum of the Poincaré algebra and a (finite-dimensional) compact Lie
algebra for internal symmetry.

If superalgebras are admitted, the situation is governed by the Haag– Łopuszański–
Sohnius (HLS) theorem [31, 30], and the algebra of symmetries admits spinor charges
Qi
α . If there is only one Qα , then the superalgebra must agree with the N = 1 Poincaré

SUSY algebra in (6.1). When N > 1, the possibilities are restricted to the extended SUSY
algebras discussed in Appendix 6A.1 The main thought that we wish to convey is that
SUSY theories realize the most general symmetry possible within the framework of the
few assumptions made in the hypotheses of the CM and HLS theorems.2 They also unify
bosons and fermions, the two broad classes of particles found in Nature.

The parameters of global SUSY transformations are constant anti-commuting Majorana
spinors εα . In supergravity SUSY is gauged, necessarily with the Poincaré generators, since
they are joined in the superalgebra (6.1). This means that gravity is included, so the spinor
parameters become arbitrary functions εα(x) on a curved spacetime manifold. It is logically
possible to skip ahead to Ch. 9 where N = 1, D = 4 supergravity is presented. But much
important background will be missed, and we encourage only readers quite familiar with
global SUSY to do this. We endeavor to give a succinct, pedagogical treatment of classical
aspects of SUSY field theories. This material is certainly elegant, and part of the reason
that SUSY is so appealing. However, there is much more in the deep results that have been
discovered in perturbative and non-perturbative quantum supersymmetry that we cannot
include.

The purpose of this chapter is to move as quickly as possible to an understanding of the
structure of the major interacting SUSY field theories. At the classical level an interacting
field theory is simply one in which the equations of motion are nonlinear. In Sec. 6.4, we
give a short survey of the massless particle representations of extended Poincaré SUSY
algebras.

1 They also found the extension with central charges, which will be discussed in Sec. 12.6.2.
2 In theories that contain only massless fields and are scale invariant at the quantum level, there are the additional

possibilities of conformal and superconformal symmetries. The superconformal algebras contain the Poincaré
SUSY algebras as subalgebras. They will be discussed later.
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6.1 Basic SUSY field theory

SUSY theories contain both bosons and fermions, which are the basis states of a particle
representation of the SUSY algebra (6.1)–(6.4). We give a systematic treatment of these
representations in Sec. 6.4, but start with an informal discussion here. The states of par-

ticles with momentum 	p and energy E( 	p) =
√
	p2 + m2

B,F are denoted by | 	p, B〉 and

| 	p, F〉, where the labels B and F include particle helicity. SUSY transformations connect
these states. Since the spinor Qα carries angular momentum 1/2, it transforms bosons into
fermions and fermions into bosons. Hence Qα| 	p, B〉 = | 	p, F〉 and Qα| 	p, F〉 ∝ | 	p, B〉.
Since [Pμ , Qα] = 0, the transformed states have the same momentum and energy, hence
the same mass, so m2

B = m2
F . We show in Sec. 6.4.1 that a representation of the algebra

contains the same number of boson and fermion states.
The simplest representations of the algebra that lead to the most basic SUSY field theo-

ries are:

(i) the chiral multiplet, which contains a self-conjugate spin-1/2 fermion described by
the Majorana field χ(x) plus a complex spin-0 boson described by the scalar field
Z(x). Alternatively, χ(x) may be replaced by the Weyl spinor PLχ and/or Z(x) by
the combination Z(x) = (A(x) + iB(x))/

√
2 where A and B are a real scalar and

pseudo-scalar, respectively. A chiral multiplet can be either massless or massive.
(ii) the gauge multiplet consisting of a massless spin-1 particle, described by a vector

gauge field Aμ(x), plus its spin-1/2 fermionic partner, the gaugino, described by a
Majorana spinor λ(x) (or the corresponding Weyl field PLλ).

6.1.1 Conserved supercurrents

It follows from our discussion of the Noether formalism for symmetries that the spinor
charge should be the integral of a conserved vector–spinor current, the supercurrent J μ

α ,
hence

Qα =
∫

d3x J 0
α (	x, t) . (6.5)

If the current is conserved for all solutions of the equations of motion of a theory, then the
theory has a fermionic symmetry. By the HLS theorem this symmetry must be supersym-
metry!

Therefore we begin the technical discussion of SUSY in quantum field theory by dis-
playing such conserved currents,3 first for free fields and then for one non-trivial inter-
acting system. Consider a free scalar field φ(x) satisfying the Klein–Gordon equation
( − m2)φ = 0 and a spinor field �(x) satisfying the Dirac equation (/∂ − m)� = 0.

Exercise 6.2 Show that the current J μ = (/∂φ − mφ)γ μ� is conserved for all field
configurations satisfying the Klein–Gordon and Dirac equations.

3 The spinor index α on the current and on most spinorial quantities will normally be suppressed.
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It is no surprise to find unusual conserved currents in a free theory. In fact the current
J μ

ν = (/∂φ − mφ)γ μ∂ν�, which gives a charge that violates the HLS theorem, is con-
served. Such currents cannot be conserved in an interacting theory. For similar reasons
conservation of J μ at the free level holds whether φ and � are real or complex. To extend
to interactions we will have to take φ → Z , a complex scalar, and � a Majorana spinor.
Note also that the current in Ex. 6.2 is conserved for any spacetime dimension D; this is
another property that fails with interactions.

As the second example let’s look at the free gauge multiplet with vector potential Aμ

and field strength Fμν = ∂μAν − ∂ν Aμ satisfying the Maxwell equation ∂μFμν = 0 and a
spinor λ satisfying /∂λ = 0. Let’s show that the current J μ = γ νρFνργ μλ is conserved.
We have

∂μJ μ = ∂μFνργ
νργ μλ+ γ νρFνρ /∂λ . (6.6)

The last term vanishes. To treat the first term we manipulate the γ -matrices as discussed in
Sec. 3.1.4:

γ νργ μ = γ νρμ + 2γ [νηρ]μ. (6.7)

When inserted in the first term of (6.6) we see that the first term vanishes by the gauge field
Bianchi identity (4.11), and the second one by the Maxwell equation.

6.1.2 SUSY Yang–Mills theory

With little more work we can now exhibit an important interacting theory, N = 1 SUSY
Yang–Mills theory and its conserved supercurrent. The theory contains the gauge boson
AA
μ(x) and its SUSY partner, the Majorana spinor gaugino λA(x) in the adjoint represen-

tation of a simple, compact, non-abelian gauge group G. The action is4

S =
∫

d4x
[
− 1

4 FμνA F A
μν − 1

2 λ̄
Aγ μDμλ

A
]
. (6.8)

For details of the notation see Secs. 3.4.1 and 4.3. Note that the gaugino action vanishes
unless λA(x) is anti-commuting! The Euler–Lagrange equations (and gauge field Bianchi
identity) are

DμF A
μν = − 1

2 g fBC
Aλ̄Bγνλ

C ,

DμF A
νρ + DνF A

ρμ + DρF A
μν = 0 ,

γ μDμλ
A = 0 . (6.9)

The supercurrent is

J μ = γ νρF A
νργ

μλA . (6.10)

4 We assume in this chapter that the Lie algebra has an invariant metric δAB , so that two ‘upper’ indices can be
contracted.
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The proof that it is conserved begins as in the free (abelian) case:

∂μJ μ = DμF A
νργ

νργ μλA + γ νρF A
νργ

μDμλ
A

= −2DμF A
μνγ

νλA

= g f ABCγ
νλAλ̄Bγνλ

C . (6.11)

The right-hand side vanishes due to (3.68) and the supercurrent (6.10) is conserved!
Thus we have established the existence of our first interacting SUSY field theory. Notice

how the basic relations of non-abelian gauge symmetry such as the Bianchi identity, the
relativistic description of spin by the Dirac–Clifford algebra, and the anti-commutativity
of fermion fields are all blended in the proof. Readers whose intellectual curiosity is not
excited by this are advised to put this book aside permanently and watch television instead
of reading it.

The two main approaches to SUSY field theories are the approach of this chapter, in
which we deal with the separate field components describing each physical particle in the
theory, and the superspace approach, in which the separate fields are grouped in superfields.
The latter approach is not used in this book, but is briefly discussed in Appendix 14A
(see references there). A Fierz relation is always required to establish supersymmetry in
the ‘component’ approach to any interacting SUSY theory. This is one reason why the
existence and field content of SUSY field theories depend so markedly on the spacetime
dimension. The Fierz relation also restricts the type of fermion required in the theory.

Here is an exercise in which readers are asked to show that super-Yang–Mills (SYM)
theories with gauge field Aμ plus a specific type of spinor ψ A and the supercurrent J μ =
γ νρF A

νργ
μψ A do exist in certain spacetime dimensions [32].

Exercise 6.3 Study the appropriate Fierz rearrangement and, using the results of Ex.
3.27, show that the supercurrent is conserved in the following cases:

(i) Majorana spinors in D = 3,
(ii) Majorana (or Weyl) spinors in D = 4, which is the case analyzed above,

(iii) symplectic Weyl spinors in D = 6, and
(iv) Majorana–Weyl spinors in D = 10.

Notice that, in every case, the number of on-shell degrees of freedom of the gauge field,
namely D−2, matches those of the fermion, which are 2×2[(D−2)/2]/k (real), where k = 1
for a complex Dirac fermion, k = 2 for a Majorana, a Weyl or a symplectic Weyl fermion,
and k = 4 for a Majorana–Weyl fermion. Equality of the total number of boson and fermion
states is a necessary condition for SUSY. This basic fact will be proved for massive and
massless physical states in Sec. 6.4.1 and in general (on- or off-shell) in Appendix 6B.

6.1.3 SUSY transformation rules

Although global SUSY can be formulated using conserved supercurrents as the primary
vehicle, as was done above, it is usually more convenient to emphasize the idea of SUSY
field variations involving spinor parameters εα under which actions must be invariant. The
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field variations are also called SUSY transformation rules. Given the conserved current one
can form the supercharge using (6.5) and use the canonical formalism to compute the field
variations, i.e.

δ�(x) = {ε̄αQα,�(x)}PB = −i[ε̄αQα,�(x)]qu , (6.12)

where � denotes any field of the system under study. A brief description of Poisson brack-
ets (PB) and commutation relations in the canonical formalism is given in Secs. 1.4 and
1.5. A link in the opposite direction is provided by the Noether formalism, which produces
a conserved supercurrent given field variations under which the action is invariant. One
reason to emphasize the field variations, ab initio, is that this avoids some subtleties in the
canonical formalism for gauge theories and for Majorana spinors.

The next exercise illustrates the link between the supercurrent and field variations. It
involves the free scalar–spinor φ–� system of Ex. 6.2. The spinors �, the supersymmetry
parameters ε and the supersymmetry generator Q are Majorana spinors. They all mutually
anti-commute. For the canonical formalism, one can either treat � and �̄ as independent
variables, or use Dirac brackets to obtain

{φ(x), ∂0φ(y)}PB = −{∂0φ(x), φ(y)}PB = δ3(	x − 	y) , (6.13){
�α(x), �̄

β(y)
}

PB =
{
�̄β(x),�α(y)

}
PB =

(
γ 0
)
α

βδ3(	x − 	y) .

Exercise 6.4 Use Q̄ = (1/
√

2)
∫

d3	x �̄γ 0(/∂ + m)φ or Q = (1/
√

2)
∫

d3	x
(/∂φ − mφ)γ 0� to obtain

δφ(x) = {ε̄Q, φ(x)}PB =
1√
2
ε̄�(x) , (6.14)

δ�(x) = {ε̄Q, �(x)}PB = 1√
2
(/∂ + m)φε.

Note that [Q̄ε,�α(x)]PB = −{Q̄β,�α(x)}PB εβ .

6.2 SUSY field theories of the chiral multiplet

The physical fields of the chiral multiplet are a complex scalar Z(x) and the Majorana
spinor χ(x). It simplifies the structure in several ways to bring in a complex scalar auxil-
iary field F(x). The field equations of F are algebraic, so F can be eliminated from the
system at a later stage. The set of fields Z , PLχ , F constitute a chiral multiplet, and their
conjugates5 Z̄ , PRχ , F̄ are an anti-chiral multiplet. The treatment is streamlined because
we use the chiral projections PLχ and PRχ , but can still regard χ as a Majorana spinor;
see Sec. 3.4.2.

Our program is to present the SUSY transformation rules of these multiplets, discuss
invariant actions, and then study the SUSY algebra (6.1)–(6.4). The spinor parameter ε

5 Here we use Z̄ to denote the complex conjugate rather than ∗, which was used earlier. Both notations will be
used later in the book.
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is a Majorana spinor, whose spinor components anti-commute with each other and with
components of χ and χ̄ .

The transformation rules of the chiral multiplet are

δZ = 1√
2
ε̄PLχ ,

δPLχ = 1√
2

PL(/∂Z + F)ε ,

δF = 1√
2
ε̄ /∂PLχ . (6.15)

The anti-chiral multiplet transformation rules are

δ Z̄ = 1√
2
ε̄PRχ ,

δPRχ = 1√
2

PR(/∂ Z̄ + F̄)ε ,

δ F̄ = 1√
2
ε̄ /∂PRχ . (6.16)

Note that the form of the transformation rules for the physical components is similar to
those of the ‘toy model’ in Ex. 6.4.

Exercise 6.5 Show that the variations δ Z̄ , δPRχ , δ F̄ are the complex conjugates of δZ,
δPLχ , δF.

There are two basic actions, which are separately invariant under the transformation
rules above. The first is the free kinetic action

Skin =
∫

d4x
[−∂μ Z̄∂μZ − χ̄ /∂PLχ + F̄ F

]
, (6.17)

in which we have presented the spinor term in chiral form. The interaction is determined
by an arbitrary holomorphic function, the superpotential W (Z). Given this we define the
action

SF =
∫

d4x
[

FW ′(Z)− 1
2 χ̄ PL W ′′(Z)χ

]
. (6.18)

(The reason for the apparent extra derivative will be explained shortly.) Note that SF

involves only the fields of the chiral multiplet and no anti-chiral components. Thus the
action SF is not hermitian, so we must also consider the conjugate action SF̄ = (SF )

†. The
complete action of the chiral multiplet is the sum

S = Skin + SF + SF̄ . (6.19)
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Exercise 6.6 Consider the superpotential W = 1
2 m Z2 + 1

3 gZ3, which gives the SUSY
theory first considered by Wess and Zumino in 1973 [3]. Obtain the equations of motion
for all fields, then eliminate F and F̄ and show that the correct equations of motion for
the physical fields are obtained if you first eliminate F and F̄ by solving their algebraic
equations of motion and substituting the result in the action. Substitute Z = (A+ iB)/

√
2

and show that the action (after elimination of auxiliary fields) takes the form

SW Z =
∫

d4x

[
−1

2
(∂μA∂μA + ∂μB∂μB)− 1

2
m2(A2 + B2)− 1

2
χ̄(/∂ + m)χ)

− g√
2
χ̄ (A + iγ∗B)χ − mg√

2
(A3 + AB2)− g2

4
(A2 + B2)2

]
. (6.20)

From the viewpoint of a particle theorist this is a parity conserving, renormalizable theory
with equal-mass fields and Yukawa plus quartic interactions.

Let’s outline the proof that the actions Skin and SF are invariant under the SUSY trans-
formation (6.15) and (6.16). It is rather intricate, so trusting readers may wish to move
ahead. For Skin the work is simplified by an observation that is correct in any representa-
tion of the Clifford algebra, but clearest in the Weyl representation (2.19). The projections
PLε and ε̄PL involve the same half of the components of the Majorana ε, while PRε and
ε̄PR involve the conjugate components. We write the total variation δS = δPLεS + δPRεS,
temporarily separating the two chiral projections of ε in the transformation rules. Since Skin

is hermitian, it is sufficient to compute δPLεSkin; then δPRεS is its adjoint. In the calcula-
tion we temporarily allow ε(x) to be an arbitrary function in Minkowski spacetime since
that provides a simple way [33] to obtain the Noether current for SUSY. We also need
δχ̄ PR = −(1/√2)ε̄

(
/∂ Z̄ − F̄

)
PR . Either the Dirac conjugate (2.30) or the Majorana con-

jugate relations (3.56) and (3.54) can be used. We suggest practice with the latter. (Note
that t0 = −t1 = 1 in four dimensions.)

Now that we have prepared the way, let’s calculate

δPLεSkin = − 1√
2

∫
d4x
[
∂μ Z̄∂μ(ε̄PLχ)− ε̄(/∂ Z̄)/∂PLχ

+ χ̄ /∂(PL Fε)− (ε̄ /∂PRχ)F
]
. (6.21)

We have included all PLε and ε̄PL terms and dropped others. The Z̄χ and Fχ terms are
independent and must vanish separately if we are to have a symmetry (when ε is constant).
After a Majorana flip in the last term, we find that the Fχ terms combine to (even for ε(x))

− 1√
2

∫
d4x ∂μ(χ̄γ

μPL Fε) , (6.22)

which vanishes. The Z̄χ terms can then be processed by substituting

∂μ(ε̄PLχ) = (∂με̄)PLχ + ε̄PL∂μχ ,

ε̄PLγ
μγ ν(∂μ Z̄)∂νχ = ε̄PL [(∂μ Z̄)∂μχ + γ μν∂ν(∂μ Z̄χ)] (6.23)

in (6.21). Two of the four terms cancel. After partial integration and use of ημν − γ μν =
γ νγ μ, we find the net result
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δPLεSkin = − 1√
2

∫
d4x ∂με̄ PL(/∂ Z̄)γ μχ . (6.24)

This shows that δSkin vanishes for constant ε, which is enough to prove SUSY. The remain-
ing term is a contribution to the supercurrent of the complete theory in (6.19), and we will
include it below.

Since SUSY for the free action Skin is not worth celebrating, we move on to discuss the
interaction term SF . The variation δSF under the transformations (6.15) has the structure

δSF =
∫

d4x
[
δFW ′(Z)+ δZ FW ′′(Z)

− δχ̄ PLχW ′′(Z)− 1
2δZ χ̄ PLχW ′′′(Z)

]
, (6.25)

where we have taken the derivatives of W (Z) required to include all sources of the δZ
variation. After use of (6.15) we combine terms. Two F PLχ terms cancel and we are left
with the net result

δSF = 1√
2

∫
d4x

[
ε̄ /∂
(
W ′PLχ

)− 1

2
W ′′′ε̄PLχχ̄ PLχ

]
. (6.26)

The last term vanishes, since PLχ has two independent components and any cubic expres-
sion vanishes by anti-commutativity! Thus δSF vanishes for constant ε and is supersym-
metric. It is clear that δSF̄ is just the conjugate of (6.26). At last SUSY is established at the
interacting level!

The remaining ∂με̄ terms in (6.24) and (6.26) plus their conjugates combine to give the
Noether supercurrent of the interacting theory. This can be written as

J μ = 1√
2
[PL(/∂ Z̄ − F)+ PR(/∂Z − F̄)]γ μχ , (6.27)

in which one must use the auxiliary field equations of motion F = −W
′
(Z̄) and

F̄ =−W ′(Z).

Exercise 6.7 Show that the current is conserved for all solutions of the equations of
motion of the theory (6.19).

Exercise 6.8 Given the component fields Z̄ , PRχ , F̄ of an anti-chiral multiplet, show
that F̄ , PL /∂χ , Z̄ transform in the same way as the Z, PLχ , F components of a chiral
multiplet; see (6.15) and (6.16).

6.2.1 U(1)R symmetry

The R-symmetry is a phase transformation of the fields of the chiral and anti-chiral mul-
tiplets. The fields Z , PLχ , F carry R-charges r , rχ = r − 1, rF = r − 2 respectively.
U(1)R is a chiral symmetry, so the charges of component fields of the conjugate anti-chiral
multiplet are the opposite of those above. We will discuss below how r is determined.
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Infinitesimal transformations with parameter ρ are written as

δR Z = iρr Z ,

δR PLχ = iρ(r − 1)PLχ ,

δR F = iρ(r − 2)F . (6.28)

There are similar variations, with opposite charges, for Z̄ , PRχ, F̄ . The relations rχ = r−1
and rF = r − 2 are required by the commutator (6.4),

[δR(ρ), δ(ε)] = ρε̄α [TR, Qα] = −iρε̄α(γ∗)αβ Qβ , (6.29)

where δ(ε) are the supersymmetry transformations (6.15).

Exercise 6.9 Calculate the variation δRJ μ of the supercurrent (6.27) using δR Z =
iρr Z, δR PLχ = iρrχ PLχ , δR F = iρrF F. Show that the result agrees with (6.4) if and
only if rχ = r − 1 and rF = r − 2.

The kinetic action Skin is invariant under (6.28), so it is the interaction SF that controls
the situation. We now study the conditions for invariance of SF . Clearly FW ′ and χ̄W ′′χ
must be separately invariant. The condition for the vanishing of δ(FW ′) is

δR(FW ′) = iρF[(r − 2)W ′ + r Z W ′′] = 0 . (6.30)

This must hold for all field configurations, which means that the superpotential must satisfy

r(W ′ + Z W ′′) = 2W ′ ⇒ Z W ′ = 2

r
W (6.31)

(since a constant can be absorbed in the definition of W without changing the physics).
Similarly the condition for the vanishing of δR(χ̄W ′′χ) is

δR(χ̄W ′′χ) = iρχ̄ [2(r − 1)W ′′ + r Z W ′′′]χ = 0 . (6.32)

However, the quantity in square brackets is the derivative of (6.31) and thus vanishes if
W (Z) satisfies (6.31).

The conclusion is that W (Z) must be a homogeneous function of order 2/r . This means
that a theory with monomial superpotential W (Z) = Zk is U(1)R invariant provided we
assign r = 2/k as the R-charge of the elementary scalar field Z . In the Wess–Zumino
model, W (Z) = m Z2/2 + gZ3/3. If g = 0, then we have U(1)R symmetry with r = 1.
If m = 0 we have U(1)R symmetry with r = 2/3. For general values of m and g, the
symmetry is absent.

R-symmetry plays an important role in phenomenological applications of global super-
symmetry. For example (see Sec. 28.1 of [30] or Sec. 5.2 of [34]), the related discrete
R-parity is used to rule out undesired terms in the minimally supersymmetric standard
model. U(1)R plays an important role in models with supersymmetry breaking.

6.2.2 The SUSY algebra

In this section we will study the realization of the SUSY algebra on the components of a
chiral multiplet. It is convenient and interesting that the {Q, Q̄} anti-commutator in (6.1)
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is realized in classical manipulations as the commutator of two successive variations of the
fields with distinct (anti-commuting) parameters ε1, ε2.

The variation of a generic field �(x) is given in (6.12). The commutator of successive
variations δ1, δ2 of �(x), with parameters ε1, ε2, respectively, is (recall that ε̄Q = Q̄ε for
Majorana spinors)

[δ1, δ2]�(x) =
[
ε̄1 Q,

[
Q̄ε2,�(x)

]]− (ε1 ↔ ε2)

= ε̄α1 [{Qα, Q̄β},�(x)]ε2β

= − 1
2 ε̄1γ

με2 ∂μ�(x) . (6.33)

The standard Jacobi identity has been used to reach the second line and the first relation in
(6.1) to obtain the last line. The key result is that the commutator of two SUSY variations
is an infinitesimal spacetime translation with parameter − 1

2 ε̄1γ
με2.

Let’s carry out the computation of [δ1, δ2]Z(x) on the scalar field of a chiral multiplet.
Using (6.15) we write

[δ1, δ2]Z = 1√
2
δ1(ε̄2 PLχ)− [1 ↔ 2]

= 1
2 ε̄2 PL(/∂Z + F)ε1 − [1 ↔ 2]

= − 1
2 ε̄1γ

με2∂μZ . (6.34)

The symmetry properties of Majorana spinor bilinears (see (3.51)) have been used to reach
the final result, which clearly shows the promised infinitesimal translation.

The analogous computation of [δ1, δ2]PLχ(x) is more complex because a Fierz
rearrangement is required. We outline it here:

[δ1, δ2]PLχ = 1√
2

PL(/∂δ1 Z + δ1 F)ε2 − [1 ↔ 2] (6.35)

= 1
2 PLγ

με2ε̄1 PL∂μχ + 1
2 PLε2ε̄1/∂PLχ − [1 ↔ 2]

= − 1
8 (ε̄1�Aε2)PL(γ

μ�A + �Aγ μ)PL∂μχ − [1 ↔ 2] .
Each term in the second line was reordered as in Ex. 3.28 (with λ̄1 of (3.70) removed). We
now find a great deal of simplification. Because of the antisymmetrization in ε1 ↔ ε2 the
only non-vanishing bilinears are �A → γν or γνρ . However, only γ ν survives the chiral
projection in the last factor. Thus we find the expected result

[δ1, δ2]PLχ = − 1
2 ε̄1γ

με2 PL∂μχ (6.36)

as the just reward for our labor.

Exercise 6.10 It is quite simple to demonstrate that

[δ1, δ2]F = − 1
2 ε̄1γ

με2∂μF. (6.37)

Zealous readers should do it.
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The auxiliary field F can be eliminated from the action by substituting the value F =
−W

′
(Z̄), which is the solution of its equation of motion from (6.19), without affecting the

classical (or quantum) dynamics. Here is an exercise to show that SUSY is also maintained
after elimination.

Exercise 6.11 Consider the theory after elimination of F and F̄. Show that the action

S =
∫

d4x
[
−∂μ Z̄∂μZ − χ̄ /∂PLχ − W

′
W ′ − 1

2 χ̄(PL W ′′ + PR W
′′
)χ
]

(6.38)

is invariant under the transformation rules (6.15) and their conjugates (6.16). Show that
[δ1, δ2]Z is exactly the same as in (6.34), but [δ1, δ2]PLχ is modified as follows:

[δ1, δ2]PLχ = ε̄1γ
με2 PL

[
− 1

2∂μχ + 1
4γμ(

/∂ + W
′′
)χ
]
. (6.39)

We find the spacetime translation plus an extra term that vanishes for any solution of the
equations of motion.

Since the commutator of symmetries must give a symmetry of the action6 and transla-
tions are a known symmetry, the remaining transformation, namely

δZ = 0 ,

δχ = vμγμ(/∂ + PL W ′′ + PR W
′′
)χ , (6.40)

is itself a symmetry for any constant vector vμ. However, its Noether charge vanishes when
the fermion equation of motion is satisfied, so it has no physical effect. Such a symmetry
is sometimes called a ‘zilch symmetry’.

Although nothing physically essential is changed by eliminating auxiliary fields, we can
nevertheless see that they play a useful role:

(i) It is only with F and F̄ included that the form of the SUSY transformation rules (6.15)
and (6.16) is independent of the superpotential W (Z).

(ii) The SUSY algebra is also universal on all components of the chiral multiplet when
F is included. The phrase used in the literature is that the SUSY algebra is ‘closed
off-shell’ when auxiliary fields are included and ‘closed only on-shell’ when they are
eliminated.

(iii) Auxiliary fields are very useful in determining the terms in a SUSY Lagrangian
describing couplings between different multiplets. An example is the general SUSY
gauge theory described in the next section.

(iv) In local supersymmetry auxiliary fields simplify the couplings of Faddeev–Popov
ghost fields.

6 The argument is easy: a symmetry is a transformation such that S,i δ(ε)φ
i = 0, where S,i is the func-

tional derivative with respect to the field φi . Applying a second transformation gives S,i j δ(ε1)φ
i δ(ε2)φ

j +
S,i δ(ε2)δ(ε1)φ

i = 0. Taking the commutator, the first term vanishes by symmetry, and the second term says
that the commutator defines a symmetry.
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It is also the case that auxiliary fields are known only for a few extended SUSY theories
in four-dimensional spacetime and unavailable for many theories in dimension D > 4.
Indeed many of the most interesting SUSY theories have no known auxiliary fields.

Although we hope that some readers enjoy the detailed manipulations needed to study
SUSY theories, we suspect that many are fed up with Fierz rearrangement and would like a
more systematic approach. To a large extent the superspace formalism does exactly that and
has many advantages. Unfortunately, complete superspace methods are also unavailable
when auxiliary fields are not known.

6.2.3 More chiral multiplets

We conclude this section with a discussion to establish a more general SUSY theory con-
taining several chiral multiplets and their conjugates. We present this theory in the same
‘blended’ notation used above in which fermions always appear as the chiral projections
PLχ and PRχ of Majorana spinors and the symmetry properties of Majorana bilinears
can be used in all manipulations. To make the notation compatible with gauge symmetry
in the next section, we denote chiral multiplets7 by Zα , PLχ

α , Fα and their anti-chiral
adjoints by Z̄α , PRχα , F̄α . Note that we use lower indices α for the fields of the anti-chiral
multiplets.

The interactions of the general theory are determined by an arbitrary holomorphic super-
potential W (Zα). We denote derivatives of W by Wα = ∂W/∂Zα , Wαβ = ∂2W/∂Zα∂Zβ ,
etc. The kinetic action Skin is the obvious generalization of (6.17) to include a sum over
the index α, while the chiral interaction term becomes

SF =
∫

d4x[FαWα − 1
2 χ̄

αPL Wαβχ
β ] , (6.41)

and one must add the conjugate action SF̄ . The transformation rules of each multiplet are
unmodified, but the index α is required, e.g. δZα = (1/

√
2)ε̄PLχ

α . This general form of
SF explains why W ′ and W ′′ appear in (6.18).

Exercise 6.12 Show that the new actions Skin, SF , SF̄ are each invariant. The only
essential new feature is that a Fierz rearrangement argument is required to show that the
cubic term Wαβγ ε̄PLχ

αχ̄β PLχ
γ , which is the analogue of the last term in (6.26), vanishes.

After elimination of the auxiliary field using Fα = ∂W/∂ Z̄α ≡ W
α

one finds the
physically equivalent action

S =
∫

d4x
[
−∂μ Z̄α∂μZα − χ̄α /∂PLχ

α − W
α

Wα

− 1
2 χ̄

αPL Wαβχ
β − 1

2 χ̄αPR W
αβ
χβ

]
. (6.42)

7 We do not use spinor indices any more, such that the use of α, . . . to indicate the multiplets should not create
confusion.
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The U(1)R symmetry discussed in Sec. 6.2.1 may be extended to the general chiral
multiplet theory provided that the superpotential W (Zα) satisfies an appropriate condition.
To investigate this we assign charges rα , rα − 1, rα − 2 to the fields Zα , PLχ

α , Fα , so that
infinitesimal transformations with parameter ρ are written as

δR Zα = iρrαZα ,

δR PLχ
α = iρ(rα − 1)PLχ

α ,

δR Fα = iρ(rα − 2)Fα . (6.43)

(No sum on α.)

Exercise 6.13 Show that the general SF of (6.41) is U(1)R invariant for any set of
charges rα such that the superpotential satisfies the homogeneity condition∑

α

rαZαWα = 2W . (6.44)

To prove this, you must generalize the argument of Sec. 6.2.1. The condition (6.44) is
equivalent to the statement that W has definite R-charge rW = 2.

For each specific theory with superpotential W (Zα) there are several possibilities. There
may not be any choice of the rα for which (6.44) holds. This is the case in the Wess–Zumino
model with m �= 0 and g �= 0 discussed at the end of Sec. 6.2.1. In some theories there is
a unique set of R-charges, and in others many choices.

6.3 SUSY gauge theories

The basic SUSY gauge theory is the N = 1 SYM theory containing the gauge multiplet
AA
μ , λA, where A is the index of the adjoint representation of a compact, non-abelian gauge

group G. This theory was described in Sec. 6.1.2. The discussion there focused on the con-
served supercurrent and will now be extended to include field variations, auxiliary fields,
and the SUSY algebra.

We assume that the group has an invariant metric that can be chosen as δAB . This is the
case for ‘reductive groups’, i.e. products of compact simple groups and abelian factors, i.e.
G = G1 ⊗ G2 ⊗ . . ., where each factor is a simple group or U(1). The normalization of
the generators is fixed in each factor, which can lead to different gauge coupling constants
g1, g2, . . . for each of these factors. We have taken here the normalizations of the generators
where these coupling constants do not appear explicitly. One can replace everywhere tA

with gi tA and f AB
C with gi f AB

C , where gi can be chosen independently in each simple
factor, to re-install these coupling constants. Usually one also redefines then the parameters
θ A to (1/gi )θ

A. This leads to the formulas with coupling constant g in Sec. 4.3. Further
note that for these algebras, the structure constants can be written as f ABC , which are
completely antisymmetric.
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6.3.1 SUSY Yang–Mills vector multiplet

Our first objective is to obtain the SUSY variations δAA
μ and δλA under which the action

(6.8) is invariant. This will give ‘on-shell’ supersymmetry; then we will add the auxiliary
field. We will organize the presentation to make use of previous work in Secs. 6.1.1 and
6.1.2, which established that the supercurrent (6.10) is conserved.

The variation of (6.8) is

δS =
∫

d4x
[
δAA

ν DμF A
μν − δλ̄Aγ μDμλ

A + 1
2 f ABCδAA

μλ̄
Bγ μλC

]
. (6.45)

We first note that the forms

δAA
μ = − 1

2 ε̄γμλ
A , δλA = 1

4γ
ρσ F A

ρσ ε (6.46)

are determined, up to constant factors, by Lorentz and parity symmetry and by the dimen-
sions (in units of l−1) of the quantities involved. Denoting the dimension of any quantity
x by [x], we have [ε] = −1/2, [Aμ] = 1, [λ] = 3/2. Note that if we use the assumed
form for δAμ, then the last term in (6.45) vanishes by the Fierz rearrangement identity
(3.68). We substitute both assumed variations, assuming that ε(x) is a general function,
and integrate by parts in the second term of (6.45) to obtain

δS = − 1
2

∫
d4x

[
ε̄γ νλA DμF A

μν + 1
2 ε̄γ

ρσ γ μλA DμF A
ρσ + 1

2∂με̄γ
ρσ γ μF A

ρσ λ
A
]

= − 1
2

∫
d4x [ε̄γ νλA DμF A

μν − ε̄γ νλA DμF A
μν + 1

2∂με̄γ
ρσ γ μF A

ρσ λ
A] , (6.47)

where (6.7) and the gauge field Bianchi identity were used to reach the final line. Thus δS
vanishes for constant ε, establishing supersymmetry, while the supercurrent J μ of (6.10)
appears in the last term!8

The auxiliary field required for the gauge multiplet is a real pseudo-scalar field D A in
the adjoint representation of G. This fact follows from the superspace formulation. The
auxiliary field enters the action and transformation rules in the quite simple fashion

S =
∫

d4x
[
− 1

4 FμνA F A
μν − 1

2 λ̄
Aγ μDμλ

A + 1
2 D A D A

]
, (6.48)

δAA
μ = − 1

2 ε̄γμλ
A ,

δλA =
[

1
4γ

μνF A
μν + 1

2 iγ∗D A
]
ε , (6.49)

δD A = 1
2 i ε̄γ∗γ μDμλ

A , Dμλ
A ≡ ∂μλ

A + λC Aμ
B fBC

A .

Exercise 6.14 Show that δS = 0. Only terms involving D A need to be examined.

8 This term indicates that the true supercurrent should have been written in (6.10) with a factor 1
4 included.

1
4J μ generates correctly normalized SUSY variations.
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The fields of the gauge multiplet transform also under an internal gauge symmetry:

δ(θ)AA
μ = ∂μθ

A + θC Aμ
B fBC

A ,

δ(θ)λA = θCλB fBC
A ,

δ(θ)D A = θC DB fBC
A . (6.50)

Let us first remark that the commutator of these internal gauge transformations and super-
symmetry vanishes.

Exercise 6.15 Use the transformation rules above to derive the SUSY commutator alge-
bra of the gauge multiplet

[δ1, δ2] AA
μ = − 1

2 ε̄1γ
νε2 F A

νμ ,

[δ1, δ2] λA = − 1
2 ε̄1γ

νε2 Dνλ
A ,

[δ1, δ2] D A = − 1
2 ε̄1γ

νε2 Dν D A . (6.51)

It is no surprise that the commutator of two gauge covariant variations from (6.49) is
gauge covariant, but at first glance the result seems to disagree with the spacetime trans-
lation required by (6.1) and (6.33). Note that in all three cases in Ex. 6.15 the difference
between the covariant result in (6.51) and a translation is a gauge transformation by the field
dependent gauge parameter θ A = 1

2 ε̄1γ
νε2 AA

ν . The covariant forms that occur in (6.51)
are called gauge covariant translations. The conclusion is that on the fields of a gauge the-
ory the SUSY algebra closes on gauge covariant translations. See [35] and Sec. 4.1.5 for
further information on this issue.

6.3.2 Chiral multiplets in SUSY gauge theories

We now present and briefly discuss the class of SUSY theories in which the gauge multiplet
AA
μ, λ

A, D A is coupled to a chiral matter multiplet Zα, PLχ
α, Fα in an arbitrary finite-

dimensional representation R of G with matrix generators (tA)
α
β . The representation may

be either reducible or irreducible. A reducible representation may be decomposed into a
direct sum of irreducible components Ri . The matrix generators in each Ri are denoted by
tAi . Formally the decomposition is expressed by

R =
⊕

i
Ri ,

tA =
⊕

i
tAi . (6.52)

For most purposes and in most formulas below, the decomposition into irreducible rep-
resentations need not be indicated explicitly, and we use it only where a more detailed
notation is required.

The theory necessarily contains the conjugate anti-chiral multiplet Z̄α, PRχα, F̄α , and
we use lower indices to indicate that these fields transform in the conjugate representa-
tion R̄. Under an infinitesimal gauge transformation with parameters θ A(x) the fermions
transform as

δPLχ
α = −θ A(tA)

α
β PLχ

β ,

δPRχα = −θ A(tA)
∗
α
β PRχβ , (6.53)
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with similar rules for the other fields. Representation indices are suppressed in most for-
mulas. Thus we can write covariant derivatives of the various fields as

Dμλ
A = ∂μλ

A + fBC
A AB

μλ
C ,

DμZ = ∂μZ + tA AA
μZ ,

DμPLχ = ∂μPLχ + tA AA
μ PLχ ,

DμPRχ = ∂μPRχ + t∗A AA
μ PRχ . (6.54)

The system need not contain a superpotential, but superpotentials W (Zα), which must
be both holomorphic and gauge invariant, are optional. It is useful to express the condition
of gauge invariance of W (Zα) as

δgaugeW = Wαδgauge Zα = −Wαθ
A(tA)

α
β Zβ = 0 . (6.55)

The action of the general theory is the sum of several terms

S = Sgauge + Smatter + Scoupling + SW + SW . (6.56)

The form of some terms agrees with expressions given earlier in this chapter. Since conve-
nience is a virtue and repetition is no sin, we shall write everything here:

Sgauge =
∫

d4x
[
− 1

4 FμνA F A
μν − 1

2 λ̄
Aγ μDμλ

A + 1
2 D A D A

]
, (6.57)

Smatter =
∫

d4x
[−Dμ Z̄ DμZ − χ̄γ μPL Dμχ + F̄ F

]
, (6.58)

Scoupling =
∫

d4x
[
−√2

(
λ̄A Z̄ tA PLχ − χ̄ PRtA ZλA

)
+ i D A Z̄tA Z

]
, (6.59)

SF =
∫

d4x
[

FαWα + 1
2 χ̄

αPL Wαβχ
β
]
, (6.60)

SF̄ =
∫

d4x
[

F̄αW
α + 1

2 χ̄αPR W
αβ
χβ

]
. (6.61)

The full action is invariant under the SUSY transformation rules given in (6.49) for the
gauge multiplet and the following modified gauge covariant transformation rules for the
chiral and anti-chiral multiplets:

δZ = 1√
2
ε̄PLχ ,

δPLχ = 1√
2

PL(γ
μDμZ + F)ε ,

δF = 1√
2
ε̄PRγ

μDμχ − ε̄PRλ
AtA Z , (6.62)
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and

δ Z̄ = 1√
2
ε̄PRχ ,

δPRχ = 1√
2

PR(γ
μDμ Z̄ + F̄)ε ,

δ F̄ = 1√
2
ε̄PLγ

μDμχ − ε̄PLλ
A(tA)

∗ Z̄ . (6.63)

Some modifications in the action and transformation rules above, notably the introduc-
tion of gauge covariant derivatives, are clearly required in a gauge theory, but other addi-
tions such as the form of the action Scoupling are surely not obvious. The best explanation is
that they are dictated by the superspace formalism. However, all features can be explained
from the component viewpoint. For example, in the SUSY variation δSmatter many terms
cancel by the same manipulations required to show that δSkin of (6.17) vanishes by simply
replacing ∂μ by Dμ. But there are extra terms due to the variation δAA

μ ,

δSmatter =
∫

d4x 1
2 ε̄γμλ

A (χ̄ tAγ
μPLχ − Z̄ tA DμZ + Dμ Z̄ tA Z

)
, (6.64)

which involves the gauge current of the matter fields, and there is a correction to (6.23)
due to the gauge Ricci identity (4.91) applied to Z̄ . The correction is proportional to
F A
μνε̄PLγ

μν Z̄ tAχ . These terms are canceled by the variations of Z and χ in δScoupling. A
complete demonstration that the total action (6.56) is invariant under the variations (6.49)
and (6.62) requires quite delicate calculations, which we recommend only for sufficiently
diligent readers. The reader will also be invited to explain the extra terms in (6.62) from an
algebraic viewpoint below in Ex. 14.2

Exercise 6.16 Show that the action (6.56) is supersymmetric. How does the variation
δFαWα(Z) induced by the last term in δF cancel?

The U(1)R symmetry extends to SUSY gauge theories as a global symmetry which com-
mutes with gauge transformations. Therefore the R-charges rα that appear in the transfor-
mation (6.43) of chiral fields must be the same for all fields in a given irreducible com-
ponent Ri of the full group representation R. Invariance of the Yukawa terms in (6.59)
determines the gaugino transformation

δRλ
A = iργ∗λA . (6.65)

If the superpotential satisfies (6.44), then the full gauge theory is also U(1)R invariant at
the classical level. However, conservation of the Noether current Rμ is typically violated
by the quantum level axial anomaly, and this has important consequences. We refer the
reader to Sec. 29.3 of [30] and Sec. 2.C. of [36].

Exercise 6.17 Show that the Noether current Rμ and the gauge currents of the general
theory are given by

Rμ = − 1
2 iλ̄Aγ μγ∗λA + i

∑
α

(rα(Z̄αDμZα − Dμ Z̄αZα)− i(rα − 1)χ̄αγ
μPLχ) ,

JμA = − f ABC λ̄
Bγ μλC − (Z̄ tA DμZ − Dμ Z̄ tA Z

)+ iχ̄γ μPLtAχ . (6.66)
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6.4 Massless representations ofN -extended supersymmetry

Up till now we have considered the supersymmetry generated by one Majorana spinor Qα ,
subject to the structure relations of the superalgebra (6.1). The field theories that realize
this algebra are said to possess simple supersymmetry. We now consider superalgebras
containing N > 1 Majorana spinor charges Qiα , i = 1, . . . ,N . These algebras are called
N -extended supersymmetry algebras.

In the minimal extension, the different supersymmetry generators anti-commute, and
each of them separately satisfies (6.1). We will rewrite (6.1) using the chiral components
of the Majorana spinors (as justified in Box 3.3). We define Qiα as the left-handed chiral
components. They are simplest in the Weyl representation, in which the spinors have the
form of (3.93). Then Qiα = (Qi1, Qi2, 0, 0). We write the index i up for their hermitian
conjugates, i.e. in Weyl representation: Q†iα = ((Qi1)

∗, (Qi2)
∗, 0, 0). Therefore, we can

effectively only use the index range α = 1, 2. We will use the quantum expression, which
according to Sec. 1.5 implies a multiplication with i; see (1.84). This gives the algebra

{
Qiα, Q† jβ

}
qu
= 1

2δ
j
i

(
γμγ

0
)
α

β Pμ , α = 1, 2 ,[
M[μν], Qiα

]
qu = − 1

2 i(γμν)α
β Qiβ ,[

Pμ, Qiα
]

qu = 0 . (6.67)

We refer to Appendix 6A for a more detailed, and representation independent, definition
of Qiα and Q† jβ and the explanation of the anti-commutator in (6.87).

In this chapter, we will restrict attention to the extended supersymmetry algebra in
(6.67). More general algebras, e.g. including the concept of ‘central charges’, will be
deferred to Ch. 12.

6.4.1 Particle representations ofN -extended supersymmetry

We now discuss the particle representations of the superalgebras (6.67), that is, repre-
sentations whose carrier space is the Hilbert space of a relativistic quantum field theory.
Therefore we use a basis in which particles of energy–momentum pμ = (p0 = E =√

m2 + 	p2, 	p) and spin s are described by states |pμ, s, h〉. For massive particles the
helicity h takes 2s + 1 equally spaced values in the range −s ≤ h ≤ s. For a massless
particle, there are two helicity values h = ±s if s > 0, and the unique value h = 0 if
s = 0.

The carrier space of a particle representation of supersymmetry consists of the states
|pμ, s, h〉 of a set of bosons, s = 0, 1, 2, . . ., and fermions, s = 1/2, 3/2, 5/2, . . .. The
basic observation needed to study these representations is that [Q, P] = 0. Supersymmetry
preserves the energy–momentum pμ and thus the mass m of any particle state. Thus all that
is needed to find the representations of the SUSY algebra is to consider finite sets of Bose
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and Fermi particles with fixed 4-momentum and various spins s and determine those sets
on which the basic anti-commutator of supercharges can be realized irreducibly.

Let’s first prove a very general result, namely that any irreducible representation of the
SUSY algebra, whether it involves massive or massless particles, contains equal numbers
of boson and fermion states. Taking a sum on spinor indices in (6.67) gives

QiαQ† jα + Q† jαQiα = δ
j
i P0 . (6.68)

Consider the operator e−2π iJ3 which implements rotations by angle 2π . Clearly its effect
on boson and fermion states and on the supercharges is

e−2π iJ3 |pμ, s, h〉 = (−)2s |pμ, s, h〉 ,{
Qiα , e−2π iJ3

}
= 0 . (6.69)

Multiply (6.68) on the right by e−2π iJ3 and form the Hilbert space expectation value in
a particle state |pμ, s, h〉. Finally sum over the spins and helicities of the particles in the
carrier space of a representation. One finds∑

s,h

〈pμ, s, h|
(

QiαQ† jα + Q† jαQiα

)
e−2π iJ3 |pμ, s, h〉

= δ
j
i

∑
s,h

〈pμ, s, h|P0e−2π iJ3 |pμ, s, h〉 . (6.70)

The sum over spins and helicities with fixed pμ is equivalent to a matrix trace in a finite-
dimensional subspace of the Hilbert space and can be manipulated as a conventional matrix
trace. Hence we can rewrite (6.70) as

Tr
(

QiαQ† jαe−2π iJ3 + Q† jαQiαe−2π iJ3
)
= δ

j
i E Tr e−2π iJ3 ,

Tr
(

QiαQ† jαe−2π iJ3 − Q† jαe−2π iJ3 Qiα

)
= δ

j
i E Tr e−2π iJ3 . (6.71)

The left-hand side vanishes by cyclicity of the trace! The trace on the right-hand side can
be rewritten as a sum over spins s = 0, 1/2, 1, ... weighted by the number of particles ns

of spin s in the representation and the number of helicity states for each s. We thus obtain
separate sum rules for massive and massless representations:

m > 0,
∑
s≥0

(−)2sns(2s + 1) = 0, (6.72)

m = 0, 2
∑
s>0

(−)2sns + n0 = 0 . (6.73)

This is the desired result since (−)2s is equal to +1 for bosons and −1 for fermions.
There is a small subtlety in the interpretation of (6.73). Lorentz transformations do not

change the helicity of a massless particle, so an irreducible representation of the Poincaré
group involves the momentum states for a single value of the helicity h. However, the CPT
reflection symmetry requires that both helicity states h = ±s are present in the quantum
field theory of a massless particle with spin s > 0. This doubling is incorporated in (6.73).
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6.4.2 Structure of massless representations

In this section we derive the particle content of unitary irreducible representations involv-
ing massless particles. Similar techniques apply to both massless and massive representa-
tions, but we focus on the massless representations because they are simpler. The review
of Sohnius [37] contains a more complete treatment.

We now use the Weyl representation (2.19) of the γ -matrices explicitly and (6.67) then
gives {

Qiα, Q† jβ
}

qu
= 1

2δ
j
i

(
P0 − 	σ · 	P

)
α

β , (6.74){
Qiα, Q jβ

}
qu = 0 ,

{
Q†iα, Q† jβ

}
qu
= 0 , (6.75)[ 	J , Qiα

]
qu
= − 1

2 (	σ)αβ Qiβ . (6.76)

	J stands for the space components J i = − 1
2ε

i jk M jk .
Since SUSY transformations do not change the 4-momentum, it is sufficient to consider

the action of the supercharges on a set of particle states | p̄, h〉 of fixed energy–momentum
p̄μ = (E, 0, 0, E). On states of 4-momentum p̄μ, we find from (6.74) that{

Qi1, Q† j1
}

qu
= 0 ,{

Qi2, Q† j2
}

qu
= Eδ j

i . (6.77)

We want a unitary representation, one in which the Hilbert space norm of all states is pos-
itive. The positivity properties of the anti-commutator then require that Qi1 and its adjoint
must be represented trivially. They have vanishing action on all states of 4-momentum p̄μ.
The remaining non-trivial anti-commutator in our basis involves the N supercharge com-
ponents Qi2. Physicists can immediately recognize that this anti-commutator describes the
creation and annihilation operators for N independent fermions. Equivalently the Qi2 anti-
commutator defines a Clifford algebra with N complex generators. This is equivalent to
the real 2N -dimensional Clifford algebra we discussed in Sec. 3.1. The unique irreducible
representation of this algebra has dimension 2N , so the massless SUSY representation
must also have 2N particle states.

The standard Fock space techniques of physics tells us that the unique unitary represen-
tation has the following structure. We choose the Q†i2 as the creation operators and the Qi2

as the annihilators. Note that (6.76) implies that [J 3, Q†i2] = − 1
2 Q†i2. Thus Q†i2 lowers

the helicity of a state by 1/2. To specify the representation we define its ‘Fock vacuum’
| p̄, h0〉, with h0 any positive or negative integer or half-integer, as the state that satisfies

Qi2| p̄, h0〉 = 0 , J 3| p̄, h0〉 = h0| p̄, h0〉 , ∀ i = 1, . . . ,N . (6.78)

The basis9 of the representation consists of the vacuum state together with all states
obtained by applying products of creators. Such products are automatically antisymmet-
ric due to (6.75). In more detail the basis is

9 The particle spin s = |h| is a redundant label, so it is omitted on all states of the Fock basis.
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| p̄, h0〉 ,
| p̄, h0 − 1

2 , i〉 = Q†i2| p̄, h0〉 ,
| p̄, h0 − 1, [i j]〉 = Q†i2 Q† j2| p̄, h0〉 ,

etc. (6.79)

States of helicity h0 − 1
2 m have multiplicity

(N
m

) = N !/[m!(N − m)!], and the sequence
stops at the multiplicity 1 state of lowest helicity h0 − 1

2N . The total number of states is
2N as is required by the representation theory of Clifford algebras. One can check that half
the states are bosons and half are fermions.

Thus a massless irreducible representation of supersymmetry contains a ‘tower’ of helic-
ity states of maximum helicity h0 and minimum helicity h0 − 1

2N . A local field theory
always contains particles in CPT conjugate pairs with helicities h = ±s. Therefore a
supersymmetric field theory typically describes a reducible representation of the algebra
in which the CPT conjugate states are added to the states of the basis (6.79). These states
are obtained by starting from the CPT conjugate Clifford vacuum | p̄,−h0〉 and applying
products of the operator Qi2, which raises helicity. When N = 4|h0|, the initial sequence
(6.79) is already self-conjugate so nothing needs to be added.

Because helicities are always paired, it is simplest to describe the field theory represen-
tations in terms of the number of particle states of a given spin. In Table 6.1 [38] we list
the spin content10 of all representations whose maximum spin satisfies smax ≤ 2. It is this
set of field theories that can incorporate nonlinear interactions.

Exercise 6.18 Show that the spin content of representations with N = 4smax and N =
4smax − 1 is the same (see footnote 10).

The N = 1 multiplets with maximum spin smax = 1/2 and smax = 1 are the chiral and
gauge multiplets whose interactions are discussed earlier in this chapter. In principle the
next N = 1 multiplet has spins (1, 3/2). There is a corresponding free field theory, but
no interacting field theory is known for this multiplet without supergravity. The reason,
discussed in Ch. 5, is that field theories for spin-3/2 fields involve a local supersymmetry.
The supersymmetry algebra would contain local translations, and hence general relativity.
Therefore, we find the spin-3/2 particle only in the multiplet (3/2, 2). This is the super-
gravity multiplet that we will consider in Ch. 9.

The table is limited to N ≤ 8 because of the great difficulty of consistent higher spin
interactions. For N ≥ 9 massless representations necessarily contain some particles of
higher spin s ≥ 5/2. Despite much effort, no interacting field theories in Minkowski space-
time exist. The content of the table may be summarized by the statements:

1. For N ≤ 4 there are interacting theories with global SUSY and smax ≤ 1.
2. For N ≤ 8, there are theories with local SUSY, which involve one spin-2 graviton,

N spin-3/2 gravitinos, and, for N ≥ 2, lower spin particles. These are supergravity
theories.

3. For N ≥ 9 there is the higher spin desert.

10 There is a subtle hermiticity requirement for N = 2, which requires that the multiplet (−1/2, 0, 0, 1/2) must
be doubled although it is self-conjugate.
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Table 6.1 Spin content of representations of supersymmetry with maximal
spin smax ≤ 2.

s = 2 s = 3/2 s = 1 s = 1/2 s = 0

smax = 2 1 1

N = 1
smax = 3/2 1 1

smax = 1 1 1
smax = 1/2 1 1 + 1

smax = 2 1 2 1

N = 2
smax = 3/2 1 2 1

smax = 1 1 2 1 + 1
smax = 1/2 2 2 + 2

smax = 2 1 3 3 1
N = 3 smax = 3/2 1 3 3 1 + 1

smax = 1 1 3 + 1 3 + 3

smax = 2 1 4 6 4 1 + 1
N = 4 smax = 3/2 1 4 6 + 1 4 + 4

smax = 1 1 4 6

smax = 2 1 5 10 10 + 1 5 + 5
N = 5 smax = 3/2 1 5 + 1 10 + 5 10 + 10

smax = 2 1 6 15 + 1 20 + 6 15 + 15
N = 6 smax = 3/2 1 6 15 20

N = 7 smax = 2 1 7 + 1 21 + 7 35 + 21 35 + 35

N = 8 smax = 2 1 8 28 56 70

Exercise 6.19 The reader should check Table 6.1.

Appendix 6A Extended supersymmetry andWeyl spinors

It is often useful to discuss extended supersymmetry using Weyl spinors and their conju-
gates rather than Majorana spinors. The equivalence is discussed in Box 3.3, where we
showed that one can represent Majorana spinors in terms of Weyl spinors and their con-
jugates, i.e. Q = PL Q + PR Q. The chirality of the (Majorana) conjugate spinors can be
obtained from (3.56), which implies that

(PR Q) ≡ (PR Q)T C = Q PR . (6.80)

Hence applying a chiral projector to (6.1) teaches us that the two supercharges should have
opposite chirality in order to have a non-vanishing anti-commutator:
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{
(PL Q)α, (PR Q)β

}
= − 1

2 (PLγ
μ)α

β Pμ . (6.81)

It is convenient to use the up or down position of the index i = 1, . . . ,N to indicate at
once the chiral projections of the supersymmetry generators for extended supersymmetry:

Qi = PL Qi , Qi = PR Qi . (6.82)

The Majorana spinors are thus Qi +Qi , and Qi is the charge conjugate of Qi . From (6.80)
we obtain

Qi = (PL Qi ) = Qi PL , Q
i = (PR Qi ) = Q

i
PR . (6.83)

The minimal extended algebra is then

{
Qiα, Q̄ jβ

} = − 1
2δ

j
i (PLγμ)α

β Pμ ,
{

Qi
α, Q̄β

j

}
= − 1

2δ
i
j (PRγμ)α

β Pμ ,{
Qiα, Q̄β

j

}
= 0 ,

{
Qi
α, Q̄ jβ

} = 0 ,[
M[μν], Qiα

] = − 1
2 (γμν)α

β Qiβ ,
[
M[μν], Qi

α

] = − 1
2 (γμν)α

β Qi
β ,[

Pμ, Qiα
] = 0,

[
Pμ, Qi

α

] = 0 .
(6.84)

Exercise 6.20 Lower the spinor indices in the first anti-commutator of (6.84) and check
that the equation is consistent with the one obtained by taking the charge conjugate.

In Sec. 6.4 we used the complex conjugate spinors. First, remark that Q is Majorana,
and we can thus also use Q = iQ†γ 0 in (6.80) to write

(PR Q) = iQ†γ 0 PR = iQ† PLγ
0 = i(PL Q)†γ 0 , (6.85)

which illustrates again that (PR Q) is not Majorana. Using the notation (6.82), this gives

Q
i = i(Qi )

†γ 0 = iQ†iγ 0 , Q†iα ≡ (Qiα)
† . (6.86)

In the last equation we define Q†i , with upper i index, as the hermitian conjugate of Qi ,
which implies (omitting again spinor indices) Q†i = Q†i PL . This leads to{

Qiα, Q† jβ
}
= − 1

2 iδ j
i

(
PLγμγ

0
)
α

β Pμ , α = 1, 2 . (6.87)

In the Weyl representation, Qiα = (Qi1, Qi2, 0, 0), and Q̄i are their right-handed con-
jugates, i.e. Q̄iα = (0, 0, (iQi1)

∗, i(Qi2)
∗). The extra factor i to go to the quantum bracket

thus leads to (6.67).

Appendix 6B On- and off-shell multiplets and degrees of freedom

It has been shown in Sec. 6.4.1 that on-shell multiplets have equal numbers of bosonic and
fermionic degrees of freedom. But the reader may have noticed in the explicit examples in
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Equal number of bosonic and fermionic degrees of freedom Box 6.1

There are equal numbers of bosonic and fermionic degrees of freedom in any realization of a supersymmetry
algebra of the form {Q, Q} = P .

this chapter that also off-shell the multiplets have equal numbers of bosonic and fermionic
degrees of freedom. More strictly stated, the theorem of Box 6.1 holds. The theorem is
proven in [37]. Off-shell equality of bosonic and fermionic degrees of freedom holds for
some extended supersymmetry and higher dimensional theories, but it is not always true.
It is valid when the algebra (6.1) holds. In practice this holds when the theory has auxiliary
fields which ‘close the algebra off-shell’.

Consider first the example of the chiral multiplet. We have discussed the chiral multiplet
first with the fields {Z , χ, F}, and satisfying this algebra. Z and F are complex fields, and
thus there are four real off-shell (since we did not use field equations) bosonic degrees of
freedom. These are balanced by the four components of the Majorana spinor χ . We say
that the chiral multiplet is a 4+ 4 off-shell multiplet.

On the other hand, we have seen in Sec. 6.2.2 that the algebra is also valid when the
equations of motion are used. Then F is no longer an independent field, we count two
bosonic degrees of freedom for the complex Z , and also the fermions have two on-shell
degrees of freedom. So the chiral multiplet is also a 2 + 2 on-shell multiplet. These two
ways of counting are called on-shell counting and off-shell counting.

To interpret this theorem we remind the reader of the terminology of on-shell and off-
shell degrees of freedom that we introduced in Box 4.1. To illustrate that the relevant defi-
nition of off-shell degrees of freedom indeed should contain the subtraction of gauge trans-
formations, we consider the gauge multiplet. The off-shell counting is easily established:
the gauge field Aμ and the gaugino λ both describe two on-shell degrees of freedom. To
apply the theorem in the off-shell case, we have to remember that at the end of Sec. 6.3.1
we saw that the anti-commutator of two supersymmetries involves also a gauge transforma-
tion. Therefore, we can only apply the theorem on gauge invariant states (or identify states
that differ by a gauge transformation), i.e. we have to subtract the gauge transformations

Table 6.2 The number of off-shell and on-shell degrees of freedom
of the basic fields.

field off-shell on-shell

D = 4 D = 4

φ 1 1 1 1
λ 2[D/2] 4 1

2 2[D/2] 2

Aμ D − 1 3 D − 2 2

ψμ (D − 1)2[D/2] 12 1
2 (D − 3)2[D/2] 2

gμν
1
2 D(D − 1) 6 1

2 D(D − 3) 2
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in the counting. Thus, the gauge vector Aμ counts off-shell for three degrees of freedom,
which together with the one real degree of freedom of the auxiliary field D balance the
four off-shell ones of the gaugino.

Since this counting can be used to understand the structure of many realizations of super-
symmetry, we end with Table 6.2 that summarizes the results for the degrees of freedom
for the scalar field φ, a Majorana fermion λ, the gauge field Aμ, the Majorana Rarita–
Schwinger field ψμ and the graviton field gμν .

Exercise 6.21 Check that the entries of the table correspond with the results on degrees
of freedom obtained in previous chapters. The results for the graviton will be obtained in
Sec. 8.2.
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Differential geometry 7

In this chapter we collect the ideas of differential geometry that are required to formulate
general relativity and supergravity. There are several books, written for physicists, which
explore this subject at greater length and greater depth [39, 40, 41, 42, 43, 44].

In general relativity spacetime is viewed as a differentiable manifold of dimension D ≥
4 with a metric of Lorentzian signature (−,+,+, . . . ,+) indicating one time dimension
and D − 1 space dimensions. We assume that readers of this book are not intimidated by
the idea of D − 4 hidden dimensions that are not directly observed. We will also consider
manifolds of purely Euclidean signature (+,+, . . . ,+), which may appear in the hidden
extra dimensions and as the target space of nonlinear σ -models.

We will give a reasonably rigorous definition of a manifold and then introduce the vari-
ous quantities that ‘live on it’ in a less formal manner, emphasizing the way that the quan-
tities transform under changes of coordinates. Invariance under coordinate transformations
is one of the key principles that underlie general relativity. The most important structures
we need are the metric, connection, and curvature. But other quantities such as vector and
tensor fields and differential forms are also very useful. We will discuss them first since
they require only the manifold structure.

It would be good if readers have already encountered some of the more elementary ideas
before, perhaps in a course on general relativity. Our primary purpose is to collect the nec-
essary ideas and explain them, hopefully clearly albeit non-rigorously, and thus to prepare
readers for later chapters where the ideas are applied. Readers who do the suggested exer-
cises will achieve the most thorough preparation.

7.1 Manifolds

A D-dimensional manifold is a topological space M together with a family of open sets
Mi that cover it, i.e. M = ∪i Mi . The Mi are called coordinate patches. On each patch
there is a 1 : 1 map φi , called a chart, from Mi → RD . In more concrete language
a point p ∈ Mi ⊂ M is mapped to φi (p) = (x1, x2, . . . , x D). We say that the set
(x1, x2, . . . , x D) are the local coordinates of the point p in the patch Mi . If p ∈ Mi ∩M j ,
then the map φ j (p) = (x ′1, x ′2, . . . , x ′D) specifies a second set of coordinates for the point
p. The compound map φ j ◦ φ−1

i from RD → RD is then specified by the set of functions
x ′μ(xν). These functions, and their inverses xν(x ′μ), are required to be smooth, usually
C∞. See Fig. 7.1 for an illustration of the ideas just discussed.
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M

p

Mi

x

RD

φi

φj

RD

x

Mj

φjφj
−1

�Fig. 7.1 Two charts inRD for subsets Mi and M j of the space M , and the compound map.

�Fig. 7.2 Stereographic projection of the x–z plane of the 2-sphere. The coordinates of the point p are
(x, y, z) = (sin θ, 0, cos θ).

We now describe the unit 2-sphere S2 as an interesting and useful example of a manifold.
Initially it may be defined as the surface x2 + y2 + z2 = 1 embedded in R3. It is common
to use the usual spherical polar coordinates θ, φ with z = cos θ, x = sin θ cosφ, y =
sin θ sinφ. This is fine for some purposes, but it does not define a good coordinate chart at
the poles θ = 0, π , since these points have no unique values of φ.

There are many ways to introduce coordinate charts to define a manifold structure. One
useful way is to use the stereographic projection illustrated in Fig. 7.2. There are two
patches whose union covers the sphere, namely M1, consisting of the sphere with south
pole deleted, and M2, which is the sphere with north pole deleted. From the plane geometry
of the triangles in Fig. 7.2, one defines the maps φ1 and φ2 to the central plane in the
figure. These maps take the point with polar coordinates θ, φ to points X, Y and X ′, Y ′
respectively. The maps are given by
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φ1: X + iY = eiφ tan(θ/2) ,

φ2: X ′ + iY ′ = eiφ cot(θ/2) . (7.1)

On the overlap, we see that

φ2 ◦ φ−1
1 (X, Y ) = X ′ + iY ′ = 1/(X − iY ) . (7.2)

Exercise 7.1 Derive (7.1) and (7.2).

7.2 Scalars, vectors, tensors, etc.

The simplest objects to define on a manifold M are scalar functions f that map M → R.
We say that the point p maps to f (p) = z ∈ R. On each coordinate patch Mi we can
define the compound map f ◦ φ−1

i from RD → R as fi (x) ≡ f ◦ φ−1
i (x) = z, where x

stands for {xμ}. On the overlap Mi ∩ M j of two patches with local coordinates xμ and x ′ν
of the point p, the two descriptions of f must agree. Thus fi (x) = f j (x ′).

We now define the properties of scalar functions in the less formal way we will use for
most of the objects that live on M . We no longer refer to a covering by coordinate patches.
Instead we conceive of the manifold as a set whose points may be described by many dif-
ferent coordinate systems, say (x0, x1, . . . , x D−1) and (x ′0, x ′1, . . . , x ′D−1). Any two sets
of coordinates are related by a set of C∞ functions, e.g. x ′μ(xν)with non-singular Jacobian
∂x ′μ/∂xν . We refer to such a change of coordinates as a general coordinate transformation.
A scalar function, also called a scalar field, is described by f (x) in one set of coordinates
and f ′(x ′) in the second set. The two functions must be pointwise equal, i.e.

f ′(x ′) = f (x) . (7.3)

Locally, at least, the informal definition agrees with the more formal one above.
In the same fashion, a contravariant vector field is described by D functions Vμ(x) in

one coordinate system and D functions V ′μ(x ′) in the second. They are related by

V ′μ(x ′) = ∂x ′μ

∂xν
V ν(x) , (7.4)

with a summation convention on the repeated index ν. We go on to define covariant vector
fields ωμ(x) and (mixed) tensors Tμ

ν (x) by their behavior under coordinate transforma-
tions, namely

ω′μ(x ′) =
∂xν

∂x ′μ
ων(x) ,

T ′μ
ν (x ′) = ∂x ′μ

∂xσ
∂xρ

∂x ′ν
T σ
ρ (x) . (7.5)

We leave it to the reader to devise the analogous definitions of higher rank tensors such as
Tμν(x), Sμνρ , etc. A tensor field with p contravariant and q covariant indices is called a
tensor of type (p, q) and rank p + q .
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At this point in the development, contravariant and covariant quantities are unrelated
objects, which transform differently. However a contravariant and covariant index can be
contracted (i.e. summed) to define tensorial quantities of lower rank.

Exercise 7.2 Given Vμ(x), ωμ(x), Tμ
ν (x), show that Vμ(x)ωμ(x) transforms as a

scalar field and that Tμ
ν (x)V ν(x) transforms as a contravariant vector.

One can proceed with concrete local definitions of this type to obtain a physically sat-
isfactory formulation of general relativity. However, there is much richness to be gained,
and considerable practical advantage, if we develop the ideas further and incorporate some
of the concepts of a more mathematical treatment of differential geometry.

Given a contravariant vector field Vμ(x), one can consider the system of differential
equations

dxμ

dλ
= Vμ(x) . (7.6)

A solution xμ(λ) is a map from R → M , which is a curve on M , called an integral curve
of the vector field. There is an integral curve through every point of any open subset of
M in which the vector field does not vanish. If the manifold is RD , then we know that the
vector dxμ/dλ is tangent to the curve xμ(λ), and we make the same interpretation for a
general manifold.

Let xμ(λ) be the integral curve through the point p of M with coordinates xμ(λ0).
Then dxμ/dλ|λ0 = Vμ(x(λ0)) is the tangent vector to the curve xμ(λ) at p. We can now
consider D − 1 other vector fields Ṽμ(x) whose values Ṽμ(x(λ0)), together with the first
Vμ(x(λ0)), fill out a basis of RD . Each Ṽμ(x(λ0)) is the tangent vector of an integral curve
x̃(λ) through p. Thus the vector fields evaluated at p determine the D-dimensional vector
space Tp(M), the tangent space to the manifold at point p. A vector field Vμ(x) may then
be thought of as a smooth assignment of a tangent vector in each Tp(M) as p varies over M .
We shall use the notation T (M) to denote the space of contravariant vector fields on M .

One important structure that one can form using the components Vμ(x) of a contravari-
ant vector field is the differential operator V = Vμ(x)∂/∂xμ. It follows from the trans-
formation property (7.4) and the chain rule that V is constructed in the same way in all
coordinate systems, e.g. V = V ′μ(x ′)∂/∂x ′μ. In this sense it is invariant under coordinate
transformations. The differential operator V acts naturally on a scalar field f (x), yielding
another scalar field

LV f (x) ≡ Vμ(x)
∂ f

∂xμ
. (7.7)

On the manifold RD , this operation is just the directional derivative V · ∇ f , and it has
the same interpretation on a general manifold M . At each point p with coordinates xm ,
LV f (x) is the derivative of f (x) in the direction of the tangent of the integral curve of
Vμ(x) through p.

Locally, there is a 1 : 1 correspondence between contravariant vector fields Vμ(x) and
differential operators. In mathematical treatments a vector field is viewed as a smooth
assignment of a differential operator at each point p. The set of elementary operators
{∂/∂xμ, μ = 1, . . . , D} are a basis in this view of the tangent space Tp(M). This is
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consistent with our discussion since ∂ f/∂xμ for a given value of μ is the derivative in the
direction of the tangent to the curve on which the single coordinate xμ changes, but the
other coordinates xν for ν �= μ are constant. The basis {∂/∂xμ,μ = 1, . . . , D} is called
a coordinate basis because these operators differentiate along such coordinate curves at
each p.

The derivative LV f (x) defined in (7.7) may be extended to vector and tensor fields
of any type (p, q), always yielding another tensor of the same type. For the vectors and
tensors in (7.4) and (7.5), the precise definition is

LV Uμ = V ρ∂ρUμ − (∂ρVμ)Uρ ,

LVωμ = V ρ∂ρωμ + (∂μV ρ)ωρ ,

LV Tμ
ν = V ρ∂ρTμ

ν − (∂ρVμ)T ρ
ν + (∂νV ρ)Tμ

ρ . (7.8)

The derivative defined in this way is called the Lie derivative. Its definition requires a vector
field, but not a connection; yet it preserves the tensor transformation property.

Exercise 7.3 Show explicitly that LV Uμ, LVωμ, and LV Tμ
ν defined in (7.8) do trans-

form under coordinate transformations as required by (7.4) and (7.5).

The Lie derivative of a contravariant vector field has special significance because it
occurs in the commutator of the corresponding differential operators U = Uμ(x)∂/∂xμ

and V = Vμ(x)∂/∂xμ. An elementary calculation gives

[U, V ] = W = Wμ(x)
∂

∂xμ
, (7.9)

with Wμ = LU Vμ = −LV Uμ. The new vector field Wμ is called the Lie bracket of
Uμ and Vμ. This discussion also shows that the contravariant tensor fields on M naturally
form a Lie algebra.

Let us consider the transformation properties of (7.3)–(7.5) for infinitesimal coordinate
transformations, namely those for which x ′μ = xμ − ξμ(x). To first order in ξμ(x), the
previous transformation rules can be expressed in terms of Lie derivatives as

δφ(x) ≡ φ′(x)− φ(x) = Lξφ ,

δUμ(x) ≡ U ′μ(x)−Uμ(x) = LξUμ ,

δωμ(x) ≡ ω′μ(x)− ωμ(x) = Lξωμ ,

δTμ
ν (x) ≡ T ′μ

ν (x)− Tμ
ν (x) = LξTμ

ν . (7.10)

Thus one of the useful roles of Lie derivatives is in the description of infinitesimal coordi-
nate transformations.

Exercise 7.4 Show that the transformations (7.10) follow from (7.3)–(7.5).
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Next we focus attention on covariant vector fields, such as ωμ(x). We already noted in
Ex. 7.2 that the contraction ωμ(x)Vμ(x) with any contravariant vector field gives a scalar
field. Thus at any point p with coordinates xν , ωμ(x) can be regarded as an element of the
dual space T ∗

p (M), a linear functional that maps Tp(M)→ R. The space T ∗
p (M) is usually

called the cotangent space at p.
In parallel to the way in which we associated contravariant vector fields Vμ(x) with

differential operators V = Vμ(x)∂/∂xμ, we use the coordinate differentials dxμ to write
� = ωμ(x)dxμ. Note that both ωμ(x) and dxμ transform under coordinate transforma-
tions, but � = ω′μ(x ′)dx ′μ is constructed in the same way in any coordinate system. �
is called a differential 1-form on M . Note that the gradient ∂μφ(x) of any scalar trans-
forms as a covariant vector and that the associated differential 1-form dφ = ∂μφdxμ

is just the differential of calculus. We can think of the set of coordinate differentials
{dxμ, μ = 1, . . . , D} as a basis of the space of 1-forms.

The notion of the cotangent space T ∗
p (M) of linear functionals on Tp(M) is naturally

extended to the level of 1-forms and differential operators. We define the pairing of basis
elements as 〈dxμ|∂/∂xν〉 ≡ δ

μ
ν . This is extended using linearity to any general 1-form �

and differential operator V , so that we then have 〈�|V 〉 = ωμ(x)Vμ(x). This agrees with
the initial definition as the contraction of component indices.

7.3 The algebra and calculus of differential forms

Among the various fields defined on M, the scalars φ, covariant vectors ωμ, and totally
antisymmetric tensors such as ωμν = −ωνμ have a particularly useful structure when con-
sidered together. Note that antisymmetry is preserved under coordinate transformations so
it is a tensorial property. Using the coordinate differentials dxμ, we can construct differen-
tial p-forms for p = 1, 2, . . . , D as

ω(1) = ωμ(x)dxμ ,

ω(2) = 1

2
ωμν(x)dxμ ∧ dxν ,

...

ω(p) = 1

p!ωμ1μ2···μp dxμ1 ∧ dxμ2 ∧ · · · ∧ dxμp . (7.11)

The wedge product is defined as antisymmetric; that is, dxμ ∧ dxν = −dxν ∧ dxμ,
dxμ ∧ dxν ∧ dxρ = −dxρ ∧ dxν ∧ dxμ, etc. At each point we have an element of the
p-fold antisymmetric tensor product of the cotangent space, so the differential form ω(p)

is a smooth assignment of an element of this tensor product as the point varies over M .
The space of p-forms is denoted by �p(M). By convention the scalars are considered to
be 0-forms.

There is an exterior algebra and calculus of p-forms, which we will not develop in detail.
See [40, 41, 42, 44, 45] for more complete discussions. Rather we will state some key
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properties without proof and write the specific examples needed later to discuss frames,
connections, and curvature. In the exterior algebra, a p-form ω(p) and a q-form ω(q) can
be multiplied to give a (p+q)-form if p+q ≤ D. The product vanishes if p+q > D. The
product satisfies ω(p) ∧ ω(q) = (−)pqω(q) ∧ ω(p) and it is associative. Some examples are

ω(1) ∧ ω̃(1) = ωμdxμ ∧ ω̃νdxν

= 1
2 (ωμω̃ν − ωνω̃μ)dxμ ∧ dxν ,

ω(1) ∧ ω(2) = ωμdxμ ∧ 1
2ωνρ(x)dxν ∧ dxρ

= 1
6 (ωμωνρ + ωνωρμ + ωρωμν)dxμ ∧ dxν ∧ dxρ . (7.12)

The explicit antisymmetrization in the second line of each example is not necessary, since
it is implicit in the wedge products of the dxμ. But it is convenient to indicate that the
covariant tensor field associated with each form is antisymmetric.

The exterior calculus is based on the exterior derivative, which maps p-forms into
(p+ 1)-forms as follows:

dω(p) = 1

p!∂μωμ1μ2···μp dxμ ∧ dxμ1 ∧ dxμ2 ∧ · · · ∧ dxμp . (7.13)

Exercise 7.5 Show that the operation d is nilpotent, i.e. d(dω(p)) = 0 on any p-form,
and that it satisfies the distributive property

d(ω(p) ∧ ω(q)) = dω(p) ∧ ω(q) + (−)pω(p) ∧ dω(q) . (7.14)

On forms of degree 0, 1, 2

dφ = ∂μφdxμ ,

dω(1) = 1
2 (∂μων − ∂νωμ)dxμ ∧ dxν ,

dω(2) = 1
6 (∂μωνρ + ∂νωρμ + ∂ρωμν)dxμ ∧ dxν ∧ dxρ . (7.15)

A p-form that satisfies dω(p) = 0 is called closed. A p-form ω(p) that can be expressed
as ω(p) = dω(p−1) is called exact. The Poincaré lemma implies that locally any closed
p-form can be expressed as dω(p−1), but ω(p−1) may not be well defined globally on M .

We saw that the exterior derivative is a map from p-forms into (p + 1)-forms. There is
also an interior derivative, which maps p-forms into (p − 1)-forms. The latter depends on
a vector V and is denoted as iV . It is defined as follows:

(iVω
(p)) = 1

(p − 1)!V
μωμμ1...μp−1 dxμ1 ∧ dxμ2 ∧ · · · ∧ dxμp−1 ,

iV (dxμ1 ∧ dxμ2 ∧ · · · ∧ dxμp )

= Vμ1 dxμ2 ∧ · · · ∧ dxμp − Vμ2 dxμ1 ∧ dxμ3 · · · ∧ dxμp + . . . . (7.16)

Exercise 7.6 Prove that the interior derivative is also nilpotent, i.e. iV iV = 0.

Like the internal and external derivatives, the Lie derivative, introduced in Sec. 7.2 as a
derivative on tensor fields, has a simple action on p-forms. It maps p-forms to p-forms via
the formula
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LV = diV + iV d . (7.17)

It is instructive to work out the example LVω
(1) = (diV + iV d)ω(1):

(d iV + iV d)ω(1) = d(Vμωμ)+ iV
1
2 (∂μων − ∂νωμ)dxμ ∧ dxν

= (∂νVμωμ + Vμ∂νωμ)dxν + Vμ(∂μων − ∂νωμ)dxν

= (Vμ∂μων + ∂νVμωμ)dxν = (LVω)νdxν . (7.18)

The Lie derivative of the covariant vector field ωμ, which contains the components of the
1-form ω(1), was defined in (7.8) and appears in the final result.1

Exercise 7.7 Use the formula (7.17) to calculate the Lie derivative of a 0-form (where
the first term vanishes by definition) and a 2-form. The final result should again contain
the components of the Lie derivative as defined in Sec. 7.2.

Differential forms have a natural application to the theories of electromagnetism, to
Yang–Mills theory, and to the antisymmetric tensor gauge theories that appear in higher
dimensional supergravity. However, we need to bring in some other ideas in the next section
before discussing these physical applications.

7.4 Themetric and frame field on amanifold

We now introduce the additional structure of a metric on a manifold M . In general rel-
ativity the metric is of primary importance in describing the geometry of spacetime and
the dynamics of gravity. In theories such as supergravity where there are fermions coupled
to gravity, one must use an auxiliary quantity, the frame field (more commonly called the
vierbein or vielbein), which we discuss in detail. The metric tensor is quadratically related
to the frame field.

7.4.1 The metric

A metric or inner product on a real vector space V is a non-degenerate bilinear map from
V ⊗ V → R. The inner product of two vectors u, v ∈ V is a real number denoted by
(u, v). The inner product must satisfy the following properties:

(i) bilinearity, (u, c1v1 + c2v2) = c1(u, v1)+ c2(u, v2) and
(c1v1 + c2v2, u) = c1(v1, u)+ c2(v2, u);

(ii) non-degeneracy, if (u, v) = 0 for all v ∈ V , then u = 0;

(iii) symmetry, (u, v) = (v, u).

1 The distributive formula LV (ωμdxμ) = (LVωμ)dxμ + ωμLV dxμ can be used if it is interpreted carefully.
Both terms are non-vanishing and can be calculated using (7.17) and (7.16). The latter equation requires that
each component of LVωμ = iV dωμ is calculated as the Lie derivative of a 0-form.



7.4 The metric and frame field on a manifold 143

The metric on a manifold is a smooth assignment of an inner product map on each
Tp(M) ⊗ Tp(M) → R. In local coordinates the metric is specified by a covariant second
rank symmetric tensor field gμν(x), and the inner product of two contravariant vectors
Uμ(x) and Vμ(x) is gμν(x)Uμ(x)V ν(x), which is a scalar field. In particular the metric
gives a formula for the length s of a curve xμ(λ) with tangent vector dxμ/dλ:

s12 =
∫ λ2

λ1

dλ
√

gμν(x(λ))(dxμ/dλ)(dxν/dλ) . (7.19)

Thus it is most convenient to summarize the properties of a given metric by the line element

ds2 = gμν(x)dxμdxν . (7.20)

Non-degeneracy means that det gμν �= 0, so the inverse metric gμν(x) exists as a rank 2
symmetric contravariant tensor, which satisfies

gμρgρν = gνρgρμ = δμν . (7.21)

The metric tensor and its inverse may be used to lower and raise indices, e.g. Vμ(x) =
gμνV ν(x) and ωμ(x) = gμν(x)ων(x), thus providing a natural isomorphism between the
spaces of contravariant and covariant vectors and tensors.

In a gravity theory in spacetime, the metric has signature − + + · · ·+. Concretely this
means that the metric tensor gμν may be diagonalized by an orthogonal transformation, i.e.
(O−1)μ

a = Oa
μ and

gμν = Oa
μDab Ob

ν , (7.22)

with positive eigenvalues λa in Dab = diag(−λ0, λ1, . . . , λD−1).

Exercise 7.8 Show that λa(x) > 0 holds throughout M if the metric is non-degenerate.
In another coordinate system the transformed metric g′ρσ = (dxμ/dx ′ρ)(dxν/dx ′σ )gμν
may be diagonalized giving another set of eigenvalues λ′a, in general different from the λa.
Show that the λ′a > 0. Thus the signature of a metric is a global invariant.

7.4.2 The frame field

The construction above, which involved only matrix linear algebra, allows us to define an
important auxiliary quantity in a theory of gravity, namely

ea
μ(x) ≡

√
λa(x)Oa

μ(x) . (7.23)

In four dimensions this quantity is commonly called the tetrad or vierbein. In general
dimension the term vielbein is frequently used, but we prefer the term frame field for
reasons that will become clear as we discuss its properties.

Note that

gμν(x) = ea
μ(x)ηabeb

ν(x) , (7.24)
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where ηab = diag(−1, 1, . . . , 1) is the metric of flat D-dimensional Minkowski spacetime.
It is (7.24) that states the general relation between metric and frame field. For a given metric
tensor gμν(x), the frame field ea

μ(x) of (7.23), obtained by diagonalization, is not the only
solution. Given any x-dependent matrix �a

b(x) which leaves ηab invariant, in other words,
given a local Lorentz transformation, we can construct another solution of (7.24), namely

e′aμ (x) = �−1 a
b(x)e

b
μ(x) . (7.25)

All choices of frame fields related by local Lorentz transformations are viewed as equiva-
lent. So we require that the frame field and geometrical quantities derived from it must be
used in a way that is covariant with respect to the transformation (7.25).

Local Lorentz transformations in curved spacetime differ from the global Lorentz trans-
formations of Minkowski space discussed in Ch. 1. Only frame indices a, b, . . . of a quan-
tity transform, coordinate indices μ, ν, . . . are inert, and the spacetime coordinate does not
change. Instead, (7.24) requires that the frame field ea

μ transforms as a covariant vector
under diffeomorphisms (coordinate transformations), viz.

e′aμ (x ′) =
∂xρ

∂x ′μ
ea
ρ(x) , (7.26)

while the frame index is inert.2

Since ea
μ is a non-singular D × D matrix, with det ea

μ = √− det g �= 0, there is an
inverse frame field eμa (x), which satisfies ea

μeμb = δa
b and eμa ea

ν = δ
μ
ν .

Exercise 7.9 Show that

eμa = gμνηabeb
ν , eμa gμνeνb = ηab . (7.27)

The last relation shows that the (inverse) frame field can be used to relate a general metric
of signature − + + · · ·+ to the Minkowski metric. Show that, under local Lorentz and
coordinate transformations,

e′μa (x) = �−1
a

beμb (x) , e′μa (x ′) = ∂x ′μ

∂xρ
eρa (x) . (7.28)

Frame indices are raised and lowered using the Minkowski metric.

The second relation of (7.27) indicates that the eμa form an orthonormal set of vectors
in the tangent space of M at each point. Since det eμa �= 0, we have a basis of each tan-
gent space. Any contravariant vector field has a unique expansion in the new basis, i.e.
Vμ(x) = V a(x)eμa (x) with V a(x) = Vμ(x)ea

μ(x). The V a(x) are the frame compo-
nents of the original vector field Vμ(x). They transform as a set of D scalar fields under
coordinate transformations, and as a vector under Lorentz transformations, i.e. V ′a(x) =
�−1 a

b(x)V b(x). The same may be done for covariant vectors, i.e. ωμ(x) = ωa(x)ea
μ(x)

with ωa(x) = ωμ(x)e
μ
a (x). These constructions may be extended to tensor fields of any

rank in a straightforward way.
Thus we may use ea

μ and eμa to transform vector and tensor fields back and forth between
a coordinate basis with indices μ, ν, . . . and a local Lorentz basis with indices a, b, . . . in

2 The relation between local and global Lorentz transformations is discussed further in Sec. 11.3.1.
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which the metric is ηab. Invariants such as the inner product may be calculated in either
basis.

Exercise 7.10 Show that

Uμ(x)Vμ(x) = gμν(x)U
μ(x)V ν(x) = ηabU a(x)V b(x) = U a(x)Va(x) . (7.29)

At the level of differential operators the change of basis in the tangent space is
expressed as

Ea ≡ eμa (x)
∂

∂xμ
. (7.30)

This makes it clear that the local Lorentz basis is a non-coordinate basis. If there were
local coordinates ya such that Ea = ∂/∂ya , these differential operators would commute.
However, the commutator

[Ea, Eb] = −�ab
c Ec , (7.31)

where �ab
c = −ec

μLea eμb = ec
μLeb eμa are the frame components of the Lie bracket, which

do not vanish in a general manifold, and are called ‘anholonomy coefficients’.

Exercise 7.11 Show that �ab
c = eμa eνb(∂μec

ν − ∂νec
μ).

We can also use the frame field ea
μ to define a new basis in the spaces �p(M) of differ-

ential forms. The local Lorentz basis of 1-forms is

ea ≡ ea
μ(x)dxμ . (7.32)

This is the dual basis to (7.30), since the pairing is given by 〈ea |Eb〉 = δa
b . For 2-forms the

basis consists of the wedge products ea ∧ eb, and so on.
In a field theory containing only bosonic fields, which are always vectors or tensors,

the use of local frames is unnecessary, although it is an option that is convenient for some
purposes. Local frames are a necessity to treat the coupling of fermion fields to grav-
ity, because spinors are defined by their special transformation properties under Lorentz
transformations.

7.4.3 Inducedmetrics

In many applications of differential geometry one encounters a manifold of dimension
D which can be viewed as a surface embedded in flat Minkowski or Euclidean space of
dimension D + 1. We discuss the Euclidean case for D = 2. Suppose that our surface is
described by the equation

f (x, y, z) = 0 . (7.33)

On the surface the differential vanishes, viz.

d f = ∂ f

∂x
dx + ∂ f

∂y
dy + ∂ f

∂z
dz = 0 . (7.34)
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The intrinsic geometry of the surface is determined by the Euclidean metric

ds2 = dx2 + dy2 + dz2 . (7.35)

To find it one can, in principle, solve (7.33) to eliminate one variable and then use (7.34)
to find a relation among the coordinate differentials. When this information is inserted in
(7.35), one has the induced metric. Voila!

This is often easier said than done, so we confine our discussion to the solvable and
instructive example of the unit 2-sphere for which the embedding equation (7.33) is

x2 + y2 + z2 = 1 . (7.36)

Let’s proceed using spherical coordinates:

z = r cos θ , x = r sin θ cosϕ , y = r sin θ sinϕ . (7.37)

The embedding equation becomes simply r2 = 1, so we can eliminate the coordinate r and
write the differentials:

dz = − sin θ dθ ,

dx = cos θ cosϕ dθ − sin θ sinϕ dϕ ,

dy = cos θ sinϕ dθ + sin θ cosϕ dϕ . (7.38)

Upon substitution in (7.35) one finds the induced metric

ds2 = dθ2 + sin2 θ dϕ2 . (7.39)

This is a commonly used and quite useful metric on S2, but it is evidently singular at the
north and south poles where the metric tensor is not invertible. One can do somewhat better
using one of the two sets of coordinates defined by the stereographic projection in Sec. 7.1,
and this is the subject of the following exercise.

Exercise 7.12 Reexpress the metric (7.39) in the coordinates X = cosϕ tan(θ/2), Y =
sinϕ tan(θ/2). Show that the new metric is

ds2 = 4(dX2 + dY 2)

(1 + X2 + Y 2)2
. (7.40)

7.5 Volume forms and integration

The equations of motion in any field theory are most conveniently packaged in the action
integral. In a gravitational theory this requires integration over the curved spacetime man-
ifold. We thus need a procedure for integration that is invariant under coordinate transfor-
mations. The volume form is the key to this procedure.

On a D-dimensional manifold, one may choose any top degree D-form ω(D) as a volume
form and define the integral
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I =
∫

ω(D)

= 1

D!
∫

ωμ1···μD (x)dxμ1 ∧ · · · ∧ dxμD

=
∫

ω01···D−1dx0dx1 . . . dx D−1 . (7.41)

The antisymmetric tensor ωμ1···μD (x) has only one independent component, and we have
used this fact in the last line above to write the integral so that it may be performed by
the rules of multi-variable calculus. For the same reason any two D-forms ω̃(D) and ω(D)

must be related by ω̃(D) = f ω(D), where f (x) is a scalar field. Thus the definition (7.41)
includes

∫
f ω(D).

Exercise 7.13 Show that in a new coordinate system with coordinates x ′μ(xν) the inte-
gral I in (7.41) takes the form

I = 1

D!
∫

ω′μ1···μD
(x ′)dx ′μ1 ∧ · · · ∧ dx ′μD (7.42)

and is thus coordinate invariant.

Although there are many possible volume forms, there are two types that usually appear
in the context of physics. The first, which is the more specialized, occurs when the physical
theory contains form fields. As an example, on a 3-manifold the wedge product ω(1)∧ω(2)

can be chosen as a volume form. Using (7.12) we see that

I =
∫

ω(1) ∧ ω(2)

= 1
6

∫
(ωμωνρ + ωνωρμ + ωρωμν)dxμ ∧ dxν ∧ dxρ

=
∫
(ω0ω12 + ω1ω20 + ω2ω01)dx0dx1dx2 . (7.43)

The integral is coordinate invariant, and it does not involve the metric on M . The action
integral of the simplest Chern–Simons field theory, in which ω(2) = dω(1), takes this form.

The second type of volume form is far more common in physics and we call it the
canonical volume form. There are several ways to introduce it, and we will use the frame
field ea

μ(x) and the basis of frame 1-forms ea for this purpose. As a preliminary we define
the Levi-Civita alternating symbol in local frame components:

εa1a2···aD =
⎧⎨⎩
+1, a1a2 · · · aD an even permutation of 01 . . . (D − 1),
−1, a1a2 · · · aD an odd permutation of 01 . . . (D − 1),

0, otherwise.
(7.44)

Under (proper) Lorentz transformations, i.e. det�a
b = 1, this is an invariant tensor that

takes the same form in any Lorentz frame. As usual Lorentz indices are raised with ηab.
Note that ε01···(D−1) = −1.

Note that the Levi-Civita symbol provides a useful formula for the determinant of any
D × D matrix Aa

b, namely
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det A εb1b2···bD = εa1a2···aD Aa1
b1 Aa2

b2 · · · AaD
bD , (7.45)

and that there are systematic identities for the contraction of p of the D = p + q indices,
as we saw in (3.9).

The Levi-Civita form in the coordinate basis is defined by contracting with frame fields
and inserting factors of e = det ea

μ or e −1:

εμ1μ2···μD ≡ e −1εa1a2···aD ea1
μ1

ea2
μ2
· · · eaD

μD
,

εμ1μ2···μD ≡ e εa1a2···aD eμ1
a1

eμ2
a2
· · · eμD

aD
. (7.46)

Note that these definitions ensure that εμ1···μD and εμ1···μD take the constant values given
on the right-hand side of (7.44). This can be seen using (7.45). The quantities defined
in (7.46) are called tensor densities. It is important to recognize that εμ1μ2···μD cannot
be obtained by raising the indices of εμ1μ2···μD in the usual way using the inverse of the
metric. Therefore expressions like εμ1···μp

μp+1···μD are not well defined. There is no such
problem for εa1···ap bp+1···bD .

Exercise 7.14 Prove, using (7.45), that both εμ1μ2···μD and εμ1μ2···μD take values ±1
for any choice of frame field ea

μ. This guarantees that they are invariant under infinitesimal
changes of the frame field. Show also directly that δεμ1μ2···μD = 0 for any δeμa using the
general matrix formula

δ det M = (det M)Tr(M−1δM) , (7.47)

and the Schouten identity; see (3.11).

With these preliminaries, the canonical volume form is defined as

dV ≡ e0 ∧ e1 ∧ · · · ∧ eD−1

= 1

D!εa1···aD ea1 ∧ · · · ∧ eaD

= 1

D!e εμ1···μD dxμ1 ∧ · · · ∧ dxμD

= e dx0 . . . dx D−1

= dDx
√− det g . (7.48)

Note that the determinant of the frame field ea
μ appears in a natural fashion. In the last line

we give the abbreviated notation we will use in most applications. For example, given the
Lagrangian of a system of fields, such as the kinetic Lagrangian L = 1

2 gμν∂μφ∂νφ of a
scalar field, the action integral is written as

S =
∫

dV L =
∫

dDx
√− det g L . (7.49)
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7.6 Hodge duality of forms

Since p- and q-forms have the same number of components when p+q = D, it is possible
to define a 1 : 1 map between them. This map is the Hodge duality map from �p(M) →
�q(M), and it is quite useful in the physics of supergravity. The map is denoted by �(q) =
∗ω(p).

Since the map is linear we can define it on a basis of p-forms and then extend to a
general form. It is convenient to use the local frame basis initially and define

∗ea1 ∧ · · · ∧ eap = 1

q!e
b1 ∧ · · · ∧ ebq εb1···bq

a1···ap . (7.50)

A general p-form can be expressed in this basis, and we can proceed to define its dual via

�(q) = ∗ω(p) = ∗
(

1

p!ωa1···ap ea1 ∧ · · · ∧ eap

)
= 1

p!ωa1···ap
∗ea1 ∧ · · · ∧ eap . (7.51)

Exercise 7.15 Show that the frame components of �(q) are given by

�b1···bq =
(∗ω)b1···bq

= 1

p!εb1···bq
a1···apωa1···ap . (7.52)

These formulas are far less complicated than they look since there is only one indepen-
dent term in each sum. For example, for D = 4 the dual of a 3-form is a 1-form. For basis
elements we have ∗e1∧e2∧e3 = e0 and ∗e0∧e1∧e2 = e3. For components, (∗ω)0 = ω123

and (∗ω)3 = ω012.
The duality has an important involutive property, which can be inferred from the

following sequence of operations on basis elements:

∗(∗ea1 ∧ · · · ∧ eap ) = 1

q!
∗eb1 ∧ · · · ∧ ebq εb1···bq

a1···ap

= 1

p!q!e
c1 ∧ · · · ∧ ecpεc1···cp

b1···bq εb1···bq
a1···ap

= −(−)pqec1 ∧ · · · ∧ ecpδ
a1···ap
c1···cp

= −(−)pqea1 ∧ · · · ∧ eap . (7.53)

This leads to the general relation ∗(∗ω(p)) = −(−)pqω(p). This is the correct relation
for a Lorentzian signature manifold. For Euclidean signature the involution property is
∗(∗ω(p)) = (−)pqω(p).

For even dimension D = 2m, it is possible to impose the constraint of self-duality (or
anti-self-duality) on forms of degree m, i.e. �(m) = ±∗�(m). In a given dimension this
condition is consistent only if duality is a strict involution, i.e. −(−)m2 = −(−)m = +1
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for Lorentzian signature and (−)m = +1 for Euclidean signature. Thus it is possible to
have self-dual Yang–Mills instantons in four Euclidean dimensions. A self-dual F (5) is
possible in D = 10 Lorentzian signature, and it indeed appears in Type IIB supergravity.

The duality relations defined above in a frame basis are easily transformed to a coordi-
nate basis using the relations ea = ea

μ(x)dxμ and dxμ = eμa (x)ea . For coordinate basis
elements the duality map is

∗(dxμ1 ∧ · · · ∧ dxμp ) = 1

q!e gμ1ρ1 · · · gμpρp dxν1 ∧ · · · ∧ dxνpεν1···νqρ1···ρp . (7.54)

For antisymmetric tensor components, we have

(∗ω)μ1···μq =
1

p!e εμ1···μqρ1···ρp gν1ρ1 . . . gνpρpων1···νp . (7.55)

Following the discussion in Sec. 7.5, we may take as a volume form on M the wedge
product ∗ω(p) ∧ ω(p) of any p-form and its Hodge dual. The integral of this volume form
is simply the standard invariant norm of the tensor components of ω(p), i.e.

∫
∗ω(p) ∧ ω(p) = 1

p!
∫

dDx
√−g ωμ1···μpωμ1···μp . (7.56)

Exercise 7.16 Prove (7.56). Use the definitions above and those in Sec. 7.5 and the fact
that

ea1 ∧ · · · ∧ eaq ∧ eb1 ∧ · · · ∧ ebp = −εa1···aq b1···bp dV , (7.57)

where dV is the canonical volume element of (7.48).

Exercise 7.17 Show that the volume form dV can also be written as ∗1.

Exercise 7.18 Compare these definitions with Sec. 4.2.1, to obtain

F̃μν = −i
(∗F
)
μν

. (7.58)

Show that the factor i ensures that the tilde operation squares to the identity. Self-duality
is then possible for complex 2-forms.

Exercise 7.19 For applications to gauge field theories it is useful to record the relation
between the components of the field strength 2-form and its dual:

∗Fμν ≡ 1
2

√−g εμνρσ Fρσ , ∗Fμν = 1

2
√−g

εμνρσ Fρσ . (7.59)

Verify the second relation. Since both Fμν and ∗Fμν are tensors, their indices are raised
by gμν .
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7.7 Stokes’ theorem and electromagnetic charges

Suppose that M is a manifold of dimension D, and that �p with boundary �p−1 = ∂�p

is a submanifold of dimension p ≤ D. Suppose further that ωp−1 is a (p − 1)-form that
satisfies certain smoothness properties which we omit here.3 Stokes’ theorem asserts that∫

�p

dωp−1 =
∫
�p−1

ωp−1 . (7.60)

The integrals can be evaluated using any choice of coordinates.
In Ex. 4.14 electric and magnetic charges in three-dimensional flat spacetime were

expressed as volume integrals. We will use Stokes’ theorem to convert these to surface
integrals. However, we generalize the discussion and consider a spacetime metric gμν(x)
on M and a conserved current J ν to which the gauge field is coupled. The coordinate
invariant action that describes this coupling is

S =
∫

d4x
√−g

[
− 1

4 gμρgνσ FμνFρσ + Aν J ν
]
. (7.61)

The gauge field equation of motion (4.49) and the tensor Gμν of (4.50) generalize to

δS

δAν

= ∂μ(
√−gFμν)+√−g J ν = 0 , (7.62)

Gμν ≡ εμνρσ
δS

δFρσ
= − 1

2

√−gεμνρσ Fρσ = −∗Fμν . (7.63)

The volume integrals (4.62) and (4.63) for the electric and magnetic charge contained in a
region �3 with boundary �2 now become

q =
∫
�3

d3x
√−g J 0 =

∫
�3

d3x ∂i
√−gF0i = − 1

2

∫
�3

d3x εi jk∂i G jk,

p = − 1
2

∫
�3

d3xεi jk∂i Fjk . (7.64)

The integrands in the final expressions are each the exterior derivatives of 2-forms on �3,
so we can apply Stokes’ theorem and rewrite them as

(
p
q

)
= −1

2

∫
�3

dxi ∧ dx j ∧ dxk∂i

(
Fjk

G jk

)
= −1

2

∫
�2

dxμ ∧ dxν
(

Fμν
Gμν

)
. (7.65)

The detailed form of Gμν = −∗Fμν in terms of the components of Fμν is given in (7.59).

Exercise 7.20 The components of Fμν which describe point charges are quite basic
quantities. Derive them for flat spacetime using polar coordinates with metric

ds2 = −dt2 + dr2 + r2
(

dθ2 + sin2 θ dφ2
)
. (7.66)

3 See [43] for details and proof of the theorem. Stokes’ theorem dates from 1850 and 1854.
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Show that a field configuration whose only non-vanishing component is

Fθφ = − p

4π
sin θ (7.67)

is a solution of Maxwell’s equation (7.62) and has magnetic charge p. Show that a field
configuration whose only non-vanishing component is

Er = Frt = q

4πr2
(7.68)

is a solution of Maxwell’s equation (7.62) which describes an electric point charge q (use
εtrθφ = 1).

7.8 p-form gauge fields

Using the ideas of Sec. 7.6, we can rewrite the simplest kinetic actions of scalars and gauge
vectors as integrals of differential forms:

S0 = − 1
2

∫
∗F (1) ∧ F (1) , F (1) ≡ dφ ,

S1 = − 1
2

∫
∗F (2) ∧ F (2) , F (2) ≡ dA(1) . (7.69)

In each case there is a Bianchi identity, dF (1) = 0 and dF (2) = 0, which implies that the
field strengths can be written as differentials of a lower form. For the form A(1), which
describes the photon, there is a gauge transformation that can be written as δA(1) = d�(0).
We can interpret the actions of (7.69) as the definition of field theories for 0-form and
1-form ‘potentials’.

This suggests a generalization. We can describe a p-form ‘potential’ in terms of a
(p + 1)-form ‘field strength’ and write the action

Sp = − 1
2

∫
∗F (p+1) ∧ F (p+1) , F (p+1) ≡ dA(p) . (7.70)

Again there is a gauge transformation δA(p) = d�(p−1), and these transformations of the
p-form gauge potential leave F (p+1) and the action invariant.

Exercise 7.21 Show that the action (7.70) can be expressed in form components as

Sp = − 1

2 (p + 1)!
∫

dDx
√−g Fμ1···μp+1 Fμ1···μp+1 ,

Fμ1···μp+1 = (p + 1)∂[μ1 Aμ2...μp+1] . (7.71)

We now determine the number of degrees of freedom of a p-form gauge field. The
number of independent components in�(p−1) is

( D
p−1

)
. However, not all the components of
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�(p−1) are independent symmetries, since transformations where�(p−1) = d�′ (p−2) have
no effect on the gauge field. However, not all components of the latter are to be subtracted
from the gauge symmetries. Indeed, gauge parameters of the form�′ (p−2) = d�′′ (p−3) are
annihilated by the d operation. Thus gauge symmetries reduce the number of independent
components of a p-form to(

D

p

)
−
(

D

p − 1

)
+
(

D

p − 2

)
− . . . =

(
D − 1

p

)
, (7.72)

the number of components of a p-form in D−1 dimensions. We thus find that the off-shell
degrees of freedom (field variables minus symmetries) correspond to a (rank p antisym-
metric tensor) representation of SO(D − 1), as we saw before for other fields. The field
equations for the action (7.70) impose a further reduction, and the independent components
that remain transform in the rank p antisymmetric tensor representation of SO(D−2). The
dimension of this representation is

(D−2
p

)
, which is the number of on-shell degrees of free-

dom or, equivalently, the number of physical degrees of freedom of the p-form gauge field.
The fact that

(D−2
p

) = ( D−2
D−p−2

)
tells us that the numbers of on-shell degrees of freedom

of p- and (D − p − 2)-form gauge fields are the same. In fact the theories of these forms
are physically equivalent. We will show that there is a ‘duality transformation’ that relates
them.

The following argument gives one indication of the equivalence. The field equation and
Bianchi identity for F (p+1) read

d∗F (p+1) = 0 , dF (p+1) = 0 . (7.73)

We define the dual form G(D−p−1) = ∗F (p+1), and observe that the two equations can be
rewritten as

dG(D−p−1) = 0 , d∗G(D−p−1) = 0 . (7.74)

The first equation implies that G(D−p−1) is the field strength of a (D− p− 2)-form gauge
potential, while the second equation is exactly the equation of motion which follows from
the action

S(D−p−2) = − 1
2

∫
∗G(D−p−1) ∧ G(D−p−1) , G(D−p−1) ≡ dB(D−p−2) . (7.75)

The equations of the F (p+1) and G(D−p−1) are thus very similar. The equation of motion
of one transforms into the Bianchi identity for the other under the duality map G(D−p−1) =
∗F (p+1).

We can prove the duality by the showing that the action (7.70) can be rewritten in a way
that can be transformed into (7.75). We rewrite (7.70) as

Sp = −
∫ [

1
2
∗F (p+1) ∧ F (p+1) + b(D−p−2) ∧ dF (p+1)

]
, (7.76)

in which F (p+1) and b(D−p−2) are viewed as independent fields. The latter is a Lagrange
multiplier, and its field equation implies that F (p+1) is the field strength of a p-form poten-
tial. Therefore the information in the action (7.76) is equivalent to that in the original form
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Box 7.1 Duality between p-forms

The p-form gauge field with action (7.70) is equivalent to the similar (D − p − 2)-form gauge field.

(7.70). To show that (7.76) is also equivalent to (7.75), we consider the Euler variation for
F (p+1), which states that

∗F (p+1) = (−)D−p db(D−p−2) . (7.77)

This is effectively an algebraic field equation, so it can be substituted in the action to obtain
(7.75). This proves the equivalence of p-form and (D − 2− p)-form gauge potentials.

Consider the simple case of a rank 2 antisymmetric tensor gauge field (a 2-form) in four
dimensions. Its dual is a scalar field (a 0-form). Thus the simplest kinetic actions for the
antisymmetric tensor and scalar fields are equivalent. However, duality arguments are valid
only for the simplest actions, typically for abelian gauge fields. It is not generally true that
gauge theories for p- and (D − p − 2)-form gauge fields are equivalent.

The duality transformation for gauge vectors in four dimensions is a self-duality.
A 1-form is dual to another 1-form. In fact, it transforms electric into magnetic compo-
nents, and this is the duality that we discussed in Sec. 4.2.

7.9 Connections and covariant derivatives

A covariant derivative on a manifold is a rule to differentiate a tensor of type (p, q) produc-
ing a tensor of type (p, q + 1). It is well known that one needs to introduce the affine con-
nection �ρ

μν(x) to accomplish this. On vector fields the covariant derivative is defined by

∇μV ρ = ∂μV ρ + �ρ
μνV ν ,

∇μVν = ∂μVν − �ρ
μνVρ , (7.78)

and it is straightforward to extend this definition to tensors. Most discussions of the affine
connection in the physics literature are based on the idea of parallel transport and use a
coordinate basis; see [46, 47].

Since supergravity requires the frame field ea
μ(x), and we have used the frame 1-forms ea

extensively, it is natural to introduce the affine connection in this framework and then make
contact with the more common treatment. In frames the affine connection is specified by the
1-forms ωab = ωμ

ab(x)dxμ. Although more general connections can be considered, the
connection required for gravitational theories with fermions is antisymmetric in Lorentz
indices,ωab = −ωba , and we impose this condition ab initio. As we will see, antisymmetry
means that ωab is a connection for the Lorentz group O(D−1, 1). Indeed covariance under
local Lorentz transformations (7.25) of the frame is the guiding principle of the discussion.
See [39] for a roughly similar treatment. The componentsωμab(x) ofωab are usually called
the spin connection because they are essential in the description of spinors on manifolds.
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7.9.1 The first structure equation and the spin connection ωμab

Given the frame 1-forms ea , we examine the 2-forms

dea = 1
2 (∂μea

ν − ∂νea
μ) dxμ ∧ dxν . (7.79)

The antisymmetric components transform as a (0, 2) tensor under coordinate transforma-
tions, but not as a local Lorentz vector. This is most quickly seen at the 2-form level, where,
using (7.25),

de′a = d(�−1 a
beb) = �−1 a

bdeb + d�−1 a
b ∧ eb . (7.80)

The second term spoils the vector transformation property. To cancel it we add the contri-
bution from a 2-form involving the spin connection and consider

dea + ωa
b ∧ eb ≡ T a . (7.81)

If ωa
b is defined to transform under local Lorentz transformations as

ω′ab = �−1 a
cd�c

b +�−1 a
c ω

c
d �

d
b , (7.82)

then T a does indeed transform as a vector, i.e. T ′a = �−1 a
bT b. The 2-form T a is called

the torsion 2-form of the connection, and (7.81) is called the first Cartan structure equation.

Exercise 7.22 Confirm that T a transforms as a Lorentz vector if the connection trans-
forms as in (7.82).

There is a lot to be said about the connection 1-form ωab, and we begin with some
properties that should be familiar from the study of non-abelian gauge theories. The com-
ponents ωμab(x) transform as a covariant vector under coordinate transformations, while
(7.82) implies that

ω′μa
b = �−1 a

c ∂μ�
c

b +�−1 a
c ωμ

c
d �

d
b . (7.83)

These are exactly the gauge transformation properties of a Yang–Mills potential for the
group O(D − 1, 1). The situation is even more familiar for Euclidean signature manifolds
in which frame fields transform under local SO(D) rotations, and an antisymmetric ωμab

transforming as in (7.83) is a gauge potential for the compact group SO(D).
Thus local Lorentz covariance is implemented like Yang–Mills gauge covariance for the

gauge group O(d − 1, 1).
In Sec. 7.5 we showed that any (vector or) tensor field on M can be transformed from

a coordinate basis to a local Lorentz basis, where the tensor components of a type (p, q)
tensor take the form T

a1···ap
b1···bq

(x). Let us consider the simplest cases of vectors V a , Ua and
type (0, 2) tensors Tab, which transform as

V ′a(x) = �−1 a
b(x)V

b(x) ,

U ′
a(x) = Ub(x)�

b
a(x) ,

T ′
ab(x) = Tcd(x)�

c
a(x)�

d
b(x) , (7.84)
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respectively. The extension of these local Lorentz transformation rules to Lorentz tensors
of type (p, q) is straightforward.

We use the spin connection to define local Lorentz covariant derivatives as

DμV a = ∂μV a + ωμ
a

bV b ,

DμUa = ∂μUa −Ubωμ
b

a = ∂μUa + ωμa
bUb ,

DμTab = ∂μTab − Tcbωμ
c

a − Tacωμ
c

b . (7.85)

The extension to type (p, q) Lorentz tensors involves p connection terms with ωμ
ai c

contracted from the left and q terms with −ωμc
bi contracted on the right. Recall that

ωμ
ab = ωμ

a
cη

cb and ωμa
b = ηacωμ

c
dη

db, etc.

Exercise 7.23 Use (7.82) to show that DμV a, DμUa and DμTab do transform as
Lorentz tensors, i.e. as in (7.84). They also transform as covariant vectors under coor-
dinate transformations.

Exercise 7.24 Show that the Lorentz covariant derivative obeys the Leibnitz product
rule, e.g. Dμ(V aUb) = (DμV a)Ub + V a DμUb. Show also that it commutes with index
contractions, e.g. δc

a Dμ(V aTbc) = Dμ(V cTbc).

Spinor fields �(x) are absolutely vital for supergravity. As discussed in Ch. 2, a spinor
field has 2[D/2] components in D-dimensional spacetime, and the generators of Lorentz
transformations are the second rank Clifford matrices 1

2γ
ab. In a gravitational theory,

spinors must be described through their local frame components. As in the case of vec-
tor fields above, the local Lorentz transformation rule

� ′(x) = exp
(
− 1

4λ
ab(x)γab

)
�(x) (7.86)

determines the covariant derivative

Dμ�(x) =
(
∂μ + 1

4ωμab(x)γ
ab
)
�(x) . (7.87)

Exercise 7.25 Show that Dμ� also transforms as a spinor, namely into

exp
(
− 1

4λ
ab(x)γab

)
Dμ�(x). You will need (7.82) and (2.22) for this purpose. Note that

indices ρ, σ in (2.22) are to be interpreted as local Lorentz indices a, b.

Let’s apply (7.85) to the Lorentz metric tensor ηab. We have

Dμηab = −ηcbωμ
c

a − ηacωμ
c

b = −ωμba − ωμab = 0 . (7.88)

The metric has vanishing covariant derivative because ηab is an invariant tensor of the
Lorentz group. A direct consequence is that scalar products V aUa are preserved under
parallel transport4 with the spin connection [44]. Thus our connection is metric-preserving.

The Cartan structure equation (7.81) is important, both conceptually and practically.
The least familiar element may be the torsion 2-form T a or its components, the torsion

4 The infinitesimal parallel transport of a vector from the point with coordinates xμ to the nearby point xμ +
�xμ is defined by Ṽ a(x) = V a(x)+ ωμ

a
bV b(x)�xμ.
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tensor Tμνa = −Tνμa . Indeed in most applications of differential geometry to gravity,
the torsion vanishes, and one deals with a torsion-free, metric-preserving connection. This
is also called the Levi-Civita connection, for which the structure equation reads dea +
ωa

b∧eb = 0. However, non-vanishing torsion can arise from coupling of gravity to certain
matter fields, and this does occur in supergravity. The geometrical effect of torsion is seen
in the properties of an infinitesimal ‘parallelogram’ constructed by the parallel transport of
two vector fields. The parallelogram closes for a torsion-free connection, but not if there is
torsion; see [44].

Let’s examine the tensor components of the structure equation (7.81). It is convenient
to refer all quantities to a coordinate basis. The goal is to express ωμ[ρν] = ωμabea

ρeb
ν in

terms of the anholonomy coefficients

�[μν]ρ = (∂μea
ν − ∂νea

μ) eaρ (7.89)

and the torsion tensor T[μν]ρ = Tμνaeaρ . We use [..] to indicate the antisymmetric pair of
indices. The structure equation then reads

T[μν]ρ = �[μν]ρ + ωμ[ρν] − ων[ρμ] . (7.90)

We simply have 1
2 D2(D − 1) equations for the 1

2 D2(D − 1) independent ‘unknowns’
ωμ[ρν]. It is a standard exercise, outlined below, to find the unique solution

ωμ[νρ] = ωμ[νρ](e)+ Kμ[νρ] , (7.91)

ωμ[νρ](e) = 1
2 (�[μν]ρ −�[νρ]μ +�[ρμ]ν) = ωμab(e)e

a
νeb

ρ , (7.92)

ωμ
ab(e) = 2eν[a∂[μeν]b] − eν[aeb]σ eμc∂νeσ

c , (7.93)

Kμ[νρ] = − 1
2 (T[μν]ρ − T[νρ]μ + T[ρμ]ν) . (7.94)

The unique torsion-free spin connection appears in (7.93), and what is conventionally
called the contortion tensor is defined in (7.94).

Exercise 7.26 Obtain the results in (7.91)–(7.94) from the following combination of
(7.90) and two permutations: T[μν]ρ − T[νρ]μ + T[ρμ]ν .

Exercise 7.27 The fact that an infinitesimal variation δωμab of the spin connection
transforms covariantly under local Lorentz transformations follows easily from (7.83). In
the next chapter we will need the variation δωμab of the torsion-free spin connection due
to a small change δea

μ of the frame field. To calculate this, consider the variation of the
Cartan structure equation (7.81) (without torsion): dδea + ωa

b ∧ δeb + δωa
b ∧ eb = 0.

This 2-form equation is equivalent to the component relation

D[μδea
ν] + (δω[μab)eν]b = 0 wi th Dμδea

ν ≡ ∂μδea
ν + ωμ

abδebν . (7.95)

With the structure of (7.92) in mind, you should be able to derive

ea
νeb

ρδωμab = (D[μδea
ν])eρa − (D[νδea

ρ])eμa + (D[ρδea
μ])eνa . (7.96)
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7.9.2 The affine connection �ρ
μν

Our next task is to transform Lorentz covariant derivatives of vector and tensor frame
fields to the coordinate basis where they become covariant derivatives with respect to gen-
eral coordinate transformations and take the familiar form in (7.78), but include torsion.
It should be emphasized that no new structure on the manifold is required. We simply
reexpress the information in the spin connection ωμ

a
b in a coordinate basis where it is

contained in the affine connection �ρ
μν .

We note that the quantity ∇μV ν ≡ eνa DμV a is the transform to coordinate basis of
a frame vector field and coordinate covariant vector field. It is necessarily a type (1, 1)
tensor under coordinate transformations. The following manipulations will bring it to the
form in (7.78):

∇μV ρ ≡ eρa DμV a

= eρa Dμ(e
a
νV ν)

= ∂μV ρ + eρa (∂μea
ν + ωμ

a
beb

ν)V
ν . (7.97)

Exercise 7.28 Show by similar manipulation that ∇μVν ≡ ea
ν DμVa also takes the form

in (7.78), namely
∇μVν = ∂μVν − eρa (∂μea

ν + ωμ
a

beb
ν)Vρ . (7.98)

These results can be extended to Lorentz tensors of type (p, q). The conclusion is that
the transformation to coordinate basis given by

∇μT
ρ1···ρp
ν1···νq ≡ eρ1

a1
. . . e

ρp
ap eb1

ν1
. . . e

bq
νq DμT

a1···ap
b1···bq

(7.99)

defines a tensor of type (p, q + 1) with the properties of the conventional covariant deriva-
tive. The affine connection is related to the spin connection by

�ρ
μν = eρa (∂μea

ν + ωμ
a

beb
ν) . (7.100)

We now show that this definition of �ρ
μν does satisfy the expected properties, noting first

that it can be rewritten as

∂μea
ν + ωμ

a
beb

ν − �σ
μνea

σ = 0 . (7.101)

This property is called the ‘vielbein postulate’ in some discussions of the spin connection.
The vielbein postulate leads to the more familiar metric postulate or metricity property,

∇μgνρ ≡ ∂μgνρ − �σ
μνgσρ − �σ

μρgνσ = 0. (7.102)

Note that (7.101) and (7.102) are valid whether or not the connection carries torsion.

Exercise 7.29 Obtain (7.102) by contracting (7.101) with eaρ and adding the same
expression with ν and ρ interchanged.
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The metric postulate means that the metric tensor is covariantly constant. Hence lengths
and scalar products of vectors are preserved under parallel transport, and covariant differ-
entiation commutes with index raising, e.g. ∇μV ρ = gρν∇μVν .

The affine connection �
ρ
μν does not transform like a tensor. It has a special transforma-

tion law, which can be obtained from the definition (7.100), that ensures that the operation
∇μ transforms any (p, q) tensor into a type (p + 1, q) tensor. It is worthwhile for readers
to find this transformation law.

Exercise 7.30 Consider the definition (7.100) in two different coordinate systems and
show that �′ρμν(x ′) and �ρ

μν(x) are related by the conventional transformation property

�′ρμν(x ′) =
∂x ′ρ

∂xσ

(
∂2xσ

∂x ′μ∂x ′ν
+ ∂xα

∂x ′μ
∂xβ

∂x ′ν
�σ
αβ

)
. (7.103)

Note that the first term in (7.103) cancels in the difference between any two connec-
tions, such as the infinitesimal variation δ�ρ

μν(x), which occurs in the variational principles
needed for gravitational field theories. Thus δ�ρ

μν(x) transforms as a tensor. It follows from
(7.83) that the same property holds for the variation δωμab of the spin connection, which
transforms as a type (0, 2) local Lorentz tensor. This tensor was computed in Ex. 7.27.

Last, but hardly least, we substitute the explicit form (7.91) of the spin connection in the
definition (7.100). After some calculation we obtain the explicit formula for �ρ

μν :

�ρ
μν = �ρ

μν(g)− Kμν
ρ , (7.104)

�ρ
μν(g) = 1

2 gρσ (∂μgσν + ∂νgμσ − ∂σ gμν) . (7.105)

(Remember that K is antisymmetric in the last two indices, i.e. Kμν
ρ = −Kμ

ρ
ν .) The

first term, written in detail in (7.105), is the torsion-free connection, frequently called the
Christoffel symbol and denoted by {ρμν} instead of our �ρ

μν(g). It is well known that it is
the unique symmetric affine connection that satisfies (7.102). When torsion is present the
affine connection is not symmetric, rather

�ρ
μν − �ρ

νμ = −Kμν
ρ + Kνμ

ρ = Tμν
ρ . (7.106)

Exercise 7.31 Below (7.103), we argued that δ�ρ
μν is a tensor. Find a simple expression

for δ�ρ
μν by varying (7.102) or (7.105).

The Lie derivative operation, defined for some examples in (7.8), maps any type (p, q)
tensor into another type (p, q) tensor, yet does not require a metric or connection. In most
physical applications of differential geometry there is a natural metric and connection, and
it is convenient to rewrite Lie derivatives in terms of covariant derivatives. If the connection
is symmetric, and thus given by (7.105), this is easily done since the connection cancels
pairwise among the various terms in (7.8), leading to
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LV Uμ = V ρ∇ρUμ − (∇ρVμ)Uρ ,

LVωμ = V ρ∇ρωμ + (∇μV ρ)ωρ ,

LV Tμ
ν = V ρ∇ρTμ

ν − (∇ρVμ)T ρ
ν + (∇νV ρ)Tμ

ρ . (7.107)

If there is torsion then there are additional terms.

Exercise 7.32 Derive (7.107) from (7.8). Show that, if the T and K tensors vanish, the
Lie derivative of the metric tensor is

LV gμν = ∇μVν + ∇νVμ . (7.108)

For ‘mixed’ quantities with both coordinate and frame indices, it is useful to distinguish
between local Lorentz and coordinate covariant derivatives. Thus, for a vector–spinor field
�μ(x), we define both:

Dμ�ν ≡
(
∂μ + 1

4ωμabγ
ab
)
�ν ,

∇μ�ν = Dμ�ν − �ρ
μν�ρ . (7.109)

The first transforms as a local Lorentz spinor, but not a tensor, and the second transforms
as a spinor and type (0, 2) tensor. After antisymmetrization in μν, both derivatives yield
(0, 2) tensors, but they differ by a torsion term, viz.

∇μ�ν − ∇ν�μ = Dμ�ν − Dν�μ − Tμν
ρ�ρ . (7.110)

Similarly, the vielbein transforms as a Lorentz vector and a coordinate vector, such that ∇
contains both connections, and the vielbein postulate (7.101) can be written as

∇μea
ν = ∂μea

ν + ωμ
a

beb
ν − �σ

μνea
σ = 0 . (7.111)

7.9.3 Partial integration

In Minkowski spacetime the integral
∫

dDx ∂μVμ = 0 if the vector field Vμ(x) vanishes
at large distance. This property validates the partial integration operations which are fre-
quently needed in quantum field theory. In curved spacetime the integral is replaced by
the coordinate invariant form

∫
dDx

√−g∇μVμ. Using (7.78) and (7.104) and the key
property

∂μ
√−g = √−g �ρ

ρμ(g) , (7.112)

of the torsion-free (Christoffel) connection, we find∫
dDx

√−g∇μVμ =
∫

dDx ∂μ
(√−g Vμ

)− ∫ dDx
√−g Kνμ

νVμ . (7.113)

The first term vanishes just as in flat space quantum field theory, but the second does not.
It is proportional to

Kνμ
ν = −Tνμ

ν . (7.114)

This leads to the conclusion mentioned in Box 7.2.
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Integration by parts Box 7.2

Conventional integration by parts is valid if the connection is torsion-free, but there is a correction term, which
involves Kνμ

ν = −Tνμν , when there is torsion.

Exercise 7.33 Observe how the connection components �ρ
μν(g) required in the covari-

ant derivative on the left-hand side of (7.113) are ‘automatically constructed’ from deriva-
tives of the metric on the right-hand side.

7.10 The second structure equation and the curvature tensor

In Sec. 7.9.1 we discussed the fact that the spin connection ωμab transforms as a Yang–
Mills gauge potential for the group O(D−1, 1); see (7.83). It then follows that the quantity

Rμνab ≡ ∂μωνab − ∂νωμab + ωμacων
c

b − ωνacωμ
c

b (7.115)

has the properties of a Yang–Mills field strength, transforming as a type (0, 2) Lorentz
tensor under local Lorentz transformations; see (7.85). Because of antisymmetry in μν, it
is also a (0, 2) tensor under general coordinate transformation, called the curvature tensor.
Thus we can define the curvature 2-form

ρab = 1

2
Rμν

ab(x)dxμ ∧ dxν . (7.116)

Using (7.115) it is easy to see that the curvature 2-form is related to the connection 1-
form by

dωab + ωa
c ∧ ωcb = ρab . (7.117)

This equation is known as the second Cartan structure equation. Needless to say, it is the
metric, curvature, and (if present) the torsion tensor which carry the basic local information
about the spacetime geometry that is needed for gravitational physics.

Exercise 7.34 Working with the forms and the Cartan structure relations is often easier
than using component relations as in (7.93). Consider the metric

ds2 = dr2 + C2(r)dθ2 (7.118)

for an arbitrary function C(r). The metric can be brought to standard form using the frame
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1-forms

e1 = dr , e2 = C(r)dθ . (7.119)

Using (7.81) (with no torsion) check that the spin connection 1-form is ω12 = C ′(r)dθ .
Then use (7.117) to find ρ12 = C ′′(r)dr ∧ dθ , which leads to Rrθ

12 = C ′′(r).

Exercise 7.35 Consider the effect on Rμνab of an infinitesimal variation of the spin
connection. Show that

δRμνab = Dμδωνab − Dνδωμab . (7.120)

This fact is related to the discussion below Ex. 7.30, which argued that δωμab transforms
as a tensor.

One immediate application of the Cartan structure equations (7.81) and (7.117) is to
derive the Bianchi identities for the curvature tensor.

Exercise 7.36 Apply the exterior derivative to (7.81) and (7.117) to obtain the 3-form
relations

ρab ∧ eb = dT a + ωab ∧ Tb ,

dρab + ωa
c ∧ ρcb − ρac ∧ ωc

b = 0 . (7.121)

Show that the components of these 3-form equations read, using Rμνρ
a = Rμνb

aeb
ρ ,

Rμνρ
a + Rνρμ

a + Rρμν
a = −DμTνρ

a − DνTρμ
a − DρTμν

a ,

DμRνρ
ab + Dν Rρμ

ab + Dρ Rμν
ab = 0 . (7.122)

The derivatives Dμ etc. in these equations are Lorentz covariant derivatives and contain
only the spin connection. However, each relation is a type (0, 3) coordinate tensor because
of antisymmetry. The first relation is the conventional first Bianchi identity for the curva-
ture tensor, but corrected by torsion terms on the right-hand side. This has no analogue in
Yang–Mills theory. The second relation is the usual Bianchi identity of non-abelian gauge
theory, and is called the second Bianchi identity for the curvature.

The commutator of Lorentz covariant derivatives leads to important relations, in both
gauge theory and gravity, which we call Ricci identities. We write the identity for a field
�(x) transforming in a representation of the proper Lorentz group with generators Mab

together with special cases of interest, namely frame vector fields V a(x) and spinor fields
�(x),

[Dμ, Dν]� = 1
2 Rμνab Mab�,

[Dμ, Dν]V a = Rμν
a

bV b ,

[Dμ, Dν]� = 1
4 Rμνabγ

ab� . (7.123)

There are also generalized Ricci identities for the commutator of coordinate covariant
derivatives, but they contain torsion terms. For example, for vector fields V ρ(x), one can
derive by direct computation

[∇μ,∇ν]V ρ = Rμν
ρ
σ V σ − Tμν

σ∇σ V ρ , (7.124)
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in which the curvature tensor appears as

Rμν
ρ
σ = ∂μ�

ρ
νσ − ∂ν�

ρ
μσ + �ρ

μτ�
τ
νσ − �ρ

ντ�
τ
μσ . (7.125)

Exercise 7.37 Verify (7.124). Show that Rμν
ρ
σ = Rμνabeaρeb

σ by evaluating
[∇μ,∇ν]eρa = 0. Prove the generalized second Bianchi identity

∇μRνρ
στ +∇ν Rρμ

στ +∇ρ Rμν
στ = Tμν

ξ Rξρ
στ + Tνρ

ξ Rξμ
στ + Tρμ

ξ Rξν
στ . (7.126)

Exercise 7.38 Derive

δRμν
ρ
σ = ∇μδ�

ρ
νσ − ∇νδ�

ρ
μσ , (7.127)

which is closely related to (7.120).

The Ricci tensor is defined as Rμν = Rμ
σ
νσ and the curvature scalar is R = gμν Rμν .

Exercise 7.39 Show that Rμν = Rνμ if and only if there is no torsion. Show that the
same holds for the symmetry condition Rμνρσ = Rρσμν .

Below is an exercise designed to show that the Hilbert action for general relativity,
S ∼ ∫ dDx

√−gR, can be written as the integral of a volume form involving the frame
and curvature forms. It is this form of the action that reveals how the mathematical frame-
work of connections with torsion is realized in the physical setting of gravity coupled to
fermions. We will explore this in the next chapter, but the exercise brings together some of
the ideas discussed in this chapter.

Exercise 7.40 Show that

1

(D − 2)!
∫

εabc1...c(D−2)e
c1 ∧ · · · ∧ ec(D−2) ∧ ρab =

∫
dDx

√−gR . (7.128)

Hint: express ρab = 1
2 Rcd

abec ∧ ed and use (7.57) and (7.48).

7.11 The nonlinearσ -model

The principal application of differential geometry in this book is to theories of gravity
and supergravity in spacetime, viewed as a differentiable manifold. The matter couplings
in these theories, including fermions and p-form gauge fields, also require the ideas of
differential geometry reviewed in this chapter. There is still another physical application
of differential geometry that is important in supergravity. This application involves the
dynamics of scalar fields in flat spacetime. Physicists usually call it the nonlinear σ -model
because it first appeared as a description of the low-energy interactions of the triplet of 	π
mesons which involve the composite field σ = ( f 2

π + 	π2)1/2. The notation 	π indicates that
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MD

Mn

�Fig. 7.3 Scalar fields as maps from spacetime to the target manifold.

the three pion fields transform in the fundamental representation of an SO(3) internal sym-
metry. In mathematics the same type of field theory may be called the theory of harmonic
maps.

To begin the discussion let us consider an n-dimensional Riemannian manifold Mn .
The name Riemannian means that Mn has a smooth Euclidean signature metric. In local
coordinates called φi , i = 1, 2, . . . , n, the metric tensor is gi j (φ). In the nonlinear σ -
model the coordinates are fields φ(x) in which the xμ, μ = 1, 2, . . . , D, are the Cartesian
coordinates of a flat spacetime MD . We assume that MD is of Minkowski signature, but
our discussion requires little or no change for Euclidean signature. Thus we deal with maps
from spacetime to the internal space or target space Mn ; see Fig. 7.3.

We postulate that the dynamics of these maps is governed by the action

S[φ] = −1

2

∫
dDx gi j (φ)η

μν∂μφ
i∂νφ

j . (7.129)

Spacetime indices are raised and lowered with the Minkowski metric ημν .

Exercise 7.41 Compute the Euler variation of this action. Observe that the Christoffel
connection (7.105) is obtained in the process and express the equation of motion in the
form

φi + �i
jk(φ)∂

μφ j∂μφ
k = 0 . (7.130)

For Euclidean signature the d’Alembertian is replaced by the Laplacian ∇2. This is why
the solutions are called harmonic maps; they are a nonlinear generalization of harmonic
functions. Indeed the conventional Laplace equation is obtained in the special case when
the target space is also flat.
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Suppose that we use a different set of coordinates φ′i (φ) on the target space Mn . In these
coordinates the metric tensor becomes

g′i j (φ
′) = ∂φk

∂φ′i
gk�(φ)

∂φ�

∂φ′ j
, (7.131)

and the action changes to

S′[φ′] = −1

2

∫
dDx g′i j (φ

′)ημν∂μφ′i∂νφ′ j . (7.132)

This means that the equation of motion for φ′i (x) has the same structure form as in (7.130),
but with metric and connection expressed in the new coordinates. Our viewpoint is that
significant physical information may be expressed in either set of coordinates.

It is interesting to consider the case when the ‘spacetime’ degenerates to the one-
dimensional line with a time coordinate t . The action (7.129) is still perfectly sensible
and the equation of motion (7.130) reduces to a set of n coupled nonlinear differential
equations

d2φi

dt2
+ �i

jk
dφ j

dt

dφk

dt
= 0 . (7.133)

Readers should recognize this as the equation for geodesic5 curves on Mn .
Physically, the nonlinear σ -model on the line describes the motion of a particle of mass

m in a curved target space. Indeed, any solution φi (t) of (7.133) describes a possible trajec-
tory of a particle. For the special case when the φi are Cartesian coordinates of a flat target
space, equation (7.133) reduces to the statement that d2φi/dt2 = 0. The particle moves
freely with no acceleration. In this case the kinetic energy E = mδi j (dφi/dt)(dφ j/dt)/2
is conserved. There is also a conserved energy for motion on a general target space.

Exercise 7.42 Show that E ≡ 1
2 m gi j (φ)(dφi/dt)(dφ j/dt) is conserved, i.e. dE/dt =

0, for any solution of the equation of motion (7.133).

Many different target spaces appear in specific applications of the nonlinear σ -model.
They may be compact, for example, the spheres Sn , or non-compact. As an example that
will be relevant later in the book, we discuss the Poincaré plane. This is the non-compact
two-dimensional manifold with coordinates X, Y with Y > 0. The Riemannian metric is
defined by the line element

ds2 = dX2 + dY 2

Y 2
. (7.134)

The action that describes particle motion on the Poincaré plane is

S = 1

2

∫
dt

1

Y 2
(Ẋ2 + Ẏ 2) , (7.135)

in which we have introduced the notation Ẋ = dX/dt .

5 Geodesics are an important subject in differential geometry for both true spacetimes and Euclidean signature
manifolds. We do not discuss geodesics since they are peripheral to the main thrust of this book. Readers are
referred to a general relativity textbook such as [46, 47].
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The purpose of the following exercise is to illustrate a method to compute the connec-
tion components of a specific metric by what might be called the ‘geodesic’ method. It is
frequently faster to use this method rather than the general definition (7.105).

Exercise 7.43 Compute the variation of the action (7.135) quite directly to obtain

δS = −
∫

dt
(
δX
[ 1

Y 2
Ẍ − 2

Y 3
Ẏ Ẋ
]
+ δY

[ 1

Y 2
Ÿ + 1

Y 3
(Ẋ2 − Ẏ 2)

])
. (7.136)

The equations of motion then read:

Ẍ − 2

Y
Ẏ Ẋ = 0 , Ÿ + 1

Y
(Ẋ2 − Ẏ 2) = 0 . (7.137)

Compare with the general form (7.133) and identify the connection coefficients for the
Poincaré plane metric in an obvious notation as

�X
XY = �X

Y X = − 1

Y
, �X

X X = �X
Y Y = 0 ,

�Y
X X =

1

Y
= −�Y

Y Y , �Y
XY = �Y

Y X = 0 . (7.138)

Exercise 7.44 Here is an exercise on geodesics of the Poincaré plane metric. Show that
there are geodesics that are the straight vertical lines X = x0, Y = y0ekt . Can you show
that the general geodesic curve is a semicircle of any radius r0 whose center is at any point
(X0, 0) on the X-axis of the plane? If not, then wait until the next section.

7.12 Symmetries and Killing vectors

It is frequently and correctly said that the equations of a gravitational theory are invari-
ant under general coordinate transformations, and the same is true for the equations of the
nonlinear σ -model. What this really means, however, is that the equations are constructed
from the same elements, vectors, tensors, covariant derivatives, etc. in any coordinate sys-
tem. This has some content, but it is only a special class of coordinate transformations that
lead to symmetries of a system. As discussed in Ch. 1, a symmetry is a transformation that
takes one solution of the equations of motion into another. The equations themselves must
take the same form in two coordinate transformations related by a symmetry. For each
global symmetry that leaves the action invariant, there is a conserved Noether current.

7.12.1 σ -model symmetries

Although the situation is similar for both gravitation and the nonlinear σ -model, we pre-
fer to discuss symmetries in the latter setting. The equations of motion (7.130) (and also
(7.133)) take the same form in the two sets of coordinates φi and φ′i if the metric g′i j in
(7.131) has the same functional form as the original metric, i.e. if
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g′i j (φ) = gi j (φ) . (7.139)

A symmetry transformation of the metric is frequently called an isometry.
We now assume that the coordinate transformation is continuous. This means that the

functional relation φ′i (φ) depends continuously on parameters θ A. In the limit of small
θ A it is assumed that the transformation is close to the identity and thus approximated
by φ′i = φi + θ AkA

i (φ). The kA
i (φ) are vector fields, which are the generators of the

coordinate transformation. Thus we have an infinitesimal coordinate transformation, whose
effect on the various tensor fields on the target space is given by Lie derivatives as defined
in (7.10). In particular, the condition (7.139) for a symmetry holds to first order in θ A if

δgi j ≡ g′i j (φ)− gi j (φ) = −θ ALkA gi j = 0 . (7.140)

This means that each kA
i is a vector field that satisfies

∇i k j A +∇ j ki A = 0 , ki A = gi j k
j
A , ∇i k j A = ∂i k j A − �k

i j (g)kk A , (7.141)

where ∂i is the ordinary derivative with respect to φi and �k
i j (g) is the Christoffel connec-

tion on Mn (we are not dealing with torsion here). A vector field with this property is called
a Killing vector, and each Killing vector is associated with a symmetry. To summarize, for
each continuous isometry of the target space metric there is a Killing vector ki

A.
Symmetries of the nonlinear σ -model are Noether symmetries6 as discussed in Sec.

1.3. The Killing symmetries are a special case of (1.63) in which the infinitesimal internal
symmetry variations of the fields φi (x) take the form

δ(θ)φi = θ AkA
i (φ) . (7.142)

As opposed to the symmetries discussed in Ch. 1, the Killing symmetries are frequently
nonlinear in the fields. It is easy to see that this transformation leaves the σ -model action
invariant. To first order in θ A, the transformation of (7.129) is7

δS[φ] = S[φ′] − S[φ]
= − 1

2

∫
dDx θ A

[
∂gi j

∂φk
kA

k ∂μφ
i ∂μφ j

+gi j (φ)
∂kA

i

∂φk
∂μφ

k ∂μφ j + gi j (φ) ∂μφ
i ∂kA

j

∂φk
∂μφ

k
]

= − 1
2

∫
dDx θ A

[
(∇i k j A +∇ j ki A)∂

μφi∂μφ
j
]
= 0 . (7.143)

6 Killing vectors are not related to the quantity Kμ
A of Sec. 1.3. That quantity denoted the total derivative that

appears for spacetime transformations of a Lagrangian system. Killing symmetries are internal symmetries,
so Kμ

A vanishes.
7 The symmetry acts on the dynamical variables φi of the nonlinear σ -model, and the transformation of gi j (φ)

is induced by the variations δφi .
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Thus the formula (1.67) applies immediately and tells us that

JμA = gi j (∂
μφi )kA

j (φ) (7.144)

is a conserved Noether current for the symmetry.

Exercise 7.45 It is an instructive exercise to show explicitly that the current satisfies
∂μ JμA = 0, if ki

A is a Killing vector and φi (x) is any solution of the σ -model equations of
motions (7.130).

As described in Sec. 7.2 it is frequently useful to encode a Killing vector in a differential
operator

kA ≡ k j
A

∂

∂φ j
. (7.145)

One can then define the action of the symmetry transformation of any scalar function f (φ)
on the target space as δ f ≡ θ AkA f . The elementary variation (7.142) is then the special
case when f (φ) = φi .

The isometry group of a given metric on Mn is frequently non-abelian. Then there are
several linearly independent Killing vectors. As in Sec. 7.2, the Lie algebra is determined
from the commutators of the differential operators, i.e.

[kA , kB] = f AB
C kC = f AB

C ki
C

∂

∂φi
. (7.146)

The vector field ki
C is also a Killing vector. With the transformation parameters included,

one finds that [
θ A

1 kA , θ
B
2 kB

]
= θC

3 kC , θC
3 = θ B

2 θ
A
1 f AB

C . (7.147)

Thus nonlinear Killing symmetries compose in the same way as the linear internal sym-
metries in (1.22). Although Killing vectors kA

i (φ) are generically nonlinear functions of
the φk , the isometry group of a manifold Mn can include linearly realized matrix symme-
tries, which act in the same way as the internal symmetries of Sec. 1.2.2. In this case the
Killing vectors kA

i are related to the matrix generators tA by kA
i (φ) = −(tA)

i
jφ

j and to
the differential operators by

kA = −(tA)
i

jφ
j ∂

∂φi
. (7.148)

Exercise 7.46 Check that for products of Killing vectors of the form (7.148) we have

kAkB = (tB tA)
i

jφ
j ∂

∂φi
+ [a term symmetric in A ↔ B]. (7.149)

This interchange of the matrices is the underlying reason for introducing − signs in the
definitions of transformations defined by matrices already started in (1.15).

Finally we discuss how to recognize when a given metric has symmetries and how to
obtain the Killing vectors. One simple situation occurs when the metric tensor gi j does
not depend on a particular coordinate, say φk . Then the ‘translation’ φk → φk + c is
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an isometry, and kk = ∂/∂φk is the differential operator that generates the symmetry. In
general, it may not be easy to examine a metric tensor and determine its isometries. Indeed
there are target space metrics that have important applications in supergravity and string
theory and have no continuous isometries.8

7.12.2 Symmetries of the Poincaré plane

The isometry group of the Poincaré plane metric (7.134) is the Lie group SL(2,R). Its
applications in supergravity and string theory are fundamental, so it is worthwhile to study
it. The group may be defined as the group of 2× 2 real matrices of the form(

a b
c d

)
, ad − bc = 1 . (7.150)

First we will study the action of finite group transformations and then identify three Killing
vectors as infinitesimal symmetries. For this purpose it is very convenient to use a complex
coordinate Z = X + iY on the upper half-plane. The line element (7.134) becomes

ds2 = dZdZ̄

Y 2
. (7.151)

SL(2,R) transformations act as nonlinear maps

Z → Z ′ = aZ + b

cZ + d
= X ′ + iY ′ (7.152)

of the upper half-plane onto itself. These are the same transformations used in (4.55) in a
field theory with electromagnetic duality. It is a matter of straightforward algebra to show
that

X ′ = ac(X2 + Y 2)+ (ad + bc)X + bd

|cZ + d|2 ,

Y ′ = Y

|cZ + d|2 ,

dZ ′ = dZ

(cZ + d)2
. (7.153)

Then, by direct substitution we find that the line element is invariant:

ds2 = dZdZ̄

Y 2
= dZ ′dZ̄ ′

Y ′2
. (7.154)

Exercise 7.47 The straightforward algebra is highly recommended. Note that Y ′ is pos-
itive whenever Y is positive. This shows that the transformation maps the upper half-plane
into itself. It would fail for complex a, b, c, d.

We can use the finite isometry (7.152) in a simple and elegant way to obtain the gen-
eral geodesic of the Poincaré metric. In Ex. 7.44 readers found that vertical lines with

8 For interested readers we note that compact Calabi–Yau metrics have no isometries.
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exponential t dependence are particularly simple geodesics. For the present purpose, it is
sufficient to consider the special case Z0(t) = iet . Under the isometry (7.152) this curve is
mapped to

Z(t) = aiet + b

ciet + d
. (7.155)

Since a symmetry maps any solution of the equations of motion into another solution, the
curves Z(t) = X (t) + iY (t) are also solutions of (7.133) for every choice of a, b, c, d.
Thus we obtain a large family of geodesics! In the theory of complex variables, the maps
are well-known conformal transformations that map straight lines into circles.

One way to obtain the Killing vectors of the Poincaré plane metric is to expand (7.152)
around the identity transformation. However, as an illustrative example, the reader is
invited to obtain the Killing vectors directly from the metric in the following exercise.

Exercise 7.48 Consider Z and Z̄ as the independent fields, rather than X and Y , and
use the line element (7.154). The metric components are

gZ Z = gZ̄ Z̄ = 0 , gZ Z̄ = gZ̄ Z = − 2

(Z − Z̄)2
. (7.156)

Show that the only non-vanishing components of the Christoffel connection are �Z
Z Z and its

complex conjugate � Z̄
Z̄ Z̄

. Calculate them and then show that there are three Killing vectors,

k Z
1 = 1 , k Z

2 = Z , k Z
3 = Z2 , (7.157)

each with conjugate components k Z̄
A . Show that their Lie brackets give a Lie algebra whose

non-vanishing structure constants are

f12
1 = 1 , f13

2 = 2 , f23
3 = 1 . (7.158)

This is a standard presentation of the Lie algebra of su(1, 1) = so(2, 1) = sl(2).

The σ -model Lagrangian that corresponds to the metric (7.151) is

L = 2
∂μZ∂μ Z̄

(Z − Z̄)2
. (7.159)

It has the same form in complex coordinates related by (7.152), so finite SL(2,R) transfor-
mations are isometries and there is a conserved current for each Killing vector of (7.157).



The first and second order formulations
of general relativity 8

The successes of the theory of general relativity give more than enough reasons for
physicists to learn and master differential geometry at least at the level of discussion in
Ch. 7. It is most important to realize that, above all, general relativity is a physical theory
that incorporates Newtonian gravity in the limit of low velocity |	v| % c and makes spe-
cific predictions about relativistic effects. The theory has been confirmed by experiments
over the huge range of scales from 1 mm to cosmological distances. Unfortunately, the
focus of this book allows us to discuss only some formal features of general relativity at
the expense of the rich physics. It is a great injustice that general relativity is viewed here
merely as N = 0 supergravity. More balanced treatments can be found in many texts, such
as [46, 47, 48].

In this chapter we discuss and compare the first and second order formulations of grav-
itational dynamics. The most familiar setup is the second order formalism in which the
metric tensor or the frame field is the dynamical variable describing gravity. If fermions
are present one must use the frame field. The curvature tensor and covariant derivatives are
constructed from the torsion-free connections �ρ

μν(g) and ωμab(e); see (7.93) and (7.104).
The name ‘second order’ refers to the fact that the gravitational field equation is second
order in derivatives of gμν or ea

μ.

In the first order (or Palatini) formalism one starts with an action in which ea
μ and ωμab

are independent variables, and the Euler–Lagrange equations are first order in derivatives.
Without matter, the solution of the ωμab field equation simply sets ωμab = ωμab(e). When
this result is substituted in the field equation for ea

μ, one finds the conventional Einstein
equations, exactly as they emerge in the second order formulation for frame fields. When
gravity is coupled to spinor fields, the ωμab field equation contains terms bilinear in the
spinors, and its solution is ωμab = ωμab(e) + Kμab, as in (7.91), with contortion tensor
determined as a bilinear expression in the spinor fields. It is in this way that the mathemat-
ical formalism of connections with torsion is realized in physics.

When the result ωμab = ωμab(e)+ Kμab is substituted in the other field equations, one
finds that the full effects of the torsion could have been obtained in the second order formal-
ism with an added set of quartic fermion terms in the action. One may then ask, why bother?
Why introduce the complication of torsion when its physical effects can be described more
conventionally? The answer is that the proof that a supergravity theory is invariant under
local supersymmetry transformations is greatly simplified by the fact that quartic terms in
the gravitino field can be organized within the connection ωμab =ωμab(e)+ Kμab.

171
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8.1 Second order formalism for gravity and bosonic matter

In this section we review the conventional treatment of gravity coupled to bosonic matter.
To be definite we consider the simplest and most common matter fields, a real scalar field
φ(x) and an abelian gauge field with gauge potential Aμ(x) and field strength Fμν =
∂μAν − ∂ν Aμ. The action functional of the coupled system is the sum of the Hilbert action
for gravity plus the action for matter fields:

S =
∫

dDx
√− det g

(
1

2κ2
gμν Rμν(g)+ L

)
,

L = − 1
2 gμν∂μφ∂νφ − 1

4 gμρgνσ FμνFρσ . (8.1)

The constant κ2 = 8πG is the gravitational coupling constant; see (A.11). The Ricci tensor
Rμν(g) contains the torsion-free connection.

Exercise 8.1 Show that κ2 must have dimension of a length to the power (D − 2) to
make the action dimensionless.

The matter field Lagrangian was obtained from the Minkowski space kinetic
Lagrangians discussed in Chs. 1 and 4 by the minimal coupling prescription. This con-
sists of the following three rules:

(i) Replace the Minkowski metric ημν by the spacetime metric tensor gμν(x).
(ii) Replace each derivative ∂μ by the appropriate covariant derivative∇μ with connection

�
ρ
μν(g).

(iii) Use the canonical volume form (7.48).

These rules incorporate the equivalence principle of general relativity and the principle
of general covariance. The Lagrangian transforms as a scalar under coordinate transfor-
mations, so the matter action is invariant. The second rule is not really needed for the
scalar and vector gauge fields of our matter system. For scalars, no connection is needed
since ∂μφ = ∇μφ. The same is true for the gauge field, since Fμν can be written as
Fμν = ∇μAν −∇ν Aμ. The Christoffel connection cancels by symmetry.

The equations of motion are obtained by requiring that the action is stationary with
respect to variations of the three independent fields.

Exercise 8.2 Show that the scalar and gauge field equations are

∂μ(
√− det g gμν∂νφ) =

√− det g gμν ∇μ∂νφ = 0 ,

∂μ(
√− det g Fμν) = √− det g∇μFμν = 0 . (8.2)

Use (7.113) without the torsion term.

Exercise 8.3 Obtain the Einstein field equations

Gμν ≡ Rμν − 1

2
gμν R = κ2Tμν , (8.3)
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Tμν ≡ −2
1√− det g

δ(
√− det g L)

δgμν
= ∂μφ∂νφ + Fμ

ρFνρ + gμνL (8.4)

from

δS = 1

2κ2

∫
dDx[δ(√− det ggμν)Rμν +

√− det ggμνδRμν + . . .] , (8.5)

where . . . indicates the metric variation of the matter field terms that give the stress tensor1

Tμν in (8.4). Note that (7.127) implies that δRμν = ∇ρδ�
ρ
μν − ∇μδ�

ρ
νρ . Thus the term in

(8.5) containing δRμν is the integral of a total derivative, which vanishes.

Two relations that are helpful in variational calculations like those in Ex. 8.3 are

δgμν = −gμρδgρσ gσν ,

δ
√− det g = 1

2

√− det g gμνδgμν = −1

2

√− det ggμν δgμν . (8.6)

The first relation follows from (7.21), and the second one uses (7.47).
Since the covariant divergence of the Einstein tensor vanishes by the contracted second

Bianchi identity (7.126), the Einstein equations are consistent only if the matter stress ten-
sor is covariantly conserved, i.e. ∇μTμν = 0. In Minkowski spacetime this conservation
law follows from Noether’s theorem for global spacetime translations. The covariant form
follows because the matter action is invariant under coordinate transformations, specifi-
cally under infinitesimal transformations for which the field variations are given by Lie
derivatives; see (7.10), (7.107), and (7.108). The variation of the matter action is

δ

∫
dDx

√− det g L

=
∫

dDx
√− det g

[
1

2
Tμν(∇μξν +∇νξμ)+ δL

δφ
Lξφ + δL

δAμ

Lξ Aμ

]
= 0 . (8.7)

This vanishes identically, whether or not equations of motion are satisfied, if the explicit
forms of the Lie derivatives Lξφ and Lξ Aμ are inserted. This is a correct result but one
that is not immediately useful. However, if φ and Aμ do satisfy (8.2), then (8.7) reduces
to
∫

dDx
√− det g Tμν∇μξν = 0. Upon partial integration, we deduce, since ξμ is an

arbitrary vector field, ∇μTμν = 0, which is the covariant conservation law.

Exercise 8.4 Show explicitly that Tμν in (8.4) is conserved for any solution of the matter
equations of motion (8.2).

Exercise 8.5 Derive the ‘Ricci form’ of the Einstein field equation (8.3), namely

Rμν = κ2
[

Tμν − 1

D − 2
gμνT ρ

ρ

]
. (8.8)

1 The stress tensor that we obtain in this way is the ‘improved’ stress tensor, which was denoted by �μν in
Chs. 2 and 4.



174 The first and second order formulations of general relativity

This form is frequently simpler in applications. For example, when only the scalar field is
present, it reads Rμν = κ2∂μφ∂νφ.

Exercise 8.6 Consider a theory in which gravity is coupled to a real scalar field
whose own dynamics is specified by a potential V (φ). The matter Lagrangian is
L =− 1

2∂μφ∂
μφ − V (φ). Derive the Ricci form of the gravitational field equation

Rμν = κ2
[
∂μφ∂νφ + gμν

2

D − 2
V

]
. (8.9)

In Ch. 15 we consider a more general form of the coupling of a scalar field to gravity
that is invariant under the local scale transformation (or Weyl transformation)

gμν → e−2σ(x)gμν , φ → e[(D−2)/2]σ(x)φ , (8.10)

where σ(x) is an arbitrary function. The modified action is

S = −1

2

∫
dDx

√− det g [∂μφ∂μφ + Bφ2 R] , B = D − 2

4(D − 1)
. (8.11)

Exercise 8.7 Show that the action (8.11) is invariant under the transformations of
(8.10). Obtain the equations of motion

φ = B Rφ , (8.12)

−Bφ2(Rμν − 1

2
gμν R) = ∂μφ∂νφ − 1

2
gμν∂ρφ∂

ρφ − B(∇μ∂ν − gμν )φ2 .

Show that the tensor equation is traceless. Thus the number of independent equations of
motion is one less than for the conventional scalar–gravity coupling in (8.1). The reduction
occurs because of the extra gauge symmetry (8.10).

The field equations of a gravitational theory are frequently complicated. The second
order formulation outlined in this section is the most convenient for many applications,
such as classical solutions of supergravity theories when fermions can be neglected. How-
ever, fermions are essential in the formulation of supergravity, and in Sec. 8.3 we discuss
how to include them.

8.2 Gravitational fluctuations of flat spacetime

In the absence of matter, the gravitational field satisfies the equation

Rμν = 0 . (8.13)

One solution is flat Minkowski spacetime with metric tensor gμν = ημν . In this sec-
tion we study weak gravitational perturbations of Minkowski space, perturbations that are
described by metrics of the form

gμν(x) = ημν + κhμν(x). (8.14)
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We will work systematically to first order in the gravitational coupling constant κ . The
symmetric tensor fluctuation hμν(x) is a gauge field. We will count the physical degrees of
freedom and determine its propagator, as we have done for the free vector Aμ and vector–
spinor ψμ fields in Chs. 4 and 5, respectively. The free equation of motion for hμν is the
linearization of the exact Ricci tensor, obtained by substituting the metric ansatz (8.14) and
retaining terms of order κ . We ask readers to do this as an exercise.

Exercise 8.8 Obtain the linearized Christoffel connection

�ρ Lin
μν = 1

2κ η
ρσ (∂μhσν + ∂νhμσ − ∂σ hμν) . (8.15)

Indices are raised using ημν . Then use the variational formula δRμν = ∇ρδ�
ρ
μν−∇μδ�

ρ
νρ

to determine the linearized Ricci tensor

RLin
μν = − 1

2κ [ hμν − ∂ρ(∂μhρν + ∂νhμρ)+ ∂μ∂νhρρ] . (8.16)

To obtain the gauge properties of the free field system we first write the exact transfor-
mation rules under infinitesimal diffeomorphisms

δgμν = κ (∇μξν + ∇νξμ) ,

δRμν = κ (ξρ∇ρ Rμν + ∇μξ
ρ Rρν +∇νξ

ρ Rμρ) , (8.17)

in which the arbitrary vector ξ(x) of (7.10) was scaled by the factor κ . The ημν term in
(8.14) is then invariant. The lowest order terms in κ determine the linearization

δhμν = ∂μξν + ∂νξμ , δRLin
μν = 0 . (8.18)

Thus we learn that the gravitational fluctuation field is a gauge field with gauge transfor-
mation (8.18), which obeys the gauge invariant wave equation

RLin
μν = 0 . (8.19)

Exercise 8.9 Show explicitly that RLin
μν in (8.16) is invariant under the gauge transfor-

mation of δhμν in (8.18).

For most applications of the linearized equation (8.19), it is desirable to fix the gauge.
The Lorentz covariant de Donder gauge condition ∂ρhρν − ∂νhρρ/2 = 0 is commonly
used. It leads to the simple wave equation hμν = 0, which shows convincingly that the
field describes massless particles. However, the de Donder gauge condition does not fix the
gauge completely since δ(∂ρhρν − ∂νhρρ/2) = ξν . This makes the argument for counting
physical degrees of freedom somewhat indirect; see [46].
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Instead, we will choose a non-covariant gauge condition, namely the D conditions

∂ i hiμ = 0 , (8.20)

where the sum includes only the space coordinates i = 1, . . . , D − 1. We will show that
this fixes the gauge completely and then proceed to count the physical modes of the field.

First note that the variation of the gauge condition is

δ(∂ i hiμ) = ∇2ξμ + ∂ i∂μξi = 0 . (8.21)

Let μ → j and contract with ∂ j to learn that ∇2∂ iξi = 0. The argument on p. 69 con-
cerning harmonic functions in flat space tells us that ∂ iξi vanishes. With this information
incorporated, (8.21) informs us that ξμ(x) ≡ 0.

We now turn to the wave equation specified by (8.16) and (8.19). To count the degrees
of freedom, we use the gauge condition (8.20) to write it as

hμν − ∂0(∂μh0ν + ∂νhμ0)+ ∂μ∂ν(hii − h00) = 0 . (8.22)

We now distinguish the specific components

μ = ν = 0 : ∇2h00 + ∂2
0 hii = 0 ,

μ = ν = i : 2∇2hii − ∂2
0 hii −∇2h00 = 0 , (8.23)

in which the indices i are summed. The sum of the two equations tells us that ∇2hii = 0,
so that hii = 0. Going back to the 00 equation, we learn that h00 ≡ 0. With the information
just learned incorporated, the μ = 0, ν = i component of (8.22) becomes ∇2h0i = 0, so
that h0i ≡ 0.

Only components hi j remain, and they satisfy the simple wave equation

hi j = 0 . (8.24)

There are D(D − 1)/2 distinct components hi j , but they satisfy the constraints ∂ i hi j = 0
from the gauge condition (8.20) and the trace condition hii = 0, which was found
above. Thus the number of independent functions that must be supplied as initial data
is D(D− 1)/2− (D− 1)− 1 = D(D− 3)/2 together with their time derivatives. A gravi-
ton in D spacetime dimensions thus has D(D − 3)/2 degrees of freedom. As discussed in
Ch. 4, the states of a massless particle in D dimensions carry an irreducible representation
of the orthogonal group SO(D−2). For the graviton, this is the traceless symmetric tensor
representation, which indeed has dimension D(D − 3)/2.

In Ex. 4.2, readers showed using only the Maxwell equation (4.10) and the Bianchi
identity (4.11) that the gauge field strength satisfies the d’Alembertian equation Fμν = 0.
Thus one learns, entirely by gauge invariant manipulation, that the field describes massless
particles. We will obtain the analogous result for the free gravitational field, but we must
first ascertain where the gauge invariant degrees of freedom of the linearized field reside.

For this purpose, we note that the exact curvature tensor Rμνρσ may be decomposed as
follows:

Rμνρσ = Cμνρσ + 1

D − 2

(
gμρ Rνσ − gνρ Rμσ − gμσ Rνρ + gνσ Rμρ

)
− 1

(D − 1)(D − 2)

(
gμρgνσ − gμσ gνρ

)
R. (8.25)
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The tensor Cμνρσ has the same symmetries as Rμνρσ , but is traceless, viz. gνσCμνρσ = 0.
It is called the Weyl tensor because Cμν

ρ
σ is invariant under the Weyl rescaling of the

metric, gμν → g′μν = exp (2 f (x))gμν . The remaining terms in (8.25) are trace parts of the
curvature tensor, which are entirely determined by the Ricci tensor and scalar curvature.

In the limit of a weak gravitational field the curvature tensor and Weyl tensor are linear
in the fluctuation hμν , and they are gauge invariant, e.g. δRLin

μνρσ = 0 under (8.18). If
the fluctuation satisfies its equation of motion RLin

μν = 0, then clearly RLin
μνρσ = CLin

μνρσ .
Thus we learn that the gauge invariant content of a weak gravitational field lies in the
Weyl components of the linearized curvature tensor. These remarks set the stage for the
following exercise.

Exercise 8.10 Use the equation of motion RLin
μν = 0, the Bianchi identities and sym-

metry properties of the curvature tensor to show that RLin
μνρσ = 0. Only gauge invariant

manipulations are allowed in this exercise, which shows that the linearized graviton is
massless.

8.2.1 The graviton Green’s function

Let us consider the linearization of the Ricci form of the Einstein field equation (8.8), which
determines the gravitational fluctuation hμν of Minkowski spacetime due to a conserved
tensor source Tμν . Inserting (8.16), we find that the equation to be solved is

− hμν + ∂ρ(∂μhρν + ∂νhμρ)− ∂μ∂νhρρ = 2κ

(
Tμν − 1

D − 2
ημνT ρ

ρ

)
. (8.26)

We will represent the solution for a general source as the spacetime integral

hμν(x) = κ

∫
dD y Gμν;μ′ν′(u)Tμ′ν′(y) , (8.27)

in which Gμν;μ′ν′ is the Green’s function. The Green’s function is a bitensor that depends
on the coordinates of both the observation point xμ and source point yμ

′
. In a general

spacetime background, we would write Gμν;μ′ν′(x, y), and note that under changes of
coordinates x̂ρ(x) of the background, the bitensor transforms with products of distinct
Jacobian factors (∂ x̂ρ/∂xμ) (∂ x̂σ /∂xν) and (∂ ŷρ

′
/∂yμ

′
) (∂ ŷσ

′
/∂yν) in the observation and

source coordinates. Because of the high symmetry of Minkowski space, the Green’s func-
tion in (8.27) depends on the single Poincaré invariant variable u = (x − y)2. If we restrict
coordinate changes to global Lorentz transformations, we can ignore the bitensor compli-
cation.

We proceed to find Gμν;μ′ν′(u) by a method similar to those used for the vector and
vector–spinor gauge fields in Chs. 4 and 5. We note that (8.26) is solved by the integral in
(8.27) if the Green’s function satisfies the partial differential equation

− Gμν;μ′ν′ + ∂ρ(∂μGρν;μ′ν′ + ∂νGμρ;μ′ν′)− ∂μ∂νGρ

ρ;μ′ν′ (8.28)

=
(
ημμ′ηνν′ + ημν′ηνμ′ − 2

D − 2
ημνημ′ν′

)
δ(x − y)+ ∂μ′�μν;ν′ + ∂ν′�μν;μ′ ,

in which all derivatives are with respect to x . Although the differential operator on the
left-hand side is non-invertible because of the gauge symmetry (8.18), the added terms
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involving � on the right-hand side allow a solution for Gμν;μ′ν′ . These terms are ‘pure
gauge’ in the source coordinates and have no effect in the integral (8.27) because the source
is conserved.

The symmetries of Minkowski space and gauge properties of the equations permit the
representation

Gμν;μ′ν′(u) = (ημμ′ηνν′ + ημν′ηνμ′)G(u)+ ημνημ′ν′ H(u)+ . . . . (8.29)

Here . . . indicates three independent tensors, which are ‘pure gauge’ in x and thus change
hμν in a physically inessential way or ‘pure gauge’ in y and thus make no contribution to
the integral in (8.27).

We need only determine the two invariant scalar functions G(u) and H(u). We pro-
ceed to substitute the representation (8.29) in (8.27) and apply the differential operator of
(8.28) inside the integral. Then after straightforward tensor algebra, we see that (8.26) is
satisfied if∫

dD y
{
2 G(u)Tμν(y)+ ημν H(u)T ρ

ρ (y)+ ∂μ∂ν [(D − 2)H(u)+ 2G(u)] T ρ
ρ (y)

}
= −2

(
Tμν − 1

D − 2
ημνT ρ

ρ

)
. (8.30)

This equation is satisfied if we require that

G(u) = −δ(x − y) ,

H(u) = − 2

D − 2
G(u). (8.31)

We choose the solution with Feynman causal structure. Thus G(u) is the propagator of a
massless scalar field, given explicitly in (4.19).

There are faster ways to find the graviton propagator in Minkowski space than the
method used above. For example, in the de Donder gauge, all terms on the left-hand side
of (8.26) vanish except for − hμν . It is then immediate to write the solution (8.29) and
(8.31) which we have found more laboriously. However, our method applies to the Green’s
function for vector and tensor fields in anti-de Sitter space, where it is much simpler than
other methods; see [49].

8.3 Second order formalism for gravity and fermions

In this section we explore the most commonly used framework for the coupling of spinor
fields to gravity. The frame field ea

μ(x) and covariant derivatives constructed with the
torsion-free connection ωμab(e) play an essential role. It is instructive to consider the sim-
plest case of a massless Dirac field �(x). The action functional is

S = S2+ S1/2 =
∫

dDx e

[
1

2κ2
eμa eνb Rμν

ab(ω)− 1

2
�̄γ μ∇μ� + 1

2
�̄
←∇μγ

μ�

]
. (8.32)
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γ -matrices Box 8.1

The γ a are numerical matrices. The γ μ(x) = eμa (x)γ
a are matrices that contain the frame field.

The first term contains the curvature tensor (7.115),

Rμνab = ∂μωνab − ∂νωμab + ωμacων
c

b − ωνacωμ
c

b , (8.33)

with ω→ ω(e); see (7.93).

Exercise 8.11 Calculate δS2(e, ω)/δω using (7.120), and obtain that it is proportional
to D[μea

ν]. Remember that ω(e) is defined in (7.81) as the solution of the requirement that
this vanishes. Conclude from this that

δS2(e, ω)

δωμab

∣∣∣∣
ω=ω(e)

= 0 . (8.34)

The fermion action contains the curved space γ μ matrix, whose construction and prop-
erties we discuss below, and the covariant derivatives

∇μ� = Dμ� = (∂μ + 1
4ωμ

abγab)� ,

�̄
←∇μ = �̄

←
Dμ = �̄(

←
∂ μ − 1

4ωμ
abγab) . (8.35)

Note that the total covariant derivative ∇μ and the local Lorentz derivative coincide for
a spinor field �, but not for a field such as the gravitino �μ with additional coordinate
indices; see (7.109).

The fermion action is a covariant version of the antisymmetric derivative form intro-
duced in Sec. 2.7.2. The necessary calculations are simpler using this form. In the present
second order formalism it differs by a total derivative from the covariant version of (2.32).

The procedure to covariantize Dirac–Clifford matrices begins with the observation that
the Clifford algebra is closely linked to the properties of spinors on the spacetime mani-
fold and is therefore defined in local frames. The generators are the constant matrices γ a ,
which satisfy {γ a, γ b} = 2ηab, and higher rank elements γ ab, γ abc, . . . are defined as
antisymmetric products of the generators as in Ch. 3.

Frame fields are used to transform frame vector indices to a coordinate basis. For exam-
ple, γμ = eaμγ

a or γ μ = eμa γ a = gμνγν . Thus γμ transforms as a covariant vector under
coordinate transformations. But it also has (suppressed) row and column spinor indices
and is therefore a Lorentz bispinor.2 The covariant derivative of γμ is therefore

∇μγν = ∂μγν + 1
4ωμ

ab[γab, γν] − �ρ
μνγρ . (8.36)

The spin connection appears with the commutator as required for a bispinor.

2 The archetypal example of a bispinor is the product �α�̄β of a Dirac spinor and its adjoint, where α, β

are spinor indices. Under infinitesimal local Lorentz transformations, this bispinor transforms as δ(� �̄) =
− 1

4λab(x)[γ ab, � �̄].
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Exercise 8.12 Derive the very useful result that the covariant derivative of γν vanishes.
Specifically show that

∇μγν = γ a(∂μeaν + ωμabeb
ν − �ρ

μνeaρ) = 0 . (8.37)

In the last step use (7.101). Note that ∇μγν = 0 holds for any affine connection, with or
without torsion, provided that one uses the total covariant derivative.

The result (8.37) implies that covariant derivatives commute with multiplication by
γ -matrices. For example, if �(x) is a Dirac spinor field, then ∇μ(γν�) = γν∇μ�.

Exercise 8.13 Show that �̄γ μ∇μ� is invariant under infinitesimal local Lorentz trans-
formations δ� = − 1

4λabγ
ab�, δ�̄ = 1

4λab�̄γ
ab, δeμa = −λa

beμb . Show that it
transforms as a scalar under infinitesimal coordinate transformations δ� = ξρ∂ρ�,
δeμa = ξρ∂ρeμa −∂ρξ

μeρa , etc. These transformations are Lie derivatives, as in (7.8), under
which local frame indices are inert.

The fermion equation of motion obtained from (8.32) is the (massless) covariant Dirac
equation

γ μ∇μ� = 0 . (8.38)

Exercise 8.14 Use (8.37), the Ricci identity (7.123), properties of Rμνab, and γ -matrix
manipulation to show that the square of the covariant Dirac operator is

γ μ∇μγ
ν∇ν� =

(
gμν∇μ∇ν − 1

4 R
)
� . (8.39)

We now outline the derivation of the Einstein equation starting from the variation of
(8.32) with respect to eaμ. The goal is to bring this equation to the form (8.3) with con-
served symmetric fermion stress tensor Tμν , which will turn out to be the covariant exten-
sion of the stress tensor (2.64) of Ch. 2. The variation of the action is

δS =
∫

dDx e

[
1

κ2

(
ebν Rμνab − 1

2
eaμR

)
δeaμ

−1

2
�̄γ a

↔∇μ�δeaμ − 1

8
�̄{γ μ, γ ab}�δωμab

]
. (8.40)

We have used (8.34) and dropped a term proportional to the fermion Lagrangian L because
we assume that �(x) satisfies (8.38). We continue to omit terms that vanish by the fermion
equation of motion.

We now study the last term, involving the variation δωμab of the spin connection. When
integrated by parts this term will contribute to the stress tensor. The anti-commutator in
this term is equal to twice the third rank Clifford matrix eμc γ cab. In Ex. 7.27 we obtained
the expression (7.95), which we can now use since γ μνρ is totally antisymmetric. We can
thus write the last term of (8.40) as

− 1
4 �̄γ

μνρ�ea
νeb

ρδωμab = − 1
4 �̄γ

μνρ�eb
ρ∇μδeνb . (8.41)
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The next step is to integrate (8.41) by parts, including the sign change that this brings in
(8.40). We then use the distributive property of∇μ, the Dirac equation (8.38), and γ -matrix
manipulation to rewrite (8.41) as

− 1
4 eaρδea

ν �̄(γ
ν
↔∇ρ − γ ρ

↔∇ν)� = 1
4 �̄(γa

↔∇μ − γμ
↔∇ρeρa )� δeaμ . (8.42)

To reach the last form we use eaρδea
ν = −ebρeb

μδeμa ea
ν = −gρμea

ν δeμa . Finally we insert
this result in (8.40) and combine terms to obtain

δS =
∫

dDx

[
1

κ2

(
ebν Rμνab − 1

2
eaμR

)
δeaμ − 1

4
�̄

[
γa

↔∇μ + γμeρa
↔∇ρ

]
�δeaμ

]
.

(8.43)

The variational condition ea
ν δS/δeaμ = 0 then gives the Einstein equation in the form

Rμν − 1
2 gμν R = κ2Tμν ≡ κ2 1

4 �̄

[
γμ

↔∇ν + γν
↔∇μ

]
� . (8.44)

The stress tensor is indeed the covariant version of the symmetric Tμν derived in Ch. 2.
The manipulations needed to obtain the detailed form (8.44) of the Einstein equation of

motion were quite arduous for the Dirac spinor and are far more complex for the gravitino.
It is worth pointing out that the key properties of the stress tensor, namely conservation,
∇μTμν = 0, and symmetry, Tμν = Tνμ, follow from the general requirements that the mat-
ter action be invariant under coordinate transformations and local Lorentz transformations.
The argument in Sec. 8.1 that ∇μTμν = 0 is easily extended to include fermion fields, and
it will not be repeated.

We now proceed in the same spirit and show that Tμν = Tνμ if the matter action is local
Lorentz invariant. Suppose that the action has the schematic form

S =
∫

dDx L(e, ω(e), ψ) , (8.45)

where ψ is a generic spinor field, perhaps the Dirac field � treated above or the gravitino
ψμ that appears in supergravity. The independent fields transform as

δeaμ = −λa
bebμ ,

δ� = − 1
4λabγ

ab� ,

δψμ = − 1
4λabγ

abψμ , (8.46)

under local Lorentz transformations specified by infinitesimal parameters λab(x). We
assume that S is invariant so that its variation

δS =
∫

dDx

[
δS

δeaμ
δeaμ + δS

δψ
δψ

]
= 0 (8.47)

vanishes identically. The first term gives the stress tensor of the frame field formalism,

T aμ ≡ 1

e

δS

δeaμ
. (8.48)
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It is essential that the variation of the connection, integrated by parts, is included in this
definition. If the fermion equations of motion are satisfied then (8.48) becomes

δS =
∫

dDx e T νμea
ν δeaμ

=
∫

dDx e T νμea
νeb

μλab(x) = 0 . (8.49)

Since λab(x) is antisymmetric in ab, but otherwise arbitrary, the stress tensor must be sym-
metric! Symmetry is guaranteed only when the fermion equations of motion are satisfied.

8.4 First order formalism for gravity and fermions

Let us now describe the first order formalism for the coupling of fermions to the grav-
itational field. As discussed at the beginning of this chapter, the key points are that the
frame field ea

μ and spin connection ωμab appear as independent variables in the first order
action. The field equation for ωμab may then be solved, giving a connection with torsion,
ωμab = ωμab(g)+ Kμab. The contortion tensor is bilinear in the fermions. It is interesting
to see how connections with torsion arise in a physical setting.

We can still use (8.32) and (8.35) for the first order action and covariant derivatives
with the understanding that the connection ωab

μ is an independent quantity, and that the
curvature tensor Rμν

ab is constructed from this connection; see (8.33). Note that the first
order spinor actions with antisymmetric and right-acting Dμ are not equivalent, since a
torsion term appears upon partial integration; see Sec. 7.9.3.

Our goal is to solve the field equations for the connection. We will obtain δS/δωμab,
which is the change in the action due to a small variation δωμ

ab of the connection. Note
that δωμab is a local Lorentz tensor and covariant coordinate vector.

The variation of the gravitational action, using (7.120), is

δS2 = 1

2κ2

∫
dDx e eμa eνb

(
Dμδων

ab − Dνδωμ
ab
)
. (8.50)

Owing to the antisymmetry in μν, we can replace the Lorentz covariant derivatives with
fully covariant derivatives if the torsion correction similar to that in (7.110) is included.
Since there is antisymmetry in ab, the result is

Box 8.2 First and second order formalism

First order formalism: ea
μ andωμab are independent variables.

The field equation forωμab gives a connection with torsion:ωμab = ωμab(e)+ Kμab(φ).

Second order formalism: by definitionωμab is a function of the other fields. This can beω ≡ ωμab(e) or
the solution found in first order formalism:ωμab ≡ ωμab(e)+ Kμab(φ). The latter leads to new terms
in the action that are linear and quadratic in K , and is equivalent to the first order action.
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δS2 = 1

2κ2

∫
dDx e eμa eνb

(
2∇μδωνab + Tμν

ρδωρ
ab
)
. (8.51)

Using (7.111), the covariant derivatives commute with the vielbeins, and the first term is
a total covariant derivative. Comparing with (7.113), and omitting the boundary terms, we
obtain the connection variation

δS2 = 1

2κ2

∫
dDx e

(
−2Kρμ

ρeμa eνbδων
ab + Tab

ρδωρ
ab
)

= 1

2κ2

∫
dDx e

(
Tρa

ρeνb − Tρb
ρeνa + Tab

ν
)
δων

ab , (8.52)

where we used (7.114) and made the [ab] antisymmetry explicit.

Exercise 8.15 It is instructive to obtain the formula (8.52) from the connection variation
of the wedge product form of the gravitational action in (7.128). Please do so.

The connection variation of the spinor action is simpler. Using (8.35) we find

δS1/2 = − 1
8

∫
dDx e �̄{γ ν , γab}� δωab

ν

= − 1
4

∫
dDx e �̄ γ νab � δωab

ν . (8.53)

The connection field equation can now be identified as the coefficient of δων
ab in

δS2 + δS1/2 = 0. We find directly an equation for the torsion tensor

Tab
ν − Taρ

ρ eνb + Tbρ
ρ eνa = 1

2κ
2�̄ γab

ν � . (8.54)

Since the trace of the right-hand side vanishes, the trace of the torsion vanishes too, and the

torsion of the spinor field with
↔
Dμ kinetic term is simply given by the totally antisymmetric

tensor

Tab
ν = 1

2κ
2�̄ γab

ν � = −2K ν
ab . (8.55)

The physical effects of torsion are rather unexciting, but they are worth discussing for
pedagogical reasons. We substitute ω = ω(e)+ K in the first order action (8.32):

S = 1

2κ2

∫
dDx e

[
R(g)− κ2�̄γ μ

↔∇μ�

− 2∇μKν
νμ + KμνρK νμρ − Kρ

ρ
μKσ

σμ − 1
2 �̄γμνρ� Kμνρ

]
, (8.56)

The connection and curvature that appear in (8.56) are torsion-free, so the ∇K term is a
total derivative, which can be dropped. We substitute the specific form of the torsion tensor
from (8.55) and obtain the physically equivalent second order action

S = 1

2

∫
dDx e

[
1

κ2
R(g)− �̄γ μ

↔∇μ� + 1

16
κ2(�̄γμνρ�)(�̄γ

μνρ�)

]
. (8.57)

Note that the (Kρ
ρ
μ)

2 term vanishes in this theory because the torsion is totally antisym-
metric. Physical effects in the fermion theories with and without torsion differ only by the
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presence of the quartic �4 term, which is a dimension 6 operator suppressed by the Planck
scale. This term generates four-point contact Feynman diagrams in fermion–fermion scat-
tering amplitudes. The contact diagrams modify the conventional contribution of graviton
exchange diagrams for large angle scattering. The contact terms could thus, in principle,
be detected in experiments, so the fermion theories with and without torsion are physically
inequivalent. We advise against wagers on this question.
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BASIC SUPERGRAVITY





N = 1 pure supergravity in four dimensions 9

In earlier chapters we have reviewed the ideas and implementation of Lorentz invari-
ance, relativistic spin, gauge principles, global supersymmetry, and spacetime geometry.
We will now begin to study how these elements combine in supergravity. The key idea is
that supersymmetry holds locally in a supergravity theory. The action is invariant under
SUSY transformations in which the spinor parameters ε(x) are arbitrary functions of the
spacetime coordinates. The SUSY algebra (see (6.1) and (6.33)) will then involve local
translation parameters ε̄1γ

με2 which must be viewed as diffeomorphisms. Thus local
supersymmetry requires gravity. The ‘converse’ is also true. In any supersymmetric theory
which includes gravity, SUSY must be realized locally. The reason is that a constant spinor
ε is not compatible with the symmetries required in a theory of gravity with fermions. One
must extend ε→ ε(x).

A supergravity theory is a nonlinear, and thus interacting, field theory that necessar-
ily contains the gauge or gravity multiplet plus, optionally, other matter multiplets of the
underlying global supersymmetry algebra. The gauge multiplet consists of the frame field
ea
μ(x) describing the graviton, plus a specific number N of vector–spinor fields � i

μ(x),
i = 1, . . . ,N , whose quanta are the gravitinos, the supersymmetric partners of the gravi-
ton. In the basic case of N = 1 supergravity in D = 4 spacetime dimensions, the gauge
multiplet consists entirely of the graviton and one Majorana spinor gravitino. In all other
cases, both N ≥ 2 in D = 4 dimensions and N ≥ 1 for D ≥ 5, additional fields are
required in the gauge multiplet.

Supergravity theories exist for spacetime dimensions D ≤ 11. For each dimension D,
a specific type of spinor is required, e.g. Majorana or Weyl. For D = 4, theories exist for
N = 1, 2, . . . , 8. Beyond these limits local supersymmetry fails and the classical equations
of motion are inconsistent.

In this chapter we will concentrate on the basic N = 1, D = 4 supergravity theory. We
will discuss the form of the action and transformation rules and prove local supersymmetry
[4]. The principal terms of the N = 1, D = 4 action are an important part of the structure
of all supergravity theories, and the initial steps in the proof of local SUSY are universal,
that is, applicable in any dimension. We discuss these universal steps in the next section,
and then refocus and complete the proof for N = 1, D = 4 supergravity.

The approach in this chapter is one of the two approaches to supergravity in this
book. An alternative treatment of N = 1, D = 4 supergravity based on the super-
conformal tensor calculus is developed in Chs. 11, 15 and 16 and further developed
for N = 2, D = 4 in Ch. 20. Both approaches are valuable. The approach below
is most easily extended to N > 2, D = 4 and to higher dimension, while the
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superconformal approach is better suited to the derivation and understanding of matter
couplings.

9.1 The universal part of supergravity

The part of the supergravity action we will study in this section consists of the sum of the
Hilbert action for gravity in second order formalism plus a local Lorentz and diffeomor-
phism invariant extension of the free gravitino action of (5.2). This action is multiplied
by 1/2 because we deal with a Majorana gravitino and rescaled by the factor 1/κ2 for
convenience.1

The action is

S = S2 + S3/2 ,

S2 = 1

2κ2

∫
dDx e eaμebν Rμνab(ω) ,

S3/2 = − 1

2κ2

∫
dDx e ψ̄μγ

μνρ Dνψρ , (9.1)

where e stands for the determinant of ea
μ. The gravitino covariant derivative is given by

Dνψρ ≡ ∂νψρ + 1
4ωνabγ

abψρ . (9.2)

It is the torsion-free spin connection ωνab(e), given in (7.93), that is used exclusively in this
section. We need not include the Christoffel connection term �σ

νρ(g)ψσ in (9.2) because
the connection (7.105) is symmetric, and the term vanishes in the action S3/2 since γ μνρ is
antisymmetric.

We also need transformation rules, and we postulate the rules

δea
μ = 1

2 ε̄γ
aψμ , (9.3)

δψμ = Dμε(x) ≡ ∂με + 1
4ωμabγ

abε . (9.4)

The gravitino is the gauge field of local supersymmetry, so it is natural to postulate (9.4) as
the curved space generalization of (5.1). For the frame field, (9.3) is the simplest form con-
sistent with the tensor structure required and the Bose–Fermi character of supersymmetry.2

1 The derivation we present in this section uses transposition properties of γ -matrices (in particular the case
t3 = 1 of Table 3.1) and reality properties that are strictly valid only for Majorana spinors in D = 4, 10, 11
mod 8 dimensions. However, the method can be easily modified to apply to any desired type of spinor.

2 The possible form δea
μ ∼ ε̄γμψ

a may be considered explicitly and shown to be incompatible with local
supersymmetry.
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(In Ch. 11 these transformation rules will be derived from the viewpoint of gauging the
SUSY algebra; see also [50].)

Exercise 9.1 Deduce from (9.3) that

δeμa = − 1
2 ε̄γ

μψa , δe = 1
2 e (ε̄γ ρψρ). (9.5)

The action and transformation rules above are not quite the whole story even for the
N = 1, D = 4 theory, but they can be completed by incorporating the first order formalism
with torsion. This is done in the next section. For all other theories one must also add terms
describing the other fields in the gauge multiplet. The variation of the action (9.1) consists
of linear terms in ψμ from the frame field variation of S2 and the gravitino variation of S3/2

and cubic terms from the frame field variation of S3/2. The linear terms are universal, and
we now proceed to calculate them and show that they cancel.

The elements of the proof are the algebra of Dirac γ -matrices which underlies the
relativistic treatment of particle spin and some of the key identities of differential geom-
etry. At a later stage we will need a Fierz rearrangement, which brings in fermion anti-
commutativity. It is because of the interplay of these principles that supergravity exists!
The stage has been set for this proof earlier in the book where some of the ideas and
manipulations were discussed. We refer readers back when necessary.

The variation of the gravitational action under (9.3) is3

δS2 = 1

2κ2

∫
dDx

[
(2e (δeaμ)ebν + (δe)eaμebν)Rμνab + e eaμebνδRμνab

]
= 1

2κ2

∫
dDx e

(
Rμν − 1

2 gμν R
) (−ε̄γ μψν

)
. (9.6)

The symmetry Rμνab = Rνμba of the Riemann tensor gives the factor of 2 in the first line.
In the second line we insert the variations of (9.5) and observe that the δRμνab term is a
total covariant derivative (see (7.120)), whose integral vanishes. It is no surprise that the
Einstein tensor appears in the variation of the gravitational action.

We now study the gravitino variation. In the second order formalism, partial integration
is valid, so it is sufficient to vary δψ̄μ and multiply by 2, obtaining

δS3/2 = − 1

κ2

∫
dDx e ε̄

←
Dμγ

μνρ Dνψρ (9.7)

= 1

κ2

∫
dDx e ε̄γ μνρ DμDνψρ = 1

8κ2

∫
dDx e ε̄γ μνρ Rμνabγ

abψρ .

We integrated by parts and used (8.37) to move to the second line4 and then used the Ricci
identity (7.123) to obtain the last expression.

We now need some Dirac algebra to evaluate the product γ μνργ ab. This product was
explained as an example in (3.21). It is a sum of fifth, third, and first order elements of the
Clifford algebra. After contraction with the Riemann tensor, we find

3 The same calculation determined the gravitational terms in (8.40).
4 We can replace ∇μ by Dμ in the second line because of the antisymmetry and absence of torsion.
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γ μνργ ab Rμνab = γ μνρab Rμνab + 6Rμν
[ρ

bγ
μν]b + 6γ [μRμν

ρν]

= γ μνρab Rμνab + 2Rμν
ρ

bγ
μνb + 4Rμν

μ
bγ

νρb

+ 4γ μRμν
ρν + 2γ ρ Rμν

νμ . (9.8)

In the second line we ‘unpack’ the cyclic terms of [ρμν]. The first and second terms vanish
because of the first Bianchi identity (7.122) (without torsion). The third term vanishes
because of the symmetry clash between the symmetric Ricci tensor Rνb = Rμν

μ
b and the

antisymmetric γ νρb. We are thus left with

δS3/2 = 1

2κ2

∫
dDx e (Rμν − 1

2 gμν R)(ε̄γ μψν) . (9.9)

We now observe the exact cancelation between (9.6) and (9.9) which shows that local
supersymmetry holds to linear order in ψμ for any spacetime dimension5 D that allows
Majorana spinors (see footnote 1).

Although most symmetries are presented as transformations that leave the action invari-
ant, a symmetry can also be described at the level of the equations of motion. A symmetry
of a dynamical system is a transformation of its variables which takes any solution of its
equations of motion into another solution. This means that an infinitesimal variation of any
equation of motion must give a linear combination of equations of motion.

To see how this idea operates in global supersymmetry, consider the simple system of
the free gauge multiplet discussed in Sec. 6.3. The gauge field Aμ satisfies the Maxwell
equation ∂μFμν = 0 and the Bianchi identity ∂μFνρ + cyclic perms = 0, and has the
SUSY variation as in (6.49), δAμ = − 1

2 ε̄γμλ. The gaugino λ satisfies the Dirac equation
γ μ∂μλ = 0 and has SUSY variation δλ = 1

4γ
νρFνρε. In global SUSY ε is a constant

spinor. The SUSY transform of the Dirac equation is

0 = γ μ∂μδλ = 1
4γ

μγ νρ∂μFνρε . (9.10)

Indeed, with straightforward Dirac algebra (see (6.7)), we see that the right-hand side is a
sum of terms that vanishes by the Maxwell equation and Bianchi identity.

The same principle works in supergravity, both for exact local SUSY transformations
and in the linear approximation used in this section. In fact, manipulations very similar to
those used to calculate δS3/2 above can be used to show that the transform of the gravitino
equation of motion is

0 = γ μνρ Dνδψρ = − 1
2 (Rμν − 1

2 gμν R)γνε . (9.11)

The right-hand side certainly vanishes if the Einstein equation is satisfied.

Exercise 9.2 Derive (9.11). Show that the supergravity extension of the alternative form
(5.4) of the equation of motion is

γ μ(Dμψν − Dνψμ) = 0 , (9.12)

5 Restrictions on D appear if local SUSY is imposed beyond linear order.
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where Dμψν is given by (9.2). Show that the (linear) SUSY variation of this equation of
motion is

0 = γ μ(Dμδψν − Dνδψμ) = 1
2 Rνργ

ρε , (9.13)

so the right-hand side again vanishes by the Ricci form of the gravitational field equation.

It must also be true that the supersymmetry transform of the Einstein equation vanishes
if the gravitino satisfies its equation of motion. For linear fluctuations of the gravitational
field about Minkowski spacetime, this will be true if the SUSY transformation of the metric

δgμν = 1
2 ε̄(γμψν + γνψμ) (9.14)

is used in the global limit in which ε and γμ are constant.

Exercise 9.3 Show that the SUSY transform of the linearized Ricci tensor of (8.16)
vanishes if the metric is transformed by (9.14) in the global limit and ψμ satisfies the free
gravitino equation of motion.

9.2 Supergravity in the first order formalism

Beyond linear order it becomes complicated to establish local supersymmetry for any
supergravity theory. It is therefore very useful to recognize simplifications which lead
to convenient organization of terms. One important simplification [5] is to express the
action and transformation rules in the first order formalism. We continue to work with the
D-dimensional action (9.1) and transformation rules (9.3) and (9.4), but we regard the spin
connection ωμab as an independent variable. There is no Christoffel connection term in
S3/2. It would be inconsistent with local supersymmetry to include it.6

As discussed in Ch. 8, in the first order formalism the equation of motion for the spin
connection can be solved to obtain a connection with torsion. This result can then be sub-
stituted in the action to obtain the physically equivalent second order form of the theory
with torsion-free connection and explicit four-fermion contact terms. We now carry out
this process for the supergravity action (9.1). We will use the connection variation (8.52)
of S2 derived in Ch. 8.

For S3/2 we easily obtain

δS3/2 = − 1

8κ2

∫
dDx e (ψ̄μγ

μνργabψρ)δων
ab . (9.15)

The Clifford algebra relation needed to simplify the spinor bilinear in (9.15) is again the
one given in (3.21). It contains γ -matrices of rank 1, 3, and 5. We work with Majorana
spinors in dimensions D = 2, 3, 4, 10, and 11. Table 3.1 tells us that spinor bilinears of

6 Note that a Christoffel term is permitted by diffeomorphism invariance since the antisymmetric part of �σνρ is
proportional to the torsion tensor; see (7.106).
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rank 3 are then symmetric. So the rank 3 terms from (3.21) vanish because of antisymmetry
in the gravitino indices μ, ρ. Therefore, we obtain

ψ̄μγ
μνργabψρ = ψ̄μ

(
γ μνρab + 6γ [μeν [beρ]a]

)
ψρ . (9.16)

It is now very easy to solve the connection field equation

δS2 + δS3/2 = 0 , (9.17)

using (8.52). The trace structure in the two terms matches exactly, so the unique solution
for the torsion is

Tab
ν = 1

2 ψ̄aγ
νψb + 1

4 ψ̄μγ
μνρ

abψρ . (9.18)

The fifth rank tensor term is one of the complications of supergravity for D ≥ 5, but it
simply vanishes when D = 4.

For gravity coupled to a spin-1/2 Dirac field, we showed in (8.56) and (8.57) how to
obtain the physically equivalent second order form of the theory by substituting the value
of the torsion tensor in the first order action. Here is an exercise to do the same for super-
gravity.

Exercise 9.4 For D = 4 substitute the torsion tensor (9.18) in the action (9.1) to obtain
the second order action of supergravity,

S = 1

2κ2

∫
d4x e

[
R(e)− ψ̄μγ

μνρ Dνψρ + LSG,torsion
]
, (9.19)

LSG,torsion = − 1

16

[
(ψ̄ργ μψν)(ψ̄ργμψν + 2ψ̄ργνψμ)− 4(ψ̄μγ · ψ)(ψ̄μγ · ψ)] ,

in which the curvature R(e) and the gravitino covariant derivative now contain the torsion-
free connection

Dνψρ ≡ ∂νψρ + 1
4ωνab(e)γ

abψρ . (9.20)

The theory expressed by (9.19) contains four-point contact diagrams for gravitino
scattering. Their physical effects are certainly not dramatic, but they are necessary for
the consistency of the theory, which does not otherwise obey the requirement of local
supersymmetry. Local supersymmetry means that the action (9.19) is invariant under the
transformation rules (9.3) and (9.4), with ω = ω(e)+ K ; see (7.91).

Box 9.1 Torsion in supergravity

The first order formalism determines a connection with torsion for supergravity. Rewriting the result in terms
of a torsion-free connection leads to four-fermion terms in the supergravity action.
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1.5 order formalism Box 9.2

δω can be neglected in the variation of the action if ω takes the value ω(e, ψ) determined by its field
equation.

9.3 The 1.5 order formalism

The second order action (9.19) for N = 1, D = 4 supergravity is complete, and it pos-
sesses complete local supersymmetry under the transformation rules (9.3) and (9.4) with
the connection

ωμab = ωμab(e)+ Kμab ,

Kμνρ = − 1
4 (ψ̄μγρψν − ψ̄νγμψρ + ψ̄ργνψμ) , (9.21)

that includes the gravitino torsion. We will prove this invariance property in the next
section.

Let us think schematically about the structure of the proof. The variation of the action
contains terms that are first, third, and fifth order in the gravitino field. They are inde-
pendent and must cancel separately. In the first construction of the theory [4], which
used the second order formalism, the first and third order terms were treated analyti-
cally, but it required a computer calculation to show that the complicated order (ψμ)

5 term
vanishes.7

In the first order form of the theory [5], the fifth order variation is avoided, but one
must specify a new transformation rule δωμab, since the connection is an independent
variable. This approach becomes quite complicated when matter multiplets are coupled to
supergravity.

For the reasons above, the simplest treatment of supergravity uses a formalism inter-
mediate between the first and second order versions we have discussed. It is therefore
called the 1.5 order formalism [51, 52], and it is applicable to supergravity theories in any
dimension.

One is really working in the second order formalism since there are only two inde-
pendent fields, ea

μ and ψμ. However, since the second order Lagrangian is obtained by
substituting ω from (9.21) in the first order action, one can simplify the proof of invariance
by retaining the original grouping of terms. To see more concretely how this works, let’s
consider an action that is a functional of the three variables S[e, ω, ψ]. We use the chain
rule to calculate its variation in the second order formalism, viz.

7 Such terms come from the variation of the order (ψμ)4 contact terms in (9.19) with respect to the frame field
and the torsion part of δψμ.
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δS[e, ω(e)+ K , ψ] =
∫

dDx

[
δS

δe
δe + δS

δω
δ(ω(e)+ K )+ δS

δψ
δψ

]
. (9.22)

The variation δ(ω(e) + K ) should be calculated using (9.3) and (9.21). However, no
calculation is needed since the second term vanishes because the expression for ω in (9.21)
is obtained by solving the algebraic field equation δS/δω = 0. Thus, in the 1.5 order for-
malism, we can neglect all δω variations as we proceed to establish local supersymmetry.

We can now summarize the prescription for δS in the 1.5 order formalism:

1. Use the first order form of the action S[e, ω,ψ] and the transformation rules δe and δψ
with connection ω unspecified.

2. Ignore the connection variation and calculate

δS =
∫

dDx

[
δS

δe
δe + δS

δψ
δψ

]
. (9.23)

3. Substitute ω from (9.21) in the result, which must vanish for a consistent supergravity
theory.

9.4 Local supersymmetry ofN = 1, D = 4 supergravity

In this section8 we will use the 1.5 order formalism to prove that N = 1, D = 4
supergravity is a consistent gauge theory, invariant under the transformation rules (9.3)
and (9.21) with arbitrary ε(x). The proof is specific to D = 4 spacetime dimensions,
so we first simplify the gravitino action by introducing the highest rank Clifford element
γ∗ = iγ0γ1γ2γ3. One can then reexpress the third rank Clifford matrices as

γ abc = −iεabcdγ∗γd , γ μνρ = −ie −1εμνρσ γ∗γσ . (9.24)

The first relation holds in local frames and the second, which we need, in the coordinate
basis of spacetime. The Levi-Civita tensor density, with ε0123 = −1, appears in both rela-
tions. Using (9.24), we can rewrite the gravitino action (9.1) as

S3/2 = i

2κ2

∫
d4x εμνρσ ψ̄μγ∗γσ Dνψρ . (9.25)

This is the way that supergravity was written before it was ‘discovered’ that the universe
has six or seven hidden dimensions! (Forgive this joke.) The advantage of this form is that
the frame field variation δe is needed only in γσ rather than in four positions in e γ μνρ .

We can ignore the δω variation of Rμνab in the 1.5 order formalism. So we must consider
the four terms

δS = δS2 + δS3/2,e + δS3/2,ψ + δS3/2,ψ̄ , (9.26)

8 An alternative proof is developed in Chs. 11, 15, and 16.
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where the first term is the variation of the gravity action, the second one is due to the frame
variation of S3/2, while the third and fourth are the variations of ψ and ψ̄ , respectively.
We must obtain the ψ and ψ̄ variations separately because partial integration of the local
Lorentz derivative Dμ must be done carefully. Indeed, we will encounter a number of
subtleties because of the connection with torsion.

The Ricci tensor with torsion is not symmetric, and we call it Rμν(ω) as a reminder. But
it is easy to check that (9.6) is still valid. It can be rewritten as

δS2 = 1

2κ2

∫
d4x e

(
Rμν(ω)− 1

2
gμν R(ω)

)
(−ε̄γ μψν) . (9.27)

The second term in (9.26) contains the variation of γσ , i.e.

δS3/2,e = i

4κ2

∫
d4x εμνρσ (ε̄γ aψσ )(ψ̄μγ∗γa Dνψρ) . (9.28)

The ψ variation of S3/2 is quite simple:

δS3/2,ψ = i

2κ2

∫
d4x εμνρσ ψ̄μγ∗γσ Dν Dρε

= i

16κ2

∫
d4x ψ̄με

μνρσ γ∗γσ γ ab Rνρab(ω)ε . (9.29)

The curvature tensor appears through the commutator of covariant derivatives.
Next we write the ψ̄μ variation and exchange the spinors Dμε and ψρ (see (3.51) with

t3 = 1) to obtain

δS3/2,ψ̄ =
i

2κ2

∫
d4x εμνρσ ψ̄ρ

←
Dνγ∗γσ Dμε . (9.30)

With some thought one can see that the left-acting derivative ψ̄ρ

←
Dν = ∂νψ̄ρ− 1

4 ψ̄ρωνabγ
ab

can be partially integrated and acts distributively to give

δS3/2,ψ̄ =
−i

2κ2

∫
d4x εμνρσ ψ̄ργ∗[(Dνγσ )Dμε + γσ Dν Dμε]

= −i

2κ2

∫
d4x εμνρσ ψ̄ργ∗

[
1

2
Tνσ

aγa Dμε − 1

8
γσ γ

ab Rμνab(ω)ε

]
. (9.31)

As indicated in (8.37) the full covariant ∇νγσ = 0. But supergravity employs only the
local Lorentz covariant derivative Dν . When we add back the Christoffel connection and
use antisymmetry in νσ , we obtain using (7.106) the torsion tensor in (9.31).

Note that the R(ω) terms in (9.29) and (9.31) are equal, so that we obtain

δS3/2,ψ + δS3/2,ψ̄ = −i

2κ2

∫
d4x εμνρσ ψ̄ργ∗

[
1

2
Tνσ

aγa Dμε − 1

4
γσ γab Rμν

ab(ω)ε

]
.

(9.32)
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The last term can be treated using the methods for γ -matrix manipulations of Sec. 3.1.4:

γσ γab = γσab + 2eσ [aγb] = ied
σ εabcdγ∗γ c + 2eσ [aγb] . (9.33)

We now consider these two terms separately, beginning with the first. We thus encounter
the contraction of two Levi-Civita symbols and Riemann tensor. Using (3.9), we write

εμνρσ εabcded
σ Rνρ

ab(ω) = −2e
[
eμa eνbeρc + eμb eνc eρa + eμc eνaeρb

]
Rνρ

ab(ω)

= 4e
[

Rc
μ(ω)− 1

2 eμc R(ω)
]
. (9.34)

When this relation is inserted in (9.32) and we use ψ̄μγ
cε = −ε̄γ cψμ, the result exactly

cancels δS2 in (9.27). The work so far has brought us to the level of linear local supersym-
metry proven in Sec. 9.1, although the present cancelation includes cubic terms from the
torsion contribution to (9.27).

The contribution of the last term in (9.33) to the integrand of (9.32) involves the factor

εμνρσ Rνρσb(ω) = −εμνρσ DνTρσb , (9.35)

in which we have used the modified first Bianchi identity, derived in (7.122), where it is
shown that the derivative Dν contains only the spin connection acting on the index b. This
leaves us with

δS2 + δS3/2,ψ + δS3/2,ψ̄ = −i

4κ2

∫
d4x εμνρσ ψ̄μγ∗γa

[
Tρσ

a Dνε +
(
DνTρσ

a) ε] .
(9.36)

The other remaining variations are in (9.28), which we will now rewrite using the torsion
tensor. Therefore, we first reorder the spinors in the integrand using Fierz rearrangement
technique of Sec. 3.2.3. Using (3.68) we can write

(ε̄γ aψ[σ )(ψ̄μ]γaγ∗Dνψρ) = 1
2 (ε̄γaγ∗Dνψρ)(ψ̄μγ

aψσ )

= (ε̄γaγ∗Dνψρ)Tμσ
a . (9.37)

On the left-hand side, we indicated the antisymmetrization in [μσ ], due to the contraction
with εμνρσ in (9.28). We have rewritten the last line using the D = 4 torsion tensor (9.18).
We insert this in (9.28), reorder the (ε̄ . . . Dψ) bilinear, and exchange the indices μρ to
obtain

δS3/2,e = −i

4κ2

∫
d4x εμνρσ Tρσ

aψ̄μ

←
Dνγ∗γaε . (9.38)

We have now reached the final step of the proof in which we combine these with the
uncanceled torsion terms in (9.36) to obtain the sum:

δS = −i

4κ2

∫
d4x εμνρσ ∂ν[Tρσ bψ̄μγ∗γbε] ≡ 0 . (9.39)

The integrand is a total derivative because the local Lorentz derivative works distributively.
Indeed, the spin connection cancels among the three terms from (9.36) and (9.38). This
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proves that N = 1, D = 4 supergravity is locally supersymmetric and thus consistent as a
classical theory of the graviton and gravitino! The basic relations of differential geometry
with torsion and the Clifford algebra and spinor anti-commutativity combine in the proof
in a very striking way!

It is actually true that the integrand in (9.39) vanishes as follows from (3.68). This is
the same Fierz rearrangement identity required in super-Yang–Mills theory; see Sec. 6.1.2.
In supergravity it is not required for invariance of the action, since it appears as a total
derivative in (9.39). Note that the Lagrangian density (9.19) is not invariant under local
SUSY since there is another total derivative in the partial integration that led to (9.31).

9.5 The algebra of local supersymmetry

The commutator of two local SUSY transformations should realize an algebra which is
compatible with that of global SUSY. On any component field � of a chiral multiplet we
found in Ch. 6 (see (6.33))

[δ1, δ2]� = − 1
2 ε̄1γ

με2∂μ� . (9.40)

It is natural to expect that the local extension of the global result (9.40) should be a general
coordinate transformation with parameter ξμ(x) = − 1

2 ε̄1(x)γ με2(x). However, the gen-
eral formalism for symmetries requires only that the commutator closes on a sum of the
gauge symmetries of the theory, in this case a sum of general coordinate, local Lorentz,
and local SUSY transformations. Furthermore, the gauge parameters that appear in the
commutator can be field dependent, a phenomenon already encountered in SUSY gauge
theories in Sec. 6.3.1. Thus it is not immediately clear what we will find in supergravity,
and it is well advised to do the computation.

The computation is quite simple for the frame field. Here it is:

[δ1, δ2] ea
μ = 1

2δ1ε̄2γ
aψμ − (1 ↔ 2) = 1

2 ε̄2γ
aδ1ψμ − (1 ↔ 2)

= 1
2 ε̄2γ

a Dμε1 − (1 ↔ 2)

= 1
2 (ε̄2γ

a Dμε1 + Dμε̄2γ
aε1)

= Dμξ
a , (9.41)

ξa = 1
2 ε̄2γ

aε1 = − 1
2 ε̄1γ

aε2 .

Under the expected general coordinate transformation x ′μ = xμ − ξμ(x), the frame field
transforms as a covariant vector; see (7.26). The infinitesimal transformation is

δξ ea
μ = ξρ∂ρea

μ + ∂μξ
ρea

ρ . (9.42)

Let us ‘covariantize’ the derivatives by adding and subtracting the ω and � connection
terms. This must be done with some care since there is torsion. The symbol ∇ρ includes
all appropriate connections:
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δξ ea
μ = ξρ∇ρea

μ − ξρωρ
a

beb
μ + ξρ�σ

ρμea
σ +∇μξ

ρ ea
ρ − �ρ

μσ ξ
σ ea

ρ

= ∇μξ
ρea

ρ − ξρωρ
a

beb
μ + ξρTρμ

a . (9.43)

Since ∇ρea
μ = 0 (see (7.101) which is valid with torsion), we have dropped it in moving to

the second line. Since ea
ρ∇μξ

ρ = Dμξ
a , the first term in (9.43) matches the supergravity

result (9.41). The last two terms seem mysterious, but, in the light of the remarks above,
let’s try to interpret them as field dependent symmetry transformations. The second term
in (9.43) is simply a local Lorentz transformation of the frame field with field dependent
parameter λ̂ab = ξρωρab. To interpret the third term, we use the explicit form (9.18) of the
torsion tensor to write

ξρTρμ
a = 1

2 (ξ
ρψ̄ρ)γ

aψμ . (9.44)

This is just a local SUSY transformation of ea
μ with field dependent ε̂. Thus we have derived

[δ1, δ2] ea
μ = (

δξ − δ
λ̂
− δε̂

)
ea
μ , λ̂ab = ξρωρab , ε̂ = ξρψρ . (9.45)

The combination of symmetries that is on the right-hand side is reminiscent of the transfor-
mations that we discussed in Ex. 4.5. This combination is a covariant general coordinate
transformation, which we will discuss more systematically in Sec. 11.3.2.

It is more difficult to calculate the SUSY commutator on the gravitino field largely
because Fierz rearrangement is required. The result is

[δ1, δ2]ψμ = ξρ(Dρψμ − Dμψρ)+ . . . . (9.46)

We will discuss the omitted terms . . . momentarily. First we note that, as done above, one
can manipulate the formula for a general coordinate transformation of a vector–spinor field
to bring (9.46) to the same form as (9.45), namely

[δ1, δ2]ψμ = (
δξ − δ

λ̂
− δε̂

)
ψμ + . . . . (9.47)

Exercise 9.5 Derive (9.46) including the terms . . . and verify (9.47). If you need details,
see [53].

The omitted terms . . . vanish whenψμ satisfies its equation of motion. Such terms do not
affect the commutator algebra on physical states, so they can be dropped for most purposes.
Similar equation of motion terms also appear in the commutator algebra of global SUSY,
after elimination of auxiliary fields (see Ex. 6.11 and the discussion that follows it). Their
presence in (9.47) means that the local SUSY algebra also ‘closes only on-shell’. As in
global SUSY, the physical fields ea

μ and ψμ are only an ‘on-shell multiplet’ which can be
completed to an ‘off-shell multiplet’ by adding auxiliary fields (for N = 1, D = 4 only!).
The auxiliary fields are needed to formulate systematic methods for the coupling of chiral
and gauge multiplets to supergravity, as we discussed already in Sec. 6.2.2. We will obtain
a set of auxiliary fields for N = 1, D = 4 supergravity in Ch. 16.
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Supergravity algebra Box 9.3

The commutator of supersymmetry transformations on the frame field leads to covariant general coordinate
transformations. On the gravitino this is true modulo equations of motion, or one has to add auxiliary fields.

Finally we note that the field dependent gauge transformations of this section can be
reinterpreted as modifications of the algebra of local supersymmetry leading to the ‘soft
algebras’ discussed in Ch. 11.

9.6 Anti-de Sitter supergravity

In this section we describe a very simple extension of supergravity. No new fields are
required. Just as the simplest classical solution of the theory of (9.1) is D-dimensional
Minkowski spacetime, the simplest solution of the extended theory we now describe is
D-dimensional anti-de Sitter space AdSD . (The gravitino field vanishes in both solutions.)
The geometry of AdSD is described in detail in Ch. 22. We follow [54]. We first work at
the ‘universal level’ and modify the action and transformation rules of Sec. 9.1.

Let’s begin by defining a modified covariant derivative D̂μ which acts on spinors. On
ε(x) it acts as

D̂με ≡
(

Dμ − 1

2L
γμ

)
ε =

(
∂μ + 1

4
ωμabγ

ab − 1

2L
γμ

)
ε . (9.48)

Note that the commutator of two such derivatives is[
D̂μ, D̂ν

]
ε = 1

4

(
Rμνab(ω)+ 1

L2
(eaμebν − ebμeaν)

)
γ abε

≡ 1

4
R̂μνab(ω)γ

abε . (9.49)

The last line contains the implicit definition of the modified curvature tensor R̂μνab, and
we can define its Ricci and scalar contractions by

R̂μa ≡ R̂μνabebν = Rμa + D − 1

L2
eaμ ,

R̂ ≡ R̂μaeaμ = R + D(D − 1)

L2
. (9.50)

Readers may wish to peek ahead at (22.11) and observe that AdSD is a solution of the
equation R̂μν = 0.

There are two steps necessary to obtain the AdS supergravity action from (9.1). The first
step is to replace Dν in (9.1) by D̂ν . The second step is to add a cosmological term to (9.1)
with value chosen so that the Ricci form of the graviton equation of motion is R̂μν = 0.
We write the result as the single expression
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S ≡ 1

2κ2

∫
dDx e

(
R − ψ̄μγ

μνρ D̂νψρ + (D − 1)(D − 2)

L2

)
(9.51)

= 1

2κ2

∫
dDx e

(
R − ψ̄μγ

μνρ Dνψρ − D − 2

2L
ψ̄μγ

μνψν + (D − 1)(D − 2)

L2

)
.

We thus find a constant negative contribution to the potential, i.e. a negative cosmological
constant. This negative value is the origin of the name ‘anti’-de Sitter gravity; the opposite
sign appears in de Sitter gravity used in realistic cosmological models. Furthermore, we
see that, in a supersymmetric action, anti-de Sitter gravity is accompanied by a mass-like
term for the gravitino (see (5.48)), with m3/2 = (D − 2)(2L)−1. However, the correct
interpretation [55] is that (9.51) describes a massless gravitino in an AdS4 background
geometry.

The derivative D̂μ also appears in the new transformation rules:

δea
μ = 1

2 ε̄γ
aψμ, δψμ = D̂με(x) . (9.52)

There are new terms in the variation δS due to the modifications we have made. It is very
easy to show that the new ‘universal’ terms, those linear in εψ, vanish for every spacetime
dimension D. There are also new order εψ3 terms in δS, and these vanish when D = 4
provided that the spin connection in (9.49) includes the torsion (9.18). Life would be easy
if all modifications of the N = 1, D = 4 supergravity theory were as simple as this one,
but it would also be less interesting. Please read on (after doing the following exercise).

Exercise 9.6 Check that the ‘universal’ 1/L and 1/L2 terms in δS vanish.
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The basic N = 1, D = 4 supergravity theory discussed in Ch. 9 has been generalized in
several ways. In four dimensions, one can couple the gravity multiplet (ea

μ, ψμ) to gauge
(AA

μ, λ
A) and chiral (zα, PLχ

α)multiplets and promote the global SUSY theories of Ch. 6
to local SUSY. A systematic approach to these matter-coupled supergravity theories is
presented in Ch. 17 of this book.

Another important generalization of supergravity is to spacetime dimension 5≤ D≤ 11.
The two different classical D = 10 supergravities, called Type IIA and Type IIB respec-
tively, are the low energy limits of the superstring theories of the same name. Type IIB and
gauged D = 5 supergravities have important applications to the AdS/CFT correspondence.
Most higher dimensional supergravities are quite complicated, but the maximum dimen-
sion D = 11 theory has a relatively simple structure. It is an important theory for at least
two reasons. First, many interesting lower dimensional cases, such as the maximal N = 8,
D = 4 theory, can be obtained through dimensional reduction. Second, D = 11 super-
gravity, together with its M2- and M5-brane solutions, is the basis of the extended object
theory called M-theory, which is widely considered to be the master theory that contains
the various string theories. Thus we devote this chapter to D = 11 supergravity.

10.1 D ≤ 11 from dimensional reduction

Before we embark on a technical discussion of the theory, let’s review the argument
why D = 11 is the largest spacetime dimension allowed for supergravity. The argu-
ment is based on a generalization of the dimensional reduction technique we discussed
in Sec. 5.3. There we studied Kaluza–Klein compactifications of (D + 1)-dimensional
fields on MinkowskiD × S1. That discussion did not include symmetric tensor fields, but it
is clear that the Fourier modes of a symmetric tensor hM N in D+1 dimensions give rise to
symmetric tensor fields hμνk , vector fields hμDk , and scalar fields hDDk in D dimensions.
Here k is the Fourier mode number.

More generally we can consider the compactification of a D′-dimensional theory on a
product spacetime MD′ = MD × Xd , with D′ = D + d and Xd a compact d-dimensional
internal space. Fields of the lower dimensional theory arise from harmonic expansion on
Xd of the various higher dimensional fields. In a Kaluza–Klein compactification one keeps
the entire infinite set of harmonic modes, which describe both massless and massive fields
in D dimensions. In the related process called dimensional reduction one keeps only a
finite set of modes which must be a consistent truncation of the full set. Usually the modes
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that are kept are the massless or light modes, and the omitted modes are heavy modes.
A consistent truncation is one in which the field equations of the omitted heavy modes
are not sourced by the light modes that are kept. Thus setting the heavy modes to zero is
consistent with the field equations.1

To show that D = 11 is the maximal dimension [58], we consider the toroidal
compactification of a D′-dimensional theory to M4 × T D′−4. Fourier modes on the torus
are generalized Fourier modes labeled by integers k1, . . . , kD′−4. Only the lowest modes
with ki = 0 are massless in four dimensions, and these are retained in the four-dimensional
theory. We don’t yet know the full field content of the putative D′-dimensional supergrav-
ity, but we can anticipate that it must contain the metric tensor and at least one gravitino of
the simplest spinor type (e.g. Majorana) permitted in dimension D′.

We need to see which four-dimensional fields arise from the gravitino in the truncation.2

Suppose that D′ = 11, in which the simplest spinor is a 32-component Majorana spinor.
The 11 matrices �M that generate the Dirac–Clifford algebra in 11 dimensions can be
represented as tensor products of 4× 4 γ μ and 8× 8 γ̂ i as

�μ = γ μ × , μ = 0, 1, 2, 3,

�i = γ∗ × γ̂ i , i = 4, 5, 6, 7, 8, 9, 10. (10.1)

Here is the 8 × 8 unit matrix, and γ∗ = iγ0γ1γ2γ3, while the γ̂ i are the generat-
ing elements of the Clifford algebra in seven-dimensional Euclidean space. In this basis
the 11-dimensional gravitino field is labelled as �M α a in which α = 1, 2, 3, 4 is a
four-dimensional spinor index and a = 1, . . . , 8 is the index on which the γ̂ i (and their
products) act.

From the four-dimensional standpoint �μαa transforms under Lorentz transformations
as a set of eight gravitinos, while �i αa transforms as a set of 7 × 8 = 56 spin-1/2 fields.
However, note that eight Majorana gravitinos plus 56 Majorana graviphotinos is the com-
plete fermion content of the smax = 2 (maximal spin 2) particle representation of the
N = 8 SUSY algebra; see Sec. 6.4.2 and Table 6.1. If we started with a single gravitino in
D′ ≥ 12 dimensions or more gravitinos in 11 dimensions, then the dimensionally reduced
theory would contain more than eight gravitinos which can only be accommodated in a
representation that involves spins ≥ 5/2 for which no consistent interactions are known.

Exercise 10.1 Show that the product representation of the 11 �μ matrices defined above
does satisfy {�M , �N } = 2ηM N . Compute commutators of the set of 28 matrices consist-
ing of the 21 independent γ̂ i j = γ̂ [i γ̂ j], plus the 7 matrices iγ̂ k and show that they are a
basis for an eight-dimensional representation of the Lie algebra of the SO(8) group that
acts on the eight gravitinos of the reduced theory. SO(8) has three inequivalent eight-
dimensional representations.

1 The truncation to massless modes on a torus is consistent [56, 57].
2 In this section and the next, we use upper case M, N , . . . to denote a vector index in D′ dimensions, i, j, . . .

for a direction on the torus, and reserve μ, ν, . . . for four-dimensional vector indices.
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Maximal dimension for supergravity Box 10.1

D = 11 is themaximal dimension for supergravity since any higher dimensionwould lead after dimensional
reduction on a torus toN > 8 in four dimensions.

10.2 The field content of D = 11 supergravity

The previous argument has taught us quite a bit about the theory. We know that it contains
the gravitational field whose quantum excitations (see Sec. 8.3) transform in the traceless
symmetric tensor representation of SO(D−2) of dimension D(D−3)/2. In 11 dimensions
this contains 44 bosonic states. There is also one Majorana spinor gravitino, whose excita-
tions (see Sec. 5.1) transform in a vector–spinor representation of SO(D−2) of dimension
(D − 3) 2[(D−2)/2]. For D = 11 this contains 128 real fermion states.

The theory must contain an equal number of boson and fermion states, so we are missing
84 bosons. Where are they? Recall the discussion in Sec. 7.8 that bosons in spacetime
dimension D can be described by p-form gauge fields or equivalently antisymmetric tensor
AM1,M2,...,Mp potentials of rank p < D. The excitations of such a field transform in the

rank p antisymmetric tensor representation of SO(D − 2), which contains
(D−2

p

)
states.

For rank 3 in 11 dimensions, this contains exactly 84 quantum degrees of freedom. Thus,
Cremmer, Julia, and Scherk [59], who first formulated supergravity in 11 dimensions, made
the elegant hypothesis that the theory should contain the metric tensor gM N , the 3-form
potential AM N P , and the Majorana vector–spinor �M .

We already know that upon dimensional reduction on T 7, the vector–spinor produces
the eight gravitinos and 56 spin-1/2 fermions of N = 8, D = 4 supergravity. The metric
tensor components gμν give the four-dimensional spacetime metric, while gμi produces
seven spin-1 particles, and gi j contains 28 scalars. The N = 8 theory contains 28 vectors,
and the missing 21 are supplied by the 3-form components Aμi j . The form components
Ai jk contain 35 scalars, and the components Aμνi give an additional seven scalars. In this
way the field assignment of [59] accounts for the 70 scalars of the dimensionally reduced
theory;3 see Table 10.1.

10.3 Construction of the action and transformation rules

We now know the field content of the theory, and we need to be more precise and determine
the Lagrangian and transformation rules. To find them we start with an initial ansatz for the
action compatible with the expected symmetries and use some of the ideas of Chs. 6 and 9
to finalize the construction. Several additional calculations are needed to demonstrate local

3 The field components Aμνρ contain no degrees of freedom in D = 4.
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Table 10.1 The reduction of the fields of D = 11 supergravity to
N = 8, D = 4.

D = 11 spin 2 spin 1 spin 0

gM N gμν 1 gμi 7 gi j 28
AM N P Aμi j 21 Aμνi 7

Ai jk 35

1 28 70

spin 3/2 spin 1/2

�M α a �μα a 8 �i α a 56

SUSY completely. We present some of these and refer readers to the literature [59, 60] for
the rest.

To start we note that a theory containing the 3-form potential Aμνρ must be invariant
under a gauge transformation involving a gauge parameter θνρ which is a 2-form. The
theory thus involves a gauge invariant 4-form field strength Fμνρσ . The basic equations are

δAμνρ = 3∂[μθνρ] ≡ ∂μθνρ + ∂νθρμ + ∂ρθμν,

Fμνρσ = 4∂[μAνρσ ] ≡ ∂μAνρσ − ∂ν Aρσμ + ∂ρ Aσμν − ∂σ Aμνρ,

∂[τ Fμνρσ ] ≡ 0. (10.2)

The last equation contains five terms when written in full. It is the Bianchi identity which
follows from the fact that F = dA when expressed as a differential form.

Exercise 10.2 Readers should prove this identity!

Another important ingredient we need is the exchange property of (here Majorana)
spinor bilinears χ̄�Aλ where �A is a general element of rank r of the Clifford algebra.
As we saw in (3.51), we have the same properties as in four dimensions:

χ̄γ μ1μ2...μrλ = tr λ̄γ
μ1μ2...μrχ, t0 = t3 = 1, t1 = t2 = −1, tr+4 = tr . (10.3)

We postulate that the action contains the universal graviton and gravitino terms of
Sec. 9.1 plus the covariant kinetic action for the 3-form plus additional terms (denoted
by . . .) which we must find. Thus we write

S = 1

2κ2

∫
d11x e

[
eaμebν Rμνab − ψ̄μγ

μνρ Dνψρ − 1

24
Fμνρσ Fμνρσ + . . .

]
. (10.4)

Initially we use the second order formalism with torsion-free spin connection ωμab(e). We
also need transformation rules and make the ansatz

δea
μ = 1

2 ε̄γ
aψμ,

δψμ = Dμε +
(
a γ αβγ δμ + b γ βγ δδαμ

)
Fαβγ δε,

δAμνρ = −c ε̄γ[μνψρ] = − 1
3 c ε̄(γμνψρ + γνρψμ + γρμψν). (10.5)
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For δAμνρ and the new terms of δψμ we have postulated general expressions consistent
with coordinate and gauge symmetries which contain the numerical constants a, b, c.

We will determine these constants and other useful information by temporarily treating
the fields ψμ and Aμνρ as a free system with global SUSY in D-dimensional Minkowski
space. The free action is (dropping here an irrelevant factor κ2)

S0 = 1

2

∫
d11x

[
−ψ̄μγ

μνρ∂νψρ − 1

24
Fμνρσ Fμνρσ

]
. (10.6)

Of course there is no true supermultiplet containing only ψμ and Aμνρ , but for a free
theory, this need not be an obstacle. We now follow the same steps as in the discussion of
super-Yang–Mills theory in Sec. 6.3.1. Using (3.54) we have

δψ̄μ = ε̄
(−aγ αβγ δμ + bγ βγ δδαμ

)
Fαβγ δ. (10.7)

We compute the variation

δS0 =
∫

d11x ε̄
[(

aγ αβγ δμ − bγ βγ δδαμ
)

Fαβγ δγ
μνρ∂νψρ − 1

6 cγνρψσ ∂μFμνρσ
]

=
∫

d11x ε̄
[(−aγ αβγ δμ + bγ βγ δδαμ

)
∂νFαβγ δγ

μνρψρ − 1
6 cγνρψσ ∂μFμνρσ

]
.

(10.8)

We used partial integration to obtain the last line, assuming that ε is constant as in global
SUSY.

We need matrix identities to reduce the products of γ -matrices in (10.8) to sums over
rank 6, rank 4, and rank 2 elements �A of the Clifford algebra. In the spirit of the discussion
at the end of Sec. 3.1.4 (the first identity is (3.23)), we write

γ αβγ δμγ
μνρFαβγ δ = (D − 6)γ αβγ δνρFαβγ δ + 8(D − 5)γ αβγ [νFρ]

αβγ

−12(D − 4)γ αβ Fαβ
νρ,

γ βγ δγ μνρFμβγ δ = −γ νραβγ δFαβγ δ − 6γ αβγ [νFρ]
αβγ + 6γ αβ Fαβ

νρ. (10.9)

Exercise 10.3 Conscientious readers should verify these identities.

When inserted in the first term of (10.8) both rank 6 terms vanish due to the Bianchi
identity. The sum of the two rank 4 contributions must vanish while the rank 2 terms must
cancel with the second term of (10.8). These conditions lead to the following two numerical
relations among a, b, c:

8(D − 5)a + 6b = 0,

12(D − 4)a + 6b = 1
6 c. (10.10)

It is only the case D = 11 that is relevant here, and the solution of (10.10) in this case is
a = c/216, b = −8a. Thus for the free theory we have found the transformation rules
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δψμ = ∂με + c

216

(
γ αβγ δμ − 8γ βγ δδαμ

)
Fαβγ δε,

δAμνρ = −cε̄γ[μνψρ]. (10.11)

To fix the remaining parameter c, we examine the commutator of two SUSY transforma-
tions and require that this agree with the local supergravity algebra discussed in Sec. 9.5.
It is simplest to work with the gauge potential, so we write (for constant ε)

[δ1, δ2]Aμνρ = − 1

216
c2ε̄2γ[μν

(
γ αβγ δρ] − 8γ βγ δδαρ]

)
ε1 Fαβγ δ − (1 ↔ 2). (10.12)

It would be good practice to work out the detailed identities for the products of γ -matrices
in (10.12), which involve contributions from Clifford elements of rank 1, 3, 5, and 7, but
this task can be simplified by the following observations:

(i) Since the spinor parameters ε1 and ε2 are antisymmetrized, only the rank 1 and rank
5 terms can contribute.

(ii) The first product has no rank 1 part. It would be necessary to contract three pairs of
indices to obtain a non-vanishing rank 1 term, and the antisymmetrizations do not
allow this.

(iii) Except for index changes, the second product is already given in (3.21).

The SUSY algebra must contain a spacetime translation involving the rank 1 bilinear
ε̄1γ

σ ε2 from the product γμνγ βγ δ . Using (3.21) we obtain the rank 1 contribution to the
commutator,

[δ1, δ2]Aμνρ = − 4
9 c2ε̄1γ

σ ε2 Fσμνρ. (10.13)

SUSY requires that the rank 5 contribution actually cancels between the two terms of
(10.12), and it does, as the following exercise shows.

Exercise 10.4 Show that the rank 5 terms cancel in the expression
γ[μν(γρ]αβγ δ − 8γ βγ δδαρ])Fαβγ δ .

The interpretation of the result (10.13) is straightforward if we refer to the detailed form
of the field strength in (10.2). The first term ∂σ Aμνρ is the spacetime translation we are
looking for, while the remaining terms just add up to a gauge transformation of the 3-form
potential with field dependent gauge parameter proportional to θμν =−ε̄1γ

σ ε2 Aσμν . Such
field dependent gauge transformations were already found in SUSY gauge theories (see
Ex. 6.15), and were found also in the local algebra in Sec. 9.5. We must normalize the
coefficient of the translation term to agree with these results, which were (and should be)
uniform for all fields. Thus we fix the parameter c2 = 9/8, and we choose the positive root
c = 3/2

√
2.

Recall that we have been studying the global supersymmetry of the free system of ψμ

and Aμνρ in flat spacetime. There is another important piece of information from that study,
namely the effective supercurrent of the system, obtained by allowing the spinor parameter
ε in (10.8) to depend on xμ. After partial integration we find that δS0 contains a term
proportional to Dνε whose coefficient is the supercurrent
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J ν =
√

2

96

(
γ αβγ δνρFαβγ δ + 12γ αβ Fαβ

νρ
)
ψρ. (10.14)

As we will see below this provides a new term in the D = 11 supergravity action.

Exercise 10.5 Show that ∂νJ ν = 0 if Fαβγ δ and ψρ satisfy their free equations of
motion (and Bianchi identity).

To extend results on the free ψμ, Aμνρ system to the interacting supergravity theory,
we introduce a general frame field ea

μ(x) and consider general ε(x). We then have the
transformation rules

δea
μ =

1

2
ε̄γ aψμ,

δψμ = Dμε +
√

2

288

(
γ αβγ δμ − 8γ βγ δδαμ

)
Fαβγ δε,

δAμνρ = −3
√

2

4
ε̄γ[μνψρ], (10.15)

and the action

S = 1

2κ2

∫
d11x e

[
eaμebν Rμνab − ψ̄μγ

μνρ Dνψρ − 1

24
Fμνρσ Fμνρσ

−
√

2

96
ψ̄ν

(
γ αβγ δνρFαβγ δ + 12γ αβ Fαβ

νρ
)
ψρ + . . .

]
. (10.16)

The previous discussion ensures that all terms in δS of the form ε̄Rμνabψρ and ε̄Fαβγ δψρ

cancel. The curvature terms vanish by the universal manipulations of Sec. 9.1. For terms
linear in Fαβγ δ , the calculations done above in the free limit are essentially the same in a
general background geometry. The only new feature is the term (Dν ε̄)J ν which is canceled
by the δψ̄ν = Dν ε̄ variation of the last term written in (10.16). We still leave . . . in (10.16)
because the action is not yet complete.

For the next step it is simpler to rewrite (10.16) as the integral of a Lagrangian, namely

S = 1

κ2

∫
d11x e L , (10.17)

and to study variations of the Lagrangian δL . We consider terms in δL of order ε̄F2ψ

which come from the frame field variation of the order F2 term in L and the δψ ∼ Fε
variation of the order ψ̄Fψ term. The two contributions are

δL F F = 1

48

(
4ε̄γ μψν − 1

2
gμνε̄γ · ψ

)
Fμ

ρστ Fνρστ , (10.18)

δLψ̄Fψ =
1

96× 144
ε̄
(
γ α

′β ′γ ′δ′
ν + 8γ β

′γ ′δ′δα
′

ν

)
Fα′β ′γ ′δ′

× (γ αβγ δνρFαβγ δ + 12γ αβ Fαβ
νρ
)
ψρ. (10.19)
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The products of γ -matrices in (10.19) contain sums of rank 9, 7, 5, 3, and 1 terms.
A detailed treatment requires rather complicated identities, so we will be content here
to summarize the results and refer readers who need more information to the literature
[59, 60].

It turns out that the rank 1 terms cancel between (10.18) and (10.19), and the several
rank 3, 5 and 7 terms cancel within (10.19). However, there are rank 9 terms in (10.19)
which can be obtained from the products

γ α
′β ′γ ′δ′

νγ
αβγ δνρ = (D − 9)γ α

′β ′γ ′δ′αβγ δρ + . . . = 2 γ α
′β ′γ ′δ′αβγ δρ + . . . ,

γ β
′γ ′δ′ γ αβγ δα

′ρ = −γ α′β ′γ ′δ′αβγ δρ, (10.20)

where . . . indicate lower rank contributions which we omit. Thus the rank 9 term

δL F F + δLψ̄Fψ = − 1

16× 144
ε̄γ α

′β ′γ ′δ′αβγ δρψρ Fα′β ′γ ′δ′ Fαβγ δ (10.21)

survives in the sum of (10.18) and (10.19), and we must find a way to cancel it.
To cancel the high-rank γ -matrix, recall the discussion of Sec. 3.1.7 of the Dirac–

Clifford algebra for spacetimes of odd dimension D = 2m+1. For D = 11, the generating
matrices are the 32×32 matrices γ 0, γ 1, . . . , γ 9, γ 10 = γ∗, with γ∗ = γ 0γ 1 . . . γ 9 (i.e. we
take the + sign in (3.40)). The rank 9 Clifford element is related to rank 2 by (3.41):

γ α
′β ′γ ′δ′αβγ δρ = − 1

2e
εα

′β ′γ ′δ′αβγ δρμν γνμ. (10.22)

This allows us to rewrite (10.21) as

e
(
δL F F + δLψ̄Fψ

)
= 1

32× 144
εα

′β ′γ ′δ′αβγ δρμν ε̄γνμψρ Fα′β ′γ ′δ′ Fαβγ δ, (10.23)

= 4

3
√

2× 32× 144
εα

′β ′γ ′δ′αβγ δρμν(δAμνρ) Fα′β ′γ ′δ′ Fαβγ δ.

This suggests that one can add a term in the Lagrangian of the following form to cancel
this variation:

SC−S = −
√

2

(144κ)2

∫
d11x εα

′β ′γ ′δ′αβγ δμνρFα′β ′γ ′δ′ Fαβγ δ Aμνρ

= −
√

2

6κ2

∫
F (4) ∧ F (4) ∧ A(3). (10.24)

We used form notation in the last line, with F (4) = dA(3), to simplify the formula. The
result is called a Chern–Simons term. It has very special properties. First, using integration
by parts, one sees that a variation of A(3) gives the three similar terms

δ

∫
F (4) ∧ F (4) ∧ A(3) =

∫ [
2dδA(3) ∧ F (4) ∧ A(3) + F (4) ∧ F (4) ∧ δA(3)

]
= 3

∫
F (4) ∧ F (4) ∧ δA(3), (10.25)



10.3 Construction of the action and transformation rules 209

where we used the Bianchi identity dF (4) = 0. This shows how such a variation of (10.24)
cancels (10.23). Further, this term does not produce other variations, since there are no
frame fields in the expression.

One might also wonder whether such a term is invariant under gauge transformations
of the form (10.2) in view of the explicit presence of the gauge field. To check this it is
simplest to write the gauge transformation as δA(3) = dθ(2). Plugging this into (10.25),
integrating by parts and using the Bianchi identity as above, the gauge invariance is guar-
anteed. These are typical properties of Chern–Simons actions.

We have now reached the point where the major terms in the Lagrangian and transforma-
tion rules have been determined. Although there is more work to be done to complete the
theory and establish local supersymmetry, the further modifications are quite simple. We
prefer to write the full action and transformation rules and then interpret the changes below.

The full action is

S = 1

2κ2

∫
d11x e

[
eaμebν Rμνab(ω)− ψ̄μγ

μνρ Dν

(
1
2 (ω + ω̂)

)
ψρ − 1

24
Fμνρσ Fμνρσ

−
√

2

192
ψ̄ν

(
γ αβγ δνρ + 12γ αβgγ νgδρ

)
ψρ(Fαβγ δ + F̂αβγ δ)

− 2
√

2

(144)2
εα

′β ′γ ′δ′αβγ δμνρFα′β ′γ ′δ′ Fαβγ δ Aμνρ

]
. (10.26)

The ‘hatted’ connection and field strength that appear above are given by

ωμab = ωμab(e)+ Kμab,

ω̂μab = ωμab(e)− 1
4 (ψ̄μγbψa − ψ̄aγμψb + ψ̄bγaψμ),

Kμab = − 1
4 (ψ̄μγbψa − ψ̄aγμψb + ψ̄bγaψμ)+ 1

8 ψ̄νγ
νρ
μabψρ,

F̂μνρσ = 4 ∂[μAνρσ ] + 3
2

√
2 ψ̄[μγνρψσ ]. (10.27)

This action is invariant under the transformation rules

δea
μ =

1

2
ε̄γ aψμ,

δψμ = Dμ(ω̂)ε +
√

2

288

(
γ αβγ δμ − 8γ βγ δδαμ

)
F̂αβγ δε,

δAμνρ = −3
√

2

4
ε̄γ[μνψρ]. (10.28)

The connection ω incorporates the torsion tensor (9.18).
The ‘hatted’ connection and field strength in (10.27) are ‘supercovariant’. In this context

a supercovariant quantity4 is one whose local SUSY transformation does not contain the

4 We discuss covariant quantities further in Sec. 11.2.
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derivative ∂με of the SUSY parameter ε(x). The principle that guides the way in which
these quantities are introduced in the action is that the equations of motion must trans-
form supercovariantly, i.e. without a derivative on the supersymmetry parameter. Like any
symmetry, local supersymmetry transforms the equations of motion of the theory among
themselves. The field equation for the gravitino that results after a long calculation (involv-
ing three-gravitino Fierz relations; see e.g. [61]) is

γ μνρ Dν(ω̂)ψρ −
√

2

288
γ μνρ

(
γ αβγ δν − 8γ βγ δδαν

)
ψρ F̂αβγ δ = 0. (10.29)

10.4 The algebra of D = 11 supergravity

It is again instructive to evaluate the commutator of two supersymmetry transformations.
The result, given by[

δQ(ε1), δQ(ε2)
] = δgct(ξ

μ)+ δL(λ
ab)+ δQ(ε3)+ δA(θμν), (10.30)

is the sum of a general coordinate transformation (gct), plus field dependent local Lorentz,
supersymmetry and 3-form gauge transformations (as given in (10.2)). The parameters of
these transformations are

ξμ = 1

2
ε̄2γ

με1,

λab = −ξμω̂μab + 1

288

√
2ε̄1

(
γ abμνρσ F̂μνρσ + 24γμν F̂abμν

)
ε2,

ε3 = −ξμψμ,

θμν = −ξρ Aρμν + 1

4

√
2ε̄1γμνε2. (10.31)

As was the case in D = 4 supergravity, the algebra is realized on the gravitino only if its
field equations are satisfied. In previous similar cases this could be remedied by adding
auxiliary fields to the theory. Much effort has been devoted to a search for auxiliary fields
for D = 11 supergravity, but no solution has ever been found.

The terms in (10.31) which contain the spinor bilinears ε̄1�
(2)ε2 and ε̄1�

(6)ε2 have spe-
cial significance. (The �(6) and �(5) bilinears are duals in D = 11 dimensions and thus
equivalent.) These terms are non-vanishing in the classical M2- and M5- brane solutions of
the theory. The BPS property (to be discussed in Sec. 22.2) means that the brane solutions

Box 10.2 The D = 11 superalgebra

The commutator of supersymmetries in D = 11 supergravity contains, apart from the covariant general
coordinate transformation, terms with ε̄1�

(2)ε2 and ε̄1�
(6)ε2. These are non-vanishing for BPS solutions

such as M2- and M5-branes.
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preserve a global supersymmetry algebra in which the non-vanishing �(2) and �(5) terms
are central charges.

It should be noted that D = 11 supergravity is a fixed and unalterable classical theory.
For example, there are no ‘matter multiplets’ which might otherwise be added, and the
‘cosmological modification’ of Sec. 9.6 cannot be applied here.



11 General gauge theory

In the previous chapters we studied the construction of the simplest supergravity theories,
namely D = 4 and D = 11, N = 1 supergravity, and we proved invariance under local
supersymmetry. But N = 1 supergravity in four dimensions contains much more. Chiral
multiplets and gauge multiplets of global supersymmetry (see Ch. 6) can be coupled to
supergravity, yielding the rich structure of matter-coupled N = 1 supergravities with many
applications.

To investigate matter-coupled theories, we will use more advanced methods, which will
be developed in the chapters ahead. To prepare for this, we will sharpen our knives in this
chapter and discuss a general formulation of gauge theory of the type needed for supergrav-
ity. This consists largely of the refinement and extension of the notations and concepts used
for symmetries earlier in this book. We will formalize several manipulations and concepts
that we encountered in the previous sections. This will allow us to perform calculations
with covariant derivatives more effectively. However, we will also see how the supergravity
transformation rules postulated in (9.3) and (9.4) are actually determined by the structure
constants of the Poincaré supersymmetry algebra. In Sec. 11.3, we will explain how the
general rules of gauge theory can be applied in gravity theories. We will see that some
formulas must be modified.

11.1 Symmetries

In Sec. 1.2 we defined symmetries as maps of the configuration space such that solutions
of the equations of motion are transformed into new solutions. As we did there, we restrict
the discussion to continuous symmetries that leave the action invariant. We consider only
infinitesimal transformations, and hence are concerned with the Lie algebra rather than the
Lie group. However, we need also extensions of these mathematical concepts, e.g. allow-
ing structure constants to depend on fields and thus becoming rather ‘structure functions’.
We use the same formalism to describe both spacetime and internal symmetries and also
supersymmetries.

212
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11.1.1 Global symmetries

The algebra

An infinitesimal symmetry transformation is determined by a parameter, which we denote
in general by εA, and an operation δ(ε), which depends linearly on the parameter, and
acts on the fields of the dynamical system under study. For global symmetries, often called
rigid symmetries, the parameters do not depend on the spacetime point where the sym-
metry operation is applied. Since the symmetry operation is linear in ε we can write it in
general as

δ(ε) = εATA, (11.1)

in which TA is an operator on the space of fields.1 It describes the symmetry transformation
with the parameter stripped. We call TA the field space generator of the transformation. The
notation of (11.1) and the formalism we develop below apply to all the types of symmetries
encountered in this book. Internal, spacetime, and supersymmetry can be viewed as special
cases. However, to be concrete, we begin by rephrasing the discussion of (linearly realized)
internal symmetry of Sec. 1.2.2 in the present notation (see also Sec. 4.3.1). Then we will
discuss how spacetime and supersymmetries fit the pattern.

Suppose that the matrices (tA)
i

j are the matrix generators of a representation of a Lie
algebra with commutator

[tA, tB] = f AB
C tC , (11.2)

and suppose that the system contains a set of fields φi that transforms in this representation.
Then the transformation rule (1.19) can be expressed as the action of the generator TA as
follows:

TAφ
i = −(tA)

i
jφ

j . (11.3)

The Lie algebra is determined by the commutator of two such transformations, so it
is important to define the product of two symmetry operations carefully. By the product
δ(ε1)δ(ε2)φ

i , we mean that we first make a transformation with parameter ε2 followed by
another with parameter ε1. In the notation of (11.1), the product operation reads

δ(ε1)δ(ε2)φ
i = εA

1 TA

(
εB

2 TBφ
i
)
. (11.4)

As discussed in Sec. 1.2.2, a symmetry transformation acts on the fields, which are the
dynamical variables of the system, and not on the matrices, which are the result of a prior
transformation. Therefore, using (11.3), the explicit form of the product operation becomes

δ(ε1)δ(ε2)φ
i = εA

1 TAε
B
2

[
−(tB)

i
jφ

j
]

= εA
1 ε

B
2 (−tB)

i
j TAφ

j

= εA
1 ε

B
2 (−tB)

i
j (−tA)

j
kφ

k . (11.5)

1 When the theory has a Hamiltonian description and Poisson brackets, TAφ is the operator �Aφ as defined by
Poisson brackets in (1.79).
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It is important to realize that, in the second line, the transformation operator acts on the
field φ j , and not on the ‘numbers’ (tB)

i
j . This is similar to the way in which we calculate

commutators as, for example, in (9.41) where δ1 is similar to the TA here and acts on ψμ

and goes after γ a . The commutator is then

[δ(ε1), δ(ε2)]φ
i = εB

2 ε
A
1 [TA, TB]φi

= εB
2 ε

A
1 ([tB, tA]φ)i = −εB

2 ε
A
1 f AB

C (tCφ)
i

= εB
2 ε

A
1 f AB

C TCφ
i . (11.6)

Therefore the commutator of the generators TA, namely

[TA, TB] = f AB
C TC , (11.7)

conforms to the matrix commutator (11.2). The minus sign in the transformation rule (11.3)
is necessary to obtain the same result in (11.7) as in (11.2), and it is a general feature of
symmetry transformations defined as left multiplication by a matrix.

Although every case of internal symmetry in which the symmetry transformations act
linearly on the fields (linearly realized internal symmetry) can be expressed as matrix
transformations, it is sometimes convenient to use the more general notation with TA. For
example the transformation rules for fields �α in a complex representation of a compact
symmetry group, their conjugates �̄α , and fields φB in the adjoint representation were
defined in (4.84). In each case we obtain the generator TA by stripping the parameter εA

and write

TA�
α = −(tA)

α
β�

β,

TA�̄α = �̄β(tA)
β
α,

TAφ
B = − f AC

BφC . (11.8)

Here the matrix generator tA acts by left multiplication on �α , but by right multipli-
cation on �̄α .2 On adjoint fields we again have left action by the matrix generators
(tA)

B
C = f AC

B .

Exercise 11.1 Show that (11.7) holds for repeated symmetry transformations of �̄α and
φB. Recall that the second transformation always acts only on the fields.

Our conventions are easily extended to include spacetime symmetries. The operators
Mμν for Lorentz transformations and Pμ for translations have been defined in (1.83) and
conform to the Lie algebra (1.57) of the Poincaré group (provided they are calculated with
the convention that the second transformation acts only on the fields resulting from the
first).

Exercise 11.2 Readers should verify this.

Let’s return to the equations (11.5) and (11.6). The order in which the symmetry
parameters are written is irrelevant for internal symmetries since the parameters commute.

2 Because the matrices tA are anti-hermitian for a compact group, this is equivalent to left action by −(tA)
†;

see Sec. 4.3.1.
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However, the order written in (11.6) will also be valid for fermionic symmetries for which
the parameters anti-commute. Indeed we now proceed to formulate global supersymmetry
in the present framework.

Here we need the notation for spinor indices that was explained in Sec. 3.2.2. Remember
that ordinary spinors carry a lower spinor index, while conjugate (barred) spinors, defined
in (3.50), carry an upper spinor index. Gamma-matrix indices are raised and lowered with
the charge conjugation matrix. Symmetries of γ -matrices are determined by (3.63), such
that in four dimensions (γ μ)αβ is symmetric. Flipping indices up–down gives a sign spec-
ified by (3.64). In four dimensions this is a minus sign.

For supersymmetry the generators TA are replaced by the four-component Majorana
spinor Qα and the parameters εA by the anti-commuting conjugate (Majorana) spinor ε̄α .
A supersymmetry transformation is an operation on fields denoted by3

δ(ε) = ε̄αQα. (11.9)

As an explicit example of supersymmetry we rewrite the transformation rule (6.15) of the
scalar field Z(x) of a chiral multiplet:

QαZ = 1√
2
(PLχ)α. (11.10)

In parallel with (11.4), we write the product of two SUSY transformations as

δ(ε1)δ(ε2) = (ε̄1)
αQα(ε̄2)

β Qβ = (ε̄2)
β(ε̄1)

αQαQβ. (11.11)

Note that there is no sign change when (ε̄2)β is moved through the bosonic quantity
(ε̄1)αQα . It is then easy to check that the commutator of two transformations is

[δ(ε1), δ(ε2)] = (ε̄2)
β(ε̄1)

α
(
QαQβ + Qβ Qα

)
. (11.12)

When applied to any field of a supersymmetric theory this result has the same structure as
the first line of (11.6), except that the anti-commutator appears. Of course, this is entirely
expected for the fermionic elements of a superalgebra, whose structure relation reads

{Qα, Qβ} = fαβ
C TC , (11.13)

with structure constants fαβC , which are symmetric in α, β and connect fermionic elements
to a sum of bosonic elements TC .

In Sec. 6.2.2, we computed the commutator of SUSY variations on the fields of a chiral
multiplet and found

[δ(ε1), δ(ε2)] = − 1
2 ε̄1γ

με2 Pμ = 1
2 ε̄2γ

με1 Pμ = − 1
2ε

β

2 (γ
μ)βαε

α
1 Pμ, (11.14)

where Pμ acts on the fields of the chiral multiplet as ∂μ. Thus the structure constants of
supersymmetry are given by

3 We assume here that ε̄Q is real, which is certainly the case for Majorana spinors. In Sec. 20.2.1, we will see
that, for example, for D = 5 we need an extra factor i for reality.
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{Qα, Qβ} = − 1
2 (γ

μ)αβ Pμ ⇒ fαβ
μ = − 1

2 (γ
μ)αβ = fβα

μ. (11.15)

Finally we would like to show that the treatments of supersymmetry and internal sym-
metry can be united in a common notation. Towards this end we insert the definition (11.13)
in (11.12) and obtain

[δ(ε1), δ(ε2)] = (ε̄2)
β(ε̄1)

α fαβ
C TC . (11.16)

This relation has the same structure as the last line of (11.6). Thus the result

[δ(ε1), δ(ε2)] = δ(εC
3 = εB

2 ε
A
1 f AB

C ) (11.17)

holds for both bosonic and fermionic symmetries. The presence of a fermionic symmetry
is signaled only by the fact that its parameter (called ε̄α for supersymmetry) is anti-
commuting. The left-hand side of (11.17) then contains the necessary anti-commutator
of the generators as in (11.12).

A superalgebra also contains structure relations of bosonic and fermionic elements, and
they are realized by commutators of the generators. In supersymmetry the commutator of
a Lorentz generator and a supercharge component was defined in (6.1). Here is a relevant
exercise for the reader.

Exercise 11.3 Use (11.10) and (1.83) to show that the commutator of the field space
generators M[μν] and Qα conforms to (6.1) when acting on Z(x), specifically[

M[μν], Qα

]
Z = − 1

2 (γμν)α
β Qβ Z . (11.18)

The nonlinearσ -model and Killing symmetries

Internal symmetries do not always act linearly. We now consider symmetries in the non-
linear σ -model, which was discussed in Sec. 7.11. It contains scalar fields that transform
as in (7.142), where the Killing vectors ki

A(φ) should satisfy (7.141). Hence, in this case
the symmetry generator is4

TAφ
i = ki

A(φ). (11.19)

The Lie brackets (7.9) of the set of Killing vector fields determine the Lie algebra of
the isometry group of Mn . The Lie bracket, which is the commutator of the differential
operators kA, reads as in (7.146)

[kA, kB] = f AB
C kC , (11.20)

or, in components,

k j
A∂ j k

i
B − k j

B∂ j k
i
A = f AB

C ki
C . (11.21)

It is then clear that the commutator of the field space generators TA conforms to (11.7).
The following exercise confirms this.

4 For a linear Killing symmetry, ki
A(φ) = −(tA)

i
jφ

j .
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Exercise 11.4 Use (11.19) to obtain

δ(ε1)δ(ε2)φ
i = δ(ε1)ε

A
2 ki

A = εA
2 ε

B
1 k j

B∂ j k
i
A. (11.22)

Use (11.21) to show that, for any smooth scalar function f (φi ) on Mn,

[TA, TB] f (φi ) = f AB
C TC f (φi ). (11.23)

11.1.2 Local symmetries and gauge fields

We now consider gauge symmetries and use the notation of the previous section in which
symmetries are indexed by A, B,C, . . .. For each symmetry there is a field space generator
TA, but the parameters εA(x) are arbitrary functions on spacetime. To realize local symme-
try in Lagrangian field theory, one needs a gauge field, which we will generically denote
by B A

μ (x), for every gauged symmetry. The gauge fields transform as

δ(ε)Bμ
A ≡ ∂με

A + εC Bμ
B fBC

A. (11.24)

It is easy to check that these transformations satisfy the algebra (11.17). This definition is
modeled on the transformation of Yang–Mills fields in (4.88), but the definition is valid for
internal and spacetime symmetries and for supersymmetry. The gauge fields for each case
transform in the same way, although each case has its own specific notation in which the
generic index A is appropriately changed.

Exercise 11.5 Show that the commutator of two gauge transformations (11.24) con-
forms to the structure of (11.17). Specifically, assume that the generators TA form a bosonic
Lie algebra and show that

[δ(ε1), δ(ε2)] B A
μ = ∂με

A
3 + εC

3 Bμ
B fBC

A, (11.25)

where εC
3 = εB

2 ε
A
1 f AB

C . The proof requires the Jacobi identity (4.81) for Lie algebras. The
result (11.25) is also valid for the more general situation of a superalgebra. Here you must
take the anti-commutativity of parameters into account and use the graded Jacobi identity

εB
2 ε

A
1 ε

C
3 f AB

D fC D
E + (cyclic 1 → 2 → 3) = 0, assuming constant f AB

C .

(11.26)

We will be applying (11.24) in theories of gravity. Therefore, we distinguish between
coordinate indices μ, ν, ρ, . . . and local frame indices a, b, c, . . ., and we now use M[ab]
and Pa to denote the generators of local Lorentz transformations and translations. There
are some subtleties for local translations, which are actually general coordinate transforma-
tions, which we will discuss in Sec. 11.3, but the other major ingredients of our treatment
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Table 11.1 Gauge transformations, parameters and gauge fields.

generic gauge symmetry parameter gauge field
TA εA B A

μ

local translations Pa ξa ea
μ

Lorentz transformations M[ab] λab ωμ
ab

supersymmetry Qα ε̄α ψ̄α
μ

internal symmetry TA θ A AA
μ

Table 11.2 Useful commutators, structure constants and third parameter in the
commutation relation (11.17).

(anti-)commutators structure constants third parameter[
M[ab], M[cd]

] = 4η[a[c M[d]b]] f[ab][cd][e f ] = 8η[c[bδ[ea]δ
f ]

d] λab
3 = −2λ1

[a
cλ2

b]c[
Pa, M[bc]

] = 2ηa[b Pc] fa,[bc]d = 2ηa[bδd
c] ξa

3 = −λab
2 ξ1b + λab

1 ξ2b[
Pa, Pb

] = 0

{Qα, Qβ } = − 1
2 (γ

a)αβ Pa fαβ
a = − 1

2 (γ
a)αβ ξa

3 = 1
2 ε̄2γ

aε1[
M[ab], Q

] =− 1
2γab Q f[ab],αβ =− 1

2 (γab)α
β ε3 = 1

4λ
ab
1 γabε2 − 1

4λ
ab
2 γabε1

[Pa, Q] = 0

of gauge symmetries are developed in this section. Table 11.1 indicates both the generic
notation and the particular cases we are concerned with.5

The structure constants fBC
A are the important data in the formula (11.24), and we

extract them from the symmetry algebras in each specific case.
Table 11.2 gives examples for the most common (anti-)commutators (remember that

the calculation takes into account factors of 2 in summations over pairs of antisymmetric
indices as in Ex. 1.4).

Exercise 11.6 The spin connection field ωμ
ab transforms under Lorentz transforma-

tions6as

δωμ
ab = ∂μλ

ab + 2ωμc
[aλb]c. (11.27)

5 The same index A is used both for the general case and for internal symmetry, but the distinction will be clear
from the context of each application. For the other symmetries, the index A is replaced by either an index a,
or an antisymmetric pair [ab] or a spinor index. For example, ξa = ea

μξ
μ is the parameter of translations. Our

convention for spinors is that barred spinors carry an upper index. Thus we have written barred spinors in the
table. But we consider only Majorana spinors in supersymmetry, so they are linearly related to ε or ψμ.

6 The orbital part of Lorentz transformations is not included here. Why this can be omitted will be explained in
Sec. 11.3.1.
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Check that this equation corresponds to (11.24). The gauge field B A
μ is then replaced by

ωμ
ab. You must replace each of the indices A, B,C by antisymmetric pairs [ab], etc., and

insert factors 1
2 as in Ex. 1.4.

When we started with N = 1 supergravity, we simply assumed the transformations of
the frame field and the gravitino given in (9.3) and (9.4). However, now we can consider
this again in the context of the gauged super-Poincaré algebra, and it turns out that this
ansatz is actually determined by (11.24) as the following exercise shows.

Exercise 11.7 Use (11.24) to calculate the supersymmetry transform of the vierbein
ea
μ, using information from Table 11.2. Since the exercise asks only for the supersymmetry

transformation, the index on the parameter can be restricted to a spinor index α. On the
other hand, the A index is a for translations. Therefore, the first term of (11.24) does not
contribute. From the second term you should obtain (9.3). Consider now in the same way
the transformation of the gravitino and re-obtain (9.4).

Although the results of this exercise are encouraging, there are also some puzzling
features. As Ex. 11.5 shows, the transformations (11.24) do automatically satisfy the
commutator algebra. But for spacetime symmetries, these commutator transformations
are not always the ones that we expect. For example, the supersymmetry commutator
[δQ(ε1), δQ(ε2)] vanishes on the gravitino. This result is correct since Table 11.2 and
(11.24) tell us that δPψμα = 0, but it disagrees with the results for the local supersym-
metry algebra found in Sec. 9.5. Similarly δQωμ

ab = 0. This is consistent because the
spin connection is an independent field here, but the result differs from Ch. 9 in which the
spin connection is related to frame field and gravitino. Therefore we will need to mod-
ify the present setup before we can apply it to construct gravitational theories. The new
ingredients will be discussed in Sec. 11.3.

First we will discuss some other issues which will concern us in applications to gravity
and supergravity. They are situations in which the commutator of symmetry transforma-
tions contains the terms corresponding to the conventional structure constants f AB

C of the
algebra plus other terms. Algebras modified in this way frequently occur in supersymmetry
and supergravity.

11.1.3 Modified symmetry algebras

An important aspect of supergravity is the fact that the symmetry structure is not that of a
Lie algebra in the mathematical sense. Rather it has a modified symmetry structure, which
we want to highlight in this section.

Soft algebras

In supersymmetry we often encounter a generalization of standard Lie algebras, which we
call ‘soft algebras’. This means that the usual structure constants f AB

C can depend on
fields and are thus called ‘structure functions’. We already encountered this phenomenon
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when we studied the commutator of SUSY transformations in supersymmetric gauge
theories. Consider the result (6.51), which we can write as[

δQ(ε1), δQ(ε2)
] = δP(ξ)− δgauge(θ

A = AA
μξ

μ), ξμ = 1
2 ε̄2γ

με1. (11.28)

The first term is a translation, which acts as ξμ∂μ on the fields. The second term was
called a field dependent gauge transformation in Ch. 6. However, we now interpret it as
a modification of the SUSY algebra in which the commutator of supercharges contains a
gauge transformation giving the new ‘structure function’

fαβ
A = 1

2 AA
μ(γ

μ)αβ, (11.29)

which depends on the gauge field Aμ.
It is not hard to find the reason for the modified algebra in (11.28). The SUSY trans-

formation rules (6.62) and (6.49) of the chiral and gauge multiplets are covariant under
non-abelian gauge transformations, so their commutator is also covariant. However, the
action of δP on any component field is not covariant. Instead its gauge transform contains
the derivative of the gauge parameter θ A(x). The second term in (11.28) restores gauge
covariance.

The extension to soft algebras does not affect most of the formulas we have developed
for gauge symmetries. Jacobi identities are modified due to the variation of the structure
functions, but we will not need this explicitly. For the interested reader we point out that
this type of generalized gauge theory is quite naturally described in the framework of the
Batalin–Vilkovisky or field–antifield formalism; see [62, 63, 64].

When one has a solution of the field equations of the full theory, one may plug in the
values of the fields into this soft algebra. Then the structure constants of a conventional
algebra appear, and these encode the remaining symmetries for that particular solution.
The soft algebra thus allows for classical solutions with various supersymmetry algebras
such as the anti-de Sitter algebra or algebras with central charges.

Zilch symmetries

A zilch symmetry is one whose transformation rules vanish on solutions of the equations
of motion. The corresponding Noether current then vanishes. Any action with at least two
fields has zilch symmetries. Indeed consider an action S(φ) containing fields φi . Consider
the transformation

δφi = εhi j δS

δφ j
(11.30)

for any antisymmetric matrix hi j = −h ji . One finds that

δS = δS

δφi
εhi j δS

δφ j
= 0. (11.31)

We assumed bosonic fields here, but the idea extends to fermions if we change the symme-
try properties of h. This is in fact the way that we encountered such a zilch symmetry in
(6.40). In that case the hi j is represented by vμ(γμ)

αβ , which is symmetric in the indices
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α, β that refer to the spinor fields. The transformation (6.40) is a zilch symmetry since it
vanishes if the field χ satisfies the equation of motion.

The existence of zilch symmetries implies that symmetries are not uniquely defined. One
can add to any symmetry transformation TAφ

i a zilch symmetry hi j
A δS/δφ j , and it is still

a symmetry. We view this as a change of basis in the algebra of symmetries.

Open algebras

As we saw already in Ch. 6, zilch symmetries sometimes occur in the commutators of
conventional symmetries such as SUSY. We found this in the algebra of supersymmetry
transformations of a chiral multiplet after elimination of the auxiliary field; see Ex. 6.11
and the following discussion.

From first principles (see footnote 6 in Sec. 6.2.2) it follows that the commutator of
two symmetries of the action is also a symmetry. The result of the commutator can
thus be expanded in the set of all symmetries, as indicated in (11.17). However, this
expansion may also include the zilch symmetries. As such it makes sense to write the
algebra

[δ(ε1), δ(ε2)]φ
i = minimal SUSY algebra+ ηi j (ε1, ε2)

δS

δφ j
. (11.32)

Thus, in a general gauge theory, a commutator of symmetries of the form (11.17) will only
be valid after equations of motion are used. In this case the algebra of field transformations
is said to be closed only ‘on-shell’. If one has a basis such that (11.17) is valid without
use of the equations of motion, then the commutator closes for any configuration of fields,
whether the equations of motion are satisfied or not. In this case we say that the algebra
is closed ‘off-shell’. One also uses the terminology closed supersymmetry algebra when
the algebra holds without zilch symmetries. When zilch symmetries enter the algebra, it
is called an open supersymmetry algebra. But remember that in this case the algebra does
close when the field equations are satisfied or when the (infinite set of) zilch symmetries
are included.

11.2 Covariant quantities

We now want to consider field theories in which the Lagrangian contains both gauge fields
B A
μ and other fields φi , sometimes called ‘matter fields’, whose transformation rules

δ(ε)φi (x) = εA(TAφ
i )(x) (11.33)

do not involve derivatives of the gauge parameters. Readers are already familiar with the
important case of gauged non-abelian internal symmetry discussed in Sec. 4.3.2. In that
section we saw how to define and use covariant derivatives and field strengths, which also
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Box 11.1 Definition of a covariant quantity

A covariant quantity is a local function that transforms under all local symmetries with no derivatives of a
transformation parameter.

transform without derivatives of the εA, and which are the building blocks of the physical
gauge theories. The Yang–Mills action (4.96) is directly constructed from such covariant
building blocks.

In this section we want to define such quantities within the more general framework
considered in this chapter. We begin with the definition in Box 11.1. Our considerations
apply in a straightforward way to gauged internal symmetry, Lorentz transformations and
SUSY, but local translations require special care and are mainly discussed in Sec. 11.3.

11.2.1 Covariant derivatives

One very important covariant quantity is the covariant derivative of a field φi (whether
elementary or composite) whose gauge transformation rule is of the form in (11.33). The
ordinary derivative ∂μφi is certainly not a covariant quantity since

δ(ε)∂μφ
i = εA∂μ(TAφ

i )+ (∂με
A)TAφ

i . (11.34)

The second term spoils covariance but we can correct for this by adding a term involving
the gauge fields and defining

Dμφ
i ≡ (∂μ − δ(Bμ)

)
φi

=
(
∂μ − B A

μ TA

)
φi . (11.35)

The notation δ(Bμ) means that the covariant derivative is constructed by the specific
prescription to subtract the gauge transform of the field with the gauge field itself as the
symmetry parameter. As is clear from the second line of (11.35) there is a sum over all
gauge transformations of the theory. As an example of this construction we rewrite the
spinor covariant derivative of (4.89) and transformation rule in the present notation7 as

δ(θ)� = −θ AtA�, Dμ� =
(
∂μ + AA

μ tA

)
�. (11.36)

It is easy to check using (11.24) that the gauge transformation of the covariant derivative
does not contain derivatives of the gauge parameters. Hence, the covariant derivative is a
covariant quantity. We now prove the stronger result that gauge transformations commute
with covariant differentiation on fields φ for which the algebra is closed.8 Thus we can

7 The gauge coupling of Ch. 4 is now set to g = 1.
8 Remember that this is not a trivial statement; see the remarks above on open algebras. Thus, for example, in

the chiral multiplet without auxiliary fields, (6.40) implies that the statements below do apply on Z , but not
for χ .
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Transformation of covariant derivatives Box 11.2

Gauge transformations and covariant derivatives commute on fields on which the algebra is off-shell closed.

apply (11.17). We first write an auxiliary relation, which is (11.17) applied to φ as in
(11.33), with ε1 replaced by Bμ and ε2 by ε:

εAδ(Bμ)(TAφ)− B A
μ δ(ε)(TAφ) = εB B A

μ f AB
C (TCφ). (11.37)

Here, we use that the algebra is satisfied without adding equations of motion. We then
write, using (11.24) in the second line and (11.37) in the third,

δ(ε)Dμφ = ∂μ

(
εA(TAφ)

)
− B A

μ δ(ε)(TAφ)−
(
δ(ε)B A

μ

)
(TAφ)

= εA∂μ(TAφ)− B A
μ δ(ε)(TAφ)− εC B B

μ fBC
A(TAφ)

= εA [∂μ(TAφ)− δ(Bμ)(TAφ)
] = εADμ(TAφ). (11.38)

Therefore, we obtain the result stated in Box 11.2. In summary, we repeat the definition of
the covariant derivative in slightly more general form.

The covariant derivative of any covariant quantity is given by the operator

Dμ = ∂μ − δ(Bμ) (11.39)

acting on that quantity. The instruction δ(Bμ) means compute all gauge transformations of the quan-
tity, with the potential B A

μ as the gauge parameter.

Exercise 11.8 Symmetries of the nonlinear σ -model are generated by Killing vectors
ki

A(φ), which in general determine a Lie algebra as defined in (11.20). The elementary
fields φ j are local coordinates of the target space. Suppose that the symmetry is gauged.
Show that the covariant derivative Dμφ

i = ∂μφ
i − AA

μki
A transforms as

δDμφ
i = θ ADμki

A = θ A
(
∂ j k

i
A

)
Dμφ

j . (11.40)

11.2.2 Curvatures

We can use the covariant derivative to define the next important set of quantities in any
gauge theory of an algebra. For each generator of the algebra the curvature Rμν

A is a
second rank antisymmetric tensor which is also a covariant quantity. In Yang–Mills theory
the curvature was called a field strength and was defined in (4.91) and (4.92) as a commu-
tator of covariant derivatives acting on a covariant field.
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We now proceed in the same way in this more general framework. Using (11.38) and
(11.37) (with now ε replaced by Bν), we obtain

[Dμ,Dν] = −δ(Rμν),

Rμν
A = 2∂[μBν]A + Bν

C Bμ
B fBC

A. (11.41)

Here again δ(Rμν) means that one takes a sum over all gauge symmetries and replaces the
parameters εA with Rμν

A.
Curvatures are covariant quantities, which transform as

δ(ε)Rμν
A = εC Rμν

B fBC
A. (11.42)

They satisfy Bianchi identities, which are, using the definition (11.39),

D[μRνρ]A = 0. (11.43)

The curvatures and Bianchi identities discussed in Sec. 7.10 are a special case of (11.41)
in which the Lie algebra is the algebra of the Lorentz group so(D − 1, 1). Here is a small
exercise to verify this.

Exercise 11.9 Obtain the curvature tensor (7.115) for Lorentz symmetry using the
approach of this chapter. Use the definition (11.41) and the structure constants in
Table 11.2.

We mentioned earlier that gauged local translations, generated by Pa , are more subtle
and require special treatment. The following exercise will illustrate this.

Exercise 11.10 Translations occur on the right-hand side of the commutators [Mab, Pc]
and {Qα, Qβ}; see Table 11.2. Use this information to show that the curvature for the
translation generator Pa is

Rμν(Pa) = 2∂[μeν]a + 2ω[μabeν]b − 1
2 ψ̄μγ

aψν. (11.44)

The last term is the torsion tensor of N = 1, D = 4 (see (9.18)) which, by (7.106), is the
antisymmetric part of the connection. Hence, the equation (11.44) is just the antisymmetric
part of (7.101) in [μν], which is equivalent to the first Cartan structure equation (7.81).
Therefore, the curvature for spacetime translations vanishes:

Rμν(Pa) = 0. (11.45)

The last exercise indicates already that something is special when local translations are
included. In the next section we will discuss the special features of such theories.
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11.3 Gauged spacetime translations

The main issue that we have to address here is the reconciliation of the concept of gauge
theories developed earlier in this chapter with general coordinate transformations, which
we studied in Ch. 7. For this we will have to redefine the spacetime transformations and
covariant derivatives and curvatures. This is more difficult than the previous part of this
chapter, which will require special attention from the reader. The concepts developed in
this section are, however, necessary to understand later the manipulations of covariant
derivatives in supergravity theories with matter couplings.

11.3.1 Gauge transformations for the Poincaré group

The Lie algebra of the Poincaré group includes both translations Pa and Lorentz transfor-
mations M[ab]. In theories of gravity both symmetries are gauged by parameters ξa(x) and
λab(x), which are arbitrary functions on the spacetime manifold.

Special issues arise for local translations. The first issue is quite simple. Under global
transformations of the Poincaré group, it was shown in Ch. 1 that a scalar field in
Minkowski spacetime transforms as

δ(a, λ)φ(x) =
[
aμ∂μ − 1

2λ
μνL [μν]

]
φ(x) = [aμ + λμνxν

]
∂μφ(x). (11.46)

In curved spacetime we replace aμ → ξμ(x), which is an arbitrary spacetime dependent
function. The effect of the second term, which is sometimes called the ‘orbital part’ of a
Lorentz transformation, can be included in ξμ(x). In this way we perform a change of basis
in the set of gauge transformations. Originally the independent ones were parametrized by
aμ(x) and λab(x). From now on we use ξμ(x) = aμ(x)+ λμν(x)xν and λab(x) as a basis
of independent transformations. Thus (11.46) is replaced by

δgct(ξ)φ(x) = ξμ(x)∂μφ(x) (11.47)

in curved spacetime.
This defines the local translations, and we have seen that they have absorbed the ‘orbital

part’ of Lorentz transformations. The ‘spin part’ of Lorentz transformations is implemented
as local Lorentz transformations in curved spacetime. The rule for these is simple to state
and is implicit in the discussion of Ch. 7; see Box 11.3.

Local Poincaré transformations Box 11.3

Local translations are replaced by general coordinate transformations.
Local Lorentz transformations: Only fields carrying local frame indices transform under local Lorentz transfor-
mations. The transformation rule involves the appropriate matrix generator.
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Let us make this explicit for various fields. For scalars, rather than the global transfor-
mations in (11.46), we thus write the local Poincaré transformation

δ(ξ, λ)φ(x) = ξμ(x)∂μφ(x) ; (11.48)

the local Lorentz transformation has no effect on a scalar field.
For spinors, the global Poincaré transformations have been defined as

δ(a, λ)�(x) = [aμ + λμνxν
]
∂μ�(x)− 1

4λ
abγab�(x). (11.49)

The local Poincaré transformations are then written as

δ(ξ, λ)�(x) = ξμ(x)∂μ�(x)− 1
4λ

ab(x)γab�(x). (11.50)

According to the rules of Sec. 1.2.3, the Poincaré transformations for vectors are

δ(a, λ)Vμ =
[
aν + λνρxρ

]
∂νVμ − λμ

νVν . (11.51)

Since Vμ has no local Lorentz indices, the complete transformation is given by a general
coordinate transformation implemented by the Lie derivative, as explained in (7.10),
namely

δ(ξ, λ)Vμ(x) = LξVμ = ξν(x)∂νVμ(x)+ Vν(x)∂μξ
ν(x). (11.52)

Thus there are no separate Lorentz transformations for Vμ. The global Lorentz transforma-
tions reappear in the global limit using the identification ξμ = aμ + λμνxν .

For a vector field we have a choice of using either the coordinate basis or local frame.
The components are related by Vμ = ea

μVa . Frame vectors transform as

δ(ξ, λ)V a(x) = ξμ(x)∂μV a(x)− λa
b(x)V

b(x),

δ(ξ, λ)Va(x) = ξμ(x)∂μVa(x)+ Vb(x)λ
b

a(x). (11.53)

Fields referred to local frames effectively transform as scalars under diffeomorphisms.
Note that (11.52) and (11.53) are compatible if the transformation rule of the frame field is

δea
μ = ξν∂νea

μ + ea
ν ∂μξ

ν − λabeμb. (11.54)

We have combined Lorentz and coordinate transformations, and we have simply applied
the previously stated rules to a field with both coordinate and frame indices. To complete
the list of transformation rules we include the rule for the transformation of the spin con-
nection ωab

μ , namely

δωμ
ab = ξν∂νωμ

ab + ων
ab∂μξ

ν + ∂μλ
ab − λa

cωμ
cb + ωμ

acλc
b. (11.55)

In order to apply Table 11.1, we also introduce the frame vector parameter ξa(x) related
to ξμ by ξa = ξμea

μ. Then (11.47) can be rewritten as

δgctφ(x) = ξa(x)eμa (x)∂μφ(x) = ξa(x)∂aφ(x), (11.56)
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with ∂aφ ≡ eμa ∂μφ. Thus the main results of this section are to establish ξa and λab

as the ‘basis’ for gauge parameters of the Poincaré group and to define the associated
transformation rules of the fields we will encounter.

11.3.2 Covariant derivatives and general coordinate
transformations

In this section, we first show why the definitions of covariant derivatives made in Sec. 11.2
need to be modified when applied to an algebra with spacetime symmetries. Then we
will improve the definitions. Though this makes the formalism more involved, a good and
clear definition of covariant derivatives is needed for supergravity. When one calculates
transformations of covariant quantities, the improved formalism avoids (with the help of
lemmas to be introduced in Sec. 11.3.3) needless heavy calculations of terms that later
cancel. We will use these lemmas later in the book, especially in Chs. 15, 16, 17 and 20.
Indeed, in Ch. 15 we will show how general relativity is derived using these concepts.

It is easy to see that the definition (11.39) needs to be changed when the gauge group
includes local translations. Otherwise we would write the covariant derivative of a scalar
field (with no internal symmetry present) as

Dμφ = ∂μφ − ea
μ(x)∂aφ(x) = 0. (11.57)

So the previous definition is rather useless. It is not hard to repair the definition by removing
general coordinate transformations from the sum over gauge transformations. Thus, from
now on, we define the covariant derivative of any covariant field φ as

Dμφ ≡ ∂μφ − Bμ
ATAφ, (11.58)

with general coordinate transformations omitted in the sum over the gauge group indices
A. The same restriction applies to the gauge transformation δ(ε)φ of (11.1). We discuss
below how this changes the rules established in Sec. 11.2. We use the term ‘standard gauge
transformations’ to refer to the set of gauge transformations that remain in (11.58). These
include local Lorentz, local supersymmetry, and local internal symmetry transformations.
However, in later chapters we will include conformal and superconformal transformations.
In any case we now use the general notation Bμ

A for all such standard gauge fields.
A second peculiar feature of translations was encountered in Ex. 11.10. Namely the

curvature component for local translations in gravity or supergravity vanishes; see (11.44).
From now on we will always impose (11.45) as a constraint, which determines the connec-
tion in the presence of torsion due to the gravitino field.9 It was shown in Ex. 7.26 how to
solve this constraint, which we found there as the first Cartan structure equation, to express
the spin connection in terms of the frame field and the torsion tensor. Thus the spin con-
nection becomes a ‘composite gauge field’ in the formalism we are now developing. Other
examples of composite gauge fields will appear in Ch. 15 in the gauging of the conformal
group and in Ch. 16 when we gauge the superconformal group. In both cases they will be
determined by curvature constraints.

9 For application to ordinary gravity, we just set ψμ = 0.
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Box 11.4 Covariant general coordinate transformations and standard gauge transformations

Always use covariant general coordinate transformations. All other transformations are ‘standard gauge trans-
formations’ and the sum over the gauge group indices A for covariant derivatives and curvatures should be
restricted to these.

We now make a further change in the basis of gauge transformations. Namely we replace
general coordinate transformations by covariant general coordinate transformations (cgct).
To motivate this we consider a set of scalar fields φi transforming under an internal sym-
metry as δ(θ)φi (x) = −θ A(x)tA

i
jφ

j . Using the previous definition their transformation
under a coordinate transformation would be

δ(ξ)φi = ξμ∂μφ
i . (11.59)

This is correct, but it has the undesirable property that it does not transform covariantly
under internal symmetry. We fix this by adding a field dependent gauge transformation and
thus define

δcgct(ξ)φ
i ≡ ξμ∂μφ

i + (ξμAμ
A) tA

i
jφ

j . (11.60)

A good indication that this is a quite natural modification already came in Ex. 6.15,
where readers showed that such field dependent gauge transformations occur in the com-
mutator of global SUSY transformations in a SUSY gauge theory. This led to the concept
of soft algebras in (11.28). It also appeared in Sec. 9.5 when we first discussed the algebra
of local supersymmetry.

We thus conclude that, for any field that transforms under one or more of the stan-
dard gauge transformations, we define its covariant general coordinate transformation
[35, 65] by

δcgct(ξ) = δgct(ξ)− δ(ξμBμ). (11.61)

For every standard gauge transformation this contains a term in which the parameter of the
transformation is replaced by the scalar product of ξμ with the standard gauge field Bμ

A.

We now discuss the form of the covariant general coordinate transformations on the
several types of fields that we use.

Coordinate scalars. Note that the two terms in the example (11.60) can be grouped into
the standard covariant derivative, so we can write

δcgct(ξ)φ = ξμDμφ = ξaDaφ. (11.62)

We thus find that cgct transform the scalars to

Daφ = ea
μDμφ, Dμφ = ∂μφ − B A

μ (TAφ). (11.63)
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The same situation occurs for the spinor fields of N = 1 multiplets, which are also
general coordinate scalars when they are coupled to supergravity. Consider the fermion χ

of a chiral multiplet and the gaugino λ of an abelian gauge multiplet. For them the gauge
covariant translation and subsequent covariant derivative require a field dependent SUSY
transformation and thus involve their SUSY partners Z , F , Aμ(x) and D, as well as the
gravitino ψμ:

δcgct(ξ)PLχ = ξμPL(∂μχ + 1

4
ωμ

abγabχ − 1√
2
γ νDν Zψμ − Fψμ)

= ξμPLDμχ,

δcgct(ξ)λ = ξμ
(
∂μλ+ 1

4ωμ
abγabλ+ 1

4γ
ρσ Fρσψμ − 1

2 iγ∗D
)
= ξμDμλ.

(11.64)

Gauge fields. We now compute the cgct for the gauge field Bμ
A of a standard gauge

transformation. For simplicity we assume that the structure constant fa B
A = 0, where

A is the particular symmetry index of interest, the index a indicates local translations, and
B is general. This assumption is satisfied in the N = 1 SUSY algebra,10 as shown in
Table 11.2. The cgct of B A

μ is as the sum of a Lie derivative plus field dependent standard
gauge transformation:

δcgct(ξ)B
A
μ = ξν∂ν B A

μ + B A
ν ∂μξ

ν − ∂μ

(
ξν B A

ν

)
− ξν BC

ν Bμ
B fBC

A = ξν Rνμ
A. (11.65)

Thus the cgct of a gauge field involves its curvature. An example already appeared in the
commutator of global SUSY transformations on the Yang–Mills potential in (6.51).

The frame field. The frame field ea
μ is the gauge field of local translations. Its standard

gauge transformations are defined in (11.24), where the index A still included all the gauge
transformations. When we split these into a (with gauge parameter ξa) and A for the stan-
dard gauge transformations, the transformations of the frame field thus read (assuming
fab

c = 0, since translations do not commute to translations)

δeμ
a = ∂μξ

a + ξ c Bμ
B fBc

a

+ εC
(

Bμ
B fBC

a + eμ
b fbC

a
)
. (11.66)

The computation of the cgct is a formalization of the computation that we did in Sec. 9.5,
and leads to a simple result:

δcgct(ξ)e
a
μ = ξν∂νea

μ + ea
ν ∂μξ

ν − ξν BC
ν

(
Bμ

B fBC
a + eμ

b fbC
a
)

= ∂μξ
a + ξν

(
2∂[νea

μ] − BC
ν Bμ

B fBC
a − BC

ν eb
μ fbC

a − ec
ν B B

μ fBc
a
)

+ ξ c B B
μ fBc

a

= ∂μξ
a + ξ c Bμ

B fBc
a − ξν Rμν

a . (11.67)

10 In some situations that occur later in this book, this simplification is not generally valid. In Sec. 11.3.3 we will
learn how to treat these cases.
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As discussed above, the last term vanishes as a constraint on the spin connection. The result
is that the cgct of the frame field is given by the first two terms, which agree with the first
line of (11.66). This confirms the identification of the cgct as the appropriate modification
of local translations. For the super-Poincaré algebra, the only gauge field that contributes
in the first line of (11.66) is the Lorentz connection ωμab, so that the covariant gct of the
frame field becomes the local Lorentz covariant derivative δeμa = ∂μξ

a+ωμ
a

bξ
b. For the

superconformal algebra there is another contribution also.

11.3.3 Covariant derivatives and curvatures in a gravity theory

In this section we will find the modifications needed in the treatment of covariant deriva-
tives and curvatures in Sec. 11.2. We maintain the same definition of a covariant quantity
used on p. 222. In particular, since the general coordinate transformation of a covariant
quantity should not involve a derivative of the parameter ξμ, a covariant quantity must be a
world scalar. Hence, the covariant derivative that we will use is Daφ as defined in (11.63),
rather than Dμφ.

The modifications made for covariant derivatives have their counterpart for curvatures.
First of all we have to distinguish again translations from standard gauge transformations.
Hence, we define now curvatures

rμν
A = 2∂[μBν]A + Bν

C Bμ
B fBC

A, (11.68)

where the sums over B and C involve only standard gauge transformations.
But there is more. There are important cases in supergravity in which (11.24) (with

indices restricted to standard gauge transformations) is not the complete transformation
law. Indeed, the transformation (11.24) involves only gauge fields, and multiplets are often
composed of gauge fields together with non-gauge fields. Therefore, often (11.24) has to
be completed with additional terms. To allow for this, we write the more general form

δ(ε)B A
μ = ∂με

A + εC Bμ
B fBC

A + εBMμB
A. (11.69)

One case is where gauge transformations do not satisfy fa B
A = 0, and the latter term

thus contains terms of the form εBea
μ fa B

A. Such structure constants do not appear in the
algebra that we considered up to here, but will appear later in the book (for conformal
algebras). Another example is the Yang–Mills gauge field AA

μ , whose transformation law
under supersymmetry in (6.49) is not related to its gauge properties. This is due to the
presence of the non-gauge field λA in the gauge multiplet. In this case the modified gauge
transformation law reads

δAA
μ = ∂μθ

A + θC Aμ
B fBC

A − 1
2 ε̄γμλ

A. (11.70)

In this case the new term involves only the local SUSY parameter ε̄α . Formally, we thus
have for the latter case (with spinor index α referring to supersymmetry)

Mμα
A = − 1

2

(
γμλ

A
)
α
. (11.71)
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Principles of transformations of covariant quantities Box 11.5

1. The covariant derivativeDa of a covariant quantity is a covariant quantity, and so is the curvature R̂ab .
2. The gauge transformation of a covariant quantity does not involve a derivative of a parameter.
3. If the algebra closes on the fields, then the transformation of a covariant quantity is a covariant quantity,

i.e. gauge fields only appear included either in covariant derivatives or in curvatures.

In practical calculations it turns out that the MμB
A are the important terms, while the

other parts of the transformations (11.69) automatically appear in the formalism of covari-
ant derivatives.

If gauge fields transform with extra terms as in (11.69), one has to ‘covariantize’ also
for these in the curvatures. Hence the modified curvature is

R̂ A
μν = rμν

A − 2B[μBMν]B A. (11.72)

These already appear in (11.65). In case the gauge fields transform as in (11.69), we have

δcgct(ξ)B
A
μ = ξν R̂νμ

A. (11.73)

Finally, as argued above for the covariant derivative, the covariant curvature should carry
Lorentz indices rather than world indices in order to be a world scalar. Thus

R̂ab
A = ea

μeb
ν R̂μν

A. (11.74)

11.3.4 Calculating transformations of covariant quantities

Covariant quantities are the building blocks of general supergravity theories and the
construction of these theories frequently requires the gauge transform of one or more
covariant quantities. An ab initio computation in every case involves very tedious details.
Fortunately, there is a common structure in such calculations, and the purpose of this sec-
tion is to exploit it to obtain useful shortcuts which will be applied many times in the next
few chapters.

The common structure and the shortcuts derived from it require the application of
the principles written in Box 11.5.11 We postpone the proof of these statements to
Appendix 11A. Instead we illustrate how they are applied here. The importance of these
facts is that they tell us in advance that explicit gauge fields only occur inside covariant
derivatives and curvatures. This simplifies our (lives and our) calculations.

11 The second one is not a derived result; rather, it is the definition of a covariant quantity, but we include it here
to have all the important facts together for further reference.
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Consider first a set of scalar fields φi in the setting of a gravity theory with a gauged
internal symmetry group. The scalars transform under gauge transformations as

δφi = θ ATAφ
i = −θ A(tA)

i
jφ

j . (11.75)

Their covariant derivatives are given in (11.63) with B A
μ = AA

μ , the usual Yang–Mills
gauge fields. We want to calculate the standard transformation of the covariant derivative
Daφ. In this example the standard transformations include only local Lorentz and internal
symmetry. Distributing the transformations on the various fields gives

δDaφ =
(
δea

μ
)Dμφ + ea

μ∂μδφ − ea
μ(δAA

μ)(TAφ)− ea
μAA

μδ(TAφ). (11.76)

In the first term we need the local Lorentz part of (11.54), which we can also find using the
commutator [P, M] from Table 11.2:

δeμ
a = −λabeμb ⇒ δea

μ = −λabebμ. (11.77)

The first term then becomes

δLor(λ)Daφ
i = −λa

bDbφ
i . (11.78)

Rather than work out the remaining terms explicitly we wish to show how the princi-
ples above eliminate much of the work. We can forget the ∂μθ

A which appears when
(11.75) is inserted in the second term of (11.76) because the first principle tells us that
Daφ is a covariant quantity and the second principle says that its transformations can-
not contain derivatives of a gauge parameter. So the derivative term must cancel at the
end and we can simply drop it at the beginning. The second term of (11.76) then reduces
to −eμa θ A(tA)

i
j∂μφ

j . The remaining parts of the third and fourth terms of (11.76) con-
tain the gauge field explicitly, and the third principle tells us that gauge fields can only
‘covariantize’ the derivative ∂μφi . Thus we can write the final answer as

δDaφ
i = −λa

bDbφ
i − θ A(tA)

i
jDaφ

j . (11.79)

In this example, it is easy to perform a complete calculation to verify this result. However,
for more complicated calculations in supergravity we will be happy to have principles that
save us a lot of calculational work. An illustration is provided in Appendix 11A.2.

Exercise 11.11 One can derive a general formula for the transformation of curvatures,
correcting (11.42) for the effects that gauge fields transform with matter-like terms. To
apply the methods explained earlier, the decomposition in (11.72) is most useful. Indeed,
explicit gauge fields appear in rab

A only quadratically. Show that

δ(ε)R̂ab
A = εB R̂ab

C fC B
A + 2εBD[aMb]B A − 2εCM[aC

BMb]B A. (11.80)

To do this, you should use the principles of this section, i.e. first deleting all terms that
have explicit gauge fields, and at the end replacing ordinary derivatives with covariant
ones. Similarly, show that the Bianchi identity becomes

D[a R̂bc]A − 2R̂[ab
BMc]B A = 0. (11.81)
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Exercise 11.12 Check that the commutator of the covariant derivatives in theories with
gravity still gives the curvature, i.e.

[Da,Db]φ = −R̂ab
A(TAφ). (11.82)

You can use the principles mentioned in this section. That means that all terms with undif-
ferentiated gauge fields can be omitted, and 2∂[μBν]A can be replaced by the curvature.
Furthermore, you will need that the curvature of translations vanishes to eliminate (the
covariantization of) ∂[μeν]c.

Appendix 11A Manipulating covariant derivatives

11A.1 Proof of the main lemma

Lemma on covariant derivatives. If a covariant quantity φ transforms into covariant
quantities under standard gauge transformations, its covariant derivative Daφ given by
(11.63) is a covariant quantity. Moreover, if the algebra closes on the field φ then the
gauge transformations of Daφ involve only covariant quantities.

The proof closely resembles (11.38), but the separation of cgct from the other gauge
transformations and the modification (11.69) change a few steps. There is one extra term
due to the last term in (11.69). Furthermore one should take into account that the sum over
C on the right-hand side of (11.37) includes translations. There are no other modifications
because we only consider the standard gauge transformations. The result is therefore

δ(ε)Dμφ = εADμ(TAφ)− εBMμB
A(TAφ)+ εB B A

μ f AB
cDcφ. (11.83)

The last term can be recognized in the transformation of the vielbein,

δ(ε)ec
μ = εB B A

μ f AB
c + εBea

μ fa B
c, (11.84)

where we again distinguish standard gauge transformations and translations in the sum
over B or b. Therefore, the result can be reexpressed as the transformation of Daφ:

δ(ε)Daφ = εADa(TAφ)− εBMa B
A(TAφ)− εA fa A

bDbφ. (11.85)

This is exactly what we want and like. Indeed, Dμφ is not a covariant quantity because it
is not a world scalar, and thus transforms under gct with a derivative on the parameter ξ .
On the other hand, Daφ is again a world scalar. Moreover, we see that the right-hand side
of (11.85) does not contain explicit gauge fields (which do occur on the right-hand side of
(11.83)). Hence, the transformation of Daφ is a covariant quantity.

This is a very important result that simplifies many calculations in supergravity. We find
that standard gauge transformations commute with a Da covariant derivative up to two
types of terms:
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• The terms generated by the extra transformations of gauge fields (last term in (11.69))
hidden in the covariant derivative, i.e. terms from −ea

μ(δBμ
A)(TAφ).

• The terms generated by transformations (δea
μ)Dμφ, when these are not proportional to

gauge fields of standard gauge transformations. This occurs for gauge symmetries whose
commutator with translations leads to another translation (e.g. Lorentz transformation).
The transformation of these symmetries of Da is similar to the action of that generator
on Pa in the algebra.

Hence, the result can be obtained from the rules given in Sec. 11.3.4.

11A.2 Examples in supergravity

We illustrate here the use of the tricks with covariant derivatives and curvatures in a setting
that is a bit advanced for the readers of this chapter because it uses supergravity.

The first exercise shows how useful the lemma is.

Exercise 11.13 Consider the scalars Z of chiral multiplets that we will embed in super-
gravity in Ch. 17. We assume moreover that they transform under a Yang–Mills gauge
group as δYM Z = −θ AtA Z. This means that the full set of gauge transformations contains
(covariant) general coordinate transformations and as standard gauge transformations:
supersymmetry, Lorentz transformations and Yang–Mills transformations. The definition
of the covariant derivative on Z is therefore

Da Z = ea
μ

(
∂μZ − 1√

2
ψ̄μPLχ + AA

μtA Z

)
. (11.86)

Prove that (assuming that the gravitino has only the gauge transformations that follow
from the algebra) this leads to

δ(ε)Da Z = 1√
2
ε̄Da PLχ − θ AtADa Z

+ 1
2 ε̄γaλ

AtA Z

−λa
bDb Z . (11.87)

The first line is easy. It follows from commuting transformations and covariant derivatives.
The second line is due to the extra term in the supersymmetry transformation of the gauge
vector, and the third line is the one due to transformation of the frame field as written
above.

Exercise 11.14 To illustrate (11.74), show that in a supersymmetric theory the covari-
ant field strength of a vector in an abelian vector multiplet is

F̂ab = ea
μeb

ν
(
2∂[μAν] + ψ̄[μγν]λ

)
. (11.88)

We now demonstrate the calculation of the transformation of a covariant field strength
by calculating the supersymmetry transform of F̂ab. Principle 1 says that F̂ab is a covariant
quantity. Though we have not yet derived the coupling of the gauge multiplet to supergrav-
ity, we assume that the full supersymmetry rule of the gauge field Aμ is the one given in



Appendix 11A Manipulating covariant derivatives 235

(6.49). Furthermore let us assume that the supersymmetry transformation of the gravitino
has, apart from the transformation determined by the algebra, an extra term denoted by ϒμ.
Its form is irrelevant for this exercise:

δsusy(ε)ψμ =
(
∂μ + 1

4γ
abωμab

)
ε + ϒμε. (11.89)

When considering the transformation of Aν in the first term of (11.88), we can ignore terms
in which the derivative ∂μ acts on the gauge parameter ε̄α . Indeed, principle 2 implies
that such terms must cancel. The derivative thus acts only on the gaugino λ. Since the
supersymmetry algebra is supposed to be closed on the vector multiplet, principle 3 implies
that this derivative should appear as a covariant derivative. This leads to

δsusy(ε)F̂ab = ε̄γ[aDb]λ+ . . . . (11.90)

Now we still have to consider the second term in (11.88). An important simplification is
that we do not have to act with δsusy on λ. Indeed, such terms would leave an explicit
ψμ in the result, and principle 3 says that such terms anyway cancel. Thus, we need only
consider (11.89). With the same principles, one sees that only the last term is relevant as
the others contain a derivative on the parameter or an explicit gauge field ωμab. Hence the
final result is

δsusy(ε)F̂ab = ε̄γ[aDb]λ+ λ̄γ[aϒb]ε. (11.91)

The same principles also determine the modification due to supergravity of the transfor-
mation law of the gaugino given in (6.49). The modified transformation law will contain
the covariant curvature, i.e.

δλ =
[

1
4γ

ab F̂ab + 1
2 iγ∗D

]
ε. (11.92)

Since we have already calculated the supersymmetry transformation of F̂ab, it is easy to
calculate the commutator of two supersymmetries on the gaugino. In fact, it can be com-
pared to the calculation in the global case. If the reader still has his/her calculation for
Ex. 6.15, he/she has only to replace each F by F̂ and Dμ by Dμ, and nothing changes,
except for the contribution of the ϒ term to (11.91). This shows how these tricks are used
in practice.
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Supergravity theories are field theories with gauged or local supersymmetry. In Chs. 9 and
10 we introduced the basic ‘pure’ supergravity theories in spacetime dimensions 4 and
11. There are many other types of supergravity, for example, extended supergravity theo-
ries with 2 ≤ N ≤ 8 in four dimensions and higher dimensional theories in dimension
5 ≤ D ≤ 10. A D-dimensional supergravity theory embodies the properties of spinors in
dimension D, which we discussed in detail in Ch. 3. The primary purpose of this chapter
is to develop an overview of supergravity starting from the spinors and supersymmetry
algebras on which the various theories are based. Much of the material will not be treated
further in later chapters and is presented for the general perspective of readers. In partic-
ular, most of the material is not strictly needed to understand the conformal and physical
structure of N = 1, D = 4 supergravity which is developed in detail in Chs. 13–19.

12.1 Theminimal superalgebras

12.1.1 Four dimensions

We started the discussion of supersymmetry with the simplest algebra (see (6.1)) or with
indices pulled down as in (11.15) (see also Sec. 3.2.2):{

Qα, Qβ

} = − 1
2 (γ

a)αβ Pa . (12.1)

The supersymmetries commute with translations and transform as a spinor under Lorentz
transformations. The anti-commutator (12.1) expresses that Q is roughly speaking a square
root of translations, and this is the main feature that defines ‘supersymmetry’. It is not a
general feature of superalgebras.

We have seen that in many cases the algebra of transformations in supergravity is more
complicated due to the appearance of structure functions. But let us for now neglect this
complication, to which we will return at the end of this chapter.

In Sec. 6A we discussed the minimal extended supersymmetry algebras, written in a
convenient notation with chiral spinor supercharges, where the position of the index i , 1 ≤
i ≤ N , indicates the chirality; see (6.82). This leads to (6.84), in which the supercharges
(with lowered spinor indices) satisfy

{Qiα, Q j
β} = − 1

2δ
j
i (PLγ

a)αβ Pa ,

{Qiα, Q jβ} = 0 , {Qi
α, Q j

β} = 0 . (12.2)
236
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One should note that the Poincaré supersymmetry algebras exist for all N . However, as
discussed in Sec. 6.4.2, there are consistent interacting field theories only for N ≤ 8. Thus
for physical reasons we consider algebras with at most 4× 8 = 32 real components of the
supercharges.

12.1.2 Minimal superalgebras in higher dimensions

We now consider superalgebras for spacetime dimension D > 4, and we point out first
that the physical restriction to at most 32 supercharges also applies. Indeed the maximum
D = 11 supergravity constructed in Ch. 10 is based on 32-component Majorana spinors
and the supercharges satisfy (12.1). As discussed in Sec. 10.1, with more supercharges,
dimensional reduction to four dimensions would violate the limit N ≤ 8. In particular we
must not consider extended SUSY in D = 11.

Since the left-hand side of (12.1) is symmetric in (αβ), we find from (3.63) that this
equation is only consistent if t1 = −1. This is exactly the condition to allow (pseudo-)
Majorana spinors. On the other hand, the chirality considerations in (6.81) apply only for
four or eight dimensions. Indeed, (3.56) implies that for six or 10 dimensions (6.80) is not
valid. Thus, we can use (12.2) only for D = 4 or D = 8. For D = 8, where the minimal
spinor has 16 components, we have only N = 1 or N = 2 supergravity theories.

In D = 9, there are Majorana spinors (i.e. t1 = −1) with 16 real components, but there
is no chirality. There are theories with N = 2 supersymmetry. For these it suffices to add
an index i = 1, 2 to the generators and add a δ-function

D = 9, N = 2 :
{

Qi
α, Q j

β

}
= − 1

2δ
i j (γ a)αβ Pa , i = 1, 2. (12.3)

The remaining dimension with Majorana spinors is D = 10, where the most elementary
spinors are Majorana–Weyl, which have 16 real components. Owing to (3.56) the chirality
of both supersymmetry operators should be equal in order to have a non-vanishing anti-
commutator, rather than opposite as we saw in D = 4.

Exercise 12.1 Make this argument explicit, using t0 = 1, t10 = t2 = −1, which should
bring you first to

(PL Q)α = (PL)α
β Qβ = Qβ(PR)βα . (12.4)

Continue then the argument that if one of the supercharges is left-chiral in (12.1), the other
should also be left-chiral. This exercise involves mostly the application of Sec. 3.2.2.

For SUSY algebras in D = 10, there are three different cases to consider:

1. one chiral supercharge: Q = PL Q or Q = PR Q;
2. two chiral supercharges of opposite chirality: Q1 = PL Q1, Q2 = PR Q2;
3. two chiral supercharges of the same chirality: Q1 = PL Q1, Q2 = PL Q2.

The three algebras are called ‘Type I’, ‘Type IIA’ and ‘Type IIB’, since they are related
to the symmetry of the superstring theories with the same names. The anti-commutator has
the same form as the one in D = 9 in (12.3) in both N = 2 cases.
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This leaves us with the case t1 = 1, i.e. the dimensions D = 5, 6 and 7 where we
must use symplectic Majorana spinors. Then (12.1) is not consistent with the symmetry
of an anti-commutator. However, the symplectic Majorana condition (3.86) involves an
antisymmetric tensor εi j that solves the problem. Let us start first with D = 5 and D = 7.
We can then write {

Qi
α, Q j

β

}
= − 1

2 (γ
a)αβε

i j Pa . (12.5)

For D = 5 the relevant extensions are N = 2, 4, 6 and 8. For D = 7 we can have N = 2
and 4. Note that εi j is always an invertible antisymmetric matrix, and the choice is a matter
of normalization. For the case N = 2 it can be taken to be the usual Levi-Civita tensor.

In the case of six dimensions, we can use again (12.5), but the supersymmetries can
be symplectic Majorana–Weyl spinors. The argument as for D = 10 implies that the two
supercharges in the anti-commutator should have equal chirality for the right-hand side to
be non-vanishing. Thus in the simplest case, N = 2, both supercharges have the same
chirality. This symmetry algebra is therefore also denoted as (1, 0). For N = 4, the chi-
ralities should occur in pairs and the possible algebras are indicated as (2, 0) or (1, 1)
supersymmetry. In general we have algebras of type (p, q) with 2p chiral and 2q anti-
chiral supersymmetries. The limit of at most 32 real components of supersymmetries gives
p + q ≤ 4.

Exercise 12.2 The reader should consult Table 12.2 (later in this chapter) and check
that the above arguments lead to the entries given in that table. The extra entries in the
table will be explained as we progress in this chapter, as will the absence of N = 7 in
D = 4.

12.2 The R-symmetry group

In Sec. 6.2.1, we discussed the R-symmetry of the N = 1 SUSY algebra in four space-
time dimensions. The main characteristic of this symmetry is (6.4) (or (6.29)): it does
not commute with Qα . This distinguishes it from the gauge symmetries of the SUSY
gauge theories in Sec. 6.3, which do commute with supersymmetry. We will now gen-
eralize this to extended supersymmetry and to higher dimensions. The general feature is
that R-symmetry commutes with Lorentz and translation generators but not with the super-
charges. R-symmetry is an automorphism of the SUSY algebra.

We begin with a systematic investigation of R-symmetry in D = 4. Suppose that TA

is a real generator of the Lie algebra of the R-symmetry group. Its action on the chiral
supercharges Qαi and Qi

α is determined by matrices (UA)i
j and (UA)

i
j as follows:

[TA, Qαi ] = (UA)i
j Qα j ,

[
TA, Qi

α

]
= (UA)

i
j Q j

α . (12.6)

The second equation of (12.6) is related to the first one by charge conjugation. Hence,
(UA)

i
j is the complex conjugate of (UA)i

j . The structure relations for any superalgebra
must be consistent with the super-Jacobi identities; see Appendix B.3. We first consider
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[[TA, TB], Q] = [TA, [TB, Q]] − [TB, [TA, Q]] ⇒ f AB
CUC = [UB,UA] , (12.7)

where f AB
C are the structure constants of the R-symmetry algebra we seek. This implies

that the matrices UA form a representation of this algebra. We also need the super-Jacobi
identity

0 = [TA, {Qαi , Qβ
j }] = {[TA, Qαi ], Qβ

j } + {[TA, Qβ
j ], Qαi } . (12.8)

The left-hand side vanishes because [TA, Pa] = 0. Thus we obtain

0 = (UA)i
kδ

j
k + (UA)

j
kδ

k
i , i.e. (UA)i

j = −(UA)
j
i = −

(
(UA) j

i
)∗

. (12.9)

The explicit Kronecker δ-function that originates in (12.2) is included since this is the
relevant ingredient. We thus conclude that the matrices U are anti-hermitian matrices, i.e.
they are the generating matrices of U(N ). This identifies the R-symmetry group in D = 4
as U(N ).

We now compare with (6.4) for N = 1 SUSY. Up to normalization, we obtain from
(12.9) that U 1

1 = −U1
1 = i. Denoting the corresponding generator as TR , we obtain for

the Majorana generator Q = QL + Q R = Q1 + Q1

[TR, Q] = −iPL Q + iPR Q = −iγ∗Q . (12.10)

This agrees with (6.4).
We can generalize this analysis to the other dimensions. Obviously, it already applies

also to D = 8 since we saw in the previous section that they also have chiral supersymme-
try generators and anti-commutators as in (12.2).

There is no chirality in odd dimensions. Hence we have to use the Majorana form of
the supersymmetry generators, and for consistency the matrices that appear instead of
the Ui

j in (12.6) are real. We still find that they should form a representation of the R-
symmetry algebra. Finally, the Jacobi identities that are similar to (12.8) now determine
that these matrices should be antisymmetric. The result is thus SO(N ). Hence there is no
R-symmetry group for D = 11 or D = 9, N = 1, and there is just one SO(2) generator
for D = 9, N = 2.

For D = 10, there are left- and right-handed supersymmetry generators. They are Majo-
rana spinors, so the matrices that enter in [TA, Q] must be real for consistency. Further-
more, they cannot mix left- and right-chiral operators. Therefore, in each chiral sector there
can be an orthogonal group. But from the three superalgebras that we saw for D = 10, this
leaves only a non-zero result for the Type IIB algebra, where the R-symmetry is SO(2).

If there are symplectic Majorana (S) conditions, then the same argument of the Jacobi
identity [T Q Q] leads to the preservation of the symplectic metric, and the automorphism
algebra is thus reduced to USp(N ) (with even N ).1 If there are symplectic Weyl (SW)
spinors, then there are two such factors, for the left- and for the right-handed sector.

In summary, the R-symmetry automorphism groups obtained from the analysis above
are listed in Table 12.1.

1 See Appendix B for the notations of the groups.
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Table 12.1 R-symmetry automorphism groups.

dimension spinor type R-symmetry

D = 10 MW SO(NL )× SO(NR)

D = 9 M and D odd SO(N )

D = 8 and D = 4 M and D even U(N )

D = 7 and D = 5 S USp(N )

D = 6 SW USp(NL )× USp(NR)

12.3 Multiplets

12.3.1 Multiplets in four dimensions

The massless particle representations of supersymmetry were listed in Table 6.1. In the
discussion that followed we commented that the smax = 3/2 representations do not
lead to independent interacting field theories. For field theories we include the following
multiplets:

The supergravity multiplets: smax = 2. They are the multiplets that contain the graviton
plus N gravitinos together with the other fields needed to represent the SUSY algebras.

Vector or gauge multiplets: smax = 1. They exist for N ≤ 4. The gauge fields of these
multiplets can gauge an extra Yang–Mills group that commutes with supercharges2 as we
saw in Sec. 6.3.

Chiral and hypermultiplets: smax = 1/2. For N = 1 these are the chiral multiplets that
we know from Sec. 6.2. For N = 2 a similar multiplet is called the ‘hypermultiplet’. Such
multiplets do not exist for N > 2. These multiplets may also transform under the gauge
group defined by the vector multiplet, as we have illustrated in Sec. 6.3.2. They form thus
a representation of these gauge groups.

The vector and chiral multiplets are called matter multiplets. These exist for global super-
symmetry, and they can be coupled to supergravity theories (which is then called ‘matter-
coupled supergravity’) as we will see later in the book.

Notice that the field contents of N = 7 and N = 8 supergravity multiplets are the same.
In fact, it turns out that when one constructs a supergravity theory with N = 7, it automat-
ically has an eighth local supersymmetry. That is why it is not mentioned in Table 12.2.
Similarly, the vector multiplets of N = 3 and N = 4 have the same field content. If one
constructs a global supersymmetric theory with N = 3 in four dimensions, it automatically
has a fourth supersymmetry. However, in supergravity one can make three supersymme-
tries local, and not the fourth one. Thus N = 3 is only meaningful in supergravity. This
explains the lowest line of the table.

2 In supergravity, the commutator may not vanish, as we will see in Sec. 17.3.9.
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Note that this classification is made according to the physical spin of the fields and is
applicable for massless fields. Particles in these multiplets can sometimes be represented by
different fields: scalars may be represented by antisymmetric tensors. Massive multiplets
can be obtained by combination of massless ones. This is a supersymmetric version of
the BEH (Brout–Englert–Higgs) effect. For example, one can combine an N = 1 gauge
multiplet with a chiral multiplet, and one of the two scalars of the chiral multiplet can be
eaten by the gauge vector which then becomes massive. Hence we have then a massive
multiplet with spin content (1, 1/2, 1/2, 0); see e.g. [66, 67].

12.3.2 Multiplets in more than four dimensions

We now discuss the multiplets in more than four dimensions. As we progress, readers can
understand more details of Table 12.2. We restrict ourselves to dimensions D ≥ 4, to
Minkowski spacetimes, and to theories with positive definite kinetic terms. The paper of
Strathdee [68] that analyzes the representations of supersymmetries is a useful reference.

Supergravity multiplets with 32 supercharges

We first discuss the supergravity multiplets with the maximal supersymmetry. The
11-dimensional theory [59] is the basis of ‘M-theory’, and is therefore indicated as M
in the table. Let us start now from this one, and dimensionally reduce it on tori. In this way
we will get supergravity multiplets in any D < 11 with 32 real supersymmetries. The three
fields, graviton, gravitino and 3-index gauge field, are representations of the Lorentz group
in 11 dimensions, and split in different representations in the lower dimension. See Sec.
10.2 where the reduction to four dimensions was discussed in detail.

When we reduce to 10 dimensions, the supersymmetry of 11 dimensions will split into
a left- and right-chiral one (each of 16 components), and thus the multiplet becomes the
supergravity multiplet for Type IIA supergravity in 10 dimensions. This is the theory of
the massless sector of Type IIA string theory, and that is why we have indicated it as IIA
[69, 70, 71].

The other theory with 32 supercharges in 10 dimensions (IIB supergravity) is the one
with two supercharges of the same chirality [72, 73, 74]. This cannot be obtained by
dimensional reduction from 11 dimensions, as indicated by its place in Table 12.2. It is
the massless sector of IIB superstring theory. The theory contains a self-dual 5-form field
strength. This makes it difficult to define a covariant action, but the equations of motion
are locally supersymmetric. Duality between the IIA and IIB theories can be treated in a
‘democratic’ formulation, where all the fields are introduced together with their magnetic
duals [75]; see also [76] for a recent account.

The analysis of superalgebras in Sec. 12.1.2 leads only to one 32-component supersym-
metry in D = 9: the N = 2 theory. Therefore both the IIA and the IIB theories of D = 10
must reduce to this unique theory in D = 9, and indeed that can be explicitly verified by
using the techniques of dimensional reduction. The fact that both D = 10 supergravities
are mapped to the same D = 9 theory is a basic ingredient in the understanding of dualities
between superstring theories.
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In D = 6 there are superalgebras of chirality type (2, 2), (3, 1) and (4, 0) which all con-
tain 32 real supercharges. In dimensional reduction, the higher dimensional supercharges
split into an equal number of left- and right-handed supersymmetries (as in the D = 11
to D = 10, IIA reduction). Hence, the dimensional reduction always gives a (2, 2) the-
ory. The (3, 1) and (4, 0) theories exist in principle [77]. However, the graviton field is
represented not by a metric tensor gμν(x), but by a more complicated tensor field [78].
Thus, these theories are different in the sense that they are not based on a dynamical metric
tensor. They have not been constructed beyond the linear level.

When there are 32 supersymmetries, the supergravity multiplet for any theory is unique
and this multiplet is only known on-shell. There is no known way to add auxiliary fields to
obtain off-shell closure.

The supergravity multiplet for less than 32 supersymmetries

There are 24 real-component supersymmetries possible for dimensions up to six. There
are two options in the six-dimensional case. In the (2, 1) theory the graviton is described
by a metric tensor, but for a (3, 0) theory one needs another representation of the Lorentz
group, and there is no nonlinear action known. The reduction to D = 5 and D = 4 gives
the unique N = 6 theories in these dimensions.

The highest spacetime with a superalgebra containing 16 real supercharges is D = 10.
There is one chiral Majorana spinor. The reduction to lower dimensions is unique. For
D = 6, the reduction gives the (1, 1) theory, but there is also a (2, 0) supergravity. It
contains a self-dual antisymmetric tensor, such that, as in the IIB theory in D = 10, the
construction of an action is not straightforward.

Supergravities with eight real-component supersymmetries will be discussed in Ch. 20.
Finally, with four supersymmetries there is the gravitational multiplet that we discussed in
Ch. 9. This multiplet and its coupling to matter are the subjects of Chs. 16 to 19.

Vector multiplets

With 16 supersymmetries or less, global supersymmetry is possible. The highest dimension
is D = 10 which allows a vector multiplet containing a vector and one Majorana–Weyl
spinor. This multiplet can be reduced along the vertical line in Table 12.2. The reduction
to D = 4 is the vector multiplet, N = 4, smax = 1 in Table 6.1.

For eight supersymmetries, the vector multiplet can be constructed for D = 6, 5 and 4.
In six dimensions it has just a vector and a symplectic–chiral spinor. Reducing it to five
dimensions gives a multiplet that has also a real scalar, and in N = 2 in four dimensions it
has a complex scalar, the remnant of the two components of the six-dimensional vector in
the compactified directions. Vector multiplets for N = 1 in four dimensions were already
treated in Ch. 6.

Tensor multiplets

There exist also multiplets with fields that are antisymmetric tensors Tμν . We have seen
in Sec. 7.8 that in four dimensions an antisymmetric tensor is equivalent to a scalar, and
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Box 12.1 Basic theories, kinetic terms and deformations

Basic theories determine the kinetic terms. For a given D,N and number of matter multiplets, these kinetic
terms are uniquely defined if there are more than eight supercharges. These basic theories can be deformed,
e.g. by gauging, and this can produce a potential for the scalars.

thus we can omit them and refer to multiplets with scalars. This is at least true when the
antisymmetric tensors have the standard kinetic terms as described in (7.71). We will here
restrict attention to this case, but one should be aware that more general theories do exist
when antisymmetric tensor fields cannot be dualized.

In five dimensions, an antisymmetric tensor is dual to a vector. Therefore, for the trivial
kinetic terms, we can again omit them. However, vectors have to be in adjoint represen-
tations, while the antisymmetric tensors can be in other representations, and hence they
cannot be neglected for a complete treatment of D = 5 supersymmetry.

In six dimensions, however, antisymmetric tensors can have self-dual properties. They
are therefore physically different fields from the vectors or scalars. They can be real and can
have self-dual field strength. Matter multiplets (multiplets that do not contain the graviton)
with antisymmetric tensors are called ‘antisymmetric tensor multiplets’. They exist, for
example, for minimal supersymmetry (1, 0). The non-chiral (1, 1) supersymmetry does not
allow such multiplets, but they do occur for (2, 0) supersymmetry. On the other hand, (2, 0)
supersymmetry does not allow vector multiplets.

Hypermultiplets

For D > 4, the only multiplets that have only scalars and spinors are the hypermultiplets,
which exist for D = 5, 6.

12.4 Supergravity theories: towards a catalogue

Earlier in this chapter, we discussed the superalgebras and multiplets from which super-
gravity theories in spacetime dimensions 4 ≤ D ≤ 11 can be constructed. Our discussion
led to the entries in Table 12.2. In this section we discuss the various types of actions that
can appear. We restrict ourselves to Minkowski signature, and to positive metric kinetic
terms with two spacetime derivatives for bosons and one derivative for fermions.

12.4.1 The basic theories and kinetic terms

For every entry in Table 12.2, the field content is determined by specifying the number and
type of multiplet that the theory contains. One may wonder whether this information deter-
mines the Lagrangian completely. For example, the discussion of Ch. 10 shows that the
D = 11 supergravity is unique. However, at the other end of the table, the action of chiral
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multiplets is not unique, since one can choose an arbitrary holomorphic superpotential in
(6.18). Even for pure supergravity there is a simple way to obtain the alternative Lagrangian
of Sec. 9.6. In these two cases, the different actions have the same kinetic terms. Only mass
terms and interactions are changed. This type of modification is called a ‘deformation’.
One can consider non-abelian gauge theories as deformations of the actions of a system of
abelian gauge fields. Theories containing matter fields charged under abelian symmetries
are also ‘deformations’. In fact, many deformations are of this type and are denoted by the
term ‘gauged supergravities’. We will discuss such deformations in Sec. 12.4.2.

For the theories so far described, there is a ‘basic theory’ in which there is no potential
for the scalar fields, and no cosmological constant. For the N = 1 supersymmetry theories
with auxiliary fields that we discussed in Ch. 6, these auxiliary fields vanish in the basic
theory.

With the information in earlier parts of the book, we can write down a general structure
for the basic D = 4 supergravities. They contain the graviton, represented by the vierbein
ea
μ, a number of vectors AA

μ with field strengths F A
μν , a number of scalars ϕu , N gravitinos

ψ i
μ, and a number of spin-1/2 fermions. The pure bosonic terms of such an action are3

e−1Lbos = 1
2 R + 1

4 (ImNAB)F
A
μνFμνB − 1

8 (ReNAB)e
−1εμνρσ F A

μνF B
ρσ

− 1
2 guv(ϕ) ∂μϕ

u ∂μϕv . (12.11)

The first term gives the pure gravity action (we put κ = 1 here). Then there are the kinetic
terms for the spin-1 fields,4 which we discussed already in Sec. 4.2. The scalar kinetic
terms are determined by a symmetric σ -model metric guv(ϕ) discussed in Sec. 7.11; see
(7.129).

In gauged supergravities, the F A
μν can be deformed to non-abelian field strengths. Scalars

then couple ‘minimally’ to the vectors with a covariant derivative for the gauge symmetries,
and there is an extra potential term −V (ϕ), which appears also for other deformations.

The first question that we pose now is whether the kinetic terms are uniquely deter-
mined by the field content. In fact this is true for all theories with more than eight real
supercharges. For more than 16 supercharges there are no matter multiplets. In these cases,
the kinetic action is unique. For the theories with 16 supercharges, we have the choice
of the number of vector multiplets coupled to supergravity (or tensor multiplets when we
consider (2, 0) in six dimensions), but once this number is fixed, the kinetic terms of the
supergravity theory are determined. Also for the global supersymmetric field theories with
these multiplets, the kinetic terms are fixed once the field content is given.

The kinetic terms of theories with eight or four supersymmetries are not fixed by the dis-
crete choice of the number of multiplets. Instead the σ -model can depend on one or more
arbitrary functions. We will study this for N = 1 global supersymmetry in Ch. 14. We will
find that the kinetic terms of chiral multiplets can be generalized such that they depend on
an arbitrary function K(Z , Z̄). This determines a geometry on the scalar manifold, called

3 We use here the notation NAB for the matrix appearing in the kinetic terms of the vectors, as it is mostly used
in extended supersymmetry. This matrix thus replaces f AB = −iN AB that we used in Sec. 4.2.

4 Some theories may have more general terms, called Chern–Simons terms, which have some similarities with
those that we saw for D = 11 in Sec. 10.3.
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Kähler geometry, which we will discuss at length in Ch. 13. For theories with eight super-
symmetries the kinetic terms are not fixed by giving the field content. There are arbitrary
functions related to choices of ‘special geometries’, discussed in Ch. 20.

12.4.2 Deformations and gauged supergravities

There are many deformations of the basic supergravity theories. Many of them are ‘gauged
supergravities’, i.e. the deformations are obtained by introducing a gauge group. But we
saw already other deformations above (the superpotential and the anti-de Sitter supergrav-
ity for N = 1 in D = 4). Similarly, a massive theory of D = 10 supergravity was already
found by Romans [79]. It is also possible to gauge the R-symmetry in extended supergrav-
ity [80, 81].

In the context of string theory, gauged supergravities appear when branes carry fluxes.
The terminology related to ‘gauged supersymmetry/supergravity’ can be confusing, so we
try to define it clearly here.

Ungauged supersymmetry: means that the super-Poincaré group is not gauged and the
only gauge groups permitted are abelian, δAμ = ∂μθ .

Gauged supersymmetry: vector fields in matter multiplets gauge a Yang–Mills group.
Transformations of the non-abelian group can act on fields in other multiplets. Gauged
supersymmetry does not mean that the supersymmetry is gauged! In fact, that is only the
case for supergravity.

Ungauged supergravity: the super-Poincaré group is gauged, but there are no other
gauged symmetries (as for ungauged SUSY).

Gauged supergravity: supergravity in which vector fields gauge a Yang–Mills group, or
matter fields are charged under the (non-)abelian gauge group.

The number of generators of the gauge group is equal to the number of vector fields. This
count includes vectors in the supergravity multiplet as well as those in gauge multiplets.
In general in supergravity the kinetic terms of these vectors are mixed. For example, in
N = 2, D = 4 there is one vector in the supergravity multiplet and one in each gauge
multiplet. We will see in Ch. 20 that the matrices NAB in (12.11) are non-diagonal between
both types of vectors. Therefore, we do not make a distinction between the vectors in
the supergravity multiplets and those in gauge multiplets. The gauge group is in principle
arbitrary, but the requirement of positive kinetic terms gives restrictions. In supersymmetry
this restricts us to compact groups; in supergravity some non-compact gauge groups are
possible without spoiling the positivity of the kinetic energies. However, the list of possible
non-compact groups is restricted for any N .

Such deformations have various consequences:

1. The supersymmetry transformations of the fermions acquire new terms not present in
the undeformed theory. In global supersymmetry these terms arise because auxiliary
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fields no longer vanish. These terms in the fermion supersymmetry transformations are
sometimes called ‘fermion shifts’.

2. A scalar potential is generated, which can be expressed as sums of squares of the
fermion shifts.

3. Similarly, there are other new terms in the action such as fermion mass terms. For
example, see (6.59), which becomes a mass term when Z gets a non-zero vacuum value.

Gauged supergravities can also be approached from the point of view of the isometry
group of the scalar sector. The basic theories lead to the kinetic terms for the scalars, which
define a metric. The latter have isometries, according to our discussion in Sec. 7.12. These
isometries are global symmetries. It turns out that they nearly always extend to global
symmetries of the full supergravity action. In the four-dimensional theories they have an
embedding in the symplectic group of dualities (see Sec. 4.2). The gauged supergravity is
then obtained by gauging a subgroup of these global symmetries.

This is the essential idea of the ‘embedding tensor formalism’ [82, 83, 84]. The embed-
ding tensor projects a subset of the global symmetries to a basis of the gauge symmetries,
and should satisfy a set of constraints for consistency. A complete catalogue of deforma-
tions of the supergravity theories is not yet known. However, we believe that all super-
symmetric field theories (with a finite number of fields and field equations that are at most
quadratic in derivatives) belong to one of the entries in Table 12.2. The embedding tensor
formalism is an attempt to obtain a complete catalogue of supergravities. Another approach
starts from an infinite-dimensional symmetry group [85, 86, 87, 88, 89, 90].

12.5 Scalars and geometry

As mentioned, the last term of (12.11) determines the geometry of the scalar manifold. It
also appears in higher dimensions. This metric is part of the ‘data’ that define a particular
theory. This is to be contrasted with gμν(x), the metric of spacetime, which is a dynamical
field describing the graviton. This scalar geometry characterizes all the basic supergravi-
ties. For N > 1, D = 4 (and for D > 4) it determines the vector kinetic terms. This is not
true for N = 1 where the σ -model metric and f AB (or NAB) are independent.

We learned in Sec. 7.12 that the scalar manifold can have isometries, generated by
Killing vectors. In many cases, the manifold itself can be characterized by the isometries.
That is the case for ‘homogeneous spaces’, a concept that we will now explain.

A homogeneous space is a manifold in which any point can be reached from any other
point by a symmetry operation. In order that the symmetries connect all neighboring points,
there must be n independent Killing vectors at any point in a homogeneous space of dimen-
sion n. The Poincaré plane is of this type. The manifold is two-dimensional. In Ex. 7.48 we
found three Killing vectors, but at any point in the domain of the scalar fields (Im Z > 0)
only two of them are independent, and there is one generator that leaves the point invariant.
The subgroup of the isometry group G that leaves a point invariant is called the isotropy
group H . The manifold in this case can be identified with the coset G/H . Hence the
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Box 12.2 Symmetric spaces in supergravity

The scalarmanifolds of all supergravities withmore than eight real-component supersymmetries are symmet-
ric spacesG/H , whereG is non-compact and H is its maximal compact subgroup. H is the R-symmetry
group in the case of pure supergravities, or has the R-symmetry group as a factor when there are matter
multiplets.

Poincaré plane is the manifold SU(1, 1)/U(1). We will see in Sec. 22.1.3 that anti-de
Sitter space is a homogeneous space SO(D − 1, 2)/SO(D − 1, 1).

Exercise 12.3 Consider an arbitrary point in the manifold of Ex. 7.48, and find the
Killing vector cA K A that vanishes. Check that the other two Killing vectors in that point
are independent.

Exercise 12.4 Why do the isotropy generators define a group? How do you associate
the manifold to the coset space?

In the example above, the structure of the algebras g of the group G and h of the group
H has special properties. We can define a complementary space k to h such that any g ∈ g

can be written as

g = h + k , h ∈ h , k ∈ k , (12.12)

and for any h1, h2 ∈ h and k1, k2 ∈ k

[h1, h2] ∈ h , [h1, k1] ∈ k , [k1, k2] ∈ h . (12.13)

When we use the Cartan–Killing metric in the algebra g, the decomposition is orthogonal.
Any simply connected homogeneous space for which the isomorphism and isotropy alge-
bra have this structure is called a symmetric space. Such manifolds are also characterized
by the fact that their curvature tensor is covariantly constant.

Exercise 12.5 Check that the Poincaré plane is a symmetric space.

Exercise 12.6 Which of the equations (12.13) are specific for a symmetric space, and
how are these for a general homogeneous space?

It turns out that symmetric spaces are very important in supergravity; see Box 12.2. See
Table 12.3 where all the geometries for supergravities with more than eight real super-
charges are displayed.

The scalar geometries of N = 1 theories in four dimensions are all complex manifolds
with a (closed) complex structure, i.e. Kähler manifolds. We will study these in Ch. 13, and
explain how they occur in N = 1 global supersymmetry in Ch. 14. In supergravity, these
Kähler manifolds have an extra property that will be explained in Sec. 17A and are then
called Kähler–Hodge manifolds. They can be homogeneous or symmetric (with a U(1)
factor in the isotropy group), but this is not required.
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The scalar manifolds of theories with eight real supersymmetries (N = 2) belong to
a class that was baptized special geometries [91, 92]. This beautiful class of geometries
contains real [93], Kähler [94] and quaternionic manifolds [95]. Those that appear in cou-
plings of D = 5 vector multiplets are called ‘very special real manifolds’. Those appearing
in couplings of D = 4 vector manifolds are the ‘special Kähler manifolds’. They are a sub-
class of the Kähler manifolds that have a structure related to the duality transformations
of the vectors discussed in Sec. 4.2. The scalar manifolds of N = 2 theories are always
the direct product of those of the scalars of hypermultiplets, and those of tensor multiplets
(D = 6), or tensor/vector multiplets (D = 5) or vector multiplets (D = 4). This leads to

D = 6: O(1, n)

O(n)
× quaternionic-Kähler manifold,

D = 5: very special real manifold× quaternionic-Kähler manifold,

D = 4: special Kähler manifold× quaternionic-Kähler manifold. (12.14)

There exist also versions of these geometries for global supersymmetry, leading to ‘rigid
Kähler manifolds’ [96, 97] and hyper-Kähler manifolds. We will discuss all these special
geometries in Ch. 20.

12.6 Solutions and preserved supersymmetries

Given the action of a supergravity theory, it is generally useful to search for solutions of the
classical equations of motion. It is most useful to obtain solutions that can be interpreted
as backgrounds or vacua. Fluctuations above the background are then treated quantum
mechanically. The backgrounds that are considered have vanishing values of fermions,
and are thus determined by a value of the metric, the vector fields (or higher forms) and
scalar fields. One common background is Minkowski space, but there are others such as
anti-de Sitter space, certain black holes, cosmic strings, branes or pp-waves, which are all
supersymmetric, i.e. they ‘preserve some supersymmetry’. This means that the background
is invariant under a subset of the local supersymmetries of the supergravity theory. For a
preserved supersymmetry, the local SUSY variations of all fields must vanish when the
background solution is substituted. This leads to conditions of the generic form

δ(ε) boson = ε fermion = 0 , δ(ε) fermion = ε boson = 0 . (12.15)

Since the fermions vanish in these backgrounds, the right-hand side of the first condition
is always satisfied, and the relevant condition is the second one. For a given background
this equation restricts the form of ε(x). Thus if the background is flat Minkowski space,
the supersymmetry transformation of the gravitino implies that the ε(x) are restricted to be
constant. In general the solution ε(x) can be expressed in terms of a number of constant
parameters. If the original theory has Q local real-component supersymmetries (e.g. Q = 8
for N = 2 in four dimensions), and the vanishing of (12.15) can be expressed in terms of
Q0 constant parameters, the theory is said to preserve a fraction Q0/Q supersymmetry.
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Preserved supersymmetries Box 12.3

Preserved supersymmetries of a solution of the theory are determined by the vanishing of the supersymmetry
transformations of fermions. These are global supersymmetries that are a subset of the local supersymmetries
of the supergravity action.

This terminology is confusing, since the original symmetries are local and the preserved
supersymmetries are global.

The algebra of the preserved supersymmetry is in many cases (except Minkowski flat
space solutions) different from (12.1). In fact, for any massive object it must be different.
Indeed, this minimal algebra can be written as in (6.68). When this is applied to a solution
that has some supersymmetry (vanishes under the action of some Q) then this algebra
implies that the solution has zero energy.

Below we give some examples of such different superalgebras that can be obtained as
algebras of symmetries preserved by solutions. Several examples of backgrounds with pre-
served supersymmetries are discussed in Sec. 22.2.

12.6.1 Anti-de Sitter superalgebras

(Anti-)de Sitter algebras are characterized by the fact that the translations commute to
Lorentz transformations [

Pμ, Pν
] = ∓ 1

4L2
Mμν , (12.16)

where the upper and lower signs are for de Sitter and anti-de Sitter space, respectively,
and L is a length scale. The Lie algebras are SO(D, 1) for de Sitter and SO(D − 1, 2) for
anti-de Sitter.

Only the anti-de Sitter algebra can be embedded in a supersymmetric algebra. In the
simplest case there is one Majorana generator Qα , and the superalgebra has the structure[

Pμ, Qα

] = 1

4L
(γμQ)α ,{

Qα, Qβ

} = −1

2
(γ μ)αβ Pμ − 1

8L
(γ μν)αβMμν . (12.17)

These (anti-)commutators satisfy the super-Jacobi identities if D = 4. The Lie algebras of
SO(3, 2) and Sp(4) are isomorphic (see (B.7)), and the superalgebra is called OSp(1|4).
For N -extended algebras, the generators of the SO(N ) R-symmetry group are also present
on the right-hand side of the anti-commutator. The anti-de Sitter superalgebras are then
OSp(N |4). For D = 5, 6 and 7 the superalgebras are, respectively, SU(2, 2|N ), F2(4) and
OSp(8∗|N ). There are no simple superalgebras whose bosonic subalgebra is the sum of a
de Sitter algebra and a compact R-symmetry group.

Exercise 12.7 Check that the [Pμ, Pν, Q] Jacobi identity fixes the constant in the
first line of (12.17) to 1/(4L), and that the identity cannot be satisfied if we use the
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Box 12.4 (Anti-)de Sitter superalgebras

For dimensions D ≤ 7 there are simple superalgebras with bosonic subalgebra a direct sum of an anti-de
Sitter algebra and a compact R-symmetry group. Such super-de Sitter algebras do not exist.

upper sign in (12.16). This shows already that only the anti-de Sitter algebra can be
supersymmetrized.

12.6.2 Central charges in four dimensions

We now consider the superalgebras with central charges. Central charges appeared first in
the classical work of Haag, Łopuszański, and Sohnius [31]. The simplest example occurs
for N = 2, where we can insert a new operator Z in the anti-commutator of two super-
charges of the same chirality:{

Qαi , Qβ j
} = − 1

2εi j PLαβZ ,
{

Qα
i , Qβ

j
}
= − 1

2ε
i j PRαβZ̄ . (12.18)

The matrices PL are antisymmetric in the spinor indices, and thus one needs an anti-
symmetric εi j for consistency of the superalgebra. The other relations in (12.2) are not
changed.

Exercise 12.8 Check that these anti-commutator relations are consistent with symmetry
in (iα)↔ ( jβ) and with chirality projections.

The generator Z and its complex conjugate Z̄ commute with all other generators in the
superalgebra, so they are really ‘central’ in the mathematical sense. Owing to the pres-
ence of εi j , such an algebra is only possible for extended supersymmetry. In the case of
N = 4 one can have six independent complex central charges (the number of independent
antisymmetric 4× 4 matrices).

Physical states of the theory can be chosen to be eigenstates of the central charges.
Indeed, we will see in Ch. 22 that for black hole solutions the central charge can be
expressed in terms of electric and magnetic charges. In Ex. 6.1 we saw how to prove that
the energy in supersymmetric theories is positive. We will now use the same technique to
derive a bound on the value of the central charge. To do so, we first convert (12.18) to
quantum anti-commutators, as we did in (6.87) This gives5{

Qiα, Q j
β
}

qu = − 1
2 iεi j PLα

βZ ,
{

Q†i
α, Q† jβ

}
qu
= 1

2 iεi j (PL)α
βZ̄ , (12.19)

where we raised and lowered spinor indices using the techniques of Sec. 3.2.2. Note that
Q† j

α = Q† jβCβα = −(Cαβ Q jβ)
† = −(Q j

α)†. Define the operators (for an arbitrary
phase θ )

Aiα ≡ Qiα + ieiθ εi j Q† j
α , A†iα ≡ (Aiα)

† = Q†iα + ie−iθ εi j Q j
α . (12.20)

5 For N > 2 we assume that εi j is the complex conjugate of εi j and that εikε jk = δi
j .
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Using (6.67) and (12.19) we obtain, using a sum over spinor indices,{
Aiα, A† jα

}
qu
= δ

j
i

(
2P0 + e−iθZ + eiθ Z̄

)
. (12.21)

Therefore, the quantity in brackets should be positive for all θ , which implies that P0 ≥
|Z|. This implies [98] that

M ≥ |Z| . (12.22)

This is the Bogomol’nyi–Prasad–Sommerfield (BPS) bound, which is a very important
result for solutions of supergravity theories. We will encounter it again in Ch. 22. Solu-
tions that saturate this bound, i.e. M = |Z|, are called BPS solutions. It follows from this
argument that supersymmetric solutions are BPS solutions. The bound (12.22) implies that
central charges are necessary to allow massive supersymmetric solutions.

When central charges are present, the commutator of two SUSY transformations (see
(11.17)) can be written as

[δ(ε1), δ(ε2)] = 1
2

(
ε̄2iγ

aεi
1 + ε̄i

2γ
aε1i

)
Pa + 1

2 ε̄
i
2ε

j
1εi jZ + 1

2 ε̄2iε1 jε
i j Z̄ . (12.23)

12.6.3 ‘Central charges’ in higher dimensions

The name ‘central charges’ has been generalized to include other generators that can
appear in the anti-commutator of supersymmetries, much as in (12.18), but they may not
be Lorentz scalars. For example, in D = 11 the properties of the spinors allow us to extend
the anti-commutator as [99]{

Qα, Qβ

} = γ
μ
αβ Pμ + γ

μν
αβ Zμν + γ

μ1···μ5
αβ Zμ1···μ5 . (12.24)

The allowed structures on the right-hand side are determined by the last entry in Table 3.2
(remember that the entries there are valid modulo 4, which thus allows the 5-index object).
The ‘central charges’ Z are no longer Lorentz scalars, and thus do not commute with the
Lorentz generators. They are therefore not ‘central’ in the group theoretical meaning of
the word, but their physical interpretation is the same as those in (12.18). They also allow
the construction of supersymmetric solutions by the mechanism mentioned in Sec. 12.6.2,
so they are still called ‘central charges’. The second and third terms in (12.24) are in this
way important for the existence of M2- and M5-branes of D = 11 supergravity. In general,
branes can be classified by considering the possibilities for central charges.
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The material of this chapter is largely mathematical, although we will include several phys-
ically motivated examples of the geometric constructions. The major prerequisite is Ch. 7
on the differential geometry of real manifolds. A complex manifold is a real manifold
of even dimension 2n on which one can choose n complex coordinates zα in a smooth
fashion. More rigorously there is a cover of M2n by open sets UI . On each UI there is
a 1 : 1 continuous map ψI (p) = (z1, z2, . . . , zn), where zα ∈ C. On intersections the
compound maps ψJ ◦ ψ−1

I are analytic. It is not always possible to define such a complex
structure on a real M2n . There are important topological restrictions which, in the main,
are beyond the scope of this book. (For interested readers we suggest the references [100]
and [101].) Locally it is always possible to introduce complex coordinates zα by combin-
ing real coordinates φi , and this is the approach we take in our initial technical discussion
below.

Complex manifolds are included in this book for a very simple reason. The scalar fields
of supersymmetric theories in four spacetime dimensions are a set of complex fields zα

which can be viewed as coordinates of an important type of complex manifold known as a
Kähler manifold. We will discuss Kähler manifolds extensively in this chapter. They appear
in a natural way in both global supersymmetry and supergravity.

13.1 The local description of complex and Kähler manifolds

For local considerations,1 one can view an n-dimensional complex manifold as a
2n-dimensional real manifold parametrized by n complex coordinates. To obtain complex
coordinates one can start with a real coordinate set φ1, . . . , φn, φn+1, . . . , φ2n and define

zα = φα + iφα+n , α = 1, 2, . . . , n ,

z̄ᾱ = φα − iφα+n = z̄α . (13.1)

We then take za to be the set of 2n complex coordinates where the index a runs first
through the n unbarred or ‘holomorphic’ coordinates and then through the n barred or
‘anti-holomorphic’ coordinates. We consider the map φi → za defined in (13.1) as a
coordinate transformation of the type normally considered in differential geometry, and
we use the standard transformation formulas of Ch. 7. Complexity causes no difficulty.

1 We follow the pedagogical treatment of [102].
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We assume that M possesses a Euclidean signature metric structure, with Christoffel
connection, and curvature tensor, all as defined in Ch. 7. For convenience we record the
relevant formulas again:

ds2 = gi j dφ
i dφ j , (13.2)

�i
jk = 1

2 gim(∂ j gkm + ∂k g jm − ∂m g jk) , (13.3)

Ri j
k

l = ∂i�
k
jl − ∂ j�

k
il + �k

im�
m
jl − �k

jm�
m
il . (13.4)

The transformation rules of vector fields under a real coordinate change φi → φ′i are

V ′i (φ′) = ∂φ′i

∂φ j
V j (φ) ,

V ′
i (φ

′) = ∂φ j

∂φ′i
V j (φ) . (13.5)

Covariant derivatives are defined (see (7.78)) by

∇ j V i = ∂ j V i + �i
jk V k ,

∇ j Vi = ∂ j Vi − �k
ji Vk . (13.6)

The transformation rules and covariant derivatives extend to higher rank tensors as dis-
cussed in Ch. 7.

All quantities above can be expressed in complex coordinates by applying the transfor-
mation formulas to the map φi → za . For example,

V i (φ)→ Ṽ a(z) = ∂za

∂φ j
V j (φ) . (13.7)

We then separate the unbarred and barred components:

Ṽ α = V α + iV α+n , Ṽ ᾱ = V α − iV α+n , α = 1, . . . , n . (13.8)

The ‘splitting’ of an index a into α and ᾱ is not preserved by general transformation of
complex coordinates z′α = f α(z, z̄), but it is preserved under the special class of ‘holomor-
phic’ coordinate transformations z′α = f α(z). Under this subgroup of diffeomorphisms
the holomorphic indices α of any tensor transform into holomorphic indices α′ and anti-
holomorphic ᾱ into ᾱ′.

The Riemannian metric is expressed in complex coordinates as

ds2 = gabdzadzb = gi j
∂φi

∂za

∂φ j

∂zb
dzadzb . (13.9)

The complex metric tensor gab = gba is obtained from gi j as indicated. The general form
of the line element is

ds2 = 2gαβ̄dzαdz̄β̄ + gαβdzαdzβ + gᾱβ̄dz̄ᾱdz̄β̄ . (13.10)

This form is real. This is ensured by the transformation in (13.9) which implies that gαβ̄ =
ḡβᾱ and gαβ = ḡᾱβ̄ . Covariant derivatives are written as



13.1 The local description of complex and Kähler manifolds 259

∇bṼ a = ∂bṼ a + �a
bcṼ c ,

∇bṼa = ∂bVa − �c
ba Ṽc . (13.11)

The connection �a
bc is just the Christoffel connection (13.3) expressed in terms of gab:

�a
bc = 1

2 gad(∂bgcd + ∂cgbd − ∂d gbc) . (13.12)

Note that gad gbd = δa
b .

We now define two conditions on the metric gab which are preserved by holomorphic
coordinate transformations. The metric is said to be hermitian if there are choices of coor-
dinates in which gαβ = gᾱβ̄ = 0. The line element then takes the hermitian form

ds2 = 2gαβ̄dzαdz̄β̄ . (13.13)

Coordinate systems in which this form holds are said to be adapted to the hermitian struc-
ture. The hermitian form is a restriction on the metric. It is not possible to transform the
general complex form (13.9) to hermitian form.

Exercise 13.1 Formulate the equations for a coordinate transformation z′a = f a(z, z̄)
from coordinates in which the line element takes the general form in (13.9) to coordinates
in which g′αβ = 0. Show that in general there are too many equations to possess a solution.

As is customary, we write the holomorphic index of gαβ̄ or its inverse gαβ̄ on the left.

Thus gαγ̄ gβγ̄ = δαβ .
Given a hermitian metric, we can define the fundamental 2-form:

� = −2igαβ̄dzα ∧ dz̄β̄ . (13.14)

Exercise 13.2 Show that � is a real 2-form, i.e. � = �̄.

A manifold with hermitian metric is a Kähler manifold if its fundamental form (then
called the Kähler form) is closed, i.e. d� = 0. The exterior derivative is given by

d� = −i(∂γ gαβ̄ − ∂αgγ β̄ )dzγ ∧ dzα ∧ dz̄β̄ + c.c. , (13.15)

so that the necessary and sufficient condition for a Kähler manifold is

∂γ gαβ̄ − ∂αgγ β̄ = 0 . (13.16)

This condition implies that locally (i.e. in each coordinate patch) the metric can be repre-
sented as
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Box 13.1 Kähler manifold

Definition 1: A Kähler manifold is a complex manifold with hermitian metric whose fundamental 2-form is
closed. Locally the metric is then determined by a Kähler potential. (See below.)
Definition 2: A Kählermanifold is amanifoldwith covariantly constant complex structure and hermitianmetric.
(See Sec. 13.2.)

gαβ̄ = ∂α∂β̄K (z, z̄) . (13.17)

The real function K (z, z̄) is called the Kähler potential. It is not uniquely determined since
the change

K (z, z̄)→ K ′(z, z̄) = K (z, z̄)+ f (z)+ f̄ (z̄) (13.18)

leaves gαβ̄ invariant. On a topologically non-trivial Kähler manifold, it is frequently the
case that there is no globally defined potential. Instead the potentials K (z, z̄) and K ′(z′, z̄)
on overlapping coordinate charts are related by a transformation similar to (13.18). These
transformations are called Kähler transformations.

The hermitian and Kähler conditions on the metric lead to simplifications of the connec-
tion �a

bc. Hermiticity implies that the connection components �α

β̄γ̄
(and conjugates �ᾱ

βγ )

vanish. For a Kähler metric, there are the additional conditions �α
βγ̄ = �ᾱ

β̄γ
= 0, so the

only non-vanishing connection components are those of the form

�α
βγ = gαδ̄∂βgγ δ̄ , �ᾱ

β̄γ̄
= gδᾱ∂β̄gδγ̄ . (13.19)

These formulas are much simpler than the conventional real (13.3) and general complex
(13.12) forms.

Exercise 13.3 Take the trace of the first relation in (13.19) and derive

�γ
αγ = ∂α log det gβδ̄ , (13.20)

which is very similar to its analogue for Riemannian manifolds.

The curvature tensor on a complex manifold is written as Rabcd . It is defined by apply-
ing the standard formula (13.4) in complex coordinates za with �a

bc, and it has the usual
index symmetries. On a Kähler manifold, there are important simplifications because many
connection components vanish. The non-vanishing curvature components are

Rγ δ̄
α
β = −Rδ̄γ

α
β , Rγ δ̄

ᾱ
β̄ = −Rδ̄γ

ᾱ
β̄ ,

Rαβ̄γ δ̄ = −Rβ̄αγ δ̄ = Rγ δ̄αβ̄ , (13.21)



13.2 Mathematical structure of Kähler manifolds 261

and these are given by the simple formulas

Rγ δ̄
α
β = −∂δ̄�α

βγ ,

Rαβ̄γ δ̄ = ∂γ ∂δ̄gαβ̄ − gηε̄∂γ gαε̄∂δ̄gηβ̄ . (13.22)

Exercise 13.4 Prove the symmetry properties Rαβ̄γ δ̄ = Rγ β̄αδ̄ and Rγ δ̄
α
β = Rβδ̄

α
γ .

Show that the form Rα
γ
β
δ , with two pairs of holomorphic indices, is symmetric in (αβ)

and in (γ δ).

There are simplifications in the Bianchi identities (7.122) satisfied by the curvature ten-
sor. The forms given for Riemannian geometry in (7.122) are also valid in complex coordi-
nates, but some terms vanish due to the restrictions on curvature components for a Kähler
manifold. Note that there is a form of the curvature tensor with two pairs of symmetrized
holomorphic indices. The symmetry properties and Bianchi identities of the curvature ten-
sor are summarized as follows:

Rαβ̄γ δ̄ = Rγ β̄αδ̄ = gεβ̄gζ δ̄Rα
ε
γ
ζ , Rα

ε
γ
ζ = Rγ

ε
α
ζ = Rα

ζ
γ
ε ,

∇ε Rαβ̄γ δ̄ = ∇γ Rαβ̄εδ̄ . (13.23)

Finally, note the Ricci identities (see (7.124) for vanishing torsion):

[∇α,∇β ]V γ = 0 , [∇α,∇β ]V γ̄ = 0,[
∇α,∇ β̄

]
V γ = Rαβ̄

γ
δV δ , [∇α,∇ β̄ ]V γ̄ = Rαβ̄

γ̄
δ̄V δ̄ ,[

∇α,∇ β̄

]
Vγ = Rαβ̄γ

δVδ , [∇α,∇ β̄ ]Vγ̄ = Rαβ̄γ̄
δ̄Vδ̄ . (13.24)

The Ricci tensor of a Kähler metric is defined in the usual way, namely as Rab =
gcd Racbd = Rba . It can then be shown that the components Rαβ and Rᾱβ̄ vanish and
that mixed components can be written in the form

Rαβ̄ = gγ̄ γ Rαγ̄ β̄γ = −Rαβ̄γ
γ = −∂α∂β̄(log det gγ δ̄) . (13.25)

Exercise 13.5 Derive these properties of the Ricci tensor.

13.2 Mathematical structure of Kähler manifolds

Most mathematical treatments of complex differential geometry (for example, Ch. IX of
[100]) start with the definition of an almost complex structure. This is a (real-valued) tensor
Ji

j (φ) on the tangent space of a real manifold Md with the property Ji
k Jk

j = −δi
j . The

analogy with i · i = −1 is obvious.

Exercise 13.6 Show that this property can be satisfied only if the dimension is even,
d = 2n, and that the eigenvalues of J are ±i.
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The almost complex structure maps the tangent space T (M2n) onto itself, acting on basis
vectors as

J
∂

∂φi
≡ Ji

j ∂

∂φ j
. (13.26)

The almost complex structure allows one to express the conditions that define a Kähler
metric directly in terms of real coordinates on M2n . This can be useful in physical applica-
tions. We summarize the mathematical treatment in this section using both real and com-
plex coordinates.

One can show [100, 103] that a real manifold M2n equipped with an almost complex
structure is a complex manifold (of dimension n) if and only if the Nijenhuis tensor van-
ishes:

Ni j
k ≡ Ji

�(∂� J j
k − ∂ j J�

k)− J j
�(∂� Ji

k − ∂i J�
k) = 0 . (13.27)

Exercise 13.7 Show that Ni j
k transforms as a tensor under diffeomorphisms despite the

absence of covariant derivatives.

The almost complex structure is then called the complex structure of M2n . There is then
a covering of M2n by coordinate charts UI with complex coordinates zα, z̄ᾱ = zα as used
in Sec. 13.1. In the coordinate basis ∂/∂zα , ∂/∂ z̄ᾱ the almost complex structure takes the
form

J =
(

iδαβ 0
0 −iδᾱβ̄

)
. (13.28)

We now suppose that M2n has a torsion-free (i.e. symmetric) connection �k
i j and that

Ji
j is covariantly constant, i.e.

∇k Ji
j = ∂k Ji

j − ��
ki J�

j + �
j
k� Ji

� = 0 . (13.29)

This is sufficient to ensure that Ni j
k = 0.

Exercise 13.8 Show that in complex coordinates the condition (13.29) implies that

�
β
γ ᾱ = 0 and �

β̄
γα = 0. The connection thus has only pure holomorphic and anti-

holomorphic components �α
βγ and �ᾱ

β̄γ̄
.

We now assume that M2n has a Riemannian metric gi j (φ). This metric is hermitian if it
is invariant under the action of the almost complex structure, namely if

Ji
k gk� J j

� = gi j , i.e. J g J T = g . (13.30)

The second condition is equivalent to the first, but stated in matrix notation.

Exercise 13.9 Express this condition in complex coordinates and show that it is equiv-
alent to gαβ = gᾱβ̄ = 0, as used in Sec. 13.1.

Finally, we demand that the affine connection in (13.29) is the Levi-Civita connection.
We then have two covariantly constant tensors:
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∇k Ji
j = ∂k Ji

j − ��
ki J�

j + �
j
k� Ji

� = 0 ,

∇k gi j = ∂k gi j − ��
ki g�j − ��

k j gi� = 0 . (13.31)

We then define a Kähler manifold as a real M2n with almost complex structure J and
hermitian metric g such that J is covariantly constant with respect to the Levi-Civita con-
nection (see Box 13.1). These conditions imply that a Kähler manifold admits complex
coordinate charts and is thus a complex manifold.

In real coordinates the Kähler form is defined as the 2-form

� = −Ji j dφ
i ∧ dφ j , Ji j = Ji

k gk j . (13.32)

Exercise 13.10 Use (13.31) to show that � is a closed 2-form. Conversely, show that
d� = 0 implies that Ji

j is covariantly constant. Show that (13.32) is equivalent to (13.14)
in complex coordinates.

We can now see that the approach to Kähler manifolds in this section has led us to
the conditions (13.31) and then to the key result that the Kähler 2-form is closed. This is
exactly the condition used to define a Kähler manifold in Sec. 13.1. Thus all other results in
that section apply. In particular, the properties of the curvature tensor obtained in Sec. 13.1
are valid.

The main role of Kähler manifolds in supersymmetry and supergravity is that they serve
as the scalar field target space in supersymmetric versions of the nonlinear σ -model dis-
cussed in Sec. 7.11. For global N = 1 SUSY in four spacetime dimensions the σ -model
can be defined without any further conditions or structure. The coupling to N = 1 super-
gravity requires the further condition that the target space is a Kähler–Hodge manifold.
This is discussed in Sec. 17A. For N = 2 global supersymmetry the target space must
have three covariantly constant complex structures JI i

j , I = 1, 2, 3. Manifolds with this
structure are called hyper-Kähler manifolds and are described in Sec. 20.3.4 together with
the quaternionic-Kähler manifolds required for N = 2 supergravity. A subclass of Käh-
ler manifolds called special Kähler manifolds are needed for supersymmetric theories of
the N = 2 vector multiplet. We discuss them in Sec. 20.3.3 when these theories are
explained.

Finally, we point out that Kähler manifolds are special cases of symplectic manifolds,
which are defined as real manifolds M2n with a closed invertible 2-form (� in this case).
Among other applications, symplectic manifolds play an important role in Hamiltonian
mechanics. For example, see [104].

13.3 The Kähler manifoldsCPn

The complex projective spaces called CPn , n = 1, 2, . . . , are an interesting yet simple
example of Kähler manifolds. The manifold CPn is defined as the space of complex lines in
flat Cn+1. Two points in Cn+1, denoted by the complex (n+1)-tuples (X1, X2, . . . , Xn+1)
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and (X ′1, X ′2, . . . , X ′n+1) respectively, are defined to lie on the same complex line if there
is a complex number ρ such that

(X1, X2, . . . , Xn+1) = (ρX ′1, ρX ′2, . . . , ρX ′n+1) . (13.33)

The space of lines thus defined has complex dimension n. If Xn+1 �= 0, we can define a
set of n coordinates zα = Xα/Xn+1. These can be viewed as intrinsic coordinates which
describe all lines with Xn+1 �= 0, and one can proceed to cover the space with analogously
defined coordinates, zα{I } = Xα/X I with I = 1, . . . , n + 1, that describe all lines with

X I �= 0.
We now use the ideas of induced metrics and the nonlinear σ -model, discussed in

Secs. 7.4 and 7.11, respectively, to obtain a Kähler metric on CPn . Let X I (x), I =
1, 2, . . . , n + 1, denote a set of complex scalar fields over flat Minkowski spacetime of
real dimension D. The scalars X I define an (n + 1)-tuple or point in Cn+1. We denote the
complex conjugates of X I as X̄ I and impose the constraint

X I X̄ I = 1 , I = 1, 2, . . . , n + 1 . (13.34)

This can be thought of as part of the process of choosing a representative of the complex
line associated with the (n + 1)-tuple (X1, X2, . . . , Xn+1). Indeed, from the definition
(13.33) it is clear that two points that satisfy (13.34) and lie on the same line must be
related by (13.33) with |ρ| = 1. We now incorporate the fact that the common phase of
the fields X I (x) is irrelevant by introducing a U(1) gauge potential Aμ(x) and covariant
derivative in the Lagrangian

L = −(∂μ + iAμ)X̄ I (∂
μ − iAμ)X I . (13.35)

The gauge potential Aμ is an auxiliary non-dynamical field in this system. Its Euler–
Lagrange equation is algebraic, with solution, after use of the constraint (13.34),

Aμ = − 1
2 iX̄ I

↔
∂ μX I . (13.36)

This result may be inserted in (13.35) to obtain the equivalent Lagrangian (with constrained
fields)

L = −∂μ X̄ I ∂
μX I − 1

4 (X̄ I

↔
∂ μX I )(X̄ J

↔
∂ μX J ) , X̄ I X I = 1 . (13.37)

Exercise 13.11 Show that the Lagrangian (13.37) is gauge invariant under the U(1)
transformation X I (x) → X ′I (x) = eiθ(x) X I (x). Show that any solution X I (x) of the
new system (13.37) is also a solution of the equations of motion of (13.35) and constraint
(13.34).

We can now simultaneously fix the gauge and solve the constraint by expressing the X I

in terms of n independent complex fields zα(x) and their complex conjugates z̄α defined by

(X1, . . . , Xn, Xn+1) = 1√
1+ z̄αzα

(z1, . . . , zn, 1) . (13.38)
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Note that zα = Xα/Xn+1, as in the coordinate chart defined in the first paragraph of this
section. We substitute (13.38) in the Lagrangian of (13.37) and find the Lagrangian

L = − 1

1+ z̄z

(
δβα −

z̄αzβ

1+ z̄z

)
∂μzα∂μ z̄β = − 1

1+ z̄z

(
δαβ̄ −

z̄αzβ̄
1+ z̄z

)
∂μzα∂μ z̄β̄ ,

z̄z ≡ z̄αzα = zαδαβ̄ z̄β̄ . (13.39)

Note that we raise and lower indices here with δαβ̄ and not with the full metric gαβ̄ . We
can now interpret this result in the light of the discussion of the nonlinear σ -model in Sec.
7.11. There we associated Lagrangians of the form

L = − 1
2 gi j (φ)∂μφ

i∂μφ j (13.40)

with maps from Minkowski space to a Riemannian target manifold with coordinates φi

and metric

ds2 = gi j (φ)dφ
i dφ j . (13.41)

The form of (13.39) suggests that we interpret zα and z̄β̄ as local coordinates of a complex
manifold with hermitian metric defined by

ds2 = 2 gαβ̄dzαdzβ̄ = 2
1

1+ z̄z

(
δαβ̄ −

z̄αzβ̄
1+ z̄z

)
dzαdz̄β̄ . (13.42)

Exercise 13.12 Show that the metric tensor of (13.42) satisfies the Kähler condition
(13.16). Show that the metric tensor can be obtained as in (13.17) from the Kähler potential
K = ln(1+ z̄z).

This Kähler metric on CPn is known as the Fubini–Study metric, named after the Italian
and German mathematicians who first found it.

Exercise 13.13 Use (13.25) to calculate the Ricci tensor of the CPn metric (13.42) and
show that it satisfies

Rαβ̄ = (n + 1)gαβ̄ . (13.43)

A Kähler metric whose Ricci tensor satisfies Rαβ̄ = kgαβ̄ is called a Kähler–Einstein
metric.

Exercise 13.14 The metric tensor of the Poincaré plane was defined in real form in
(7.134) and in the complex hermitian form

ds2 = dZdZ̄/(ImZ)2 (13.44)

in (7.151). Show that the metric of this manifold of complex dimension 1 is a Kähler metric.
What is the Kähler potential?

Exercise 13.15 A complex coordinate z = X + iY for the unit 2-sphere was introduced
using stereographic projection in Sec. 7.1. Calculate the induced metric from the embed-
ding of S2 in Euclidean 3-space using the coordinates z, z̄. Compare to the case n = 1 of
the CPn metric in (13.42).
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13.4 Symmetries of Kähler metrics

13.4.1 Holomorphic Killing vectors andmoment maps

Since a complex manifold is a special case of a real manifold, the formalism of Killing
vectors that was introduced in Sec. 7.12 certainly applies. However, Kähler manifolds are
defined using two basic structures: the hermitian metric and the covariantly constant com-
plex structure. We consider symmetries that preserve both structures. For each continuous
symmetry there is a Killing vector, which generates an infinitesimal variation of local coor-
dinates. It can be expressed equivalently in real or complex form as

δφi = θki (φ) or δza = θka(z, z̄) . (13.45)

We now require that the Lie derivative of the metric tensor and the complex structure both
vanish:

Lk gi j = ∇i k j +∇ j ki = 0 , (13.46)

Lk Ji
j = ∇i k

� J�
j −∇�k

j Ji
� = 0 . (13.47)

The first condition is the definition of a Killing vector for any manifold, real or complex,
and the second is special to Kähler manifolds.

In complex coordinates J takes the form (13.28), so the holomorphic components, i.e.
i → α, j → β, of the condition (13.47) vanish trivially. However, when we replace i by
ᾱ and j by β, we find the condition ∂ᾱkβ = 0, which says that the components kβ are
functions of the zα and not the z̄ᾱ . For this reason a Killing vector that satisfies (13.47)
is called a holomorphic Killing vector. In other words, the symmetry map δza = θka

preserves the split between holomorphic and anti-holomorphic coordinates, and we have

ka = {kα(z), kᾱ(z̄)} . (13.48)

The Kähler manifolds are symplectic manifolds, as we mentioned at the end of Sec.
13.2, because d� = 0. The standard example in physics of a symplectic manifold is the
Hamiltonian phase space with invertible closed 2-form dq ∧ dp. The symmetries, which
preserve this form, are canonical transformations, which are all characterized by a gener-
ating function. The same applies to holomorphic symmetries of Kähler metrics, and the
corresponding functions are called the moment maps [100].

The existence of moment maps (which are also called Killing potentials) can be simply
derived from the fact that (13.46) and (13.47) imply that the Lie derivative of the 2-form �

vanishes. Indeed this gives, using the definition (7.17), and then the vanishing of d�,

Box 13.2 Symmetries of Kähler metrics; momentmaps

Symmetries of Kählermetrics (and their complex structures) are defined by holomorphic Killing vectors, which
are determined in turn by real ‘moment maps’.
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0 = Lk� = (ikd+ dik)� = dik� . (13.49)

The Poincaré lemma, mentioned in Sec. 7.3, then implies that there exists a function P
with the property

ik� = −2dP . (13.50)

The scalar function P(z, z̄), which is real-valued since (13.50) is a real equation, is the
moment map we have been seeking. Note that P is not determined uniquely; one is free to
add a real constant, P(z, z̄)→ P(z, z̄)+ ξ .

The condition (13.50) involves 1-forms, but it can also be expressed as an equality of
covariant vectors. In complex coordinates za = {zα, z̄ᾱ}, this equality reads

kα = gαβ̄ kβ̄ (z̄) = i∂α P(z, z̄) ,

kᾱ = gβᾱ kβ(z) = −i∂ᾱ P(z, z̄) . (13.51)

The Killing equation (13.46) splits in these coordinates into two conditions:

∇αkβ + ∇βkα = 0 , (13.52)

∇akβ̄ +∇ β̄kα = 0 . (13.53)

The first of these is automatic since ∇αgβγ̄ V γ̄ (z̄) = gβγ̄ ∂αV γ̄ (z̄) = 0 for a holomorphic
vector.2 The second condition is satisfied whenever we have a moment map P(z, z̄) due to
(13.51). Hence, the symmetries of a Kähler manifold are characterized by real functions
P(z, z̄) such that

kα(z) = −igαβ̄∂β̄P(z, z̄) (13.54)

is holomorphic. Note that P is always a function of both zα and zᾱ because the lower vector
components kα and kᾱ also have this property.

As a conclusion, all symmetries of a Kähler manifold can be found by searching for
the real functions P(z, z̄) that satisfy the property (we take for convenience the complex
conjugate of (13.54) and drop an invertible factor)

∇α∂βP(z, z̄) = 0 . (13.55)

Exercise 13.16 In the special case of the flat Kähler metric gαβ̄ = δαβ̄ , solve the
holomorphy condition of (13.54) and determine that the moment map is in general of the
form

2 The vector V γ is holomorphic but need not be a Killing vector. Note that ∂αV γ̄ is covariant since the connec-
tion coefficients �α

β̄γ
vanish for Kähler metrics.
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P = zα pαβ̄ z̄β̄ + zαqα + z̄ᾱq̄ᾱ + ξ . (13.56)

Determine the reality conditions on the constant coefficients pαβ̄ , qα and ξ . Check explic-

itly that the related vectors kα are indeed symmetries of the Lagrangian ∂μzαδαβ̄∂
μ z̄β̄ .

Note that the symmetries are holomorphic, but the moment map depends on both zα and zᾱ .

The Killing vector relations (13.52) and (13.53) state the fact that the Kähler metric gαβ̄
is invariant under the isometry. However, the Kähler potential need not be invariant. It must
satisfy only the weaker condition

δK = θ
(

kα∂α + kᾱ∂ᾱ
)

K (z, z̄) = θ [r(z)+ r̄(z̄)] , (13.57)

with an arbitrary holomorphic function r(z). If this function does not vanish, it means
that K (z, z̄) changes by a Kähler transformation under the action of the symmetry. This is
sufficient for an invariant metric. This fact allows us to find a solution to (13.54) when we
know the Killing vector:

P(z, z̄) = i
[
kα∂αK (z, z̄) − r(z)

] = −i
[
kᾱ∂ᾱK (z, z̄) − r̄(z̄)

]
. (13.58)

This solution is general, since we can absorb the real constant ξ in r(z)→ r(z)+ iξ , which
does not influence (13.57).

Exercise 13.17 Prove (13.58) by applying ∂β̄ to deduce (13.54). The second term is
unnecessary for this calculation, but it is needed in order to have a real P . Prove this
using (13.57).

13.4.2 Algebra of holomorphic Killing vectors

In many cases the (holomorphic) symmetry group of a Kähler metric is non-abelian. To
discuss this important case, we consider a set of holomorphic Killing vectors kαA(z). For
each Killing vector there is a Killing potential PA(z, z̄). For convenience we repeat the
main formulas for the Killing vectors and moment maps indicating the extra index:

kA
α(z) = −igαβ̄∂β̄PA(z, z̄) ,[

kαA(z)∂α + kᾱA(z̄)∂ᾱ
]

K (z, z̄) = rA(z)+ r̄A(z̄) , (13.59)

PA(z, z̄) = i
[
kαA∂αK (z, z̄) − rA(z)

] = −i
[
kᾱA∂ᾱK (z, z̄) − r̄A(z̄)

]
.

The holomorphic Killing vectors kαA(z), kᾱA(z̄) generate a Lie algebra. The Lie algebra
structure is obtained by expressing the Lie bracket relation (7.146) in complex coordinates,
assuming holomorphy. This gives

kβA∂βkαB − kβB∂βkαA = f AB
C kαC , (13.60)
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together with the complex conjugate. Note that if kA and kB are holomorphic vectors, then
their Lie bracket is necessarily holomorphic.

By adjustment of the additive constants, the PA can be chosen to transform in the adjoint
representation,

(kαA∂α + kᾱA∂ᾱ)PB(z, z̄) = f AB
CPC . (13.61)

The PA are then uniquely fixed for (simple) non-abelian symmetries, but the ambiguity
P → P + ξ remains for U(1) factors of the symmetry group.

We have introduced the Killing potentials PA, the possible constants ξA, and the quan-
tities rA using purely mathematical considerations. It is remarkable that they also occur
naturally in supersymmetry, as we will discuss in Ch. 14. We will see later that the moment
maps that are used in supersymmetry should satisfy the extra condition (13.61), sometimes
denoted as ‘equivariance relation’, which can, using the last equation of (13.59), also be
written as

kA
αgαβ̄kB

β̄ − kB
αgαβ̄kA

β̄ = i f AB
CPC . (13.62)

13.4.3 The Killing vectors of CP1

It is time for an example, and we will discuss the holomorphic Killing vectors of C P1

which span the Lie algebra of SU(2). One way to see that this is the expected symmetry
group is to observe that the elementary SU(2) transformations of the doublet (X1, X2)

give a holomorphic global symmetry of the Lagrangian (13.37). In these variables the
symmetries are generated by the differential operators

kA = −1

2
i(σA)

i
j X j ∂

∂Xi
, (13.63)

where the σA are the Pauli matrices. We use the relation z = X1/X2 and the chain rule to
write

k1 = −1

2
i

(
X1 ∂z

∂X2
+ X2 ∂z

∂X1

)
∂

∂z
= −i

1

2
(1− z2)

∂

∂z
,

k2 = −1

2

(
X1 ∂z

∂X2
− X2 ∂z

∂X1

)
∂

∂z
= 1

2
(1+ z2)

∂

∂z
,

k3 = −1

2
i

(
X1 ∂z

∂X1
− X2 ∂z

∂X2

)
∂

∂z
= −iz

∂

∂z
. (13.64)

The components3 kz
A(z) can be read immediately from the expressions on the right.

Exercise 13.18 Show that the Lie brackets of the vectors kA = kA
z∂/∂z satisfy the

structure relations [kA , kB] = εABC kC of SU(2).

3 We use the common notation in which vector and tensor components are denoted by the name of the coordi-
nate, in this case z, rather than the number
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The next step is to find the Killing potentials. Although not all ‘data’ are needed, we
record the Kähler potential, metric tensor, and connection:

K = ln(1+ zz̄) , gzz̄ = (1+ zz̄)−2 , �z
zz = −2z̄(1+ zz̄)−1 . (13.65)

The Killing potentials can be obtained by solving the three differential equations

kz
A = −igzz̄∂z̄PA = −i(1+ zz̄)2 ∂z̄PA , (13.66)

together with their complex conjugates. The solutions are

P1 = 1

2

z + z̄

1+ zz̄
, P2 = −i

1

2

z − z̄

1+ zz̄
, P3 = −1

2

1− zz̄

1+ zz̄
. (13.67)

Exercise 13.19 Consider P ′
3 = P3 + ξ , where ξ is a constant. Obviously also P ′

3
satisfies (13.66). Show that the requirement that the PA satisfy (13.61) with the structure
constants f AB

C = εABC of SU(2) fixes ξ = 0.

Exercise 13.20 Apply (13.59) to obtain the rA(z):

r1 = 1
2 iz , r2 = 1

2 z , r3 = − 1
2 i . (13.68)

Note that the Kähler potential is invariant under the third isometry k3, but still r3 �= 0. Its
value is fixed by the requirement (13.61).

We mentioned in Sec. 12.5 that Kähler manifolds are not in general symmetric spaces
(see (12.13) for the essential property). In fact, a general Kähler manifold need not possess
any Killing vectors. This is, for example, the case for Calabi–Yau manifolds, which we
will discuss in Sec. 21.4.3. The non-compact Kähler manifolds that are symmetric spaces
are products of the irreducible symmetric Kähler spaces listed below:

SU(p, q)

SU(p)× SU(q)× U(1)
,

SO∗(2n)

U(n)
,

Sp(2n)

U(n)
,

SO(n, 2)

SO(n)× SO(2)
,

E6,−14

SO(10)× U(1)
,

E7,−25

E6 × U(1)
. (13.69)
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In this chapter we will introduce the multiplet calculus of global N = 1 supersymme-
try which provides a procedure to construct more general actions than those discussed in
Ch. 6. The theories considered there all have standard quadratic kinetic terms. Here we will
find kinetic terms involving non-trivial metrics constructed from the scalar fields of chiral
multiplets. These include the Kähler metrics discussed in Ch. 13. Study of the multiplet
calculus at the level of global SUSY will make it easier to understand the superconformal
multiplet calculus, which we will use to construct supergravity theories later in the book.1

The basic multiplet calculus constructions are derived in Secs. 14.1–14.3. They are com-
bined and extended in Sec. 14.4 to obtain the general N = 1 supersymmetric gauge theory
in which Killing symmetries of the Kähler metric are gauged. In Sec. 14.5 we discuss some
physical properties of SUSY gauge theories, notably the important question of spontaneous
breakdown of supersymmetry.

Multiplet calculus constructions are rigorous and complete, but they can be technically
complicated. The same constructions are simpler and more natural in the well-known
superspace formalism of N = 1, D = 4 global supersymmetry. This insightful and elegant
method allows an easy construction of supersymmetric actions and has other benefits. We
do not use superspace methods in this book because it is very complicated to extend them
to supergravity. We do include a short appendix (at the end of this chapter) in which the
basic superfields are discussed and related to the multiplet formulas in the main part of the
chapter.

14.1 Multiplets

A supermultiplet of fields is a set of boson and fermion fields which transform among them-
selves under supersymmetry, such that the commutator algebra of two SUSY variations is

[δ(ε1), δ(ε2)] = − 1
2 ε̄1γ

με2∂μ. (14.1)

The simplest example is the chiral multiplet consisting of two complex scalars Z and F
and the left-chiral projection of a Majorana spinor χ . The SUSY transformation rules were
given in (6.15), and the algebra was studied in Sec. 6.2.2. In the superspace formalism the
component fields, such as Z , PLχ , and F , are packaged in a single superfield.

1 We consider only chiral and gauge multiplets. There are other multiplets, such as the antisymmetric tensor
multiplet [105, 106], which has the same physical content as the chiral multiplet.

271



272 General actions withN = 1 supersymmetry

In our approach the SUSY transformation rules of a supermultiplet are built by starting
from the lowest dimension field and introducing the additional fields needed to obtain a
closed realization of the algebra of (14.1).

14.1.1 Chiral multiplets

To illustrate our approach to the multiplet calculus, let us reconsider the chiral multiplet.
A chiral multiplet is now defined as one that contains a complex scalar Z whose SUSY
transformation involves only the chiral projection PLε, or equivalently ε̄PL , of the constant
Majorana SUSY parameter ε. We therefore write the transformation rule

δZ = 1√
2
ε̄PLχ. (14.2)

The field that multiplies ε̄PL is defined as the spinor component PLχ of the multiplet.
Lorentz invariance requires that it is a spinor rather than, say, a vector–spinor. Since PLχ

must also transform, we postulate the most general Lorentz covariant form

δPLχ = 1√
2

PL
(
F + γ μXμ + γ μνTμν

)
ε, (14.3)

in which F , Xμ and Tμν are to be determined by demanding that (14.1) holds for the field
Z . This simple calculation requires the symmetry properties of spinor bilinears (see e.g.
Table 3.1). The result is (i) that Tμν = 0, (ii) that Xμ = ∂μZ , and (iii) that F drops out of
the commutator and is thus not constrained. So we add F as a new field of the multiplet.
Its transformation rule must take the form

δF = 1√
2
ε̄ (PLλ+ PRψ) , (14.4)

where λ and ψ are to be determined by imposing the supersymmetry algebra on χ . This
time we need a Fierz rearrangement identity; those of (3.72) are most appropriate. We
find that λ must vanish in order to remove unwanted terms of the form ε̄1 PRγ

μνε2 in the
commutator and that PRψ = /∂PLχ . Next we must check that the SUSY commutator on
F is consistent with (14.1), and it is.

To summarize, we constructed the chiral multiplet transformation rules (6.15) as a closed
realization of supersymmetry starting with the assumption that its lowest dimension com-
ponent is a complex scalar Z whose SUSY transformation involves only PLε.

Exercise 14.1 Construct the anti-chiral multiplet defined as one that contains a complex
scalar called Z̄ , whose SUSY transformation involves only PRε. Your results should agree
with (6.16).

Box 14.1 Chiral and real multiplets

Multiplets are sets of fields on which the supersymmetry algebra is realized. A chiral multiplet is a multiplet in
which the transformation of the lowest (complex scalar) component involves only PLε. A real multiplet is a
multiplet in which the lowest component is a real scalar.
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Exercise 14.2 In (6.62) we showed that SUSY variations of chiral multiplets are mod-
ified when gauge multiplets are present. In this exercise we outline how to rework the
construction of chiral multiplets in this more general situation. Simply repeat the process
above with the ordinary derivative ∂μ in (14.1) replaced by the gauge covariant derivative
Dμ defined in (6.54), i.e.

[δ(ε1), δ(ε2)] = − 1
2 ε̄1γ

με2 Dμ. (14.5)

Check that, in the first step, the modification leads to what one should expect: Xμ = DμZ
rather than ∂μZ. In the second step, when calculating the supersymmetry commuta-
tor on PLχ , one needs to transform AA

μ , which appears in the covariant derivative. Its
transformation was given in (6.49), and involves λA. Show that this leads to the modified
transformation of F as shown in (6.62).

Although the fields Z , PLχ and F of a chiral multiplet can certainly be elementary fields
in a Lagrangian, it is important to realize that a chiral multiplet is a more general object
whose components can be composites of elementary fields. For example, two elementary
chiral multiplets can be multiplied to form a composite multiplet, as the following exercise
shows.

Exercise 14.3 Consider two chiral multiplets with components Zi , PLχ
i and Fi , i =

1, 2. Show that the quadratic combinations Z3 = Z1 Z2, PLχ
3 = PL(Z1χ2 + Z2χ1) and

F3 = F1 Z2 + F2 Z1 − χ̄1 PLχ
2 also transform under (6.15). Thus we have constructed a

new chiral multiplet which can be considered to be the product of the first two.

In Sec. 6.2 we introduced interactions of an elementary chiral multiplet using the super-
potential W (Z), an arbitrary holomorphic function. Let’s now show that W (Z) is the lowest
component of a composite chiral multiplet. Using the chain rule we can obtain its SUSY
variation

δW (Z) = 1√
2

W ′(z)ε̄PLχ. (14.6)

Comparing with (14.2), we see that W (Z) transforms with the chiral projection ε̄PL , and
we can thus identify the χ -component of the composite multiplet:

χ(W ) ≡ W ′(Z)χ. (14.7)

Exercise 14.4 Complete the construction of this multiplet as follows.

(i) Compute δχ(W ) using the chain rule and a Fierz rearrangement. Compare with (6.15)
to identify the F-component

F(W ) = W ′F − 1
2 W ′′χ̄ PLχ. (14.8)

(ii) As the final check show that δF(W ) = /∂PLχ(W )/
√

2.
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14.1.2 Real multiplets

Another basic multiplet of N = 1 SUSY is the real multiplet, which corresponds to a
real superfield. By definition, the lowest component is a real scalar, C(x), and one adds
the additional components necessary to satisfy the SUSY algebra (12.1) on all fields. The
SUSY variation of C is the most general real expression: δC = ε̄χ , which is real if χ is a
Majorana fermion. To agree with common practice we rename χ → iγ∗ζ . We now proceed
as in the previous section, writing a general ansatz for δζ , and restricting it by requiring
that the SUSY algebra is preserved on C . After several such steps we find the closed real
multiplet containing the component fields

(C, ζ,H, Bμ, λ, D), (14.9)

with the transformation rules

δC = 1
2 iε̄γ∗ζ,

δPLζ = 1
2 PL

(
iH− /B − i/∂C

)
ε,

δH = −iε̄PR
(
λ+ /∂ζ

)
,

δBμ = − 1
2 ε̄
(
γμλ+ ∂μζ

)
,

δλ = 1
2

[
γ ρσ ∂ρ Bσ + iγ∗D

]
ε,

δD = 1
2 i ε̄γ∗γ μ∂μλ. (14.10)

The fermions ζ and λ are Majorana fields, the bosons C , Bμ and D are real, while H is
complex. Chiral projectors are used in the second and third entries for convenience, and
the conjugate relations are easily obtained.

Exercise 14.5 Show that δH̄= iε̄PL(λ+ /∂ζ ) and that δPRζ = 1
2 PR(−iH̄ −/B+ i/∂C)ε.

The real multiplet has two major applications to the SUSY gauge theories discussed in
Ch. 6. In the first application the components of the real multiplet are viewed as elementary
fields which include the gluon, gluino, and D-auxiliary fields of a physical gauge multiplet.
To see how this works, we observe first that the variations of the fields Bμ, λ and D are very
similar to the abelian case of (6.49), and they would agree exactly if the term ∂μζ in δBμ

were absent. In fact the components C , ζ and H can be eliminated by a supersymmetric
generalization of a gauge transformation. To see how this is done, suppose we are given
a chiral multiplet Z , PLχ , F and its anti-chiral conjugate Z̄ , PRχ , F̄ . Then Im Z is a
real scalar, which becomes the lowest component of a real multiplet determined by the
chiral transformation laws (and their conjugates). The fields of this multiplet are viewed as
parameters of the ‘supergauge’ transformation, which is defined as the shift

(
C → C+Im Z , ζ → ζ− 1√

2
χ, H→ H+iF, Bμ → Bμ+∂μ Re Z , λ→ λ, D → D

)
.

(14.11)



14.2 Generalized actions by multiplet calculus 275

Clearly we can choose parameters to make the transformed C , ζ , H components vanish,
while Re Z acts as an abelian gauge parameter for the vector Bμ. Of course, we then rename
Bμ → Aμ and Re Z → θ , so that Aμ, λ and D are the standard fields of the gauge multiplet
with the usual gauge transformation. The ‘supergauge’ transformation just described is
said to take the theory to Wess–Zumino gauge. The corresponding transformation in the
superspace formalism is described in Appendix 14A. The non-abelian extension of this
procedure gives the result that the real multiplet in Wess–Zumino gauge includes the fields
AA
μ , λA and D A. Their SUSY transformations are exactly those of (6.49) with the gauge

covariant algebra given in (6.51).

14.2 Generalized actions bymultiplet calculus

In the superspace formalism, the actions of supersymmetric field theories are expressed as
integrals over both the xμ and θα coordinates of superspace. To construct the same actions
using components, we need only note in (6.15) and (14.10) that the SUSY variations of
the highest dimension fields, F for a chiral multiplet and D for a real multiplet, are total
spacetime derivatives. Therefore the integrals

SF =
∫

d4x F, SD =
∫

d4x D (14.12)

are invariant under SUSY,

δSF =
∫

d4x δF = 1√
2

∫
d4x ε̄ /∂PLχ = 0,

δSD =
∫

d4x δD = 1

2
i
∫

d4x ε̄γ∗/∂λ = 0. (14.13)

The actions of supersymmetric field theories are easily obtained by choosing F and D
to be components of composite multiplets constructed from elementary chiral and gauge
multiplets. The SUSY field theories discussed in Ch. 6 and some important extensions can
be obtained in this way.

14.2.1 The superpotential

We start with the simplest case. Suppose that we have a set of n elementary chiral multiplets
with components (Zα, χα, Fα), α = 1, . . . , n. We now consider the composite chiral

Lagrangians from highest components Box 14.2

Actions can be constructed as integrals of the highest components of composite multiplets constructed from
elementary ones. There are F -type actions for composite chiral multiplets, and D-type actions for composite
real multiplets.
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multiplet whose lowest component is a holomorphic function W (Zα) of the scalars. By
the same construction as in (14.6)–(14.8), we find the χ and F components

χ(W ) = Wαχ
α, Wα ≡ ∂W

∂Zα
,

F(W ) = WαFα − 1

2
Wαβχ̄

αPLχ
β, Wαβ ≡ ∂2W

∂Zα∂Zβ
. (14.14)

The integral of F(W ) is a SUSY invariant, indeed the same action considered in (6.41).

14.2.2 Kinetic terms for chiral multiplets

We now describe a similar construction which involves the D-term of a composite real mul-
tiplet whose lowest component is K (Zα, Z̄ ᾱ), an arbitrary real function of chiral multiplet
scalars Zα and their anti-chiral complex conjugates which we call Z̄ ᾱ . It is convenient to
include an overall factor of 1/2. We list the components of this multiplet which can be
obtained using the chain rule, the variations of (6.15) and (6.16), and then comparing with
the general transformations of (14.10). Derivatives of K are denoted by subscripts α, β̄, . . .
as in (14.14). We find that the components of this composite real multiplet are

C( 1
2 K ) = 1

2 K ,

ζ( 1
2 K ) = − 1√

2
iPL Kαχ

α + 1√
2

iPR Kᾱχ
ᾱ,

H( 1
2 K ) = −KαFα + 1

2
Kαβχ̄

αPLχ
β,

Bμ(
1
2 K ) = 1

2
iKα∂μZα − 1

2
iKᾱ∂μ Z̄ ᾱ + 1

2
iKαβ̄ χ̄

αPLγμχ
β̄,

PRλ(
1
2 K ) = 1√

2
iKαβ̄ PR

[
(/∂ Z̄ β̄ )χα − Fαχβ̄

]
+ i

2
√

2
Kαβγ̄ χ

γ̄ χ̄αPLχ
β,

D( 1
2 K ) = Kαβ̄

(
−∂μZα∂μ Z̄ β̄ − 1

2 χ̄
αPL /∂χ

β̄ − 1
2 χ̄

β̄ PR /∂χ
α + Fα F̄ β̄

)
+ 1

2

[
Kαβγ̄

(
−χ̄αPLχ

β F̄ γ̄ + χ̄αPL(/∂Zβ)χγ̄
)
+ h.c.

]
+ 1

4 Kαβγ̄ δ̄ χ̄
αPLχ

βχ̄ γ̄ PRχ
δ̄. (14.15)

The general result (14.13) guarantees that S = ∫ d4x D(K/2) is a SUSY invariant. It is
a generalized kinetic term for chiral multiplets. Indeed the first term of D(K/2) suggests
that we interpret K (Zα, Z̄ ᾱ) as the Kähler potential for the metric gαβ̄ . Then

S(K ) = −
∫

d4x gαβ̄∂μZα∂μ Z̄ β̄ + . . . , gαβ̄ = Kαβ̄ = ∂α∂β̄K . (14.16)

The first term is the kinetic action for the nonlinear σ -model on a Kähler target space,
and the remaining terms give the N = 1 supersymmetric extension of this σ -model. We
will discuss its properties in Sec. 14.3. In the special case K = ∑

α ZαZ ᾱ , the Kähler



14.2 Generalized actions by multiplet calculus 277

metric gαβ̄ = δαβ̄ is flat, and S(K ) reduces to the conventional chiral multiplet kinetic
term in (6.17).

14.2.3 Kinetic terms for gaugemultiplets

Our final application gives a generalized kinetic action for gauge multiplets, which includes
interactions with chiral multiplets. The result is a supersymmetric extension of the theories
considered in Sec. 4.2. Suppose that we have a set of abelian gauge multiplets with
components AA

μ , λA, D A labelled by upper indices A, B = 1, . . . , n. From the gaugino
components λA, λB of any pair of these multiplets, we construct the complex Lorentz
scalar λ̄A PLλ

B . From (6.49) one can see that its SUSY transformation involves only the
chiral projection PLε. Hence, there is a composite chiral multiplet whose lowest compo-
nent is λ̄A PLλ

B . We also consider another set of composite chiral multiplets whose lowest
components f AB(Zα) = fB A(Zα) are holomorphic functions of chiral multiplet scalars
Zα . (The trivial case in which f AB is simply a symmetric matrix of complex numbers
is also allowed.) By the method of Ex. 14.3, one can show that the product of these two
multiplets (multiplied by the convenient factor 1/4) has the following components:

Z( f ) = − 1
4 f AB λ̄

A PLλ
B,

PLχ( f ) = 1

2
√

2
f AB

(
1
2γ

μνF− A
μν − iD A

)
PLλ

B − 1

4
f ABαPLχ

αλ̄A PLλ
B,

F( f ) = 1

4
f AB

(
−2λ̄A PL /∂λ

B − F− A
μν Fμν− B + D A DB

)
+ 1

2
√

2
f ABαχ̄

α

(
−1

2
γ μνF− A

μν + iD A
)

PLλ
B − 1

4
f ABαFαλ̄A PLλ

B

+ 1

8
f ABαβχ̄

αPLχ
βλ̄A PLλ

B . (14.17)

We use the notation f ABα = ∂α f AB , etc. and the (anti-)self-dual tensor F−
μν introduced

in (4.36). The self-dual field strength often appears ‘automatically’ owing to the following
chain of equalities that use the results of Ex. 4.7 and (4.39):

γ μνFμν PL = 1
2γ

μνFμν(1+ γ∗) = 1
2

(
γ μν − γ̃ μν

)
Fμν = γ−μνFμν = γ μνF−

μν.

(14.18)

It follows from (14.13) that
∫

d4x F( f ) is a supersymmetric action. In the simplest case,
namely f AB = δAB , this action reduces to the kinetic action of a set of n free gauge mul-
tiplets, specifically the action (6.8) with gauge coupling g = 0. Note also that imaginary
constant terms in f AB give total derivatives in F( f ), which give vanishing contribution to
the action integral. The F-component of a chiral multiplet is complex, so in the general
case f AB(Zα), we must take the sum of

∫
d4x F( f ) plus its complex conjugate to obtain

a hermitian action.
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14.3 Kähler geometry from chiral multiplets

We now discuss the properties of the action
∫

d4x D(K/2), obtained from (14.15), in
more detail. We interpret K (Z , Z̄) as a Kähler potential and gαβ̄ = Kαβ̄ as the metric.2

The action then describes the N = 1 extension of the nonlinear σ -model with a Kähler
manifold as target space. It is interesting to see how the mathematics of Kähler geometry,
discussed in Ch. 13, emerges from the construction of the theory via the multiplet calcu-
lus. We will use the formulas (13.19)–(13.22) for the connection and curvature tensor of a
Kähler metric gαβ̄ .

We will bring the Lagrangian D(K/2) into a form in which its geometrical content is
manifest. The first step is to note the solution of the auxiliary field equation in (14.15):

Fα = 1
2 gαβ̄Kγββ̄ χ̄

γ PLχ
β = 1

2�
α
γβχ̄

γ PLχ
β. (14.19)

After substitution of this result in the action and some rearrangement, one finds the equiv-
alent action

S(K )|F =
∫

d4x
[
gαβ̄

(
−∂μZα∂μ Z̄ β̄ − 1

2 χ̄
αPL /∇χβ̄ − 1

2 χ̄
β̄ PR /∇χα

)
+ 1

4 Rαγ̄ βδ̄ χ̄
αPLχ

βχ̄ γ̄ PRχ
δ̄
]
. (14.20)

Fermion derivatives are defined by

PL∇μχ
α = PL

(
∂μχ

α + �α
βγ χ

γ ∂μZβ
)
,

PR∇μχ
ᾱ = PR

(
∂μχ

ᾱ + �ᾱ

β̄γ̄
χ γ̄ ∂μ Z̄ β̄

)
. (14.21)

As we will see very soon these derivatives are covariant under reparametrizations of the
target space.

Let us compare the result (14.20) with (6.17). We see that the Kähler σ -model contains
new nonlinear interactions, including quartic fermion terms. These couplings are described
by the connection and curvature tensor of the target space, quantities that have geometrical
significance. The situation is similar to string theory in which couplings typically have a
geometric interpretation.

In fact we now show that each of the four terms in (14.20) is invariant under transfor-
mations of the fields Zα , PLχ

α , which are natural extensions of reparametrizations of the
target space to include the fermions. Bosons transform as Z ′α = Z ′α(Z). The Z ′α will have
fermion partners χ ′α determined by the chiral multiplet transformation rules and related to
χα by the chain rule. We write

2 Note that D(K/2) is invariant under the Kähler transformation K → K + f (Z)+ f̄ (Z̄) discussed in Ch. 13.
The Kähler transformation is implemented as the shift of the real multiplet of (14.15) by the real part of a
chiral multiplet. This is similar to the transformation of the elementary real multiplet to Wess–Zumino gauge
discussed in Sec. 14.1.2.



14.3 Kähler geometry from chiral multiplets 279

δZ ′α = 1√
2
ε̄PLχ

′α

= ∂Z ′α

∂Zβ
δZβ = ∂Z ′α

∂Zβ

1√
2
ε̄PLχ

β. (14.22)

Thus reparametrization of the Zα is accompanied by a transformation of the fermions, and
we have the formulas

Z ′α = Z ′α(Z), PL χ
′α = ∂Z ′α

∂Zβ
PL χ

β. (14.23)

We see that the χα transform as tangent vectors on the target space.

Exercise 14.6 Show that the spacetime derivatives ∂μZα and ∇μχ
α also transform as

tangent vectors.

The transformations of the fields Z̄ ᾱ and χᾱ are the conjugates of those above. It is then
quite obvious that the four terms in (14.20) are each invariant under reparametrization.

Exercise 14.7 Obtain the transformation of the Fα auxiliary fields under
reparametrization from the SUSY transform of PLχ

′α as follows:

δPLχ
′α ≡ 1√

2
PL
(
/∂Z ′α + F ′α) = δ

(
∂Z ′α

∂Zβ
PLχ

β

)
. (14.24)

Work out the SUSY variation of the product in the last term. After a Fierz rearrangement
you should find that

F ′α = ∂Z ′α

∂Z ′β Fβ − 1

2

∂2 Z ′α

∂Zβ∂Zγ
(χ̄β PLχ

γ ). (14.25)

The connection-like term in the transformation is compatible with (and required by) the
solution (14.19).

The solution (14.19) applies to the case when the complete theory under study is
specified by the action integral of the D-term D(K/2) in (14.15). The solution for Fα

will change if we modify the theory by adding a superpotential or include interactions
with gauge multiplets. To allow for these generalizations it is convenient to define the new
auxiliary field

F̃α = Fα − 1
2 gαβ̄Kγββ̄ χ̄

γ PLχ
β = Fα − 1

2�
α
γβχ̄

γ PLχ
β. (14.26)

The full kinetic action integral of D(K/2) can then be written as

S(K ) = S(K )|F +
∫

d4x gαβ̄ F̃α ¯̃F β̄
, (14.27)

where S(K )|F is the expression in (14.20). This form of the action is manifestly invariant
under reparametrization of the target space since the first term S(K )|F , given in (14.20),
is constructed from covariant elements and the auxiliary F̃α now transforms as a tangent
vector.3

3 The supersymmetry transformations of (6.15), which we have used so far, are correct, but contain terms that are
not covariant under reparametrization. In Appendix 14B we define modified covariant SUSY transformation
rules, which are useful to understand the geometrical structure of supersymmetry.
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14.4 General couplings of chiral multiplets and gaugemultiplets

In the actions discussed in Sec. 14.2, all gauge multiplets are effectively abelian, i.e.
Fμν = ∂μAν − ∂ν Aμ, and possible internal symmetries of chiral multiplets are all global
symmetries. A theory of this type is said to possess ‘ungauged supersymmetry’; see
Sec. 12.4.2. The main purpose of this section is to derive more general supersymmetric
theories in which internal symmetries are gauged. In these new theories the fields of gauge
and chiral multiplets are coupled in a more intimate way, but the actions are still built from
the previous three SUSY invariants, determined by a real function K (Z , Z̄), a holomorphic
function W (Z) and a holomorphic symmetric tensor f AB(Z).

First, it is useful to combine the previous results for ungauged supersymmetry into the
single action:

S = S(K )+ S(W )+ S( f ),

S(K ) =
∫

d4x D( 1
2 K ) =

∫
d4x Lkin,chir,

S(W ) =
∫

d4x F(W )+ h.c. =
∫

d4x Lpot,chir,

S( f ) =
∫

d4x F( f )+ h.c. =
∫

d4x Lkin,gauge. (14.28)

These describe, respectively, kinetic and potential terms for chiral multiplets, and kinetic
terms of the gauge multiplets, which can also depend on fields of the chiral multiplets.
Note that we now include the hermitian conjugates of S(W ) and S( f ). Using results of the
previous sections, we find the following explicit Lagrangians:

Lkin,chir = gαβ̄

[
−∂μZα∂μ Z̄ β̄ − 1

2 χ̄
αPL /∇χβ̄ − 1

2 χ̄
β̄ PR /∇χα

+
(

Fα − 1
2�

α
γβχ̄

γ PLχ
β
) (

F̄ β̄ − 1
2�

β̄
γ̄ ᾱχ̄

γ̄ PRχ
ᾱ
)]

+ 1
4 Rαγ̄ βδ̄ χ̄

αPLχ
βχ̄ γ̄ PRχ

δ̄,

Lpot,chir = WαFα − 1
2 Wαβχ̄

αPLχ
β + h.c.,

Lkin,gauge = −1

4
Re f AB

(
2λ̄A /∂λB + F A

μνFμν B − 2D A DB
)

+ 1

8
(Im f AB)ε

μνρσ F A
μνF B

ρσ +
1

4
i(∂μ Im f AB)λ̄

Aγ∗γ μλB

+
[

1

2
√

2
f ABαχ̄

α

(
−1

2
γ μνF− A

μν + iD A
)

PLλ
B − 1

4
f ABαFαλ̄A PLλ

B

+ 1

8
f ABαβχ̄

αPLχ
βλ̄A PLλ

B + h.c.

]
. (14.29)

The Kähler metric gαβ̄ of the scalar target space appears together with its connection and
curvature tensor; ∇μχ is defined in (14.21). In the gauge multiplet Lagrangian we have
split the contributions from the real parts and the imaginary parts of f AB , and integrated
by parts in one term. This shows that imaginary constant terms in f AB do not contribute.
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It also makes clear that Re f AB can be interpreted as a metric in the gauge multiplet sector.
Thus our theories contain two metrics, gαβ̄ for chiral multiplets and Re f AB for gauge
multiplets. It is a physical requirement that both metrics are positive definite, so that the
energy of any classical field configuration is positive.

The introduction of gauged internal symmetries is called a ‘deformation’ of the
ungauged theory; see Sec. 12.4.2. The process involves several steps, which are discussed
in the next two subsections:

1. The target space Kähler metric must have a Lie group of symmetries generated by
holomorphic Killing vectors. A subgroup is chosen as the gauge group.

2. The theory must contain gauge multiplets for this group. These are promoted from
Maxwell vector fields to Yang–Mills vectors.

3. Gauge and chiral multiplets are then coupled. This requires the ‘reconstruction’ of the
D-term D(K/2) using the SUSY transformation rules of gauged supersymmetry.

14.4.1 Global symmetries of the SUSY σ -model

We now assume that the target space Kähler metric has a continuous isometry group. As
discussed in Ch. 13, this means that there are a set of holomorphic Killing vectors kA

α(Z),
which are related to real scalar moment maps PA(Z , Z̄) by

kA
α(Z) = −igαβ̄∂β̄PA(Z , Z̄). (14.30)

As in (13.60) Lie brackets of the Killing vectors close on a Lie algebra with structure
constants f AB

C .
The simplest example of holomorphic Killing vectors occurs for a flat Kähler metric

gαβ̄ = δαβ̄ . In this case the linear transformations of the coordinates, given by

δ(θ)Zα = −θ A(tA)
α
β Zβ, (14.31)

are symmetries. The (tA)
α
β are the matrix generators of a Lie algebra such as SU(n). The

Killing vectors and their moment maps are (see Ex. 13.16)

kA
α = −(tA)

α
β Zβ, PA = −iZ̄ ᾱδᾱα(tA)

α
β Zβ. (14.32)

A more general Killing symmetry is really a special case of a reparametrization of the
target space whose effect on chiral multiplet fields Zα , χα , Fα was derived in Sec. 14.3. It
is the special case of an infinitesimal reparametrization generated by a holomorphic Killing
vector. Thus we write Z ′α(Z) = Zα + θ AkA

α(Z) and work to first order in the constant
scalar parameters θ A. Therefore we define the symmetry transformation of the fields Zα by

δ(θ)Zα = θ AkA
α(Z). (14.33)

The analogous transformations of χα and Fα are just the infinitesimal versions of (14.23)
and (14.25), namely
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δ(θ)PLχ
α = θ A ∂kA

α(Z)

∂Zβ
PLχ

β, (14.34)

δ(θ)Fα = θ A ∂kA
α(Z)

∂Zβ
Fβ − 1

2
θ A ∂

2kA
α(Z)

∂Zβ∂Zγ
χ̄β PLχ

γ . (14.35)

These expressions can also be derived from the requirement that internal δ(θ) and SUSY
transformations δ(ε) commute. An alternative version of these transformation rules,
which are explicitly covariant under reparametrizations of the target space, is derived in
Appendix 14B; see (14.122).

So far we have been working at the level of global internal symmetry. The action S(K )

is invariant under the transformations (14.33), (14.34) and (14.35), while S(W ) is invariant
if W (Z) is invariant, i.e. if

WαkA
α = 0. (14.36)

14.4.2 Gauge and SUSY transformations for chiral multiplets

We now discuss how to promote some or all of the Killing symmetries to gauge sym-
metries, with arbitrary functions θ A(x) as gauge parameters, while maintaining N = 1
supersymmetry. Of course, the subset of symmetries that we choose to gauge should form
a closed algebra.4 From now on, the index A refers only to the Killing symmetries that are
gauged.

Gauge coupling constants can be introduced according to the discussion in the introduc-
tion to Sec. 6.3. To do this for Killing symmetries, one should replace kA

α by gi kA
α and

PA by giPA with the gi for simple or U(1) factors of the gauge group. Gauge coupling
constants are implicitly included in this way in the remainder of the book.

Gauging is an involved process, but the first steps are clear. The theory must contain
a gauge multiplet AA

μ , λA, D A for each Killing vector. In general there are both non-
abelian and abelian gauge multiplets whose SUSY and gauge transformation rules and
gauge covariant algebra were discussed in Sec. 6.3.1; see (6.49), (6.50) and (6.51).

The next step is to define gauge covariant derivatives for nonlinear Killing symmetries:

DμZα = ∂μZα − AA
μkA

α(Z), (14.37)

DμPLχ
α = ∂μPLχ

α − AA
μ

∂kA
α(Z)

∂Zβ
PLχ

β. (14.38)

With these ingredients we can obtain the SUSY transformation rules of chiral multiplet
components. We extend the method of Ex. 14.2 to Killing symmetries, always imposing the
gauge covariant SUSY algebra (14.5). This procedure leads to transformation rules which
include the covariant derivatives (14.37) and (14.38) and which generalize (6.62):

4 We consider only ‘electric gaugings’, but we refer readers to [84] for an interesting generalization which
includes both ‘electric’ and ‘magnetic’ gauge potentials. The new formulation embodies the duality symmetry
discussed in Sec. 4.2.
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δZα = 1√
2
ε̄PLχ

α,

δPLχ
α = 1√

2
PL( /DZα + Fα)ε,

δFα = 1√
2
ε̄ /D PLχ

α + ε̄PRλ
AkA

α(Z). (14.39)

Exercise 14.8 Show that both DμZα and DμPLχ
α transform without derivatives of

θ A(x) under a gauge transformation. For χα you should obtain

δ(θ)DμPLχ
α = θ A ∂kA

α(Z)

∂Zβ
DμPLχ

β. (14.40)

14.4.3 Actions of chiral multiplets in a gauge theory

We can now generalize our results for supersymmetric actions to the situation in which
chiral multiplets transform under gauged Killing symmetries and are therefore coupled
to gauge multiplets. The potential terms in S(W ) of (14.28) are the easiest to discuss. The
superpotential W (Z)must be gauge invariant, i.e. it must satisfy (14.36). The previous con-
struction of the composite chiral multiplet is then unchanged, and the Lagrangian Lpot,chir

is correct in gauged supersymmetry.
Gauged Killing symmetry does require modification of the kinetic action. To find the

changes we need to reconstruct the D-term of the composite real multiplet D(K/2) of
(14.15) using the new transformation rules (14.39) for chiral multiplets. Since these rules
involve gauge multiplet components, we also need their transformation rules (6.49) in the
process.

The scalar K (Z , Z̄) is the Kähler potential. We saw in Sec. 13.4 that this is not necessar-
ily invariant under a Killing symmetry, but can change by a Kähler transformation as shown
in (13.57). However, it simplifies the reconstruction of the real multiplet in gauged super-
symmetry to assume that K is gauge invariant. This allows us to use the formulas of (14.10)
which were derived by imposing the SUSY algebra (12.1) for gauge invariant quantities.
We will show that the final result for the new D-term is valid even for non-invariant K .

We now outline the construction of the modified D(K/2) focusing on the new terms
required in gauged supersymmetry. We start with the component C(K/2) = K (Z , Z̄),
compute the variation δC(K/2) using δZα in (14.39), use (14.10) to identify the compo-
nent ζ(K/2), and then repeat this process for higher dimension components of the com-
posite multiplet. The components C , ζ and H are the same as in (14.15). In Bμ(K/2) the
covariant derivative (14.37) appears rather than ∂μ. This was to be expected, and similar
‘trivial covariantizations’ also occur in λ(K/2) and D(K/2). The first essential change
occurs in the step when we compute δH(K/2) using δFα in (14.39). This leads to the new
expression for the λ-component:

PRλ(
1
2 K ) = 1√

2
iKαβ̄ PR

[
( /DZ̄ β̄ )χα − Fαχβ̄

]
+ i

2
√

2
Kαβγ̄ χ

γ̄ χ̄αPLχ
β

− iPRλ
AkA

αKα. (14.41)
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The next step is to compute δPRλ(K/2) and use (14.10) to identify the new form of the
D-component. There is no need to repeat previous work, so we concentrate on new terms
due to the gauged Killing symmetry. These terms come from three sources: (i) from the
δAμ

A variation of the covariant derivative in (14.41), (ii) from the gauge multiplet modifi-
cation of δFα , and (iii) from the variation of the last term in (14.41). Fierz rearrangement
identities, given in (3.72), are needed at this stage. The result for the new D-component is

D( 1
2 K ) = . . .− iD AkA

αKα −
√

2gαβ̄ λ̄
A
(

PLχ
αkA

β̄ + PRχ
β̄kA

α
)
, (14.42)

where the . . . stand for the terms already written in (14.15) with derivatives replaced by
covariant derivatives.

To complete our discussion we need some properties of moment maps derived in
Sec. 13.4.2. We are assuming that the Kähler potential is invariant under the Killing sym-
metries which are gauged. Then r(z) in (13.57) is restricted to be an imaginary constant,
and (13.58) requires that moment maps take the form

PA = ikαA Kα + pA, (14.43)

where the pA are arbitrary real constants. The pA are called Fayet–Iliopoulos (FI) constants
[107]. They are related to a simple new type of supersymmetric action available for abelian
gauge multiplets. Indeed if D(x) is the auxiliary field of an abelian gauge multiplet and
λ(x) is the gaugino in this multiplet, then δD = ε̄ /∂λ is a total derivative; see (6.49). The
integral

∫
d4x D(x) is then invariant under SUSY.

To explore the physics of FI terms in a more general way, we consider the conditions
under which we can replace the action integral D(K/2) in (14.42) by the integral of

D( 1
2 K ) = . . .− D APA −

√
2 λ̄A

(
PLχ

αkAα + PRχ
β̄kAβ̄

)
. (14.44)

The difference is the integral

SFI = −
∫

d4x pA D A, (14.45)

and the replacement is valid if the integral SFI is invariant under supersymmetry and gauge
transformations. Both conditions require

pA fBC
A = 0, (14.46)

which must hold for all choices of the indices B,C . Thus, the constants pA vanish for
generators that occur at the right-hand side of commutation relations. (In mathematics
terminology this is the derived algebra.) This is the case for generators in simple non-
abelian factors of the gauge group. Conversely, if A is the index of an abelian factor of
the gauge group, we can choose pA �= 0 as a possible FI coupling. In general the linear
equations (14.46) admit nFI non-trivial linearly independent ‘vectors’ pA, and the gauged
theory contains nFI independent FI couplings.

Exercise 14.9 Consider a simple non-abelian gauge group and suppose that K is gauge
invariant. Then the moment maps are given by PA = ikαA∂αK . Show that the equivariance
relation (13.61) is satisfied. Hint: carefully commute derivatives.
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The discussion above shows that we can use D(K/2) of (14.44) in the action integral
of chiral multiplets in gauged supersymmetry if the target space Kähler potential K (Z , Z̄)
is gauge invariant. Fayet–Iliopoulos terms appear as an integral of the form SFI contained
within

S(K ) =
∫

d4x D
(

1
2 K
)
. (14.47)

It is quite interesting that the mathematics of constant shifts in moment maps PA for abelian
Killing symmetries corresponds to new terms in the general action integral of gauged
supersymmetry.

Let’s consider the situation when K is not invariant, and the moment map is corrected by
the extra term shown in (13.58). We now outline an argument to show that the spacetime
integral of the D-term (14.44) is invariant under SUSY, whether or not K is gauge invariant.
We apply the component transformation rules of (14.39) and (6.49) to the first term of
(14.44), obtaining

− δ

∫
d4x D APA = −

∫
d4x

[
1

2
iε̄γ∗γ μ

(
Dμλ

A
)
PA

+ 1√
2

iD A ε̄
(

PLχ
αkAα − PRχ

β̄kAβ̄

)]
. (14.48)

We will show that the first term cancels with part of the δPLχ
α ∼ PLγ

μDμZ plus

conjugate δPRχ̄
β̄ variations of the second term in (14.44). These variations are

−
∫

d4x λ̄A
(

PL DμZαkAα + PR Dμ Z̄ β̄kAβ̄

)
γ με. (14.49)

We isolate the axial vector term λ̄γ∗γ με of this expression. After a Majorana flip and use
of (13.51), it becomes

− 1
2 iε̄γ∗γ μλA

(
DμZα∂α + Dμ Z̄ ᾱ∂ᾱ

)
PA

= − 1
2 iε̄γ∗γ μλA

[
∂μPA − AB

μ

(
kαB∂α + kᾱB∂ᾱ

)
PA

]
= − 1

2 iε̄γ∗γ μλA
[
∂μPA − AB

μ fB A
CPC

]
. (14.50)

In the last step we used the equivariance relation (13.61) to write the covariant derivative
DμPA = ∂μPA − AB

μ fB A
CPC . The Dμλ

A term in (14.48) then combines with the DμPA

term in (14.50) into a total derivative which vanishes in the integrated δS(K ). Thus equi-
variant moment maps are necessary for the consistent gauging of Killing symmetries. The
moment maps PA used in (14.44) must be equivariant!

There are several other terms in the variation δS(K ) that depend on the Killing vector,
and they must all cancel. For example, the λ̄γ με terms in (14.49) cancel with terms that
originate from the variation of AA

μ in the kinetic term DμZ Dμ Z̄ of Lkin,chiral with deriva-
tives replaced by covariant derivatives. Similarly, the second term in (14.48) cancels against
the δλ̄A ∼ ε̄D A variation of the second term in (14.44). The cancelation of these variations
and others which we have not mentioned do not depend on the assumption that K (Z , Z̄) is
gauge invariant. The conclusion of this argument is that the action S(K ) (14.47) is invari-
ant under SUSY transformations if we use the D-term of (14.44) with moment maps that



286 General actions withN = 1 supersymmetry

satisfy the equivariance condition (13.61) or, equivalently, (13.62). The addition of FI con-
stants pA satisfying (14.46) is consistent with this equivariance equation.

14.4.4 General kinetic action of the gaugemultiplet

The general kinetic terms for abelian gauge multiplets derived in Sec. 14.2.3 include holo-
morphic functions f AB(Z) of chiral multiplet scalars. The Lagrangian given in (14.29) is
also correct for non-abelian gauge multiplets provided that several changes required for
non-abelian gauge invariance are made. These changes are as follows:

(i) Use the non-abelian gauge field strength in F−A
μν .

(ii) Replace ∂μλA by the Yang–Mills covariant derivative Dμλ
A.

(iii) The quantity f AB(Zα) is no longer arbitrary but must transform as the direct product
of adjoint representations, specifically as5

δ f AB(Z) = f ABαθ
C kαC = 2 θC fC(A

D fB)D(Z). (14.51)

This last requirement is needed both for gauge invariance of the action and for global
SUSY. Indeed, an action cannot be supersymmetric invariant unless it is gauge invariant.
The latter statement follows from the fact that the commutator of two supersymmetries
includes a gauge symmetry; see e.g. (11.28).

It is quite common to assume that the ‘tensor’ f AB is proportional to the Cartan–Killing
metric on each simple factor of the gauge group. For a compact simple Lie algebra, one
can choose a basis in which f AB is proportional to δAB . In string theory applications, there
is often still a gauge invariant proportionality factor depending on moduli fields. In the
simplest case f AB = δAB , the Lagrangian Lkin,gauge in (14.29) reduces to that of (6.8) and
is gauge invariant.

As mentioned after (4.66), the real part of f AB must be positive definite so that gauge
field kinetic terms of the vectors are positive definite. When f AB is proportional to the
Cartan–Killing metric, the gauge group must be compact (and one must use the negative
of the Cartan–Killing metric; see Appendix B).

14.4.5 Requirements for anN = 1 SUSY gauge theory

Box 14.3 summarizes the results derived earlier in this section. The possible ways to gauge
the theory are characterized by the following:

1. The choice of a gauge group which must be a subgroup of the holomorphic isometry
group of the Kähler target space. Information on the Lie algebra of this group is encoded
in the real structure constants f AB

C = − fB A
C , which should satisfy Jacobi identities

as in (4.81).

5 There is a more general possibility related to the fact that imaginary constant parts in f AB (Z) do not contribute
to the action. The gauge transformation may have extra terms iθC CAB,C , where the CAB,C = CB A,C are real
constants. If the completely symmetric component vanishes, C(AB,C) = 0, additional Chern–Simons terms
are needed to restore supersymmetry. Otherwise, gauge anomalies (which are accompanied by supersymmetry
anomalies) play a role. See [108, 109].
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GeneralN = 1, D = 4 supersymmetry actions Box 14.3

General actions of chiral and gauge multiplets are determined by three functions of the chiral multiplet
scalars: the Kähler potential K (Z , Z̄) (up to Kähler transformations (13.18)), a superpotential W (Z),
and a holomorphic symmetric matrix f AB(Z) (up to imaginary constants). Holomorphic Killing symmetries
of the Kähler metric gαβ̄ = ∂α∂β̄K can be gauged. These symmetry transformations of chiral multiplets
are determined by moment maps and the holomorphic Killing vectors that they generate.

2. Gauge transformations of the chiral multiplet, determined by real moment maps
PA(Z , Z̄).

We summarize the conditions that these should satisfy. The moment maps should satisfy

∇α∂βPA(Z , Z̄) = 0. (14.52)

This ensures that the Killing vectors

kA
α(Z) = −igαβ̄∂β̄PA(Z , Z̄) (14.53)

are holomorphic. Furthermore, they should satisfy the ‘equivariance relation’ (13.62), i.e.

kA
αgαβ̄kβ̄B − kαB gαβ̄kA

β̄ = i f AB
CPC . (14.54)

This condition restricts the constant contributions to the moment maps, and ensures the
closure of the algebra of Killing vectors.

A superpotential may be included if it is gauge invariant. Thus we require (14.36), i.e.

kA
α∂αW (Z) = 0. (14.55)

Finally, we require gauge invariant kinetic terms for vector multiplets, so the condition

kαC (Z) f ABα(Z) = 2 fC(A
D fB)D(Z)+ iCAB,C (14.56)

must be satisfied. The role of the constants CAB,C is discussed briefly in footnote 5.
In physical applications of global supersymmetry, kinetic terms must be positive, so the

matrices gαβ̄ and Re f AB must be positive definite.
When all these requirements are satisfied, we have an N = 1 supersymmetric gauge

theory with Lagrangian

L = Lkin,chir + Lkin,gauge + Lpot,chir,

Lkin,chir = gαβ̄

[
−DμZαDμ Z̄ β̄ − 1

2 χ̄
αPL /∇χβ̄ − 1

2 χ̄
β̄ PR /∇χα

+
(

Fα − 1
2�

α
γβχ̄

γ PLχ
β
) (

F̄ β̄ − 1
2�

β̄
γ̄ ᾱχ̄

γ̄ PRχ
ᾱ
)]

+ 1
4 Rαβγ̄ δ̄ χ̄

αPLχ
βχ̄ γ̄ PRχ

δ̄

− D APA −
√

2λ̄A
(

PLχ
αkAα + PRχ

β̄kAβ̄

)
,

Lpot,chir = WαFα − 1
2 Wαβχ̄

αPLχ
β + h.c.,
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Lkin,gauge = −1

4
Re f AB

(
2λ̄A /DλB + F A

μνFμν B − 2D A DB
)

+ 1

8
(Im f AB)ε

μνρσ F A
μνF B

ρσ +
1

4
i(Im Dμ f AB)λ̄

Aγ∗γ μλB

+
[

1

2
√

2
f ABαχ̄

α

(
−1

2
γ μνF− A

μν + iD A
)

PLλ
B − 1

4
f ABαFαλ̄A PLλ

B

+ 1

8
f ABαβχ̄

αPLχ
βλ̄A PLλ

B + h.c.

]
, (14.57)

where

DμZα = ∂μZα − Aμ
AkA

α,

PL∇μχ
α = ∂μPLχ

α − AA
μ

∂kA
α(Z)

∂Zβ
PLχ

β + �α
βγ PLχ

γ DμZβ,

Dμλ
A = ∂μλ

A + Aμ
B fBC

AλC ,

F A
μν = ∂μAA

ν − ∂ν AA
μ + fBC

A AB
μ AC

ν ,

Dμ f AB = ∂μ f AB − 2AC
μ fC(A

D fB)D. (14.58)

Exercise 14.10 Write the full action for one chiral multiplet and one gauge multiplet,
with Kähler potential K = Z Z̄ , kinetic matrix f11 = 1, and moment map P1 = −gZ Z̄+ξ .
Show that the superpotential can only be a constant.

14.5 The physical theory

14.5.1 Elimination of auxiliary fields

The Lagrangian of (14.57) contains the complex auxiliary fields Fα of chiral multiplets,
their conjugates F̄ β̄ , and the real auxiliaries D A of gauge multiplets. The Euler–Lagrange
equations of these fields do not contain spacetime derivatives. They are purely algebraic
and can be easily solved to express auxiliary fields in terms of the physical components.
The dynamical content of the theory is preserved if we substitute the solutions for Fα

and D A back in the Lagrangian and transformation rules. The SUSY algebra changes in
this process, but the physical content is unchanged. We saw examples in Ch. 6. We now
discuss the elimination of auxiliary fields in the general Lagrangian (14.57) of gauged
supersymmetry.

We first discuss the elimination of the auxiliary fields Fα (and F̄ β̄ ). The relevant terms
in the Lagrangian of (14.57) are

Laux,F = gαβ̄ Fα F̄ β̄ − Fα fα − F̄ β̄ f̄β̄ , (14.59)

with

fα = −Wα + 1
2 gαβ̄�

β̄
γ̄ ᾱχ̄

γ̄ PRχ
ᾱ + 1

4 f ABαλ̄
A PLλ

B . (14.60)
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The equations of motion,

gαβ̄ F̄ β̄ = fα, gαβ̄ Fα = f̄β̄ , (14.61)

can be immediately solved using the inverse Kähler metric gαβ̄ ,

F̄ β̄ = gαβ̄ fα, Fα = gαβ̄ f̄β̄ . (14.62)

When these results are substituted in (14.59), one obtains

Laux,F = −gαβ̄ fα f̄β̄ . (14.63)

The negative sign and the appearance of an inverse metric are general features of the elim-
ination process. We will study the physical content of (14.63), but we first consider the
elimination of the D A auxiliaries.

The Lagrangian (14.57) contains the following terms involving the D A:

Laux,D = 1

2
(Re f AB)D

A DB (14.64)

+ D A
[
−PA + 1

2
√

2
i f ABαχ̄

αPLλ
B − 1

2
√

2
i f̄ ABᾱ χ̄

ᾱPRλ
B
]
.

The solution of the field equation for D A thus gives

Re f AB DB = PA − 1

2
√

2
i f ABαχ̄

αPLλ
B + 1

2
√

2
i f̄ ABᾱ χ̄

ᾱPRλ
B . (14.65)

Substitution in (14.64) gives the physically equivalent action

Laux,D = −1

2
(Re f )−1 AB

(
PA − 1

2
√

2
i f ACα χ̄

αPLλ
C + 1

2
√

2
i f̄ ACᾱ χ̄

ᾱPRλ
C
)

×
(
PB − 1

2
√

2
i fB Dβ χ̄

β PLλ
D + 1

2
√

2
i f̄ B Dβ̄ χ̄

β̄ PRλ
D
)
. (14.66)

Again a negative sign appears together with the inverse metric (Re f )−1 AB .

14.5.2 The scalar potential

The scalar potential in a classical field theory is defined as the sum of all terms in
the Lagrangian that contain only scalar fields and no spacetime derivatives. The sum is
multiplied by −1 because the basic structure of a Lagrangian in classical mechanics is
L = T − V , kinetic minus potential. The Hamiltonian is T + V . The lowest energy
state of the theory is found by minimizing the Hamiltonian. It is usually assumed that
this vacuum state is Lorentz invariant and translation invariant. Lorentz invariance requires
that gauge fields and fermions vanish in the vacuum, and translation invariance means
that scalar kinetic terms, which contain spacetime derivatives, can be ignored. Thus the
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classical approximation to the vacuum state is obtained by minimizing the scalar poten-
tial. The values of scalar fields at the minimum are usually called ‘vacuum expectation
values’.

In N = 1, D = 4 supersymmetric field theories, the scalar potential arises entirely from
the elimination of auxiliary fields. We retain only the scalar terms in (14.63) and (14.66)
and write the potential

V = gαβ̄WαW β̄ + 1
2 (Re f )−1 AB PAPB . (14.67)

The first term is called the F-term and the second term the D-term in accordance with their
origin from the auxiliary fields. Minimization of this potential determines the vacuum state
of the supersymmetric theory.

It is useful to recognize that this form arises from the auxiliary scalar contributions to
fermion transformations. The general structure for any supersymmetric theory is6

V = (δsfermion) (metric) (δsfermion) , (14.68)

where δsfermion refers to the scalar parts of the supersymmetry transformations of
all fermions. These are often called fermion shifts. Specifically, in gauged global
supersymmetry,

δs PLχ
α ≡ 1√

2
Fα = − 1√

2
gαβ̄W β̄ ,

δs PLλ
A ≡ 1

2
iD A = 1

2
i (Re f )−1 AB PB . (14.69)

Only the scalar parts of the on-shell values of the auxiliary fields are included. Using
(14.69) and the complex conjugate expressions for the PR projections of the fermions,
(14.67) can be rewritten as

V = 2
(
δs PLχ

α
)

gαβ̄

(
δs PRχ

β̄
)
+ 2

(
δs PLλ

A
)

Re f AB

(
δs PRλ

B
)
. (14.70)

The structure (14.68) is very important in supersymmetry, and we will see later that it
applies also in supergravity. Thus it is generally valid.

Notice that the fermion variations in (14.67) and (14.70) are contracted with the appro-
priate metric in the chiral and gauge sectors of the theory. These metrics are positive defi-
nite. It then follows that the potential is positive semi-definite. Positivity of the potential is
universal in global supersymmetry.7 This is a consequence of the SUSY algebra; see (6.3).
So the expectation value of the Hamiltonian in any state of the theory is non-negative!

6 The general rule is that the metric in all cases is determined by the fermion kinetic terms.
7 We will see later that there are negative contributions in supergravity because gravitinos are gauge fields.
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14.5.3 The vacuum state and SUSY breaking

As discussed in the previous section, the vacuum state is determined in the classical approx-
imation by minimizing the scalar potential V (Z , Z̄) given in (14.67) with respect to the
scalar fields Zα of the chiral multiplets in the theory. There may be multiple configurations
of the Zα which realize the same minimum value of the potential. In this case the vacuum
configuration is not unique, and any one of these configurations determines a possible
vacuum state.

One important physical question of interest is whether symmetries of the action are
broken in the vacuum. If so we say that the symmetry is spontaneously broken. We assume
that readers are familiar with the consequences of spontaneously broken internal symme-
try. If the symmetry in question is a global symmetry, then the Goldstone theorem tells
us that the theory contains a massless scalar particle. If the broken symmetry is a gauge
symmetry, then, according to the Higgs mechanism, the Goldstone boson disappears but
there is a massive spin-1 particle. In the classical approximation this information about the
particle mass spectrum is contained in the quadratic terms in the power series expansion of
the Lagrangian about the vacuum configuration. There is a more formal way (see [110]),
to characterize the possibility of breaking of a global internal symmetry. The symmetry is
unbroken if the charge operator TA annihilates the vacuum state, i.e. if TA|0〉 = 0, and the
symmetry is broken if TA|0〉 �= 0.

In this section we are primarily interested in whether supersymmetry is spontaneously
broken in the vacuum state. If the elementary particles and interactions observed in Nature
come from a supersymmetric theory then SUSY breaking is vital. The reason is that unbro-
ken supersymmetry requires that for every bosonic particle, elementary or composite,
there is a fermion of the same mass and conversely. This is certainly not the situation
we observe, so if supersymmetry is relevant to experiment, it must appear as a broken
symmetry.

At the quantum level the question of SUSY breaking is the question whether the super-
charge components Qα annihilate the vacuum state or not, i.e. whether Qα|0〉 = 0 or
Qα|0〉 �= 0. The key to this question is contained in (6.3). The left-hand side is the sum of
four non-negative terms. Applying the anti-commutator to the vacuum state we can see the
following:

1. If all four supercharges annihilate the vacuum state, then so does the Hamiltonian. Thus
unbroken supersymmetry requires that the vacuum energy vanishes.

2. If at least one component of the supercharge does not annihilate the vacuum, then the
Hamiltonian does not annihilate the vacuum. Thus broken supersymmetry requires pos-
itive vacuum energy.

In the classical approximation this leads to an astonishingly simple criterion for spon-
taneous SUSY breaking, stated in Box 14.4. Since the potential V (Z , Z̄) in (14.67) is a
non-negative quadratic form in the quantities Wα(Z) and PA(Z , Z̄), we can restate the
criterion in the following simple way. The vacuum is supersymmetric if and only if there
is a configuration of the scalar fields Zα , Z̄ ᾱ such that the algebraic equations
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Box 14.4 Spontaneous SUSY breaking

If the minimum value of the scalar potentialV (Z , Z̄) is zero, then supersymmetry is unbroken. If the mini-
mum value is positive, then supersymmetry is broken.

Wα(Z) = 0 and PA(Z , Z̄) = 0 (14.71)

have a common solution. As we can see from (14.62) and (14.65), this is equivalent to
saying that supersymmetry is preserved if all the auxiliary fields Fα and D A vanish in the
vacuum and is broken otherwise. (Recall that fermion fields vanish in a Lorentz invariant
vacuum.)

Readers may question whether the classical approximation provides the correct answer
to the properties of the vacuum of the theory. Fortunately there is a remarkable
non-renormalization theorem [111] which ensures that there are no perturbative quantum
corrections to the classical superpotential W (Z). The equations (14.71) are then valid to
all orders in quantum perturbation theory. In some SUSY gauge theories there are non-
perturbative additions to the superpotential which change the situation [112, 113].

Much is known about the structure of the equations (14.71) and whether or not there is
a solution that produces exact supersymmetry.8 It is worthwhile to mention one general
theorem (see Sec. 27.4 of [30]), which applies to gauged supersymmetry. In that frame-
work, a common solution of the Wα = 0 equations is part of an ‘orbit’ of solutions related
by complexified gauge transformations. There is always a point on the orbit where the
moment maps PA(Z , Z̄) also vanish, unless the moment maps contain Fayet–Iliopoulos
terms. Thus the question of SUSY breaking is controlled by the F-term conditions unless
there are Fayet–Iliopoulos couplings.

We study the equations first in the simplest context of ungauged supersymmetry with
canonical Kähler metric gαβ̄ = δαβ̄ . Suppose that the theory contains n chiral multiplets.
The vacuum is supersymmetric if there is a common root of the n equations ∂αW (Z) = 0.
These are n complex equations in n complex variables, so for a generic superpotential there
is a common solution. The superpotential must be special in some way to obtain broken
supersymmetry.

Here is an example from [30] and [113] of the O’Raifeartaigh mechanism [114], which
shows how this can happen. Suppose that there are three complex scalars which we call
X1, X2 and Z and that the superpotential is

W = X1g1(Z)+ X2g2(Z). (14.72)

The vacuum would be supersymmetric if the three equations

∂X1 W = g1(Z) = 0, ∂X2 W = g2(Z) = 0, ∂Z W = X1g′1(Z)+ X2g′2(Z) = 0
(14.73)

8 A useful recent reference is [113].
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have a common root. However, the first two equations cannot both be satisfied unless the
holomorphic functions g1(Z) and g2(Z) are specially related. Thus the situation is that,
once the form (14.72) is chosen, supersymmetry breaking is generic.

Once it is established that there is no solution of the ∂αW (Z) = 0 conditions, one
proceeds to find the SUSY-breaking vacuum by minimizing the potential. In this example
the potential is

V = |g1(Z)|2 + |g2(Z)|2 + |X1g′1(Z)+ X2g′2(Z)|2. (14.74)

Generically, the stationary conditions ∂V/∂Xi = 0 are solved by fixing the ratio X1/X2

so that the third term of V vanishes. The vacuum expectation value of Z is then fixed at
the minimum of the first two terms. Only the ratio of X1 and X2 has been fixed, so their
common complex scale is not determined. Thus there is a degenerate subspace of SUSY-
breaking vacua in this model at least in the classical approximation.9

It is useful to discuss the role of U(1)R symmetry in this model. In Sec. 6.2.1 we saw
that U(1)R is a global symmetry of supersymmetric field theories. The U(1)R transforma-
tion rules of the fields of chiral multiplets are given in (6.43). (In gauged supersymmetry
gaugino fields must also transform as shown in (6.65).) A supersymmetric theory with
superpotential W (Z) is U(1)R invariant provided that there is a choice of the charges rα of
the scalar fields Zα such that W (Z) has overall charge 2:∑

α

rαZαWα = 2W. (14.75)

The superpotential of (14.72) satisfies this condition if we choose rXi = 2 and rZ = 0.
Thus U(1)R is spontaneously broken in a generic vacuum of this model in which the Xi

fields are non-vanishing. (The exceptional vacuum in which X1 = X2 = 0 is U(1)R

invariant.) The properties of the vacua in this model are typical of supersymmetric theories
in which SUSY breaking is determined by the superpotential. Spontaneously broken U(1)R

symmetry is important in such models as shown in [115]. (See [116] for a pedagogical
discussion.)

14.5.4 Supersymmetry breaking and the Goldstone fermion

We now discuss an important feature of spontaneous breakdown of SUSY, namely the
fact that the theory necessarily contains a massless fermion commonly called the Gold-
stino. The Goldstino field is a linear combination of the elementary fermion fields in the
Lagrangian, which we will identify in the classical approximation. We work first in the
simple context of ungauged supersymmetry with flat Kähler metric using the notation of
(6.42), i.e. with indices raised by the inverse Kähler metric. Then we will extend the result
to the general case of gauged supersymmetry.

To be definite we take a model which contains n chiral multiplets Zα , PLχ
α , Fα with

holomorphic superpotential W (Z). The physical Lagrangian, with auxiliary fields elimi-
nated, is given in (6.42). Since we are interested in SUSY breaking, we assume that the

9 Classical degeneracies of SUSY-breaking vacua are expected to be ‘lifted’ by perturbative radiative correc-
tions.
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n equations Wα(Z) = 0 have no common solution. Instead we proceed to minimize the
scalar potential

V (Z , Z̄) = Wα(Z)W
α
(Z̄) (14.76)

by finding the solution Zα = Zα
0 of the stationary condition

∂αV = Wαβ(Z0)W
β
(Z̄0) = 0, (14.77)

which gives the global minimum with V (Z0, Z̄0) > 0. The condition (14.77) shows that, at

minimum, the complex symmetric matrix Wαβ has a zero mode with eigenvector W
β

. This
vector is non-vanishing because V > 0. The matrix Wαβ , evaluated at minimum, is the
mass matrix of the fermions of the model, so there is a massless fermion in the spectrum
associated with the null eigenvector. This massless fermion is the Goldstino.

To identify it precisely, and to prepare for the more complicated case of gauged SUSY,
let us write the Lagrangian of a ‘toy model’ containing a set of n free chiral fermions PLψ

i

(and their charge conjugates PRψi ), namely

L = −ψ̄i /∂PLψ
i + 1

2 Mi j ψ̄
i PLψ

j + 1
2 M̄i j ψ̄i PRψ j , (14.78)

with M̄i j being the complex conjugate of Mi j . The equations of motion are

/∂PLψ
i = M̄i j PRψ j , /∂PRψi = Mi j PLψ

j . (14.79)

Suppose now that the mass matrix has a zero mode eigenvector v̄i . Thus Mi j v̄
j = 0. The

linear combination

PLυ ≡ vi PLψ
i (14.80)

is the corresponding massless fermion. To see this we simply compute

/∂PLυ = vi /∂PLψ
i = vi M

i j
PRψ j = 0. (14.81)

In the last step we used the complex conjugate of the zero mode equation.
The toy model result can be applied immediately to the fermions of the model of (6.42).

Using (the conjugate of) the null eigenvector W
α

, we identify the Goldstino field

PLυ = − 1√
2

WαPLχ
α = PLχ

α δs PRχα. (14.82)

We used the fermion shifts (14.69) (and PRχα = gαβ̄ PRχ
β̄ ) to write the last form which

turns out to generalize to gauged supersymmetry. The Goldstone fermion transforms non-
trivially under supersymmetry,

δs PLυ = δs PLχ
αgαβ̄δs PRχ

β̄ . (14.83)

We will now discuss the Goldstino in the general gauged supersymmetric theory with
Lagrangian given in (14.57). After elimination of auxiliary fields one obtains the scalar
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potential (14.67). We assume that SUSY is broken in the vacuum, so there is no common
solution to the equations (14.71). The vacuum then corresponds to the minimum positive
value of V . The stationary condition ∂αV = 0 is very relevant and we will write it explicitly
below.

The major complication in the general theory is that the fermions PLχ
α and PLλ

A mix.
This is seen in the fermion mass term which is obtained from (14.57), (14.60), (14.63) and
(14.66),

Lm fermions = − 1
2 mαβχ̄

αPLχ
β − mαAχ̄

αPLλ
A − 1

2 m AB λ̄
A PLλ

B + h.c.,

mαβ = ∇α∂βW ≡ ∂α∂βW − �
γ
αβ∂γ W,

mαA = i
√

2
[
∂αPA − 1

4 f AB α (Re f )−1 BC PC

]
= m Aα,

m AB = − 1
2 f AB αgαβ̄W β̄ . (14.84)

The quantities mαβ , mαA, m AB are evaluated in the vacuum configuration Zα = Zα
0 .

Thus we find the fermion mass matrix of the system in the block form(
mαβ mαB

m Aβ m AB

)
. (14.85)

We will show that the vector

−√
2

(
δs PLχ

β

δs PLλ
B

)
=
(

W
β

−iP B/
√

2

)
=
(

gβγ̄ W γ̄

−i(Re f )−1 BCPC/
√

2

)
(14.86)

is a zero eigenvector of the mass matrix and is non-vanishing because V > 0 in the
SUSY-breaking vacuum. To show this we need two facts. First we note that the station-
ary condition ∂αV = 0 can be written neatly in terms of the elements of the mass matrix,
namely as

∂αV = mαβW
β + mαA(−iP A/

√
2) = 0. (14.87)

This is just the statement that the ‘top row’ of the zero mode equation is satisfied. The
‘bottom row’ condition is also satisfied, since

mβAW
β + m AB(−iP B/

√
2) = √

2kᾱAW ᾱ = 0. (14.88)

Here we have used the relation (13.51) between Killing vectors and moment maps. The
last expression vanishes simply because the superpotential must be gauge invariant!

The toy model then tells us that the Goldstino field is obtained by contraction of χα and
λA with the appropriate components of the conjugate of the null eigenvector,

PLυ = − 1√
2

PL

[
Wαχ

α + 1√
2

iPAλ
A
]
. (14.89)
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It is useful to incorporate the results in (14.69) so that we recognize the general structure

PLυ = PL

[
χαgαβ̄δs PRχ

β̄ + λA(Re f )ABδs PRλ
B
]
. (14.90)

The Goldstone fermion is always the linear combination in which all elementary fermion
fields are multiplied by the fermion shifts and summed with the appropriate metric. Note
that (14.87) and (14.88) can also be reexpressed as contractions with the fermion shifts.

14.5.5 Mass spectra and the supertrace sum rule

After finding the vacuum state of a supersymmetric theory, the next step is to study
the dynamics of fluctuations about the vacuum. In this section we are concerned with
the mass spectra of these fluctuations. Masses are determined by quadratic terms in an
expansion of the Lagrangian about the vacuum configuration. Since the vacuum values of
spinor and vector fields vanish in a Lorentz invariant vacuum, quadratic terms in these
fields can be read directly from the Lagrangian (14.57) after elimination of auxiliary
fields. For scalars we define the fluctuations as the deviation from the vacuum values
Zα

0 , Z̄ ᾱ
0 , i.e. as

uα(x) ≡ Zα(x)− Zα
0 , ūᾱ(x) ≡ Z̄ ᾱ(x)− Z̄ ᾱ

0 . (14.91)

Quadratic terms in uα, ūᾱ in the expansion of the potential V of (14.67) determine
the scalar masses. (Linear terms in uα , ūᾱ vanish, since we are expanding about the
vacuum.)

From the quadratic terms for scalars, spinors, and vectors we can find the matrix of
squared masses for each type of particle. The eigenvalues of these matrices are the physical
(squared) masses of the particles of the theory. Our main purpose is to outline the derivation
of the mass supertrace sum rule, which involves a weighted sum of the scalar, spinor, and
vector masses [117, 118]. This sum rule can be presented in a uniform fashion so as to
include the various possibilities for broken or unbroken supersymmetry and broken or
unbroken gauge symmetry. To simplify our discussion we will assume that gauge multiplet
kinetic terms are ‘canonical’, which means that we take

f AB = δAB . (14.92)

The scalar mass matrix is actually the most complicated case because quadratic terms
in the expansion of the potential (14.67) include both ‘hermitian’ terms involving products
uα ūβ̄ and ‘non-hermitian’ terms with products uαuβ (and their conjugates).10 The trace
of the scalar mass matrix M2

0, which is the sum of the physical squared masses, involves
the contraction of the inverse kinetic matrix with the second derivative of the potential.
Since the scalar kinetic terms in (14.29) have the form ∂Z∂ Z̄ , the trace involves only the
hermitian terms of the potential, which give the result

10 See Sec. 27.5 of [30] for more detail.
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trM2
0 = gab Da∂bV = 2gαᾱ∂α∂ᾱV (14.93)

= 2gαᾱ
(
∇αWβgββ̄∇ ᾱW β̄ + Wβgββ̄∇α∇ ᾱW β̄

+∂αPA δ
AB ∂ᾱPB + PAδ

AB∂α∂ᾱPB

)
.

Since ∇αW β̄ = ∂αW β̄ = 0, the double covariant derivative on W β̄ reduces to a commu-
tator, which is then expressed in terms of the Ricci tensor of the target space; see (13.24).
The second term in (14.93) thus simplifies, viz.

2gαᾱgββ̄Wβ∇α∇ ᾱW β̄ = 2gαᾱgββ̄Wβ Rαᾱβ̄
γ̄ W γ̄ = 2Wβ Rβγ̄ W γ̄ . (14.94)

Exercise 14.11 To check the result that trM2
0 involves only the hermitian terms of the

mass matrix, consider the free scalar Lagrangian

L = −∂μZ∂μ Z̄ − (aZ2 + ā Z̄2 + bZ Z̄
)
, (14.95)

in which b is a positive real parameter and a is complex. Show that trM2
0 = 2b. Hint:

express the theory in real fields using Z = (A + iB)/
√

2.

To study spinor masses it is useful to return to the toy model of the previous section and
write the second order wave equation, obtained by applying /∂ to (14.79):

PLψ
i = M

ik
Mkj PLψ

j . (14.96)

Thus we can define the spinor squared mass matrix (M2
1/2)

i
j ≡ M

ik
Mkj . In the general

gauged SUSY model, (M2
1/2)

i
j can be obtained from (14.84). Since m AB = 0 under the

assumption (14.92), the trace is

trM2
1/2 = gαᾱmαβgββ̄mβ̄β̄ + 2gαᾱmαAδ

ABmᾱB

= gαᾱ∇αWβgββ̄∇ ᾱW β̄ + 4gαᾱ∂αPAδ
AB∂ᾱPB . (14.97)

If gauge symmetries are spontaneously broken in the vacuum state, then vector fields
acquire mass by the Higgs mechanism. Their masses come from non-derivative terms in
the kinetic Lagrangian of chiral multiplet scalars. From (14.37) and Lkin,chir in (14.57) we
find the trace of the vector squared mass matrix,

trM2
1 = 2gαᾱkA

αδABkᾱB
= 2gαᾱ∂αPAδ

AB∂ᾱPB . (14.98)

To obtain the supertrace sum rule we add the three contributions above, each multiplied
by the number of spin states of the particle it describes, and with bosons and fermions
counted with opposite signs. This leads to

SupertrM2 ≡
∑

J

(−)2J (2J + 1)m2
J = trM2

0 − 2 trM2
1/2 + 3 trM2

1

= 2WαRαᾱW ᾱ + 2gαᾱPAδ
AB∂α∂ᾱPB

= 2WαRαᾱW ᾱ + 2iD A∇αkA
α. (14.99)
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Box 14.5 Mass supertrace sum rule

The supertrace of masses vanishes for flat Kähler manifolds unless supersymmetry is spontaneously broken by
non-vanishing D-terms.

The conclusion is in Box 14.5. For linearly realized internal symmetries as in (14.32), the
result becomes−2iD A tr tA. The trace of any generator tA of a simple non-abelian factor of
the gauge group vanishes, but the trace of a U(1) generator vanishes only if the sum of the
charges of the chiral multiplets in the theory vanishes. Vanishing total charge is required
in order to cancel the gravitational anomaly in the one-loop three-point function of the
U(1) gauge current and two stress tensors. Otherwise the quantum theory would not be
consistent.

Supersymmetric gauge theories have been very widely studied as the possible answer
to the vital question of the new physical laws which may govern elementary particles at
energy scales of 100 GeV and higher, energies beyond the scale at which the standard
model is currently tested. It is tempting to think that the simplest type of theory would be
applicable, namely a theory with flat Kähler metric and linear gauge symmetries. We have
just shown that the supertrace sum rule gives a vanishing result in this setting. As discussed
in more detail in Sec. 28.3 of [30], a vanishing sum rule implies that masses of the undis-
covered SUSY partners of some known particles are well below experimental limits. Thus
there must be other contributions to the supertrace sum rule. Several mechanisms have been
studied. For example, new contributions do arise when global supersymmetry theories are
coupled to supergravity and supersymmetry breaking occurs due to supergravity effects.
These effects will be discussed in Ch. 17.

14.5.6 Coda

In most of this chapter we emphasized scalar target spaces with general Kähler metrics and
nonlinear Killing symmetries. In this way we showed how complex differential geometry
can arise even in global supersymmetry. This can be viewed as a step towards supergravity
in which the differential geometry of spacetime enters the picture. The Kähler metric gαβ̄
for chiral multiplets and the general metric Re f AB for gauge multiplets also appear natu-
rally in supergravity, especially in supergravity models which are the low energy limits of
string theory constructions.

Appendix 14A Superspace

In this appendix we briefly discuss the superspace formalism and its relation to the basic
multiplets treated in the main part of the chapter. The superspace method was first for-
mulated in [119, 105] and it is presented in detail in many textbooks (for example, see
[120, 121, 122, 123, 30, 124, 125]). In the superspace approach Minkowski spacetime is



Appendix 14A Superspace 299

extended to an eight-dimensional ‘supermanifold’ whose coordinates are the usual com-
muting xμ plus four anti-commuting coordinates θα , which transform as a Majorana spinor
under Lorentz transformations. It is frequently convenient to use the chiral projections
PLθ and PRθ , which transform as two-component Weyl spinors. They are denoted by
θα and θ̄α̇ in many presentations of four-dimensional superspace. Supersymmetry trans-
formations are ‘motions’ in the superspace under which coordinates are shifted, viz.
xμ → x ′μ = xμ + 1

4 ε̄γ
μθ , θ → θ ′ = θ − ε.

The multiplets discussed earlier in this chapter are described by functions on superspace,
denoted by �(x, θ), which are called superfields. A superfield can be expanded in a power
series in θα , and such expansions terminate at order (θ)4 because the θα anti-commute.
The various component fields of a multiplet are the coefficients in this series expansion. To
illustrate this, we consider a real superfield, which satisfies �(x, θ) = �̄(x, θ). Its series
expansion is

�(x, θ) = C + 1
2 iθ̄γ∗ζ − 1

8 θ̄ PLθH− 1
8 θ̄ PRθH̄− 1

8 iθ̄γ∗γ μθBμ

− 1
8 iθ̄ θ θ̄γ∗

(
λ+ 1

2
/∂ζ
)
+ 1

32 θ̄ PLθ θ̄ PRθ
(

D + 1
2 C

)
. (14.100)

The value at θ = 0 defines a real scalar field, i.e. �(x, 0) = C(x), which we identify with
the lowest component of the real multiplet (14.9). Higher components of (14.9) appear
in the θ -dependent terms, and the entire structure encodes the component transformation
rules (14.10) in the precise way we will describe below.

Exercise 14.12 Check that θ̄ θ θ̄θ = 2θ̄ PLθ θ̄ PRθ . Hint: since there are only two compo-
nents in PLθ , the bilinear θ̄ PLθ exhausts the left-chiral components; hence, for example,
θ θ̄ PLθ = PRθ θ̄ PLθ .

Supersymmetry transformations, defined above as shifts in superspace, are implemented
by the differential operators11

Qα =
→
∂

∂θ̄α
− 1

4
(γ μθ)α

∂

∂xμ
,

Q
α ≡ CαβQβ = −

→
∂

∂θα
+ 1

4
(θ̄γ μ)α

∂

∂xμ
. (14.101)

The anti-commutator of the operators Q is

{Qα,Q
β} = 1

2 (γ
μ)α

β∂μ. (14.102)

The variation of a superfield is defined as

δ� ≡ ε̄Q� = Qε �. (14.103)

11 The sign of the derivative of a bosonic quantity with respect to θ , a fermionic quantity, depends on whether

one derives from the left or right. Therefore we write
→
∂ to indicate that the derivative acts from the left.
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When one commutes the supersymmetry operators, one should apply the operators on the
fields, as we have seen in Ch. 1 for iterated symmetry transformations; see (1.59). This
leads to

δ(ε1)δ(ε2)� = ε̄α2 QαQ
β
ε1β �,

[δ(ε1), δ(ε2)]� = ε̄2{Qα,Q
β}ε1β � = 1

2 ε̄2γ
με1∂μ�. (14.104)

Note the difference with the calculation in (11.11)–(11.12), which is the origin of the dif-
ference of sign between (14.102) and (11.15). The result agrees with the SUSY algebra
studied in Sec. 6.2.2 and also with (11.14).

To identify the SUSY variations of components from the superfield variation, we write
the θ expansion of δ�:

δ� ≡ ε̄Q� = δC + 1
2 iθ̄γ∗δζ + . . . . (14.105)

By computing Q� explicitly and comparing with the expansion (14.100), it is easy to
identify δC = 1

2 iε̄γ∗ζ and δζ = − 1
2 iγ∗/∂Cε + . . ., where the . . . indicate contributions

from the H and Bμ components of �. These results agree with (14.10). The complete set
of component transformations can be obtained in this way, but the process is tedious. It is
easier for the chiral superfield; see Ex. 14.13 below.

The ‘covariant derivative’

D =
→
∂

∂θ̄
+ 1

4
γ μθ

∂

∂xμ
(14.106)

has many applications in the superspace formalism. This operator anti-commutes with the
supersymmetry generator Q. Therefore it can be used to impose constraints on a superfield
that are compatible with supersymmetry. The most common and most useful constraint
defines a chiral superfield. It is defined as a superfield that satisfies

PRD� = 0. (14.107)

At θ = 0 this constraint implies that the linear term in the θ expansion of �(x, θ) involves
only PLθ . Therefore, the SUSY transform of the lowest component involves only PLε.
This is exactly how we defined the chiral multiplet in components! The remainder of the
constraint is a covariantization, i.e. making it consistent with the supersymmetry algebra,
as we did in Sec. 14.1.1.

To solve the constraint (14.107), it is useful to redefine the superspace coordinates.
Specifically we introduce the shifted bosonic coordinate xμ+ = xμ + 1

8 θ̄γ∗γ
μθ . The chain

rule then gives

→
∂

∂θ̄

∣∣∣∣∣∣
x+
=

→
∂

∂θ̄

∣∣∣∣∣∣
x

− 1
4γ∗γ

μθ
∂

∂xμ
. (14.108)

Therefore, when x+ is used as independent variable, the supersymmetries and covariant
derivatives become
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PLQ = PL

→
∂

∂θ̄
, PRQ = PR

⎛⎝ →
∂

∂θ̄
− 1

2
γ μθ

∂

∂xμ+

⎞⎠ ,

PLD = PL

⎛⎝ →
∂

∂θ̄
+ 1

2
γ μθ

∂

∂xμ+

⎞⎠ , PRD = PR

→
∂

∂θ̄
. (14.109)

This simplifies the constraint (14.107) and implies that a chiral superfield has an expansion
of the form

�(x+, θ) = Z(x+)+ 1√
2
θ̄ PLχ(x+)+ 1

4
θ̄ PLθF(x+). (14.110)

Numerical factors were chosen so that the superspace operator ε̄PLQ + ε̄PRQ gives the
component transformation rules (6.15).

Exercise 14.13 Verify these transformation rules. Use (3.72) to rearrange products of
the θ and the fact that θ̄γμνθ = 0 due to the symmetry properties.

Gauge multiplets are defined as real superfields � on which a ‘supergauge’ transforma-
tion acts via

� → �+ i
(
�− �̄

)
. (14.111)

The gauge parameters are the components of the chiral superfield �. To obtain the compo-
nent transformations of the gauge multiplet in the Wess–Zumino gauge, one chooses the
parameters so that

C = 0, ζ = 0, H = 0. (14.112)

This fixes all components of the superfield � except for one real field, which remains as
the conventional gauge parameter of an abelian gauge potential.

One nice feature of the superspace formalism is that the product of two superfields is
a superfield. Multiplication of superfields is equivalent to multiplication in the multiplet
calculus but usually simpler. The following exercise contains an example.

Exercise 14.14 If � is a chiral superfield given by the expansion (14.110), show that
the expansion of �2 is

�(x+, θ)2 = Z(x+)2 +
√

2 θ̄ PL Z(x+)χ(x+)
+ 1

4 θ̄ PLθ (2z(x+)F(x+)− χ̄ (x+)PLχ(x+)) . (14.113)

Check that this result is compatible with the result of Ex. 14.3.

With similar manipulations one also obtains one of the main formulas of this chapter:
(14.15).

Action integrals in the superspace formalism include integration over the θ variables.
One form involves the integral

∫
d4x d4θ �(x, θ)where� is a real superfield, usually com-

posite. By definition integration over Grassmann variables is equivalent to differentiation.
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Using the component expansion (14.100), one can see that the θ integral ‘selects’ the θ4

component, and we get ∫
d4x d4θ �(x, θ) = 1

8

∫
d4x D(x). (14.114)

This agrees, except for a numerical factor, with the D-term action in (14.12), which
we used in the component approach. If � is a chiral superfield, then one can form the
action integral

∫
d4x d2 PLθ �(x, θ). Using (14.110), one can see that this isolates the

F-component. The result is proportional to the F-term action of (14.12).
In N = 1, D = 4 global supersymmetry, superfields give natural and elegant analogues

of the multiplet calculus constructions presented in the main part of this chapter. There
is a well-developed superspace approach to N = 1, D = 4 supergravity (see [126, 127,
128, 129, 130] or the books [120, 121, 122, 123]) in which the geometry of superspace is
described by frame and torsion superfields. However, these fields satisfy many constraints
which make it complicated to derive physical results. This is why we chose the multiplet
calculus as the principal method used in this book. Multiplets are defined by the properties
of their lowest components and then completed by enforcing the supersymmetry algebra.

Appendix 14B Appendix: Covariant supersymmetry transformations

Note that the supersymmetry transformations are not covariant under Z reparametrizations.
Indeed, we get

δPLχ
′α = ∂Z ′α

∂Zβ
δPLχ

β + ∂2 Z ′α

∂Zγ ∂Zβ
PLχ

βδZγ . (14.115)

However, one can define a ‘covariant transformation’

δ̂PLχ
α = δPLχ

α + �α
βγ PLχ

γ δZβ. (14.116)

This transforms covariantly in the sense that

δ̂PLχ
′α = ∂Z ′α

∂Zβ
δ̂PLχ

β. (14.117)

Exercise 14.15 Prove this fact using the transformation of a Levi-Civita connection
that was obtained in (7.103).

Exercise 14.16 Check that the commutator of covariant transformations on a coordi-
nate vector such as χα is[

δ̂1, δ̂2

]
PLχ

α = δ̂3 PLχ
α + (δ1 Zc)(δ2 Zd)Rcd

α
β PLχ

β, (14.118)

where δ3 is the transformation in the commutator [δ1, δ2], and where c, d stand for indices
that can be holomorphic or anti-holomorphic.
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The previous considerations apply to any transformation, not just supersymmetry, on
quantities that behave under reparametrizations as in (14.23). Replacing δ with a spacetime
derivative, (14.116) reduces to (14.21), and this explains the use of this covariant derivative
in writing the action. Note that the covariant SUSY transformation (14.116) can be simply
expressed in terms of F̃α defined in (14.26):

δ̂PLχ
α = 1√

2
PL(/∂Zα + F̃α)ε. (14.119)

We can understand the definition (14.116) as follows. In the main text, we considered
Zα and χα (and the auxiliary Fα) as the basis of independent fields in the chiral multiplet.
One could take a basis with other fermion fields χ ′α(Z , χ). A covariant formalism should
allow such a change of basis. Thus, in a covariant formalism, the fermions can be functions
of the scalars. A full transformation δ̂χα then involves the transformation of these scalars,
and could take the form

δ̂PLχ
α = δPLχ

α + ∂PLχ
α

∂Zβ
δZβ. (14.120)

However, the expression ∂χα/∂Zβ only makes sense if one compares different bases. In
the same way, the expression �α

βγ χ
γ is not covariant. The only covariant object is the

covariant derivative. A covariant version of (14.120) is

δ̂PLχ
α = δPLχ

α +
(
∂PLχ

α

∂Zβ
+ �α

βγ PLχ
γ

)
δZβ. (14.121)

This reduces to the covariant transformation (14.116) for the basis that we use where
∂PLχ

α/∂Zβ = 0, i.e. when the fermions and bosons are considered as independent fields.
Using the covariant transformation as in (14.116), the non-covariant expression (14.34)

also becomes covariant:

δ̂(θ)PLχ
α = (∇βkA

α(Z)
)

PLχ
β. (14.122)
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The main goal of the next three chapters is to study the formulation and structure of
N = 1, D = 4 supergravity, discussed in Ch. 9, coupled to gauge and chiral multi-
plets. These ‘matter multiplets’ were introduced at the level of global supersymmetry in
Ch. 6, and discussed more generally in Ch. 14. Matter-coupled supergravity theories are
rather complicated, and the simplest systematic approach is the ‘superconformal method’.
This method makes maximal use of the ideas of symmetry. Coleman and Mandula [29]
showed that the maximal spacetime symmetry of a non-trivial field theory is the confor-
mal symmetry. The supersymmetric extension of conformal symmetry is the supercon-
formal algebra introduced by Haag, Łopuszański, and Sohnius [31]. This algebra contains
Pa , Mab, and Qα of the Poincaré supersymmetry algebra plus additional generators (which
we introduce and explain in Ch. 16). The superconformal method is based on early work on
the understanding of supergravity from the superconformal algebra [131, 132, 133, 134].
Superconformal methods can also be used in superspace; see the review [135].

To apply the superconformal method one first formulates gauge theories of the super-
conformal algebra using the algebraic approach to gauge theories introduced in Ch. 11 with
the modifications for gravity discussed in Sec. 11.3. These theories contain extra fields that
are important in the formulation but are then eliminated to obtain the desired gauge the-
ories of the Poincaré supersymmetry subalgebra. Some extra fields are eliminated using
curvature constraints similar to the constraint of Ex. 11.10, which expresses the Lorentz
connection ωμ

ab in terms of eμa and ψμ. Other unwanted fields are called compensating
fields, which are eliminated by gauge fixing the extra symmetries.

The theories that result from this process are the desired matter-coupled supergravity
theories with local Poincaré supersymmetry. The other symmetries are not visible in the
final result. Thus, we stress that it is not our purpose to consider conformal invariant the-
ories. The conformal symmetry is just used as a tool to construct matter-coupled Poincaré
supergravity and gain insight into its structure.

In this chapter we begin our program in a situation of less technical complexity. We show
how conventional Einstein gravity emerges from a theory that is initially invariant under
the bosonic conformal algebra. This algebra, which is isomorphic to so(4, 2), contains
Pa , Mab plus the generators Ka of special conformal transformation and dilatations D.
The conformal gauge multiplet is then coupled to a real scalar compensating field. After
imposing curvature constraints and gauge fixing, we are left with conventional bosonic
gravity with the usual Hilbert action.

Beginning in Sec. 15.2 we define the conformal algebra, and discuss the transformation
rules of matter and gauge fields, and the constraints needed to obtain the action describ-
ing the coupling of the conformal gauge multiplet to a real scalar. The simple action that
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Box 15.1 Conformal construction of Poincaré gravity

Conformal gauge multiplet coupled to a scalar))* gauge fix

Poincaré gravity

appears before the final gauge fixing in this case was already encountered in Ex. 8.7. So
in the next section we begin by reviewing that result and stating the general strategy of the
conformal approach. We follow the scheme of Box 15.1.

15.1 The strategy

The Lagrangian of Ex. 8.7 contains the spacetime metric gμν(x) and a real scalar field
φ(x). It is invariant under conventional general coordinate transformations and local scale
transformations, which are often called Weyl transformations. We specialize to D = 4 and
use λD(x) to denote the gauge parameter of Weyl transformations. The Lagrangian1 and
scale transformations are

L = √
g
[

1
2 (∂μφ)(∂

μφ)+ 1
12 Rφ2

]
, (15.1)

δφ = λDφ , δgμν = −2λDgμν . (15.2)

Readers who have not yet worked through Ex. 8.7 are again invited to demonstrate that the
action (15.1) is invariant under (15.2). The proof requires a compact expression for δRμν

obtained using (7.105) and (7.125).
As in most gauge theory actions, gauge fixing is needed for many physical applications.

A compensating field is one that can be immediately eliminated by gauge fixing, and it is
easy to see that the condition2

φ =
√

6

κ
(15.3)

locks the scalar field at a fixed value, at which the action becomes the standard Hilbert
action for gravity (8.1), namely

L = 1

2κ2

√
gR , (15.4)

which depends only on the physical metric gμν(x).

1 We choose the opposite sign from Ex. 8.7 because our purpose now is to obtain a physical theory of gravity
in which the Hilbert action must have positive sign.

2 Alternatively, gauge fixing can be interpreted as a redefinition of the field variables so that only one field still
transforms under the corresponding transformations. Then, the invariance is expressed as the absence of this
field from the action. In this case we would use g′μν = (κ2/6)gμνφ2 as dilatation invariant metric. One can
check that this redefinition also leads to (15.4) in terms of the new field.
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15.2 The conformal algebra

Conformal symmetry is initially defined as the symmetry of Minkowski space that pre-
serves the ‘angle’ between any two vectors xμ, yμ. Specifically, conformal transforma-
tions are coordinate transformations that leave the quantity x · y/

√
x · x y · y invariant.

Infinitesimal transformations are determined by vector fields ξμ that induce a change in
the metric ημν by a scale factor. Such vector fields are called conformal Killing vectors.
They are solutions of the ‘conformal Killing equation’

∂μξν + ∂νξμ − 2

D
ημν∂ρξ

ρ = 0 . (15.5)

In two dimensions, this has an infinite set of solutions, which define the Virasoro algebra of
string theory. We concentrate on D > 2, where the conformal algebra is finite-dimensional.
Indeed, the solutions of (15.5) are

ξμ(x) = aμ + λμνxν + λDxμ + (x2λ
μ
K − 2xμx · λK) . (15.6)

They contain the familiar D translation and D(D − 1)/2 Lorentz parameters aμ and λμν

plus D+ 1 new parameters λD and λμK for scale and special conformal transformations. In
total the conformal group contains (D + 1)(D + 2)/2 parameters.

Exercise 15.1 Show that the transformations above preserve angles. To do so, show that
the transform of the line element ds2 = dxμημνdxν is proportional to itself, i.e. δ ds2 ∼
ds2. You should find

δ dxμ = λμνdxν + λDdxμ + 2x · dx λμK − 2dxμx · λK − 2xμdx · λK ,

δ ds2 = 2�Dds2 , �D(x) ≡ λD − 2x · λK . (15.7)

The full set of conformal transformations can be expressed in terms of generators as in
(11.1), i.e.

δ(ε) = aμPμ + 1
2λ

μνM[μν] + λD D + λ
μ
K Kμ . (15.8)

From Lie brackets of the various transformations in (15.6), one can obtain the conformal
algebra. The non-vanishing commutators are

[Mμν, Mρσ ] = 4η[μ[ρMσ ]ν] = ημρMσν − ηνρMσμ − ημσ Mρν + ηνσ Mρμ ,

[Pμ, Mνρ] = 2ημ[ν Pρ] , [Kμ, Mνρ] = 2ημ[νKρ] ,
[Pμ, Kν] = 2(ημν D + Mμν) ,

[D, Pμ] = Pμ , [D, Kμ] = −Kμ . (15.9)

This is the SO(D, 2) algebra. Indeed, one can define (with μ̂, ν̂ = 0, . . . , D, D + 1)

M μ̂ν̂ =
⎛⎝ Mμν 1

2 (Pμ − Kμ) 1
2 (Pμ + Kμ)

− 1
2 (Pν − K ν) 0 −D

− 1
2 (Pν + K ν) D 0

⎞⎠ . (15.10)
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Indices are raised by the diagonal metric

η̂ = diag(−1, 1, ..., 1,−1) . (15.11)

15.3 Conformal transformations on fields

In the previous section we identified the conformal group as the transformations of flat
spacetime that preserve angles. Now we will implement the algebra (15.9) as a set of
transformations of a system of fields. In this section we first consider global conformal
transformations on a set of fields φi (x), where i enumerates the fields. Then we extend
the definition to local (i.e. gauge) conformal transformations. In the next section we will
introduce gauge fields. In many cases, the index i includes component indices of the rep-
resentation of the Lorentz group in which the field φi transforms, for example the spinor
or vector representation.

In Ch. 1 we saw that Lorentz transformations have an ‘orbital part’, which acts on the
spacetime point xμ, plus a ‘spin part’ or ‘intrinsic part’, which acts on representation
indices. Dilatations and special conformal transformations also have ‘orbital parts’ and
may have ‘intrinsic parts’ which we denote by kD

i (φ) or kμi (φ). We absorb the orbital
parts of all generators in the conformal Killing vector ξμ(x) of (15.6) and write the action
of a generic conformal transformation (in flat spacetime) as

δCφ
i (x) = ξμ(x)∂μφ

i (x)− 1
2�

μν
M (x)m{μν}i jφ

j (x)

+�D(x) kD
i (φ)(x)+ λ

μ
Kkμ

i (φ)(x) , (15.12)

where

�M μν(x) = ∂[νξμ] = λμν − 4x[μλK ν] ,
�D(x) = (1/D)∂ρξ

ρ = λD − 2x · λK . (15.13)

Intrinsic special conformal transformations contain terms that act as x-dependent Lorentz
and scale transformations. It is convenient to absorb these terms in the parameters �M (x)
and �D(x) in (15.13). These are x-dependent combinations of the independent constant
parameters aμ, λμν , λD and λK of global conformal transformations. We must still specify
m{μν}i j , kD

i (φ) and kμi (φ) for the various fields we deal with. This will be done below.

Exercise 15.2 Consider a field φ with intrinsic dilatation transformation kD(φ) = w φ,
determined by a real number w, which is called the ‘Weyl weight’. Use (15.12) to calculate
the dilatation transformation of ∂μφ(x) and show that this behaves as a field with Weyl
weight w + 1.

Exercise 15.3 Prove that the Maxwell action in four-dimensional Minkowski spacetime
is invariant under dilatations and special conformal transformations. This is a basic result
in relativistic field theory which will allow the reader to explore how the various definitions
made in this chapter are used in practice. The main equation needed is (15.12) for the
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gauge potential Aμ. This has Weyl weight 1, which means that kDμ= Aμ. There are no
extra special conformal transformations, so kνμ = 0. However, �M in (15.13) includes
a term involving λK, so one needs the Lorentz transformation m{μν}ρσ = 2ηρ[μδσν]. As an
intermediate step show that Fμν transforms as

δFμν = ξρ∂ρFμν + 2�[μρFν]ρ + 2�D Fμν , (15.14)

indicating that Fμν has Weyl weight 2. To show that the action is invariant, you need the
value of �D in terms of ξρ as in (15.13).

Next, we take the first steps towards gauged conformal symmetry, which is our final
goal. With a theory of gravity in view we no longer restrict the discussion to Minkowski
space, but assume that the fields φi (x) ‘live on’ a dynamic spacetime manifold, determined
by the frame field ea

μ(x). Recall from Sec. 11.3 that in theories of gravity it is common to
use frame indices for fields and for transformation parameters and generators. Therefore,
we will now switch from coordinate indices μ, ν, . . . to frame indices a, b, . . .. Fields with
frame indices only are called ‘world scalars’ or ‘coordinate scalars’. Further, the symmetry
parameters we introduce below are now gauge parameters; they are arbitrary functions of
the coordinates.

In Sec. 11.3 we saw that it was necessary to separate translations from the other ‘stan-
dard transformations’ of an algebra and replace translations by covariant general coordi-
nate transformations defined for various fields in Sec. 11.3.2. As in (11.56) we will regard
ξa(x) = ea

μξ
μ(x) as the independent parameter of these covariant general coordinate trans-

formations. ‘Standard gauge transformations’ of the conformal algebra are expressed as

δ(ε) = εATA = 1
2λ

ab(x)M[ab] + λD(x)D + λa
K(x)Ka . (15.15)

As explained at the beginning of Sec. 11.3.1, we absorb all the individual transformations
of (15.6) into the single parameter ξμ(x). Similarly we now absorb the terms in (15.13)
into gauge parameters λab(x) for Lorentz rotations and λD(x) for local dilatations. This
rearrangement is a change of basis in the conformal algebra, for which the generators Mab,
D and Ka of the standard subalgebra satisfy the commutation relations of (15.9).

Local conformal transformations for fields that are ‘coordinate scalars’ can thus be writ-
ten as the following general expression:

δCφ
i (x) = ξa(x)Daφ

i (x)− 1
2λ

ab(x)m{ab}i jφ
j (x)

+ λD(x) kD
i (φ)(x)+ λa

K(x)ka
i (φ)(x) . (15.16)

The first term is the covariant general coordinate transformation defined in (11.61). We
now discuss the specific form of the other terms.

(i) Lorentz transformations are encoded in the matrix (m{ab})i j . For scalars, this van-
ishes. For spinors, i and j include spinor indices (which are usually not written explic-
itly) and we have

m{ab} = 1
2γab ⇒ δ� = − 1

4λ
abγab� . (15.17)
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For vectors we have

m{ab}cd = 2δc[aηb]d ⇒ δV a = −λabVb . (15.18)

On any other field, the transformation is determined by its frame indices and spinor
indices.

(ii) Dilatations are specified by ki
D(φ). The fields considered in this chapter are simply

scaled by a constant, i.e.

ki
D = wφi ⇒ δφi = wφiλD . (15.19)

The real number w is called the ‘Weyl weight’ of the field φi . In (15.2), for example,
the Weyl weight of φ is 1, and the Weyl weight of the metric gμν is −2.

A more general form of the Weyl transformation is needed for scalar fields of the
nonlinear σ -model because (15.19) is not reparametrization invariant. We will intro-
duce this in Sec. 15.7, using the concept of a ‘closed homothetic Killing vector’.

(iii) Special conformal transformations are defined by a function ka
i (φ). We consider a

general expression of the form

δφi = λa
Kka

i (φ) = λa
Kχa

i , (15.20)

in which χa
i might be another field of the system or a derivative of another field.

However, (15.9) tells us that a special conformal transformation decreases the Weyl
weight from w to w − 1, i.e. the Weyl weight of χa

i has to be one lower than the
Weyl weight of φi . Often, there is no field in the multiplet that has the required lower
Weyl weight. In that case the field φi has vanishing special conformal transformation.
In fact, ka

i (φ) does vanish for many fields, but we will find in Sec. 15.4 that several
gauge fields do have special conformal transformations.

Although we described the transformations of coordinate scalars here, the discussion also
applies to fields such as Yang–Mills gauge fields and conformal gauge fields (which will
be treated below). The only change required is to replace the first term in (15.16) by the
appropriate covariant general coordinate transformation described in Sec. 11.3.2.

Exercise 15.4 Prove first that the Weyl weight of the frame field eμa is −1. Then check
that if φ has Weyl weight w, then Daφ ≡ ea

μ(∂μ −w bμ)φ has Weyl weight w + 1, where
bμ is the gauge field transforming under dilatations as δbμ = ∂μλD. Compare with the
result that you obtained for global conformal transformations in Ex. 15.2.

To summarize the discussion of this section, we repeat that the conformal algebra con-
tains spatial translations and Lorentz transformations (i.e. the Poincaré algebra) and, in
addition, dilatations and special coordinate transformations. For gauge conformal transfor-
mations of world scalar fields φi (x), translations are treated as covariant general coordinate
transformations and Lorentz transformations are, as usual, determined by the frame indices
of the field. Dilatations are specified by the Weyl weight of the field. Fields with intrinsic
special conformal transformations will appear in the next section.

The attentive reader may wonder whether we cannot omit the special conformal trans-
formations entirely. Indeed, the algebra (15.9) closes if Ka is omitted. However, in the local
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conformal theory we will use special conformal transformations to remove the gauge field
of dilatations. Indeed, we do not want this field to remain in the final Poincaré theory.

15.4 The gauge fields and constraints

We now introduce gauge fields for the conformal algebra. The following table lists the
generators, the corresponding gauge parameters, and the gauge fields.

Pa Mab D Ka

ξa λab λD λa
K

ea
μ ωμ

ab bμ fμa

This will lead us to a gravity theory. As usual, the translations Pa , which are gauged by
ea
μ, play a special role and are distinguished from the ‘standard transformations’ generated

by Mab, D, Ka . The ‘standard transformations’ of gauge fields, obtained from (11.24), are
given by

δeμ
a = −λabeμb − λDeμ

a ,

δωμ
ab = ∂μλ

ab + 2ωμc
[aλb]c − 4λ[aK eμ

b] ,
δbμ = ∂μλD + 2λa

Keμa ,

δ fμ
a = ∂μλ

a
K − bμλ

a
K + ωμ

abλKb − λab fμb + λD fμ
a . (15.21)

Covariant general coordinate transformations, specified in (11.61), should be included to
complete the result. The Lorentz transformations are determined by the index structure of
the various fields, and the dilatation transformations can be described by saying that the
vielbein has Weyl weight −1, the field fμa has Weyl weight 1, and the others have Weyl
weight 0. Furthermore, we see here that all these gauge fields, except the vielbein, have
intrinsic special conformal transformations.

Exercise 15.5 Readers may wish to show that the commutator of two transformations
(15.21) realizes the conformal algebra (15.9); see (11.17).

However, as discussed in the introduction to this chapter, we do not want all these gauge
fields to describe new physical degrees of freedom. The only independent field in Einstein
gravity is the frame field. The others are determined by imposing constraints or by gauge
fixing as we now proceed to discuss.

First, as already seen in Sec. 11.3.2, the spin connection ωμ
ab is a composite field,

determined by a constraint on the translation curvature Rμν(Pa). We will impose the same
constraint here. However, the algebra has changed from Poincaré to conformal, so we will
find a new value for ωμab. Indeed, there is one new term in the P-curvature, related to the
commutator [D, Pa] = Pa . This leads to the new constraint
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Rμν(Pa) ≡ 2
(
∂[μ + b[μ

)
ea
ν] + 2ω[μabeν]b = 0 . (15.22)

Solving for the spin connection, we find that its value is modified compared to the usual
formula obtained from (7.93):

ωμ
ab(e, b) = ωμ

ab(e)+ 2eμ
[aeb]νbν , ωμ

ab(e) = 2eν[a∂[μeν]b] − eν[aeb]σ eμc∂νeσ
c .

(15.23)

Exercise 15.6 Check that the transformations of the spin connection in (15.21) are
consistent with its value in (15.23) using the transformations of the independent fields eμa

and bμ.

Second, we add a new constraint to fix the gauge field of special conformal transforma-
tions. The following constraint allows us to solve for f a

μ algebraically:

eνb Rμν(M
ab) = 0, Rμν(M

ab) = Rμν
ab + 8 f[μ[aeν]b] , (15.24)

where we have split the curvature tensor of the Lorentz rotations into a term involving f a
μ

and the rest. The latter, Rμν
ab, is the expression found for the Poincaré algebra3 and is

given in (7.115). This allows us to solve the constraint for f a
μ in terms of the Ricci tensor,

obtaining

2(D − 2) f a
μ = −Rμ

a + 1

2(D − 1)
ea
μR , Rμν ≡ Rρμ(M

ab)ea
ρeνb , R = Rμ

μ .

(15.25)
After these two constraints, the independent fields that remain are the vielbein eμa and

the gauge field of dilatations bμ. We will impose a condition on bμ to fix the gauge of
special conformal transformations. Indeed, the last term of the transformation of bμ in
(15.21) can be written as δK (λK)bμ = 2λKμ. This implies that the value of this field can
be changed at will by a special conformal transformation. Therefore, we gauge-fix the
special conformal transformations by fixing bμ ≡ 0:

K -gauge: bμ = 0 . (15.26)

After this choice, only the vielbein remains as an independent field, and the special con-
formal transformations are no longer independent transformations. In fact, (15.21) shows
that the gauge condition (15.26) is preserved if

λKμ = − 1
2∂μλD . (15.27)

This type of relation, imposed by the preservation of a gauge condition, is called a decom-
position law. It expresses a ‘gauge-fixed’ symmetry parameter in terms of gauge parame-
ters of symmetries that remain in the theory.

3 In fact, it includes bμ hidden in the expression for ωμab . Below we fix the gauge so that bμ vanishes, and this
difference will disappear.
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15.5 The action

Finally, we will derive the action (15.1) within the framework of gauged conformal sym-
metry. It is the action obtained by coupling the conformal gauge fields to a real scalar. We
will make excellent use of the tricks that we learned in Sec. 11.3.4 for handling covariant
quantities.

We begin with the scalar field whose gauge transformations are general coordinate trans-
formations and Weyl transformations, the latter given by the usual scaling,

δφ = w λDφ , (15.28)

in which the Weyl weight w is a parameter to be determined. Our aim is first to construct
a conformal invariant action, and then to perform the gauge fixing. Hence, in the first step,
we do not yet impose (15.26), and bμ is still an independent field.

To construct an action, we will first construct the conformal d’Alembertian

Cφ ≡ ηabDbDaφ . (15.29)

Observe that we define it using covariant derivatives Da , which obey simple transformation
rules. So let us compute (15.29) in two steps. First, consider

Daφ = ea
μ
(
∂μ − w bμ

)
φ . (15.30)

We know from Sec. 11.3.4 that this is a covariant quantity, i.e. its transformation does
not involve derivatives of a gauge parameter. We have also learned that to calculate its
transformation, we can restrict attention to terms in the transformation laws of the gauge
fields that are not the derivatives of the parameters and do not include gauge fields of
standard transformations. In other words, we can delete all terms that contain any gauge
field other than ea

μ. This reduces the relevant part of (15.21) to

δeμ
a = −λabeμb − λDeμ

a ,

δωμ
ab = . . .− 4λ[aK eμ

b] ,
δbμ = . . .+ 2λKaeμ

a ,

δ fμ
a = . . . , (15.31)

where . . . denote terms that can be omitted by the lemma on covariant derivatives. Thus,
we find the variation

δDaφ = (w + 1)λDDaφ − λa
bDbφ − 2wλKaφ . (15.32)

This implies that (15.29) is

Cφ ≡ ηabDbDaφ = eaμ
(
∂μDaφ − (w + 1)bμDaφ + ωμ abDbφ + 2w fμaφ

)
.

(15.33)

To calculate the transformations of this quantity, we again need only consider (15.31).
The transformations of the frame field ensure that Cφ is a Lorentz scalar, and has Weyl
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Box 15.2 Signs of the kinetic terms

To obtain gravity with positive kinetic term, one has to start with a compensating scalar with negative kinetic
term.

weight w + 2. Only the special conformal transformations of the field bμ and ωμ
ab have

to be considered, and we find

δ Cφ = (w + 2)λD
Cφ + (2D − 4w − 4)λa

KDaφ . (15.34)

The last term drops if we choose

w = 1
2 D − 1 , (15.35)

which means, for example, Weyl weight w = 1 for D = 4. The Weyl weight of the vielbein
determinant e is −D, since it is the product of D factors ea

μ. Therefore, with w specified
in (15.35), the quantity eφ Cφ is invariant under local dilatations and can be used as the
invariant Lagrangian we need!

Thus we consider the action

I = −1

2

∫
dDx eφ Cφ . (15.36)

This action is conformal invariant. Now we use the gauge condition (15.26) to simplify
(15.33). Further we insert the explicit form of f a

μ given in (15.25), specifically

eμa f a
μ = − 1

4(D − 1)
R . (15.37)

The action can then be written as

I = −1

2

∫
dDx eφ

(
Da(eνa∂νφ)−

D − 2

4(D − 1)
Rφ

)
=
∫

dDx e

(
1

2
gμν(∂μφ)(∂νφ)+ D − 2

8(D − 1)
Rφ2

)
, (15.38)

where Da is the Lorentz covariant derivative, and the last line follows after integration by
parts. We thus have obtained the conformal action of a scalar. For D = 4 it agrees with the
action (15.1), which began our discussion. The final gauge fixing

φ =
√

4(D − 1)

(D − 2)κ
(15.39)

gives the Hilbert action of gravity in D dimensions.
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15.6 Recapitulation

We have seen how the method of conformal calculus works in this simple example, and we
have also introduced some useful tricks and tools of gauge theories in the presence of local
translations.

The local conformal algebra was realized on two independent gauge fields ea
μ and bμ

and two dependent fields ωμ
ab and f a

μ , whose values were determined by constraints.
We introduced the scalar φ and constructed a conformal invariant action. Then we fixed
the gauge of the superfluous gauge symmetries, first setting the field bμ to zero, which
breaks special conformal transformations. Finally, the scalar compensating field φ is fixed
by (15.39), breaking local dilatations. The action that remains is just the Hilbert action.

We add a final note concerning the sign of scalar field kinetic term in (15.1) or (15.38).
Readers may have noticed that it is the ‘wrong’ or unphysical sign. The wrong sign is
acceptable here, because φ(x) is not a physical field. Indeed the wrong sign is needed,
because the final action (15.1) or (15.38) describes only the spin-2 graviton with the con-
ventional positive kinetic term required for gravity. It is a general feature of the conformal
and superconformal methods that the kinetic term of the scalar compensator field appears
with unphysical sign.

15.7 Homothetic Killing vectors

In this section we discuss the implementation of conformal symmetry in systems of scalars
φi whose dynamics is described by a nonlinear σ -model with target space metric gi j (φ).
Conformal symmetry, whether global or gauged, strongly constrains this metric and the
vector fields that generate the symmetries. The vector fields are homothetic Killing vectors
or special cases called closed and exact homothetic Killing vectors. The properties of these
vectors are defined below. These concepts play an important role in the development of
matter-coupled supergravity theories in Ch. 17. The target space in those theories is a
Kähler manifold.

As mentioned in Sec. 15.3, the dilatation Killing vector (15.19) cannot always be used
when the target space geometry is non-trivial. Instead the intrinsic part of dilatations is
given by δφi = λDkD

i (φ), where kD
i is a homothetic Killing vector. The dilatation Killing

vector also determines the action of special conformal transformations. For global symme-
tries this happens because λK appears in �D(x) of (15.13). For local conformal symmetry
it happens because the dilatation gauge field bμ transforms under special conformal trans-
formations; see (15.21).

Global special conformal transformations on scalars are given by

δφi = (x2λ
μ
K − 2xμx · λK)∂μφ

i − 2xμλKμkD
i (φ) . (15.40)

This equation was obtained from (15.12) by dropping all symmetry parameters except
λ
μ
K and also assuming that kμi (φ) = 0. This assumption is certainly valid if there are
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no scalars of lower Weyl weight in the theory. The nonlinear σ -model is then invariant
if kD

i is a closed homothetic Killing vector [136], as readers will show in an exercise
below. The appropriate local extension of the nonlinear σ -model is also invariant under
special conformal transformations if kD

i is a closed homothety. This will also be shown
in an exercise. Note that kD

i is a vector field on the target space that is needed to realize
conformal symmetry in the nonlinear σ -model field theory.

We now define the vector fields discussed above for general target space metric gi j (φ),
where the φi are real coordinates. A Killing vector k is a vector whose Lie derivative
annihilates the metric: Lk gi j = 0. A conformal Killing vector is one for which

conformal Killing vector: Lk gi j = ∇i k j + ∇ j ki = w(φ) gi j , (15.41)

where ∇ contains the Levi-Civita connection for the metric, and w(φ) can be an arbitrary
scalar function on the manifold. Note that a conformal Killing vector is thus not a Killing
vector. Then one defines [137, 138]

homothetic Killing vector: Lk gi j = ∇i k j + ∇ j ki = 2w gi j , (15.42)

where w is a real number. Finally a closed homothetic Killing vector is one for which the
1-form ki dφi = k j gi j dφi is closed. Thus also ∂i k j − ∂ j ki = 0 and we can write

closed homothetic Killing vector: ∇i k j = w gi j . (15.43)

Observe that a manifold has a closed homothetic Killing vector if and only if there exists
(locally) a function κ̃(φ) that satisfies

∇i∂ j κ̃ = gi j . (15.44)

Exercise 15.7 Prove the integrability condition for a closed homothetic Killing vector

Ri jk�k
� = 0 . (15.45)

This condition strongly restricts the target spaces which support special conformal sym-
metry.

In explicit computations it is convenient to use the alternative form of (15.43), which
depends only on the Levi-Civita connection on the target space,

∂i kD
j + �ik

j kD
k = w δ

j
i . (15.46)

As in (15.19), the parameter w is called the Weyl weight of the fields φi . When �i j
k = 0,

the unique solution is the simple form in (15.19).

Exercise 15.8 In this example we consider the nonlinear σ -model in flat Minkowski
space. Global dilatation and special conformal transformations of the scalars are defined
by

δφi = ξμ∂μφ
i +�D(x)kD

i (φ) . (15.47)
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It follows from (15.5) and (15.13) that the quantities ξμ(x) and �D(x) are related by
∂(μξν) = ημν�D(x). Check that

L = − 1
2 gi j (φ)∂μφ

i ∂μφ j (15.48)

transforms as

δL = ∂μ(ξ
μL)+ (−D + 2+ 2w)L�D(x)− kDi∂μφ

i∂μ�D(x) (15.49)

if and only if kD
i are homothetic Killing vectors with weight w. Then, with the choice

of weights (15.35) there is dilatation invariance, i.e. invariance of the action under the
transformations with �D(x) = λD. On the other hand, show that if kDi (φ) = ∂i κ̃(φ), the
action is also invariant for �D(x) = −2x · λK.

Exercise 15.9 We now couple the σ -model to gravity and consider its local spacetime
symmetries, in particular dilatations and special conformal transformations with local
parameters λD(x) and λa

K(x). The local field transformations are

δφi = λDkD
i (φ) , δeμ

a = −λDeμ
a , δbμ = ∂μλD + 2λa

Keμa ,

δ fa
a = 2λD fa

a + eμa
(
∂μ − bμ

)
λa

K + eμ
aωμ

ab(e, b)λKb . (15.50)

Calculate the transformations of the Lagrangian

L = −1

2
e gi j (φ)Daφ

i Daφ j + e
1

w
fa

a kD
i gi j kD

j ,

Daφ
i = ea

μ
(
∂μφ

i − bμkD
i
)
, (15.51)

in which fa
a is defined in (15.37). Hint: use the methods of Sec. 11.3.4 to check that

δDaφ
i = λD

(
Daφ

i + ∂ j kD
i Daφ

j
)
− 2kD

iλKa . (15.52)

You will find that if kD
i are homothetic Killing vectors both terms of the action are sep-

arately invariant under local dilatations. For the special conformal transformations, you
need the equation

Da

(
kD

i gi j kD
j
)
= 2w kDi Daφ

i (15.53)

to prove that the action is invariant. This equation is based on (15.46).

Exercise 15.10 The Lagrangian

L =
(

1+ φ1

φ2

)
(∂μφ

1)(∂μφ2) (15.54)

defines a σ -model whose only non-zero metric component is g12 = (φ1+φ2)/φ2. Calculate
the Levi-Civita connections

�1
11 =

1

φ1 + φ2
, �2

22 = − φ1/φ2

φ1 + φ2
. (15.55)

Show that the solutions of the conformal Killing equations

∂(i k j)D − �k
i j kk D = wgi j (15.56)
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are

k1
D = w φ1 , k2

D = wφ2 . (15.57)

Check that this does not solve the equation (15.46). Hence, this model is invariant under
global dilatations, but not under global special conformal transformations.

Exercise 15.11 In rigorous differential geometry a closed homothetic Killing vector is
defined as a vector k with the property that ∇Y k = Y , for an arbitrary vector Y . Note that
∇Y = Y i∇i . Show that this definition is equivalent to (15.43).



The conformal approach to
pureN = 1 supergravity 16

In this chapter we extend the previous construction to the superconformal algebra. We
couple the gauge fields of this algebra to a chiral multiplet of N = 1, D = 4 SUSY, which
is called the compensating multiplet. This multiplet replaces the scalar compensator field
of the previous chapter. After appropriate constraints and gauge fixing, the final product
of the construction will be the pure N = 1, D = 4 discussed in Ch. 9, but now with
auxiliary fields and a superalgebra that closes off-shell. Readers may wish to reread the
introductory discussion of the method at the beginning of Ch. 15. The scheme of Box 15.1
is now replaced by that of Box 16.1.

16.1 Ingredients

To carry out the construction, we first discuss the superconformal algebra, and then intro-
duce gauge fields and constraints to reduce the number of fields in the Weyl multiplet as we
did for gravity. Then we consider the superconformal transformations of a chiral multiplet.
This will prepare us to construct the action in Sec. 16.2.

16.1.1 Superconformal algebra

The superconformal algebra is a superalgebra that contains the conformal algebra
SO(D, 2) in its Lie subalgebra. In general the generators of a superalgebra can be con-
sidered to be matrix elements in a vector space with both commuting and anti-commuting
components. The matrices take the form(

conformal algebra Q, S
Q, S R-symmetry

)
. (16.1)

A systematic analysis of superconformal algebras has been performed by Nahm [58]. For
N = 1 in four dimensions the relevant superalgebra1 is SU(2, 2|1). The generators of the
bosonic subalgebra SU(2, 2)×U(1) appear in the diagonal blocks in (16.1). The SU(2, 2)
subalgebra is the conformal algebra, which contains the generators Pa , Mab, Ka and D,
which we are familiar with. SU(2, 2) is the covering group of SO(4, 2). This means that it
has the same algebra, but allows fermionic representations, which we obviously need for
supersymmetry.

1 Appendix B.3 contains more information on these superalgebras, but it is not needed to follow the discussion
in this chapter.

321
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Box 16.1 Superconformal construction of pure supergravity

Superconformal gauge multiplet coupled to a chiral multiplet))* gauge fix

Pure supergravity

The U(1) symmetry is an R-symmetry, the symmetry that we first encountered in Sec.
6.2.1 and discussed more generally in Sec. 12.2. As in (12.10), we use T to denote the
R-symmetry generator of the superconformal algebra. Recall that the TR symmetry of Sec.
6.2.1 is an optional symmetry in global N = 1 SUSY. It is present if the superpotential has
R-charge 2, but not otherwise. The superconformal T -symmetry acts somewhat differently.
Since it is part of the superconformal algebra, it is gauged in the superconformal action we
obtain in Sec. 16.2. However, only general coordinate transformations, Qα and Mab, are
gauged in the physical supergravity theories that are the goal of our construction. So the
T -symmetry will be one of the extra symmetries, which will be gauge fixed at the end of
our work. (The general matter-coupled theories we construct in Ch. 17 do, however, have
the option, depending on details of the model, of a global or even a gauged TR symmetry.
This issue will be discussed in Ch. 19.)

The fermionic generators are the conventional Poincaré supercharge Qα plus the confor-
mal supercharge Sα , which is quite different. Its ‘square’ is the special conformal generator
Ka . Both Ka and Sα are extra symmetries that will be gauge fixed. We point out that all
spinors considered in this chapter are Majorana spinors.

The commutators of the conformal algebra are specified in (15.9), and these charges all
commute with the U(1) generator T . The commutators of Mab with the fermionic genera-
tors are

[Mab, Q] = − 1
2γab Q , [Mab, S] = − 1

2γab S , (16.2)

which is the just the statement that they are Lorentz spinors.
The dilatations provide a 5-grading of the superconformal algebra. By this, we mean

that the generators can be ordered in five groups according to their Weyl weight:

1 : Pa

1
2 : Q

0 : D , Mab , T

− 1
2 : S

−1 : Ka . (16.3)

These weights determine all commutators involving D, for example

[D, Q] = 1
2 Q , [D, S] = − 1

2 S . (16.4)
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As we discussed above, T is an R-symmetry. We saw in (12.10) that this means that it
rotates the supercharges. Since we discuss N = 1, the only choice is a chiral transforma-
tion, specifically

[T, Q] = − 3
2 iγ∗Q, [T, S] = 3

2 iγ∗S . (16.5)

This means that PL Q and PL S have opposite U(1) charge. The value of this charge, which
we have chosen to be 3/2, is arbitrary. Physical results for N = 1 supergravity and its
matter couplings do not depend on this choice.2 (Note that the normalization of TR in (6.4)
is different from T .)

The other non-vanishing commutators between bosonic and fermionic generators are

[Ka, Q] = γa S, [Pa, S] = γa Q . (16.6)

Finally, the anti-commutators of the fermionic generators must be specified. We include
spinor indices for clarity.3 We have{

Qα, Qβ
} = − 1

2 (γ
a)α

β Pa ,
{

Sα, Sβ
} = − 1

2 (γ
a)α

βKa ,{
Qα, Sβ

} = − 1
2δα

β D − 1
4 (γ

ab)α
β Mab + 1

2 i(γ∗)αβT . (16.7)

Exercise 16.1 Check the super-Jacobi identity[{
Qα, Qβ

}
, Sβ
] = [Qα,

{
Qβ, Sβ

}]+ [Qβ,
{

Qα, Sβ
}] = 0 . (16.8)

In this question, we have written a sum over the spinor index β, which simplifies the cal-
culation.

16.1.2 Gauge fields, transformations, and curvatures

As in Sec. 15.4, we begin by assigning parameters and gauge fields to all generators of
the superalgebra; see Table 16.1. As was done in Ch. 11, the generators are divided into
two classes: the translations Pa , which will be represented as covariant general coordinate
transformations; and the remaining ‘standard superconformal transformations’. The latter
are denoted collectively by

δ = εATA = 1
2λ

ab M[ab] + λD D + λa
K Ka + λT T + εαQα + ηαSα . (16.9)

With spinor indices omitted, the last two terms can be written as ε̄Q + η̄S.

Table 16.1 Parameters and gauge fields for the superconformalN = 1 algebra.

Pa Mab D Ka T Q S

ξa λab λD λa
K λT ε η

ea
μ ωμ

ab bμ fμa Aμ ψμ φμ

2 We take a different normalization from most papers in the literature of N = 1 superconformal supergravity,
which will turn out to be useful below. The factor 3 originates in the superconformal algebra for N -extended
supersymmetry, where factors 4−N appear [132].

3 We use the notation of Sec. 3.2.2, e.g. Q̄α = Qα = Cαβ Qβ .
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As in Ch. 11 the commutators of the generators define structure constants of the super-
algebra and these determine the transformation laws of the gauge fields; see (11.24). The
coordinate transformations (cgct) of these gauge fields, with parameter ξμ = eμa ξa , follow
from the rule (11.65). For the ‘standard’ transformations we use (11.24), in which the sum
over B includes translations, which are gauged by ea

μ. As we saw in the previous chapter,
the important terms in practical calculations are the contributions where B is the translation
(see (15.31)). Therefore, we underline these terms in the following result:

δeμ
a = −λa

beμ
b − λDeμ

a + 1
2 ε̄γ

aψμ ,

δωμ
ab = 2λ[acωμ

b]c−4λ[aK eμ
b] + 1

2 ε̄γ
abφμ + 1

2 η̄γ
abψμ ,

δbμ = ∂μλD+2λa
Keμa + 1

2 ε̄φμ − 1
2 η̄ψμ ,

δ fμ
a = −λa

b fμ
b + ∂μλ

a
K − bμλ

a
K + ωμ

abλKb + λD fμ
a + 1

2 η̄γ
aφμ ,

δAμ = ∂μλT − 1
2 iε̄γ∗φμ + 1

2 iη̄γ∗ψμ ,

δψμ = − 1
4λ

abγabψμ + (∂μ + 1
2 bμ + 1

4ωμ
abγab − 3

2 iAμγ∗)ε−γaea
μη

− 1
2λDψμ + 3

2 iλT γ∗ψμ ,

δφμ = − 1
4λ

abγabφμ + (∂μ − 1
2 bμ + 1

4ωμ
abγab + 3

2 iAμγ∗)η − γa fμ
aε

+ 1
2λDφμ − 3

2 iλT γ∗φμ + λa
Kγaψμ . (16.10)

The Lorentz transformations obtained above are the usual ones expected from the frame
and spinor indices of the various fields, and the dilatations reflect the Weyl weight of the
fields.

Exercise 16.2 Verify the bμ term in the supersymmetry transformation of ψμ above.
Some gymnastics with spinor indices is needed. The relevant commutator of (16.4) is
[D, Qα] = 1

2δα
β Qβ . Now use (11.24) to obtain the term δψα

μ = 1
2ε

αbμ. This gives the
transformation of ψ̄μ, since the spinor index is up. Lowering the index is straightforward
and gives the transformation written in (16.10). Now try another term in (16.10), e.g. the
Q-supersymmetry transformation of φμ, to practice your skills.

Similarly, using (11.41), we can write down the curvatures of all generators:

Rμν(Pa) = 2
(
∂[μ + b[μ

)
ea
ν] + 2ω[μabeν]b − 1

2 ψ̄μγ
aψν ,

Rμν(M
ab) = 2∂[μων]ab + 2ω[μa

cων]cb + 8 f [a[μeb]
ν] − ψ̄[μγ abφν] ,

Rμν(D) = 2∂[μbν] − 4 f a[μeν]a − ψ̄[μφν] ,
Rμν(K

a) = 2
(
∂[μ − b[μ

)
f a
ν] + 2ω[μab fν]b − 1

2 φ̄μγ
aφν ,

Rμν(T ) = 2∂[μAν] + iψ̄[μγ∗φν] , (16.11)

Rμν(Q) = 2
(
∂[μ + 1

2 b[μ − 3
2 iA[μγ∗ + 1

4ω[μ
abγab

)
ψν] − 2γ[μφν] ,

Rμν(S) = 2
(
∂[μ − 1

2 b[μ + 3
2 iA[μγ∗ + 1

4ω[μ
abγab

)
φν] − 2γa f a[μψν] .



16.1 Ingredients 325

Weyl multiplet Box 16.2

The independent fields of theWeyl multiplets are eμa ,bμ, Aμ andψμ. The other gauge fields in Table 16.1
are functions of these, determined by constraints.

16.1.3 Constraints

In the previous chapter, we imposed two ‘conventional’ constraints, i.e. constraints that
could be solved algebraically for a gauge field: (15.22) was solved to determine the spin
connection ωμ

ab, and (15.24) was solved for fμa . Therefore, the remaining independent
fields of the bosonic Weyl multiplet were eμa and bμ. In this section we will impose similar
constraints, which will also determine the gauge field of S-supersymmetry, φμ. Therefore,
the independent fields of the Weyl multiplet will be eμa , bμ, Aμ and ψμ. The transforma-
tion laws of these fields are shown in (16.10). (Readers may wish to skip the explanation
of the constraints and just note the results given below for the dependent gauge fields
ωμ

ab(e, b, ψ), fμa and φμ. See (16.13) and (16.24) and see (16.25) and (16.23) for the
notation.)

The three constraints needed to reduce the superconformal gauge multiplet to the inde-
pendent fields listed above are

Rμν(Pa) = 0 ,

eνb R̂μν(M
ab) = 0 ,

γ μRμν(Q) = 0 . (16.12)

The second constraint contains a modification of the curvature R(M) in (16.11) that we will
discuss below. The purpose is to make the constraint invariant under Q-supersymmetry.
The modification is not strictly necessary but it is convenient. A change in a constraint
redefines the field that we solve for.

The new constraint involves R(Q). To motivate the specific choice above, note that φμ
appears linearly in the last term of Rμν(Q) in (16.11). The γ -trace of Rμν(Q) has the
same number of components as the field φμ, which we want to solve for, so there is a
unique solution of the constraint.

Let us elaborate on the way in which the constraints are used. These constraints gener-
alize the second order formalism in gravity, and we already applied such constraints in the
previous chapter in Sec. 15.4. For supersymmetric theories it is necessary to have a good
understanding of their significance. In the second order formalism of general relativity,
ωμ

ab is defined as a function of the frame field. It is not an independent field. In the same
way, here ωμab, fμa and φμ are now ‘dependent fields’ (or ‘composite fields’). They are to
be understood as functions of the independent fields ea

μ, bμ, Aμ and ψμ that are obtained
by solving the constraints (16.12).

Why do we need these constraints? Before we impose the constraints, we have an alge-
bra that is closed on all the gauge fields of the Weyl multiplet, but translations do not act
as they should. We gave an example in the context of Poincaré supergravity at the end
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of Sec. 11.1.2 where the gravitino is invariant under translations. We saw in Sec. 11.3
that the gauge translations should be replaced by covariant general coordinate transfor-
mations, and that this desired result is obtained for the frame field by imposing the first
constraint of (16.12). A careful analysis [139] shows that the other independent fields trans-
form as covariant general coordinate transformations after all three constraints (16.12) are
imposed.4

We now study the solutions of the constraints and the modified transformation rules.
Let’s look at the first constraint. From (16.11), we see that Rμν(Pa) in the superconformal
algebra is very similar to the curvature of its Poincaré SUSY subalgebra, which was given
in Ex. 11.10 of Ch. 11. The only difference is the appearance of the gauge field bμ, which
can be viewed as an added term in ωμab, exactly as in (15.23). These observations help us
to obtain the solution of the first constraint, which is

ωμ
ab(e, b, ψ) = ωμ

ab(e, b)+ 1
2ψμγ

[aψb] + 1
4 ψ̄

aγμψ
b , (16.13)

where the first term is given in (15.23). The quadratic term in ψa is the gravitino torsion
term that already occurred in our discussion of N = 1, D = 4 supergravity in (9.21).

How should we now determine the transformations of the dependent field? Is the con-
straint invariant under supersymmetry or other transformations? To answer these questions,
we symbolically represent the constraint as C(ω, φ) = 0, where ω stands here for any of
the dependent fields, and φ for the independent ones. All the constraints are chosen to be
solvable, i.e. δC/δω is invertible. A solution to the constraint means that there is a function
ω(φ) such that

C (ω(φ), φ) ≡ 0 (16.14)

for all φ. Hence we can take a derivative, and find

∂C

∂ω

∂ω

∂φ
+ ∂C

∂φ
= 0 . (16.15)

Since ω is now to be considered as shorthand for ω(φ), its transformations are

δω = ∂ω

∂φ
δφ . (16.16)

With (16.15) this implies immediately that δC = 0 without any further calculation. This
shows also how we could compute the transformations of the dependent fields. We just
use (16.16). This thus means for the spin connection that we compute δω by using the
expression (16.13) and inserting the transformations of the independent fields e, b and ψ .
This is conceptually simple but in practice involves a lot of work.

A second way to compute the transformations needs a bit more thought, but is easier in
practice. We can split the transformations of the dependent fields into the sum of their ‘old’
transformations, as dictated by the gauge theory algebra, plus extra transformations. The
structure is then

δω = δgaugeω + δMω , (16.17)

4 This analysis uses the modified transformation laws that we will discuss below and the formula for a covariant
general coordinate transformation in (11.73).
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where the latter notation is inspired by (11.69). Then the full transformation of the con-
straint is

0 = δC = δgaugeC + δMC = δgaugeC + ∂C

∂ω
δMω . (16.18)

The first term is easy to calculate since the constraint is written in terms of curvatures, for
which we have the rule (11.42), and the invertibility of ∂C/∂ω allows us then to obtain the
new parts of the transformation of the dependent fields.

Let us apply this now for the first constraint. The rule (11.42), applied to the curvature
of the translation, leads to (using Rμν(Pa) = 0 on the right-hand side)

δgauge Rμν(Pa) = 1
2 ε̄γ

a Rμν(Q) . (16.19)

Thus, (16.18) takes the form

0 = 1
2 ε̄γ

a Rμν(Q)+ ∂

∂ωρbc
Rμν(Pa)δMωρ

bc . (16.20)

This can be solved for δMω by the usual trick: writing the equation three times with dif-
ferent indices, adding two and subtracting one (see Ex. 7.26). One obtains

δQ(ε)ωμ
ab(e, b, ψ) = δgauge(ε)ωμ

ab + δM(ε)ωμ
ab

= 1
2 ε̄γ

abφμ − 1
2 ε̄γ

[a Rμ
b](Q)− 1

4 ε̄γμRab(Q) . (16.21)

Although not essential, it is possible to simplify this expression by making use of a conse-
quence of the third constraint, which is equivalent to γ[μRνρ](Q) = 0.

Exercise 16.3 It is an interesting exercise in γ -algebra to show this equivalence, and
use it to obtain the simplified transformation

δQ(ε)ωμ
ab(e, b, ψ) = 1

2 ε̄γ
abφμ − 1

2 ε̄γμRab(Q) . (16.22)

The new supersymmetry transformation of the spin connection is of the general type
discussed in (11.69). The terms called M in that expression are exactly the Rab(Q) terms
in (16.21). The M terms also modify the curvature for Lorentz transformations according
to (11.72):

R̂μν(M
ab) = R̂μν

ab + 8 f [a[μeb]
ν] ,

R̂μν
ab = rμν

ab + ψ̄[μγ [a Rν]b](Q)+ 1
2 ψ̄[μγν]R

ab(Q) ,

rμν
ab = 2∂[μων]ab + 2ω[μa

cων]cb − ψ̄[μγ abφν] . (16.23)

As in (15.24), we have separated the terms containing the dependent gauge field fμa . It is
the modified curvature R̂μν(Mab), rather than Rμν(Mab), that we use in the second line of
(16.12). This gives a constraint that transforms covariantly.

It is now straightforward to solve the second and third constraints of (16.12) for the
gauge fields fμa and φμ:

fμ
a = − 1

4 R̂μ
a + 1

24 eμ
a R̂ ,

φμ = − 1
2γ

ν R′μν(Q)+ 1
12γμγ

ab R′ab(Q) . (16.24)
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Here, we use Ricci tensors defined from the covariant R̂μν
ab in (16.23), and we have also

split the supersymmetry curvature by omitting terms containing the gauge field φμ. These
curvatures and Ricci tensors in (16.24) are given by

R̂ = eμa R̂μ
a , R̂μ

a = R̂μν
abeνb,

Rμν(Q) = R′μν(Q)− 2γ[μφν] ,

R′μν(Q) = 2
(
∂[μ + 1

2 b[μ − 3
2 iA[μγ∗ + 1

4ω[μ
abγab

)
ψν] . (16.25)

For future use, here are three more formulas that follow from these definitions:

fμ
μ = − 1

12 R̂ = − 1
12

(
R(ω)− ψ̄aγ

abφb

)
,

γ μφμ = − 1
6γ

μν R′μν(Q) ,

γ abφb = − 1
4γ

abc R′bc(Q) . (16.26)

Here, R(ω) is the usual Ricci scalar (defined from the ∂ω and ωω terms only) in which ω

is now the solution (16.13).

16.1.4 Superconformal transformation rules of
a chiral multiplet

The next step in the strategy sketched in Box 15.1 is to study the superconformal properties
of a chiral multiplet. In global SUSY the Q-supersymmetry transformation rules of a gen-
eral chiral multiplet, either elementary or composite, were derived in Sec. 6.2; see (6.15).
They are valid in supergravity with the following changes:

1. The transformation parameter is now an arbitrary function ε(x).
2. The derivatives ∂μZ and ∂μPLχ in (6.15) must be replaced by superconformal covariant

derivatives defined as in (11.58).

This replacement is an example of the well-known ‘covariantization’ procedure. The result-
ing expressions transform properly under local superconformal transformations. However,
the explicit form of the superconformal covariant derivatives is not completely known
because we still have to find the dilatation and other superconformal transformations. Let’s
get started.

First we define how dilatations act, which means that we must determine the appropriate
Weyl weights for the fields.

Exercise 16.4 Suppose that the field Z has Weyl weight w. Consider the commutator
[D, Q] in (16.4) applied to the field Z. Show that this implies that PLχ has Weyl weight
w + 1

2 .

After this exercise, convince yourself that, owing to the structure of (16.4), the Q-
supersymmetry parameter ε can be viewed as a quantity that carries Weyl weight −1/2,
and the S-supersymmetry parameter η as a quantity with Weyl weight 1/2. Hence the
supersymmetry rules imply that when Z has Weyl weight w, the fermion PLχ has Weyl
weight w + 1

2 , and the auxiliary field F has Weyl weight w + 1.
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A similar discussion applies to T -transformations. We define a chiral weight c for the
complex scalar Z by the transformation rule

δT Z = icλT Z , (16.27)

and similarly for all other fields. The commutator (16.5) then implies that PLε (or ε̄PL )
has chiral weight 3/2, while PRε has chiral weight −3/2. Similarly PLη has chiral weight
−3/2, and PRη has chiral weight 3/2.

Next, we show that the Weyl weights of the fields and the parameters require that Z is
invariant under S-supersymmetry. Indeed, since η has weight +1/2, Z can only transform
into a field of Weyl weight w − 1

2 . There is no such field in the multiplet. Further, the
result of Ex. 15.4 implies that a covariant derivative Da also carries Weyl weight +1. So
derivatives of fields produce fields of even higher Weyl weight. Thus, the only possibility
is that δS Z = 0.

This observation allows us to make a simple calculation to determine a relation between
the Weyl weight and the chiral weight. We will check the commutator of Q- and S-
supersymmetry on Z . The anti-commutation relations (16.7) become commutators when
the Grassmann transformation parameters are included, as we learned in Sec. 11.1.1; see
(11.12). We write the result here for the three relevant commutators:[

δQ(ε1), δQ(ε2)
] = δcgct

(
ξμ = 1

2 ε̄2γ
με1

)
,

[δS(η1), δS(η2)] = δK

(
λa

K = 1
2 η̄2γ

aη1

)
, (16.28)[

δS(η), δQ(ε)
] = δD

(
λD = 1

2 ε̄η
)
+ δM

(
λab = 1

4 ε̄γ
abη
)
+ iδT

(
λT = − 1

2 ε̄γ∗η
)
.

First note that the second commutator tells us that δK Z = 0. This fact also follows from the
Weyl weight argument above applied to special conformal symmetry, which assigns Weyl
weight +1 to λK . So a chiral multiplet scalar is also invariant under a special conformal
transformation. Now proceed to the main task, which involves the third commutator. Since
we already learned that Z is invariant under S-supersymmetry, we can write[

δS(η), δQ(ε)
]

Z = δS(η)δQ(ε)Z = 1√
2
ε̄PLδS(η)χ . (16.29)

Note that ε̄PR does not appear in the result. Consider then what we should obtain according
to (16.28). Z is a scalar, so the δM term vanishes. Only the δD and δT terms remain, and
these are determined by the Weyl and chiral weights of Z . If we split ε̄ = ε̄PL + ε̄PR and
isolate the ε̄PR terms, then the absence of such terms in (16.29) implies that

0 = 1
2wZ − 1

2 cZ �⇒ c = w . (16.30)

The chiral weight is thus determined by the Weyl weight in any chiral multiplet. On the
other hand, when we consider the left-chiral terms in this calculation, we obtain

1√
2
ε̄PLδS(η)χ = 1

2
w Z ε̄PLη + 1

2
w Z ε̄PLη ⇒ δS(η)PLχ =

√
2w Z PLη .

(16.31)
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By checking the same commutator of Q- and S-supersymmetry on the fermion PLχ ,
one obtains the S-supersymmetry transformation of the auxiliary field, as the following
exercise shows.

Exercise 16.5 Consider the commutator [δS, δQ] on the fermion χ . It should produce
the combination of symmetries on the right-hand side of the last equation of (16.28). These
transformations are determined by the Weyl and R-symmetry weights of χ , as explained
above. We already know all transformations needed to compute δQ(ε)δS(η)χ . Then we
must compute δS(η)δQ(ε)χ . The Q-supersymmetry transformation of χ involves DμZ and
F. Thus one needs the S-supersymmetry transformation of DμZ to determine δS(η)F.
Since Z is invariant, the lemma on covariant derivatives implies that the S-supersymmetry
transformation only results from the underlined terms in (16.10). This gives

δS(η)Da Z = − 1√
2
(δS(η)ψa)PLχ = − 1√

2
ηγa PLχ . (16.32)

Finally you must combine these results, using a Fierz rearrangement, to obtain δS(η)F =√
2(1− w)η̄PLχ .

Finally we can write the complete superconformal transformation of the chiral multiplet
(to simplify we omit general coordinate and Lorentz transformations):

δZ = [wλD + iw λT ] Z + 1√
2
ε̄PLχ ,

δPLχ =
[(

w + 1

2

)
λD +

(
w − 3

2

)
iλT

]
PLχ + 1√

2
PL
(
/DZ + F

)
ε

+√2wZ PLη , (16.33)

δF = [(w + 1) λD + (w − 3) iλT ] F + 1√
2
ε̄ /DPLχ +

√
2(1− w)η̄PLχ .

Observe that the T -transformations are the same as the U(1)R symmetry transforma-
tions (6.28), except for normalization.5 Since this symmetry is part of the superconfor-
mal algebra, any superconformal invariant action will also be T -symmetric, even locally
T -symmetric. Now the superconformal covariant derivatives follow easily by applying the
gauge transformation laws ‘stepwise’. By inspection of δZ we obtain Da Z and by inspec-
tion of δPLχ we obtain Da PLχ :

Da Z = eμa

(
∂μZ − w bμZ − iw AμZ − 1√

2
ψ̄μPLχ

)
,

Da PLχ = eμa PL

[(
∂μ + 1

4
ωμ

bcγbc −
(
w + 1

2

)
bμ −

(
w − 3

2

)
iAμ

)
χ

− 1√
2

(
/DZ + F

)
ψμ −

√
2w Zφμ

]
. (16.34)

5 The relation between the parameters here and in Sec. 6.2.1 is λT = 3
2ρ. The transformations of the chiral

multiplet then agree if we identify r = 2
3w.



16.2 The action 331

In global supersymmetry, the highest component, F , transforms into a total derivative,
and is therefore an appropriate quantity to use in an action. In a gravity theory, we might
expect something like e F as the Lagrangian. Since e carries Weyl weight −4, the field F
should carry weight +4. In view of (16.33) this means w = 3. One notices immediately
that F is then invariant under the T -transformations.

However,
∫

d4x e F is not invariant in the superconformal setting because of the form
of the δQ F and δS F terms in (16.33). For example, after a partial integration the variation
contains a term with

∫
d4x e ∂με̄ γ μPLχ . As we will now discuss, the modified integral6

SF =
∫

d4x e Re

[
F + 1√

2
ψ̄μγ

μPLχ + 1

2
Zψ̄μγ

μν PRψν

]
(16.35)

does give an S and Q invariant action for a chiral multiplet with w = 3. Both the real and
imaginary parts of the quantity in brackets give invariant integrals. We will use the real part
as our basic action. Indeed, this formula is a master formula that will be used many times.

Exercise 16.6 Check S-supersymmetry of (16.35). This is a very simple calculation that
determines the constants in (16.35). It is much simpler than checking the Q-supersymmetry.

It is more difficult to check the Q-supersymmetry, but this can be done using the Noether
method, which we now outline for the present purpose. The key is to notice that the δψ̄μ =
∂με̄ variation of the second term cancels the non-invariant ∂με̄ term mentioned above.
However, there are other ψ̄μ∂νε variations of the second term that are canceled by adding
the third term.

One more important remark. A chiral multiplet is determined by its lowest component
both in global SUSY, as we saw in Ch. 14, and in the superconformal setting of this chapter.
This means that if one has a field that transforms like Z in (16.33) with χ replaced by an
arbitrary spinor, then the superconformal algebra determines that this χ should transform
as the χ in (16.33) for some undetermined function F . The latter then transforms as the F
in (16.33). We will use this observation in the next section.

16.2 The action

16.2.1 Superconformal action of the chiral multiplet

Our goal now is to construct the superconformal generalization of the action (15.36). This
requires a scalar compensator field with Weyl weight w = 1 (in four-dimensional space-
time) and the conformal d’Alembertian of this scalar. It is reasonable to anticipate that the

6 This action assumes that there is no boundary in spacetime. Recently an action formula in the presence of a
boundary has been constructed [140].
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scalar compensator in the superconformal extension is the lowest component Z of a chiral
multiplet and that this scalar should again have Weyl weight w = 1.

Thus we will start with a superconformal chiral multiplet (Z , PLχ, F) with w = 1 and
construct the action using superconformal extensions of two exercises in global SUSY:

1. Given an anti-chiral multiplet (Z̄ , PRχ, F̄), Ex. 6.8 shows that (Z ′ = F̄, PLχ
′ =

/∂PRχ, F ′ = Z̄) are components of a chiral multiplet. It is obvious that the Weyl
weight will be wF = 2.

2. Imitating Ex. 14.3, we will consider the product multiplet with components
(Z F̄, PL(Z /∂χ + F̄χ), F F̄ + Z Z̄ − χ̄ PL /∂χ). The lowest component has Weyl
weight w = 1+ 2 = 3 and the top component has Weyl weight w = 4.

3. The action formula (16.35) gives a locally superconformal invariant action for a chiral
multiplet whose F component has Weyl weightw = 4. We will take this chiral multiplet
to be the local superconformal version of the product multiplet of step 2 above. The
action we need is then obtained by inserting the several components of the product
multiplet in (16.35).

The first step is to obtain the superconformal version of the chiral multiplet whose lowest
component is F̄ . We observe that δF in (16.33) simplifies when w = 1. The η term cancels
so δF is quite similar to δ Z̄ ′ for a scalar Z ′ with wZ ′ = 2. From the complex conjugate
we identify PLχ

′ = /DPRχ . With some work one can then use the Q-supersymmetry
transform of PLχ

′ and find the top F ′ component of the multiplet. The conclusion is that

Z ′ = F̄ , PLχ
′ = /DPRχ , F ′ = C Z̄ (16.36)

is a superconformal chiral multiplet7 with w = 2. Some advice on the last step of this
construction is given below. We first discuss the superconformal derivatives that appear in
(16.36). The derivatives Da Z and Da PRχ can be obtained from (16.34) for the relevant
Weyl weight w = 1. The explicit form of the superconformal covariant d’Alembertian is

C Z = eaμ
(
∂μDa Z − 2bμDa Z + ωμ abDb Z + 2 fμa Z − iAμDa Z

− 1√
2
ψ̄μPLDaχ + 1√

2
φ̄μγa PLχ

)
. (16.37)

Note: To check the Q-supersymmetry of PLχ
′, one needs the transformation of the covariant deriva-

tive γ aDa PRχ . Since there are no terms with ε underlined in (16.10), the application of the lemma
on covariant derivatives (see Sec. 11A.1) leads immediately to /DPR

(
/D Z̄ + F̄

)
ε. The last term cor-

responds to the /DZ ′ term in (16.33). In the product /D /D = C + γ abDaDb, we can neglect the
second term, since we know that there is no γ ab in the final result for the transformation of the
second component of a chiral multiplet in (16.33). The final remark of Sec. 16.1.4 leads to this
conclusion.

If you really want to go through the full calculation without using this argument, you need the
curvature constraints, and consequences thereof like Rμν(D) = −iR̃μν(T ), where the tilde denotes
the dual of the antisymmetric tensor. Such equations can be proven from the curvature constraints
(16.12) using Bianchi identities.

7 In superspace, this corresponds to the superfield D̄ D̄�̄.
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The product of the chiral multiplet (Z , PLχ, F) and the multiplet (16.36) is a chiral
multiplet with Weyl weight 3 with components8

Z(Z F̄) = Z F̄ ,

PLχ(Z F̄) = PLχ F̄ + Z /D PRχ ,

F(Z F̄) = F F̄ + Z C Z̄ − χ̄ PL /Dχ . (16.38)

It is already clear that the last component leads indeed to the simple action (6.17) in global
supersymmetry. Moreover we see that the scalars appear with the superconformal extension
of the d’Alembertian expected from the bosonic theory in Sec. 15.5. Now we substitute
these results in (16.35) and change the sign:

SSG = −
∫

d4x e Re

[
F F̄ + Z C Z̄ − χ̄ PL /Dχ (16.39)

+ 1√
2
ψ̄μγ

μ
(
PLχ F̄ + Z /DPRχ

)+ 1

2
Z F̄ψ̄μγ

μν PRψν

]
.

Many simplifications occur if we insert the explicit forms of the covariant derivatives. For
example, it is easy to show that all F-dependent terms cancel except the leading F F̄ term.

16.2.2 Gauge fixing

The next step in our strategy is gauge fixing the superconformal symmetries that are not
in the super-Poincaré algebra, namely Ka , D, T and S-supersymmetry. For the special
conformal transformation we can still choose the gauge condition (15.26) used previously.
The generalization of the dilatation gauge choice (15.3) is to fix the modulus of Z . But we
must now fix the T -symmetry also, so we can fix Z completely by the condition

D-gauge and T -gauge: Z =
√

3

κ
. (16.40)

Finally, the obvious choice for S-supersymmetry is

S-gauge: χ = 0 . (16.41)

This does not leave a lot from the expressions (16.34) and (16.37). The only remaining
terms are

Da Z = −iAa Z ,

Da PLχ = eμa PL

[
1√
2

(
i /AZ − F

)
ψμ −

√
2Zφμ

]
, (16.42)

C Z = −ieaμ
(
∂μAa Z + ωμ ab Ab Z

)
+ 2 fμ

μZ − Aa Aa Z − 1√
2
ψ̄a PLDaχ .

8 The notation Z(Z F̄) means the ‘Z component of the product multiplet’, etc.
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After substitution in (16.39) and some simplification,9 the action becomes

SSG = −
∫

d4x e

[
F F̄ + 3

κ2

(
2 fμ

μ − Aa Aa − 1
2 ψ̄μγ

μνφν + 1
4 iψ̄μγ∗γ μνρ Aρψν

)]
.

(16.43)

16.2.3 The result

Finally, after use of the constraints (16.24), specifically the relations (16.26) derived from
the constraints, we obtain

SSG =
∫

d4x e

[
1

2κ2

(
R(ω(e, ψ))− ψ̄μγ

μνρ
(
∂ν + 1

4ων
ab(e, ψ)γab

)
ψρ

+ 6Aa Aa

)
− F F̄

]
. (16.44)

When the gravitino torsion terms are split off from the spin connection, one finds exactly
the extra 4-gravitino terms of N = 1, D = 4 supergravity, as the reader was invited to
check in Ex. 9.4.

The complex fields F and the real vector Aa are auxiliary fields, which can be eliminated
from the action using their rather trivial field equations. In this section we used a conformal
chiral multiplet to construct the supergravity action, and that led us to these auxiliary fields,
which are referred to in the literature as the ‘old minimal’ set of auxiliary fields [141,
142, 143]. Starting with action formulas for other multiplets leads to supergravity with
different sets of auxiliary fields, such as the ‘new minimal set’ [144] or the ‘non-minimal
set’ [145, 146]. Furthermore there are the 16+16 sets [147, 148, 149]. We will not discuss
these other options here since they do not lead to different physical actions [150].

Note the minus sign that we introduced in (16.43). This sign is needed to produce the
action SSG with positive graviton kinetic energy. A similar minus sign was discussed at the
end of Sec. 15.6. This sign is an important feature in the structure of supergravity theories.
It implies that the kinetic energy of the (unphysical) compensating scalar is negative, and
it is the origin of the appearance of non-compact symmetry groups and of negative terms
in the scalar potential.

We also want the local supersymmetry transformations, under which the action (16.44)
is invariant. The vierbein transformation is unaltered from (16.10), but we write it again to
assemble the key results of this chapter in one place:

δeμ
a = 1

2 ε̄γ
aψμ . (16.45)

For the gravitino we have to take the gauge fixing conditions into account. Most impor-
tant is (16.41), which is not invariant under Q-supersymmetry by itself, but only under

9 There are simplifications in the projection to the Re part in (16.35), which eliminates several Aμ terms.
Actually, the eliminated terms combine into a total derivative, so it is not necessary to use the Re part in this
application of (16.35).



16.2 The action 335

a combination of S- and Q-supersymmetry. Indeed, taking into account the other gauge
conditions, the consistency of this gauge choice under the transformations (16.33) leads to

PLη = 1

2
iPL /Aε − κ

2
√

3
F PLε . (16.46)

This is what we called a decomposition law at the end of Sec. 15.4. Inserting this into
(16.10) leads, for example, to the Poincaré supersymmetry transformation of the gravitino:

δPLψμ = PL

(
∂μ + 1

4
ωμ

abγab − 3

2
iAμ + 1

2
iγμ /A + κ

2
√

3
γμ F̄

)
ε . (16.47)

The remaining fields are the auxiliary Aa and complex F . We obtain the transformation
law of Aa from (16.10). The λT is fixed to zero, but for the S-supersymmetry parameter we
should in principle use the decomposition law (16.46). However, the lemma on covariant
derivatives can again be used to avoid a difficult calculation. This term is proportional to
ψμ, which is a gauge field in Poincaré supergravity. So we know that such terms need not
be calculated explicitly; rather they are automatically included in covariantizations. So, we
just need only consider the ε term and using (16.24) we obtain

δAμ = − 1
4 iε̄γ∗

(
−γ ν R̂μν(Q)+ 1

6γμγ
ab R̂ab(Q)

)
. (16.48)

We introduce here R̂μν(Q) as a covariant curvature for the super-Poincaré algebra; see
(11.72). This means that it should take into account the transformations of the gravitino in
(16.47) that do not involve gauge fields. The expression for the left-handed projection is
therefore

PL R̂μν(Q) = 2PL

(
∂[μ + 1

4
ω[μabγab − 3

2
iA[μ + 1

2
iγ[μ /A + κ

2
√

3
γ[μ F̄

)
ψν] . (16.49)

For the auxiliary field F , we start from (16.33) with w = 1, and we can use the simplifica-
tion of Daχ in (16.42). Again, the ψμ terms can be omitted by using the same covarianti-
zation, and with (16.26) one obtains

δF =
√

3

6κ
ε̄ PRγ

μν R̂μν(Q) . (16.50)

With these transformations, the local SUSY algebra closes without use of the field equa-
tions.

With the present formalism it is easy to construct extensions. Since we started with a
chiral multiplet, the obvious extension is to add a superpotential as discussed in Secs. 6.2
and 14.2.1. However, we must now ensure that the interaction is conformal.

Exercise 16.7 Check that the interaction (6.18) can only be conformal invariant for
W (Z) = cZ3, where c is a constant.

In the framework of this section, the superpotential term in the action is then obtained
by starting with a chiral multiplet with lowest component W (Z) and Weyl weight w = 3.
We need only substitute the components of this multiplet in (16.35). Using the previous
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gauge conditions, and the specific W (Z) = cZ3 with real c (and real Z after the gauge
condition), one finds the very simple result

Sc =
∫

d4x e
[
3cZ2 Re F + 1

4 cZ3ψ̄μγ
μνψν

]
. (16.51)

We now consider the theory whose total action is SSG+Sc. The auxiliary field Aa in (16.44)
still vanishes, but the field equation for F gives the value

F = −3

2
cZ2 = − 9c

2κ2
. (16.52)

Using this value, the action becomes

SSG + Sc =
∫

d4x e
1

2κ2

[
R(ω(e, ψ))−� (16.53)

− ψ̄μγ
μνρ
(
∂ν + 1

4ων
ab(e, ψ)γab

)
ψρ + m3/2ψ̄μγ

μνψν

]
.

We defined

m3/2 = 1

L
= 1

2
κ2cZ3 = 33/2 c

2κ
, � = −81 c2

2κ2
= −6m2

3/2 . (16.54)

We thus reobtain in this way the anti-de Sitter supergravity discussed in Sec. 9.6, with
parameter L given in (16.54). The constant c thus sets the value of the cosmological con-
stant.

Exercise 16.8 Owing to (16.52) and (16.46), the S-supersymmetry contributes to the
supersymmetry transformation of the gravitino. Check that this leads to (9.52).

Exercise 16.9 Use the decomposition law (16.46), the equations of motion of the auxil-
iary fields, and the superconformal algebra (16.28) to obtain that the supersymmetry alge-
bra of the preserved ε supersymmetries contains a Lorentz transformation with parameter

λab = 1

4L
ε̄2γ

abε1 . (16.55)

Check that this agrees with (12.17).



Construction of thematter-coupled
N = 1 supergravity 17

We are now ready to construct the general action of N = 1 supergravity coupled to chiral
and vector multiplets,1 using conformal and superconformal methods. Again there is a chi-
ral compensator multiplet, which plays a special role. It is needed to apply superconformal
symmetry, but its scalar and spinor components are subsequently gauge fixed and do not
correspond to particles in the final supergravity theory.

For matter-coupled theories we start with n+1 chiral multiplets whose components will
be denoted by X I , �I and F I , I = 0, 1, . . . , n. One of these is the compensating multi-
plet. We reserve the previous notation zα , χα , Fα , α = 1, . . . , n, for the physical chiral
multiplets which will be obtained from the larger set by gauge fixing. We will apply our
previous knowledge of the general couplings of chiral multiplets in global supersymmetry
from Ch. 14 and the information on Kähler geometry from Ch. 13. This information will
be combined with the important new element of conformal symmetry.

Two Kähler manifolds appear in the construction. The first of these is the embedding
manifold, which has complex dimension n + 1 and local coordinates X I , X̄ Ī . Its Kähler
metric has signature (−+ . . .+); the negative direction corresponds to the scalar compen-
sator. This metric is strongly constrained by the property of conformal symmetry. The ini-
tial action we construct incorporates the structure of a superconformal extension of the
nonlinear σ -model on the embedding manifold. As in the previous chapter we then fix the
gauge of all symmetries that are not part of the final supergravity theory that is our goal.
Gauge fixing eliminates the fields of the compensator multiplet (except for an auxiliary
field). The n chiral multiplets that remain are physical and they have a different geometric
structure. They are coordinate fields of a projective Kähler manifold (also called a Kähler–
Hodge manifold) that has metric signature (+ + . . .+). The differential geometry of the
projection of the final Kähler manifold from the embedding manifold2 will be discussed in
Sec. 17.3 and in Appendix 17A. Our strategy is illustrated in Box 17.1.

Gauge multiplets Aμ
A, λA, D A (sometimes called vector multiplets) are also important.

Their basic interactions in global supersymmetry are already conformal invariant, so it is
relatively simple to include them in supergravity. We also incorporate a general superpo-
tential. The final product of this chapter is then the general coupling of N = 1 gauge and
chiral multiplets to supergravity.

1 We do not treat tensor (or linear) multiplets. The superconformal approach to these multiplets is discussed in
[150]. An alternative approach based on ‘Kähler superspace geometry’ can be found in the review [151].

2 The mathematics of projective Kähler manifolds allows more general signature relations between the embed-
ding manifold and its projection. In one of the examples considered in Sec. 17.3 the embedding manifold has
positive definite signature.
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Box 17.1 Superconformal construction of chiral multiplet couplings to supergravity

Weyl multiplet+
n + 1 chiral multiplets�⇒
embedding Kähler manifold with conformal symmetry))* gauge fix and field equations

Poincaré supergravity+
n chiral multiplets�⇒
projective Kähler manifold for physical fields

Our treatment of matter couplings follows [152] (which incorporates earlier work on the
chiral multiplet in [153]) and uses the improved superconformal methods of [154]. Further
details can be found in [139, 155, 156].

17.1 Superconformal tensor calculus

The general actions of global supersymmetry studied in Ch. 14 are invariant under the
Poincaré supersymmetry algebra (14.1). In this section we extend those constructions to
incorporate invariance under the superconformal algebra discussed in Sec. 16.1.1. This
requires that we clearly specify the Weyl weight of the multiplets we work with, namely
chiral multiplets, gauge multiplets and real multiplets. Therefore we must define the super-
conformal transformations of the component fields of these multiplets. This was already
done for chiral multiplets in Sec. 16.1.4, although we now need to include the case when
they transform under a gauged internal symmetry. We will also consider gauge multiplets
and real multiplets. We recommend that readers consult Ch. 14 as we work out the various
superconformal extensions.

17.1.1 The superconformal gaugemultiplet

By definition a superconformal gauge multiplet contains a gauge vector potential, called
AA
μ in (6.49), together with its Q-supersymmetry partners λA, D A. The gauged internal

symmetry transformations that act on these fields are not part of the superconformal group;
so they must commute with the dilatations and the R-symmetry. This implies that the Weyl
weight and chiral weight of the vector potential vanish. As we explained in Sec. 16.1.4
for the chiral multiplet, this fixes the Weyl weights of the other fields, namely wλ = 3/2,
wD = 2. Furthermore, Aμ

A and D A are real, so their chiral weights vanish, and the chiral
weight of PLλ

A is c = 3/2. It then turns out that nothing more has to be done to spec-
ify the superconformal transformations. There are no extra S- or K -transformations for
the fields of this multiplet. So we can take over the rules of global supersymmetry and
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covariantize derivatives. The result is therefore (we omit general coordinate and Lorentz
transformations)3

δAA
μ = − 1

2 ε̄γμλ
A ,

δλA = 3
2

[
λD + iγ∗λT

]
λA +

[
1
4γ

ab F̂ab
A + 1

2 iγ∗D A
]
ε ,

δD A = 2λD D A + 1
2 i ε̄γ∗γ μDμλ

A ,

F̂ab
A = ea

μeb
ν
(

2∂[μAν]A + fBC
A Aμ

B Aν
C + ψ̄[μγν]λA

)
,

Dμλ
A ≡

(
∂μ − 3

2 bμ + 1
4ωμ

abγab − 3
2 iγ∗Aμ

)
λA + λC Aμ

B fBC
A

−
[

1
4γ

ab F̂ab
A + 1

2 iγ∗D A
]
ψμ . (17.1)

The covariant field strength F̂ab
A appears here, as explained in Sec. 11.3 and also consid-

ered in Appendix 11A.

17.1.2 The superconformal real multiplet

To include the real multiplet in the superconformal framework, we must first determine the
Weyl and chiral weights. As above, the leading field C is real. It cannot undergo a complex
transformation, and thus the chiral weight vanishes. On the other hand, the Weyl weight
of C is an arbitrary parameter w. The Weyl weights of the other fields are determined by
imposing [D, Q] = 1

2 Q. Rather than presenting the Weyl and chiral transformations of
all these fields separately, we refer to Table 17.1 where the weights of all the fields that
we need are collected. The weights of the Weyl and chiral multiplets correspond to the
transformations already given in (16.10) and (16.33).

The Q-supersymmetry transformations are a rather easy generalization of those for
global supersymmetry in (14.10). A check of the algebra, as done in Sec. 16.1.4 for the
chiral multiplet, now leads to extra S-supersymmetry and special conformal transforma-
tions for some of the fields. The results for the superconformal transformations (omitting
covariant general coordinate transformations, Lorentz transformations, dilatations, and T )
of the real multiplet are then

δC = 1
2 iε̄γ∗ζ ,

δPLζ = 1
2 PL

(
iH− /B − i /DC

)
ε − iwC PLη ,

δH = −iε̄PR
(
λ+ /Dζ )+ (w − 2)iη̄PLζ ,

δBa = − 1
2 ε̄ (γaλ+Daζ )+ 1

2 (1+ w)η̄γaζ ,

3 Note that Aμ without upper index A is the gauge field of R-symmetry introduced in Sec. 16.1.2. Furthermore,
the Lorentz connection which appears is ωab

μ (e, b, ψ) of (16.13). Modified Lorentz connections are used later
in the chapter and indicated explicitly.
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Table 17.1 Weyl and chiral weights for fields in superconformalN = 1multiplets. The corresponding
transformations of the fields are δφ = (wλD + icλT )φ. (The Weyl weights of chiral and real multiplets

are independent. We use a common parameterw for simplicity.)

Weyl multiplet Chiral multiplet

eμa PLψμ bμ ωμ
ab Aμ PLφμ fμa X I �I F I

w −1 − 1
2 0 0 0 1

2 1 w w + 1
2 w + 1

c 0 3
2 0 0 0 − 3

2 0 w w − 3
2 w − 3

Real multiplet Gauge multiplet

C PLζ H Ba PRλ D AA
μ PRλ

A D A

w w w + 1
2 w + 1 w + 1 w + 3

2 w + 2 0 3
2 2

c 0 − 3
2 −3 0 − 3

2 0 0 − 3
2 0

δPRλ = PR

[
1
4γ

ab Fab − i 1
2 D
]
ε + 1

2wPR
[
iH− /B + i /DC

]
η − w/λK PLζ ,

δD = 1
2 i ε̄γ∗ /Dλ+ iwη̄

(
λ+ 1

2
/Dζ
)
− 2wλa

KDaC,

Fab ≡ 2D[a Bb] + εabcdDcDdC . (17.2)

The covariant derivatives Dμ are covariant under all symmetries of the superconformal
algebra. Since the vector is not a gauge field, we write expressions for Ba rather than Bμ.
Then the right-hand side of (17.2) involves only covariant quantities (see Sec. 11.3).

In Sec. 14.1.2 we saw that, in global supersymmetry, real multiplets can be reduced
to (elementary) gauge multiplets. This was related to the Wess–Zumino gauge. The same
reduction in the superconformal setting requires that Bμ must carry Weyl weight 0, since it
is a gauge field. Hence, Ba = eμa Bμ must have Weyl weight 1, since it involves the inverse
frame field. Table 17.1 tells us that this can only be done for a real multiplet of Weyl weight
w = 0. Note that many transformation laws simplify in this case. However, we will also
need (composite) real multiplets with w = 2 in order to construct superconformal actions,
as we will discuss below.

17.1.3 Gauge transformations of superconformal
chiral multiplets

We now extend the treatment of superconformal chiral matter multiplets, discussed in Sec.
16.1.4, to multiplets which transform in a representation of a gauged internal symmetry
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group.4 This is similar to what was done for global supersymmetry in Sec. 14.4.2, but we
must now consider the requirements of superconformal symmetry.

Gauge symmetries must be compatible with the conformal structure, and this means that
gauge and superconformal transformations must commute. For scalar fields X I the non-
trivial requirement is evident in (14.33). The Killing vector kA

I (X) must carry the same
Weyl weight w as the chiral multiplet headed by X I . The rest is determined by the rules of
global supersymmetry and the result (16.33) for the ‘gauge singlet’ superconformal chiral
multiplet. We can thus write the superconformal Q- and S-supersymmetry transformations
as (with the notation that �I = PL�

I and � Ī = PR�
Ī , to be clarified in the next para-

graph)

δX I = 1√
2
ε̄�I ,

δ�I = 1√
2

PL

(
/DX I + F I

)
ε +√

2wX I PLη ,

δF I = 1√
2
ε̄ /D�I + ε̄PRλ

AkA
I (X)+√

2(1− w)η̄�I . (17.3)

These transformations are the extension of (16.33) to include gauge symmetries, so that
gauge connection terms are now added to the previous superconformal covariant deriva-
tives. These derivatives are written below in (17.20). Note that the extra λA-term is also
consistent with the superconformal weights.

We now use a new notation for the spinors of chiral and anti-chiral multiplets, so let
us be clear about this. We omit the explicit projector PL for spinors �I , but it is to be
understood that the projector is present in all expressions. Thus �I should be viewed as
a four-component Dirac spinor that is invariant under the PL projection. In a Weyl repre-
sentation it takes the form of the left-hand spinor in (3.95). Given a chiral multiplet X I ,
�I , F I , we write the conjugate anti-chiral multiplet as X̄ Ī , � Ī , F̄ I . The bosonic compo-
nents are related to those of the chiral multiplet by complex conjugation, e.g. X̄ Ī = (X I )∗.
The fermion component � Ī is a four-component spinor invariant under right-handed pro-
jection. It is the charge conjugate spinor of �I ; see (3.74). In a Weyl representation it takes
the form of the right-hand spinor in (3.95), with components related to the complex con-
jugates of those of �I . As explained in the last paragraph of Sec. 3.4.2, one can define a
Majorana spinor from the left-handed and right-handed projections, in this case �I +� Ī .
In a Weyl representation the third and fourth components, which are components of� Ī , are
related to the complex conjugates of the first two components as in (3.93). The projector
PR is understood to be present in all expressions involving � Ī . Conjugate spinors for both
�I and � Ī are defined as in (3.50) using the charge conjugation matrix. Again projectors
are implicitly present. Thus �̄I = (�I )T C = �̄I PL and �̄ Ī = (� Ī )T C = �̄ Ī PR .

4 We will use the term ‘gauge symmetry’ to refer to these internal symmetries, although superconformal trans-
formations are also gauged.
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17.1.4 Invariant actions

In global supersymmetry, invariant actions are built directly from the highest components
of chiral and real multiplets. However, as discussed in the previous chapter, for a super-
conformal chiral multiplet we need to use the action formula (16.35) rather than just the
F-component. Further, F must belong to a chiral multiplet with Weyl weight 3. This
ensures that F has Weyl weight 4, compensating the Weyl weight of the determinant of
the frame field. Arguing in the same way for the real multiplet, it is clear that we need a
real multiplet with w = 2. Its D-component will then have Weyl weight 4, and we can
hope to find a superconformal extension of the general global SUSY action SD of (14.12).
It turns out that we can simplify the work by first noticing that, for w = 2, the field H does
not transform under S-supersymmetry, and thus transforms as the lowest component of
an anti-chiral multiplet. Our strategy is to identify the components of the conjugate chiral
multiplet and simply insert them in the action formula (16.35).

In fact, one can use the transformations (17.2) with w = 2 to verify that the following
fields form a chiral multiplet5

Z = −H , PLχ = −√2iPL
(
λ+ /Dζ ) , F = D +DaDaC + iDa Ba . (17.4)

The fields on the right-hand sides are those of the real multiplet. We insert Z , PLχ and F
in (16.35) to obtain the desired action formula for a real multiplet with Weyl weight w = 2
[157, 158]:

SD =
∫

d4x e
[

D +DaDaC + 1
2

(
iψ̄ · γ PR(λ+ /Dζ )− 1

4 ψ̄μPLγ
μνψνH+ h.c.

)]
.

(17.5)
The contraction ψ̄ · γ stands for ψ̄μγμ. The covariant derivatives in (17.5) are similar to
those of (16.34) and (16.37), but now for a real multiplet with w = 2. According to the
transformation rules in (17.2), they are given by

DaC = ∂aC − 2baC − 1
2 iψ̄aγ∗ζ ,

Da PLζ =
(
∂a + 1

4ωa
bcγbc − 5

2 ba + 3
2 iAa

)
ζ − 1

2 PL
(
iH− /B − i /DC

)
ψa

+ 2iC PLφa , (17.6)
C C = ∂aDaC − 3baDaC + ωa

abDbC + 4C fa
a − 1

2 iψ̄aγ∗Daζ + 1
2 iφ̄ · γ γ∗ζ .

Here C C = DaDaC. Its bosonic terms were already determined in (15.33).
The next step is to use the expressions for the dependent gauge fields (16.26) and (16.25),

which introduces the graviton and gravitino curvatures R(ω) and R′(Q). After further
manipulations discussed in Appendix 17B we find the action formula

SD =
∫

d4x e
[

D − 1
2 ψ̄ · γ iγ∗λ− 1

3 C R(ω)+ 1
6

(
C ψ̄μγ

μρσ − iζ̄ γ ρσ γ∗
)

R′ρσ (Q)

+ 1
4ε

abcdψ̄aγbψc

(
Bd − 1

2 ψ̄dζ
)]

. (17.7)

5 Although we do not discuss the antisymmetric tensor multiplet in this book, we remark that such a multiplet
is defined as a real multiplet with the constraint that the fields of this chiral multiplet vanish.
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This SD is the superconformal extension of the D-term action of (14.12) for global super-
symmetry, and we will use it to obtain general superconformal actions.

17.2 Construction of the action

We now have all the ingredients needed to extend the procedure of Ch. 14 to construct
general actions of chiral and gauge multiplets coupled to supergravity. The actions will
depend on three general functions: the real Kähler potential N (X, X̄) of the embedding
manifold, a holomorphic superpotential W(X), and a gauge kinetic function f AB(X). In
particular the Kähler potential will be identified with the lowest component of the real
multiplet by

C = 1
2 N (X, X̄) , (17.8)

as was done in Sec. 14.2.2 for the Kähler potential K (Z , Z̄).
However the important new ingredient here is that the requirement of conformal sym-

metry must be imposed on the three functions above. This is quite straightforward for W
and f AB , but more substantive for N . We begin the discussion by determining a convenient
choice of the conformal weights of the scalars X I .

17.2.1 Conformal weights

The theories we wish to construct contain the Weyl multiplet, gauge multiplets, and chi-
ral multiplets. Conformal weights for the first two cases are unique, as discussed for the
Weyl multiplet in Ch. 15 and in Sec. 17.1.1 for gauge multiplets. For chiral multiplets in
a superconformal setting the Weyl weights are not yet determined. One cannot take the
Weyl weight of all chiral multiplets equal to zero, because the C field in the action formula
(17.7) must have Weyl weight w = 2, and this would be inconsistent with (17.8). Once
there is at least one scalar with non-zero Weyl weight, say X0, the weights of the other
fields X I depend on the choice of coordinates for the Kähler manifold. Indeed, suppose
for example that X0 has Weyl weight 1, and X1 has weight w. Then one can redefine
X ′1 ≡ (X0)w

′−wX1 such that the primed field has Weyl weight w′. The field X0 must be
non-vanishing so that the transformation above is non-degenerate. We already saw in the
simplest example of pure supergravity that the compensating multiplet has a non-vanishing
scalar; see (16.40). Thus, the choice of Weyl weight of the multiplets is arbitrary. We will
take them all of Weyl weight 1, which makes the construction symmetric and easier. At
this point we have n + 1 chiral multiplets on essentially equal footing. The ‘reference’
multiplet headed by X0 is not necessarily the compensator. In Sec. 17.3.3 we will discuss
how to isolate the compensator and physical multiplets.

17.2.2 Superconformal invariant action (ungauged)

We can now extend the different constructions of Sec. 14.2 to conformal supergravity.
There, we first looked at the superpotential. To use the superconformal chiral action (16.35)
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we must require that the superpotential, now denoted by W(X), has Weyl weight 3. This
is expressed by the equation

X IWI = 3W(X) , WI ≡ ∂

∂X I
W(X) . (17.9)

Assuming that X0 is non-zero, one can solve this by

W(X) = (X0)3W

(
Xα

X0

)
, α = 1, . . . , n , (17.10)

where W is an arbitrary holomorphic function of the n ratios. But we only need the equation
(17.9).

Next, we consider the kinetic terms of the chiral multiplets. In global supersymmetry
they are determined by a real function K (Z , Z̄) using the D-action formula. In the super-
conformal tensor calculus this must be a function of Weyl weight 2, which we indicate by
N (X, X̄). Since it must also be real (or, equivalently, invariant under the superconformal
U(1)) it is homogeneous of first degree in both X and X̄ . This requirement is expressed by

N (λX, λ̄X̄) = (λλ̄)N (X, X̄) , (17.11)

for any complex number λ. Examples are

N = aI J̄ X I X̄ J̄ , N = i
X̄0(X1)3

(X0)2
− 3i

(X1)2 X̄1

X0
− i

X0(X̄1)3

(X̄0)2
+ 3i

(X̄1)2 X1

X̄0
,

N = iX̄0
√
(X1)3(X0)−1 + 3iX̄1

√
X0 X1 − iX0

√
(X̄1)3(X̄0)−1 − 3iX1

√
X̄0 X̄1 .

(17.12)

These examples show that many structures are possible.6

The homogeneity properties can be written as differential equations. Indicating the
derivatives with respect to X I as NI , and the derivatives with respect to X̄ Ī as NĪ , these
are

N (X, X̄) = X I NI = X̄ Ī NĪ = X I X̄ J̄ NI J̄ , NI = NI J̄ X̄ J̄ , (17.13)

X I NI J = 0 , NI J K̄ X̄ K̄ = NI J , X K NK I J̄ = 0 .

Exercise 17.1 Prove all these equations from the first one. Although the embedding
manifold is a Kähler manifold, it is curious that the required conformal properties,
expressed in (17.13), do not allow Kähler transformations N (X, X̄)→ N (X, X̄)+ f (X)+
f̄ (X̄).

In global supersymmetry the kinetic terms of gauge multiplets were obtained by apply-
ing the F-term action formula to the composite chiral multiplet (14.17). In conformal

6 The choices are inspired by some symmetric spaces that occur in N = 2 extended supergravity.



17.2 Construction of the action 345

supergravity we require that its top component has Weyl weight 3. Since λ̄A PLλ
B has

Weyl weight 3, the kinetic matrix f AB(X) must have Weyl weight 0, i.e.

X I f AB I = 0 , f AB I ≡ ∂

∂X I
f AB(X) . (17.14)

With the three ingredients discussed in this section we can write an action formula which
is the conformal extension of the three terms in (14.29).7 The total action can be written as

L = [N (X, X̄)]D + [W(X)]F +
[

f AB(X)λ̄
A PLλ

B
]

F
, (17.15)

where the subscript F refers to the formula (16.35), while the subscript D refers to (17.7)
(up to normalization factors, which are taken as in Ch. 14). Each of the three terms is
superconformal invariant. Their detailed form will be presented in the next section after
we include gauged internal symmetry, as in the discussion of Sec. 14.4 for global super-
symmetry.

The content of this Lagrangian can be understood from the analogous terms in (14.28)
and (14.29). For example, the first term includes the kinetic Lagrangian for the complex
scalars X I , with the Kähler metric

G I J̄ = NI J̄ , (17.16)

derived from the Kähler potential N . The full Lagrangian consists of the results of (14.29)
completed with terms involving the fields of the Weyl multiplet, as we will see in (17.19).
One example of the full Lagrangian already appeared in (16.39), which can be obtained by
N = −X0 X̄ 0̄. The variable Z of that chapter is now denoted by X0. Note that the Kähler
metric in this case is negative. In general, we must always use a Kähler metric with one
negative direction related to the sign discussed at the end of Sec. 15.6.

17.2.3 Gauged superconformal supergravity

We start with the gauge transformations of global supersymmetry; see Sec. 14.4.1. In the
present notation, the symmetry transformations of the scalars and fermions of chiral mul-
tiplets are thus

δX I = θ AkA
I , δ�I = θ A∂J kA

I�J . (17.17)

As noted in Sec. 17.1.3, the main new ingredient needed for conformal supersymmetry is
that the holomorphic Killing vectors kA

I must have the same Weyl weight as the field X I ,
thusw = 1. In other words, they should be homogeneous of first degree in the X I . In global
SUSY the Kähler potential need not be invariant under gauge transformations; instead it

7 We now use the D-term action formula (17.7) to construct the chiral kinetic action rather than the F-term used
in Ch. 16. In the limit of global SUSY, the Lagrangians differ by a total derivative.
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may change by a Kähler transformation; see (13.57). However, we saw in Ex. 17.1 that
Kähler transformations of N (X, X̄) are forbidden. So N must be gauge invariant. As in
global supersymmetry, the superpotential W must be gauge invariant.

Exercise 17.2 Show that these statements lead to the following equations:

∂ J̄ kA
I = 0 , X J ∂J kA

I = kA
I ,

NI kA
I + NĪ kA

Ī = 0 ,

PA = 1
2 i
(

NI kA
I − NĪ kA

Ī
)
= iNI kA

I = −iNĪ kA
Ī , ∂ ĪPA = iNJ Ī kA

J ,

WI kA
I = 0 . (17.18)

The real quantities PA are the moment maps associated with holomorphic symmetries
of Kähler manifolds, as discussed in Sec. 13.4.1. Note that PA has (Weyl, chiral) weight
(2, 0), and can thus not be changed by adding constants.

We now present the full expressions for the three superconformal Lagrangians of
(17.15). The D-terms are obtained from (17.7) and the F-terms from (16.35), using com-
ponents that are covariantizations of those found for global supersymmetry in Sec. 14.2.
This leads to

[N ]De −1 = NI J̄

(
−DμX IDμ X̄ J̄ − 1

2
�̄I /D� J̄ − 1

2
�̄ J̄ /D�I + F I F̄ J̄

)
+ 1

2

[
NI J K̄

(
−�̄I�J F̄ K̄ + �̄I ( /DX J )�K̄

)
+ h.c.

]
+ 1

4
NI J K̄ L̄ �̄

I�J �̄K̄�L̄

− iNI kA
I D A −√

2λ̄A NI J̄

(
�I kA

J̄ +� J̄ kA
I
)

+
[

1

2
√

2
ψ̄ · γ

(
NI J̄ F I� J̄ − NI J̄ /D X̄ J̄�I − 1

2
NI J K̄�

K̄ �̄I�J + NI PRλ
AkA

I
)

+ 1

8
iεμνρσ ψ̄μγνψρ

(
NIDσ X I + 1

2
NI J̄ �̄

Iγσ�
J̄ + 1√

2
NI ψ̄σ�

I
)
+ h.c.

]
+ 1

6
N
(
−R(ω)+ 1

2 ψ̄μγ
μνρ R′νρ(Q)

)
− 1

6
√

2

(
NI �̄

I + NĪ �̄
Ī
)
γ μν R′μν(Q) ,

[W]F e−1 =WI F I − 1
2WI J �̄

I�J +WI ψ̄ · γ�I + 1
2Wψ̄μPRγ

μνψν + h.c. ,

[
f AB λ̄

A PLλ
B
]

F
e−1 = −1

4
f AB

[
2λ̄A PL /DλB + F̂−A

μν F̂μν−B − D A DB

+ 1

4
ψ̄ · γ PL

(
1

2
γ μν F̂−A

μν − iD A
)
λB − 1

8
ψ̄μγ

μν PRψνλ̄
A PLλ

B
]

+ 1

2
√

2
f AB I �̄

I
(
−1

2
γ μν F̂−A

μν + iD A
)
λB

+
[
−1

4
f AB I

(
F I + 1√

2
ψ̄ · γ�I

)
+ 1

8
f AB I J �̄

I�J
]
λ̄A PLλ

B + h.c. (17.19)
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Terms that do not depend on gauge fields of the superconformal algebra are the same as in
(14.57), but the covariant derivatives Dμ are the full superconformal derivatives. See (17.1)
where F̂ A

μν and Dμλ
A are written. Derivatives of the chiral multiplet fields are given by

DμX I = (∂μ − bμ − iAμ

)
X I − 1√

2
ψ̄μ�

I − AA
μkA

I ,

Dμ�
I =

(
∂μ − 3

2
bμ + 1

4
ωμ

abγab + 1

2
iAμ

)
�I

− 1√
2

PL

(
/DX I + F I

)
ψμ −

√
2X I PLφμ − AA

μ�
J ∂J kA

I . (17.20)

Note that R′μν(Q) in [N ]D is given in (16.25).
The Lagrangians of (17.19) are very complicated. However, many cancelations occur in

terms with gravitinos when the various covariantizations are written in detail. For exam-
ple, the D A term in the second line of the gauge kinetic action is canceled by the D Aψμ

term in the covariant derivative of the gaugino. There are also simplifications in the four-
fermion terms. A detailed check of these requires many Fierz identities and an immense
work that we cannot ask a reader to do (or the authors to write down). Therefore we note
that the result of all this work can be found in [155]. We will use this result in the formulas
below, but postpone recording the new form of the Lagrangians until auxiliary fields are
eliminated.

17.2.4 Elimination of auxiliary fields

We now eliminate auxiliary fields, still maintaining the superconformal invariance. The
auxiliary fields are the complex conjugate pair F I , F̄ Ī plus the real fields D A and Aμ. The
values of these auxiliary fields are

− F̄ J̄ NI J̄ =WI − 1
2 NI J̄ K̄ �̄

J̄�K̄ − 1
4 f AB I λ̄

A PLλ
B ,

(Re f AB)D
B = PA + PF

A ,

PF
A = −i

1

2
√

2
f AB I �̄

IλB + i
1

2
√

2
f AB Ī �̄

ĪλB ,

Aμ = Aμ + AF
μ ,

Aμ = i
1

2N

[
NĪ

(
∂μ X̄ Ī − AA

μkA
Ī
)
− NI

(
∂μX I − AA

μkA
I
)]

= i
1

2N

[
NĪ ∂μ X̄ Ī − NI ∂μX I

]
+ 1

N
AA
μPA,

AF
μ ≡ i

1

4N

[√
2ψ̄μ

(
NI�

I − NĪ�
Ī
)
+ NI J̄ �̄

Iγμ�
J̄

+ 3

2
(Re f AB)λ̄

Aγμγ∗λB
]
. (17.21)

We split the values of D A and Aμ into bosonic and fermionic terms. The moment map PA

appears as the bosonic part of D A.
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Simplifications occur when the values of the auxiliary fields are inserted in the
Lagrangian. The combined three terms of (17.19) can then be rewritten as8

e−1L = 1
6 N
[
−R(e, b)+ ψ̄μRμ + e −1∂μ(e ψ̄ · γψμ)− LSG,torsion

]
− NI J̄

[
DμX I Dμ X̄ J̄ + 1

2 �̄
I /D(0)

� J̄ + 1
2 �̄

J̄ /D(0)
�I
]

+ (Re f AB)
[
− 1

4 F A
μνFμν B − 1

2 λ̄
A /D(0)

λB
]

+ 1
4 i
[
(Im f AB) F A

μν F̃μν B + (Dμ Im f AB) λ̄
Aγ∗γ μλB

]
− NI J̄ F I F̄ J̄ − 1

2 (Re f AB)D
A DB

+
{

1
2Wψ̄μPRγ

μνψν − 1
2WI J �̄

I�J −√
2NI J̄ kA

I λ̄A� J̄ + h.c.
}

+ 1
8 (Re f AB)ψ̄μγ

ab
(

F A
ab + F̂ A

ab

)
γ μλB +

{
1√
2

NI J̄ ψ̄μ /DX̄ J̄γ μ�I + h.c.

}
+
{

1

2
NI J K̄ �̄

Iγ μ�K̄ DμX J − 1

4
√

2
f AB I �̄

Iγ ab F̂ A
abλ

B

− 2

3
√

2
NI �̄

Iγ μν Dμψν + ψ̄ · γ PL

(
1

2
iPAλ

A + 1√
2
WI�

I
)

− 1

4
√

2
f AB I ψ̄ · γ�I λ̄A PLλ

B + 1

8
f AB I J �̄

I�J λ̄A PLλ
B + h.c.

}
+ 1

16 i e −1εμνρσ ψ̄μγνψρ

(
NI J̄ �̄

J̄γσ�
I + 1

2 Re f AB λ̄
Aγ∗γσλB

)
− 1

2 NI J̄ ψ̄μ�
J̄ ψ̄μ�I

+ 1
4 NI J K̄ L̄�̄

I�J �̄K̄�L̄ + N (AF
μ)

2 . (17.22)

Although much work remains before we obtain the final physical action, the result
(17.22) is an important milestone along the way. So it is useful to pause and discuss the
general structure and some details. In this action the auxiliary fields have the values from
(17.21). The torsion terms in the first line of (17.22) are those that we already found in
(9.19). They appear as in Sec. 9.2 because we have extracted the torsion from the spin
connection. Thus, R(e, b) is again defined with the spin connection ωμab(e, b). Similarly,
other fermion terms are extracted from covariant derivatives Dμ, so that the T connection
involves only the bosonic term Aμ. Thus, explicitly,

DμX I = ∂μX I − bμX I − AA
μkA

I − iAμX I ,

D(0)
μ �I =

(
∂μ − 3

2 bμ + 1
4ωμ

ab(e, b)γab + 1
2 iAμ

)
�I − AA

μ∂J kA
I �J ,

D(0)
μ λA =

(
∂μ − 3

2 bμ + 1
4ωμ

ab(e, b)γab − 3
2 iAμγ∗

)
λA − AC

μλ
B fBC

A . (17.23)

8 Note that, after elimination of auxiliary fields, the action remains superconformal invariant, but the commu-
tator algebra of two supersymmetries contains new transformations of the superconformal algebra plus terms
that vanish when the field equations are satisfied. It is an example of an ‘open algebra’, as discussed in Sec.
11.1.3.
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We also defined in a similar way

Rμ ≡ γ μρσ
(
∂ρ + 1

2 bρ + 1
4ωρ

ab(e, b)γab − 3
2 iAργ∗

)
ψσ , (17.24)

while Dμψν contains also ψ-torsion in the spin connection:

Dμψν =
(
∂μ + 1

2 bμ + 1
4ωμ

abγab − 3
2 iAμγ∗

)
ψν . (17.25)

To arrive at some of the simplifications, observe that

NI DμX I = NĪ Dμ X̄ Ī = 1
2

(
NI ∂μX I + NĪ ∂μ X̄ Ī − 2bμN

)
= 1

2 (∂μ − 2bμ)N . (17.26)

Exercise 17.3 Several terms in (17.22) can be written in a Kähler covariant form.
Observe that the term with �̄Iγ μ�K̄ DμX J can be included in the kinetic terms of �I

using a modified covariant derivative

D̂(0)
μ �I = D(0)

μ �I + � I
J K�

K DμX J . (17.27)

This uses the connection components of the embedding Kähler manifold (see (13.19)), and
is similar to the formula (14.58) for global supersymmetry. Further, notice that the second
term in the expression for the auxiliary field F I in (17.21) can be written as

F I = . . .+ 1
2�

I
J K �̄

J�K + . . . . (17.28)

Check then that the F F̄ term leads to covariantizations of other terms, such that the actions
contain

e−1L = . . .+
{
− 1

2∇IWJ �̄
I�J + 1

8∇I f AB J �̄
I�J λ̄A PLλ

B + h.c.
}

+ 1
4 RI K̄ J L̄�̄

I�J �̄K̄�L̄ , (17.29)

where (13.22) can be used for the last term.

Using the results of the exercise and other rewritings, we can split the superconformal
action into several parts:

e−1L = 1
6 N
[
−R(e, b)+ ψ̄μRμ + e −1∂μ(e ψ̄ · γψμ)

]
+L0 + L1/2 + L1 − V + Lm + Lmix + Ld + L4f, (17.30)

where

L0 = −G I J̄ DμX I Dμ X̄ J̄ ,

L1/2 = − 1
2 G I J̄

[
�̄I /̂D

(0)
� J̄ + �̄ J̄ /̂D

(0)
�I
]
,

L1 = (Re f AB)
[
− 1

4 F A
μνFμν B − 1

2 λ̄
A /D(0)

λB
]

+ 1
4 i
[
(Im f AB) F A

μν F̃μν B + (Dμ Im f AB) λ̄
Aγ∗γ μλB

]
,

V = VF + VD = G I J̄WIW J̄ + 1
2 (Re f )−1 ABPAPB ,
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Lm = 1
2Wψ̄μPRγ

μνψν − 1
2∇IWJ �̄

I�J + 1
4 G I J̄W J̄ f AB I λ̄

A PLλ
B

+√2 i
[
−∂IPA + 1

4 f AB I (Re f )−1 BCPC

]
λ̄A�I + h.c. ,

Lmix = ψ̄ · γ PL

(
1

2
iPAλ

A + 1√
2
WI�

I
)
+ h.c. ,

Ld = 1

8
(Re f AB)ψ̄μγ

ab
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F A
ab + F̂ A

ab

)
γ μλB + 1√

2
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− 1
4 f AB I �̄
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B − 2
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Iγ μν Dμψν + h.c.
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L4f = − 1
6 NLSG,torsion

+
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4
√

2
f AB I ψ̄ · γ�I λ̄A PLλ

B + 1
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∇I f AB J �̄

I�J λ̄A PLλ
B + h.c.

}
+ 1

16 i e −1εμνρσ ψ̄μγνψρ

(
�̄ J̄γσ�

I + 1
2 Re f AB λ̄

Aγ∗γσλB
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− 1
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+ 1
4 RI K̄ J L̄�̄

I�J �̄K̄�L̄ − 1
16 G I J̄ f AB I λ̄

A PLλ
B f̄C D J̄ λ̄

C PRλ
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+ 1
16 (Re f )−1 AB
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f AC I �̄

I − f̄ AC Ī �̄
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λC
(

fB D J �̄
J − f̄ B D J̄ �̄
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+ N (AF
μ)

2 . (17.31)

The expression (17.30) has the following structure. The first line is N (X, X̄) times the
pure supergravity action (which includes also the four-fermion torsion terms). L0 and L1/2

contain the kinetic terms of the chiral multiplets. L1 contains the standard kinetic terms
of the gauge multiplets. V is the scalar potential. Lm contains fermion mass terms, while
Lmix contains terms that identify the Goldstino, as we will discuss in Sec. 19.1.1. In the
first line of Ld , the gravitino is contracted with the Noether supercurrent for the gauge and
chiral multiplets.9 The second line contains other derivative interactions between the fields
(its last term will disappear after gauge fixing of S-supersymmetry). L4f contain only four-
fermion interactions. Finally, the entire structure is invariant under holomorphic changes
of coordinates X I on the embedding Kähler manifold as discussed in Ch. 13. As discussed
in Ch. 14, these induce transformations among entire chiral multiplets X I , �I , F I .

The two steps that remain in the long march towards the physical theory are the gauge
fixing of the superconformal symmetries that are not part of the Poincaré supersymme-
try algebra and the specification of physical chiral multiplets. The special conformal K ,
dilatation D, conformal supersymmetry S and chiral transformations T must be fixed. In
the next section we discuss gauge fixing conditions for K , D and S. It is convenient to
defer gauge fixing for T until we have chosen physical coordinates later in the chapter.

Exercise 17.4 Check that the scalar potential can be obtained from (14.68) using
the Q-supersymmetry. The gravitino does not contribute to this calculation, since its Q-
supersymmetry transformation in (16.10) does not involve a shift with scalars.

9 Note that the structure F + F̂ (with F̂ defined in (17.1)) was already encountered in D = 11 supergravity;
see (10.26).
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17.2.5 Partial gauge fixing

We now follow steps similar to those of Sec. 16.2.2. First, we apply the K -gauge condition
(15.26). Thus we set bμ = 0 in all equations. As in Ch. 15, we choose the dilatation gauge
condition so that the standard Hilbert action appears. Since the product N R appears in
[N ]D in (17.19) and in the first line of (17.30), the appropriate choice is [154]

D-gauge: N = − 3

κ2
. (17.32)

This choice inserts the dimensionful gravitational coupling constant in the action, which
was scale invariant up to this point. Observe that another argument for this gauge choice is
that it eliminates mixed kinetic terms of the graviton and scalars.

Similarly, the S-supersymmetry gauge condition will be chosen to eliminate kinetic mix-
ing terms between the gravitino and other fermions. These are present in the last term of
[N ]D or of Ld in (17.31). Therefore we take

S-gauge: NI�
I = 0 , (17.33)

which also implies that NĪ�
Ī = 0. This is a good S-gauge condition since its

S-transformation is proportional to NI X I = N . The gauge transformations of the con-
dition (17.32) determine the decomposition law for the dilatations. Since the Q-SUSY
transformation of (17.32) is (17.33), we just get λD = 0.

There are modest simplifications in the action formula (17.30) when the gauge con-
ditions above are used. We recognize the pure supergravity action in the first line. The
remaining terms involve matter multiplets, but the n + 1 not-yet-physical chiral multi-
plets headed by the X I are still in the game. We need to select n physical scalars zα

from the larger set. These fields can be interpreted as the complex coordinates of a par-
ticular type of Kähler manifold called a projective Kähler manifold or more commonly a
Kähler–Hodge manifold. In the next section we will explain projective Kähler geometry in
some detail. The Kähler–Hodge condition is discussed in Sec. 17.5.1, and in more detail in
Appendix 17A.

17.3 Projective Kähler manifolds

In the conformal methodology of this chapter, the chiral fields X I of supergravity are
initially coordinates of a Kähler manifold that we have called the embedding manifold.
Dilatations and T -transformations act as symmetries of this manifold. In Sec. 17.2.5 we
discussed schematically how the gauge fixing of these symmetries leads to a projective
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Kähler manifold whose coordinates are the physical scalars Zα of matter-coupled super-
gravity.

In this section we discuss projective Kähler manifolds from a more general mathematical
viewpoint. A projective manifold is obtained from its embedding manifold by identifying
points which lie on the orbit of the vector field that generates a symmetry of the latter space.
In the application to supergravity this symmetry is the complex transformation that com-
bines the dilatation and T -transformation. Identification of points on the symmetry orbit is
essentially equivalent to gauge fixing the symmetry. The motivation for the more general
viewpoint is that similar constructions apply to vector multiplets in N = 2 supergrav-
ity and also determine the structure of hypermultiplets in four-, five-, and six-dimensional
supergravity (see Ch. 20).

We will find that projective Kähler manifolds require that the Kähler potential N of the
embedding space has the homogeneity properties of (17.13). Hence, the scalar terms of
matter-coupled supergravities are those of a projective Kähler manifold. Our discussion
of how the Kähler structure of the projective manifold emerges from its embedding space
follows the treatment of [159]. Later, in Sec. 17.5.1, we will discuss how the Kähler geom-
etry of the embedding manifold leads to the Kähler–Hodge condition on the projective
manifold.

The signature of metric of the embedding manifold does not play a significant role in our
discussion. So the results apply to the embedding spaces for N = 1 supergravity in which
the metric has a negative direction as well as to Euclidean signature metrics as in the
example in the next section.

17.3.1 The example of CPn

The first example of the construction of projective Kähler manifolds was already discussed
in Sec. 13.3. The coordinates of the embedding manifold are the X I , and we now consider
the scaling operation used to define C Pn . In this case, the scaling is the simple operation
(13.33). The embedding metric, extracted from (13.35), is flat and takes the simple form

ds2 = dX I G I J̄ dX J̄ , G I J̄ = δI J̄ . (17.34)

This is a Kähler manifold with Kähler potential

N = X I δI J̄ X J̄ , (17.35)

which satisfies the requirements of (17.13).
A scale transformation X I = ρX ′I leads to

ds2 = |ρ|2dX ′I δI J̄ dX J̄ = dX ′Iγ ′
I J̄

dX ′ J̄ , γ ′
I J̄
= |ρ|2δI J̄ . (17.36)

The modulus of the ρ-transformation scales the metric. Thus it differs from the symmetries
that we discussed in Sec. 7.12, which left the metric invariant. The metric is invariant under
the phase part of ρ which is a normal symmetry.
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Let us examine the infinitesimal form of the scale transformation to find the vector fields
that are its generators. We use the infinitesimal parameters defined by10

ρ = exp (−λD − iλT ) . (17.37)

Then we can write the variation δX = X ′ − X as

δX I = λDk I
D + λT k I

T , k I
D = X I , k I

T = iX I . (17.38)

Note that these transformation vectors are holomorphic. As in (7.140) we now have

δG I J̄ = − (λDLkD + λTLkT

)
G I J̄ ,

Lk G I J̄ = kK ∂K G I J̄ + k K̄ ∂K̄ G I J̄ + ∂I kK G K J̄ + ∂ J̄ k K̄ G I K̄ ,

LkD G I J̄ = 2G I J̄ , LkT G I J̄ = 0 . (17.39)

Thus kT is a Killing vector, but kD is not. In fact, kD is a closed homothetic Killing vector,
a concept introduced in Sec. 15.7.

Exercise 17.5 Show that the scaling relations of (17.39) are also valid for any Kähler
metric (17.16) whose Kähler potential has the homogeneity properties of (17.13).

17.3.2 Dilatations and holomorphic homothetic Killing vectors

In Ch. 15 we studied the conformal algebra and determined how fields transform under
dilatations and special conformal transformations. The dilatations are determined by a
vector kD

i . It also induces special conformal transformations of covariant derivatives of
the fields; see (15.52).

In Sec. 15.7, we discussed the transformations of a set of scalar fields φi (x) that are
coordinates of the target space for a nonlinear σ -model with metric tensor gi j (φ). It was
explained that the vector kD

i must be a closed homothetic Killing vector so that the full
conformal group is realized on the scalar sector. A closed homothetic Killing vector sat-
isfies ∇i kD

j = δ
j
i . Locally it can be expressed as the gradient of a scalar, i.e. kDi = ∂i κ̃ .

We have assigned the Weyl weight w = (D − 2)/2 → 1 appropriate to D = 4 spacetime
dimensions.

In this section we extend these considerations to the case of interest in matter-coupled
N = 1 supergravity where the target space of the scalar fields is a Kähler manifold. We
begin with the real description of such a manifold. Given a closed homothetic Killing
vector kD

i , one can use the complex structure J j
i to construct a Killing vector kT :

(kT )
i ≡ (kD)

j J j
i . (17.40)

Indeed, owing to (13.29) and (15.43) we have

∇i

(
(kD)

k Jk j

)
= Ji j . (17.41)

Since Ji j is antisymmetric, kT is a Killing vector.

10 The parameters λD and λT are analogues of the corresponding gauge parameters of the superconformal
algebra.
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We now introduce a holomorphic basis of coordinates X I , X̄ I , in which the hermitian
metric is G I J̄ . Then, we define a holomorphic homothetic Killing vector as a holomorphic
vector h = hI (X)∂/∂X I that satisfies

holomorphic homothetic Killing vector: LhG I J̄ = G K J̄∇I hK = 2 G I J̄ . (17.42)

It is easy to see that the real and imaginary parts of h are the real vectors kD and kT we
have discussed above; specifically we define

kD = 1
2 (h + h̄) , k I

D = 1
2 hI , k Ī

D = 1
2 h̄ Ī ,

kT = 1
2 i(h − h̄) , k I

T = 1
2 ihI , k Ī

T = − 1
2 ih̄ Ī . (17.43)

It then follows that kD is a closed homothetic Killing vector, while kT is the Killing vector
(17.40).

Exercise 17.6 The Kähler potential in conformal supergravity satisfies the conditions
of (17.13). Show that (15.44) is satisfied by the choice κ̃ = N. In the complex coordinate
basis, (15.44) becomes the pair of equations ∂I ∂ J̄ κ̃ = G I J̄ and ∇I ∂J κ̃ = 0.

Exercise 17.7 For the flat embedding space of (17.34) check that the vector h = 2 X I ∂I

is a holomorphic homothetic Killing vector. Then the vectors of (17.43) agree with (17.38).
Show that the same h is also a holomorphic homothetic Killing vector for the metric (17.16)
of conformal supergravity. You need ∇I X J = δ J

I , which follows from (13.19) with the
properties (17.13).

17.3.3 The projective parametrization

The homothetic Killing vector h(X) defines a holomorphic map of the embedding mani-
fold into itself. The map defines the action of the Lie group of combined dilatations and
T -transformations. We assume that this group acts freely. This means that two distinct
points are related by at most one transformation of the group. The map then defines a foli-
ation of the embedding manifold. The projective Kähler manifold is defined by identifying
all points that are related by a group transformation.

We will now show that these properties of hI imply that there is a parametrization in
which the embedding manifold has Kähler potential N satisfying (17.11). This shows that
embedding manifolds are the same as the manifolds we use to describe superconformal
chiral multiplets. In Sec. 17.5.1 we will show that the projective manifolds are the Kähler–
Hodge manifolds.

The Frobenius theorem allows us to choose holomorphic coordinates y and zα such that
∂/∂y points in the direction of the holomorphic homothetic Killing vector. Thus,

h = 2 y
∂

∂y
. (17.44)

The factor 2 is included for convenience (determining the normalization of y). The complex
lines of fixed zα and varying y are the fibers of a fibration.
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We now require that the n + 1 coordinates X I , heretofore an arbitrary holomorphic set,
have the property of homogeneous coordinates. This means that they are defined by the set
y, zα through functions Z I (z):

X I = y Z I (z) . (17.45)

We do not specify the (n + 1) functions Z I of the base space coordinates zα , so that we
keep the freedom of arbitrary coordinates on the base. The Z I must be non-degenerate in
the sense that the (n + 1)× (n + 1) matrix(

Z I

∂αZ I

)
(17.46)

should have rank n+1. There are many ways to choose the Z I . One simple choice, labeling
the I index from 0 to n, can be

Z0 = 1 , Zα = zα . (17.47)

In the application to supergravity we use X I to denote the scalar fields in the embedding
space. The physical scalar fields are zα . With n chiral multiplets, α will run over 1, . . . , n,
while I runs over 0, 1, . . . , n.

As we now demonstrate, it is in homogeneous coordinates that the Kähler potential N
of the embedding space has the scaling properties of (17.11), which are needed to couple
chiral multiplets to supergravity. First note that one can use the chain rule to rewrite the
holomorphic homothetic Killing vector as

h = 2 X I ∂

∂X I
or hI = 2X I . (17.48)

The condition (17.42) then reduces to

G K J̄�
K
I L X L = X L ∂

∂X L
G I J̄ = 0 . (17.49)

The Kähler metric is the second derivative of a Kähler potential, which we denote now
by N ′,

G I J̄ =
∂

∂X I

∂

∂ X̄ J̄
N ′ , (17.50)

but (17.49) implies that

∂

∂X I

∂

∂ X̄ J̄

(
X K ∂

∂X K
N ′ − N ′

)
= 0 . (17.51)

By a Kähler transformation, which we can always perform, this condition and its complex
conjugate show that we can define a function N such that

X I ∂

∂X I
N = N , X̄ Ī ∂

∂ X̄ Ī
N = N . (17.52)
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This states that N is homogeneous of first degree in X I , and in X̄ Ī , and can be identified
with the function in (17.11).

The real and imaginary parts of the holomorphic homothetic Killing vector h generate
the dilatations and T -transformations of the superconformal algebra. Specifically, kD and
kT of (17.43) induce the following transformation of the homogeneous coordinates:

δX I = λD X I + i λT X I , δ X̄ Ī = λD X̄ Ī − i λT X̄ Ī , (17.53)

in which we have included parameters λD and λT . Since h = 2y d/dy, the complex scale
transformations (17.53) are represented on y and zα as

δy = (λD + i λT ) y , δ ȳ = (λD − i λT ) ȳ , δzα = δz̄ᾱ = 0 . (17.54)

We now want to write an action for the scalar fields X I (x) coupled to a general spacetime
metric gμν(x) that is invariant under local versions of these transformations, i.e. with arbi-
trary functions λD(x), λT (x). The gauging of the T -transformation will be implemented
through an (auxiliary) U(1) gauge field Aμ, as was done in Sec. 13.3. The action will corre-
spond quite precisely to the scalar kinetic and gravity terms of the Lagrangian (17.30) (with
bμ = 0). Our purpose is to make contact between the scalar sector of N = 1 supergravity
and the mathematical theory of projective Kähler manifolds.

The desired action is

S =
∫

d4x L = −
∫

d4x e
[

1
6 N R(e) + G I J̄ gμν

(
∂μ − iAμ

)
X I (∂ν + iAν) X̄ J̄

]
.

(17.55)
We assign the transformation rule δAμ = ∂μλT , so that S is obviously invariant under
T -transformations. Invariance under local dilatations follows from an interesting extension
of Ex. 8.7.

Exercise 17.8 Prove the local scale invariance of S. This is related to Ex. 15.9, but with
bμ = 0. This gauge choice is permitted because of the local special conformal symmetry
of the Lagrangian (15.51).

The Euler–Lagrange equation for Aμ is algebraic, and its solution is

2 iAμ = − 1

N

(
X I G I J̄ ∂μ X̄ J̄ − ∂μX I G I J̄ X̄ J̄

)
= − 1

N

(
∂μ X̄ J̄ NJ̄ − ∂μX I NI

)
. (17.56)

Note that this agrees with the supergravity auxiliary field Aμ in (17.21) when all fields
except scalars are dropped. Inserting this result, the covariant derivative in (17.55) can be
written as(

∂μ − iAμ

)
X I = ∂μX I − X I ∂μX K ∂

∂X K
ln N + 1

2
X I ∂μ ln N . (17.57)
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The contraction of the first two terms with NI vanishes. This simplifies the rewriting of the
Lagrangian, which takes the form11

L = − 1

4N
(∂μN )(∂μN )− N (∂μX I ) (∂μ X̄ J̄ )

∂

∂X I

∂

∂ X̄ J̄
ln N . (17.58)

By virtue of its construction, the action S is invariant, after restoration of the N R(e) term,
under the local transformation (17.53).

Exercise 17.9 Consider the Lagrangian (17.58) in the flat space limit in which the
spacetime metric becomes gμν → ημν . Show that, for a flat embedding space with Kähler

potential N → X I δI J̄ X J̄ , the Lagrangian agrees with the Lagrangian (13.37) for the C Pn

model (after the constraint (13.34) is imposed).

17.3.4 The Kähler cone

We will now show that the geometry of the embedding manifold is a generalized cone.
We remind the reader that a cone, with opening angle 2α, embedded in three-dimensional
Euclidean space has the induced metric

ds2 = dr2 + r2(dx2 + dy2) , x2 + y2 = sin2 α . (17.59)

We will use this to identify the target space geometry associated with the embedding space
Lagrangian (17.58). The cone is drawn in Fig. 17.1.

We use the basis of fields {y, zα}, which are related to the homogeneous coordinates by
(17.45). The X I , and hence the Z I , are zero modes of

∂

∂X I

∂

∂ X̄ J̄
ln N = G I J̄

N
− G I K̄ X̄ K̄ G J̄ L X L

N 2
, (17.60)

so the spacetime gradient ∂μy does not survive in the second term of (17.58). The
Lagrangian can then be written as

L = − 1

4N
(∂μN )(∂μN )− N (∂μzα) (∂μ z̄β̄ )

∂

∂zα
∂

∂ z̄β̄
ln
[

Z I (z)G I J̄ Z̄ J̄ (z̄)
]
. (17.61)

To visualize the geometry we can regard N as a radial coordinate. If the embedding
metric has positive signature, as in the C Pn example of Sec. 17.3.1, then N will be positive.
We then define N = r2 and rewrite (17.61) as

L = −∂μr∂μr − r2gαβ̄(z, z̄)∂μzα∂μ z̄β̄ . (17.62)

This looks like the metric of a cone, whose ‘cross-section’ is an n-dimensional Kähler
manifold with metric gαβ̄(z, z̄) implicitly defined by comparing the second terms of (17.62)
and (17.61).

As we have already discussed, embedding metrics for chiral multiplets in supergravity
have Lorentzian signature (−++ . . .+). The Kähler potential N must be negative so that

11 We omit the N R(e) term henceforth because it is inessential to our main purpose, which is to explain projective
Kähler manifolds.
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r

�Fig. 17.1 Conical geometry of the (n + 1)-dimensional embedding space.

the gravity Lagrangian N R(e, b) in (17.30) has the proper physical sign. In this case we
would define N = −r2, and the ∂μr∂μr term of (17.63) would have opposite sign:

L = ∂μr∂μr − r2gαβ̄(z, z̄)∂μzα∂μ z̄β̄ , (17.63)

where gαβ̄ is defined appropriately (see below). The geometry is still that of a Kähler cone
which may be compared with a Lorentzian version of (17.59).

In differential geometry, a Kähler manifold with a homothetic Killing vector is called
a Sasakian manifold. The Killing vector generating the U(1) symmetry is called the Reeb
vector field.

17.3.5 The projection

It is clear that when the embedding Kähler manifold has complex dimension n + 1, the
projective Kähler manifold has dimension n. It is the base manifold of a bundle with fibers
defined by the action of the complex scaling.

We proceed in much the same way as in Sec. 13.3, and impose a constraint that selects
one representative in each set of scale equivalent configurations. Since N transforms under
the scaling as

δN = 2 λD N , (17.64)

it is appropriate to impose the constraint directly on N . We fix the dilatation gauge by
requiring that N is constant, viz.

N (X, X̄) = −a . (17.65)

The value of a depends on which theory is being considered. In the example of Sec. 13.3
we have chosen a = −1. For N = 1 supergravity we noted in (17.32) that the appropriate
choice is a = 3κ−2, where κ is the gravitational coupling constant. For Kähler manifolds
that appear in N = 2 supergravity, the appropriate choice will be a = κ−2. We must also
fix the T -gauge, which we will do at the end of Sec. 17.3.6.



17.3 Projective Kähler manifolds 359

We choose the n physical scalars zα as coordinates on the resulting projective manifold.
In fact the magnitude of the scaling coordinate y is determined in terms of the zα and z̄ᾱ

by the constraint

y ȳ = −a
[

Z I (z)G I J̄ Z̄ J̄ (z̄)
]−1

. (17.66)

Since N is constant the Lagrangian of the physical scalars is just the second term of
(17.61). The target space metric that appears in that term can be obtained from the fol-
lowing Kähler potential for the projective manifold:

K(z, z̄) = −a ln
[
−a−1 Z I (z)G I J̄ Z̄ J̄ (z̄)

]
= a ln y ȳ . (17.67)

Thus, after gauge fixing the dilatations, our Lagrangian takes the form of a nonlinear σ -
model on an n-dimensional Kähler manifold, namely

L = −gαβ̄∂μzα∂μ z̄β̄ = −∂α∂β̄K(z, z̄)∂μzα∂μ z̄β̄ . (17.68)

From now on ∂α is considered to be a derivative on the projective manifold, while y in
(17.67) is no longer an independent variable. Note that the ‘holomorphic’ variables X I

of the embedding manifold are not holomorphic in the complex structure defined on the
projective Kähler manifold, since y as a solution of (17.66) is a function of both z and z̄.

Exercise 17.10 Show that the homogeneity conditions (17.13) lead to

∂αK = −a
y

N
NI ∂αZ I , (17.69)

and that the value of Aμ from (17.56) can be written as

iAμ = 1
2 a−1

(
∂μ z̄ᾱ∂ᾱK − ∂μzα∂αK

)
+ 1

2∂μ ln(y/ȳ) . (17.70)

The last term is ‘pure gauge’.

17.3.6 Kähler transformations

In Ex. 17.1 readers showed that the homogeneity properties (17.13) of the Kähler potential
N (X, X̄) in homogeneous coordinates do not permit Kähler transformations of N . How-
ever, Kähler transformations of the Kähler potential K(z, z̄) of the projected space are
allowed and play an important role in the structure of the physical Lagrangians of N = 1
supergravity. The origin of these transformations lies in the definition (17.45). In fact, the
variable y is not uniquely defined. We may consider redefinitions

y′ = y e f (z)/a , Z ′ I = Z I e− f (z)/a . (17.71)

If the Z ′I are used in (17.67), the Kähler potential is modified and reads

K′(z, z̄) = K(z, z̄)+ f (z)+ f̄ (z̄) . (17.72)

This is precisely a Kähler transformation; see (13.18).
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If a quantity transforms under Kähler transformations, it is useful to include a new term,
called the Kähler connection, in its covariant derivative. Consider, for example, the func-
tions Z I (z) and Z̄ Ī (z̄). We define their covariant derivatives by

∇αZ I ≡ ∂αZ I + a−1 (∂αK) Z I , ∇ ᾱZ I ≡ ∂ᾱZ I = 0 ,

∇ ᾱ Z̄ Ī ≡ ∂ᾱ Z̄ Ī + a−1 (∂ᾱK) Z̄ Ī , ∇α Z̄ Ī ≡ ∂α Z̄ Ī = 0 . (17.73)

Viewing f (z) and f̄ (z̄) as independent gauge parameters, it is easy to see that all covariant
derivatives in (17.73) transform with the factors e− f/a or e− f̄ /a under combined Kähler
transformations of Z I , Z̄ Ī and K. Therefore we can identify ∂αK and ∂ᾱK as the ‘gauge
fields’ for holomorphic and anti-holomorphic Kähler transformations, respectively. When a
quantity transforms under complex coordinate transformations on the projective manifold,
i.e. when it has α or ᾱ indices, one must also include the metric connection of (13.19) in
its covariant derivatives.

We now define the Kähler covariant derivative on more general functions V (z, z̄), which
transform under Kähler transformations as

V ′(z, z̄) = V (z, z̄) exp
[
−a−1 [w+ f (z)+ w− f̄ (z̄)

]]
. (17.74)

We then say that these functions have Kähler weights (w+, w−). The scalar functions
Z I (z) and Z̄ Ī (z̄) are examples of this with weights (w+, w−) = (1, 0) and (0, 1), respec-
tively. The variable y has weights (−1, 0). Functions on the embedding space do not trans-
form under Kähler transformations. For example a scalar function V(X, X̄) on the embed-
ding space that transforms under λD and λT as

δV = w+ (λD + iλT )V + w− (λD − iλT )V (17.75)

can be expressed in terms of y, zα and their complex conjugates as

V(X, X̄) = yw+ ȳw−V (z, z̄) . (17.76)

Then V (z, z̄) is inert under conformal scalings but transforms under Kähler transforma-
tions as in (17.74). The covariant derivatives that generalize (17.73) are

∇αV (z, z̄) = ∂αV (z, z̄)+ w+ a−1(∂αK)V (z, z̄) ,

∇ ᾱV (z, z̄) = ∂ᾱV (z, z̄)+ w− a−1(∂ᾱK)V (z, z̄) . (17.77)

Exercise 17.11 Prove that, under Kähler transformations, ∇αV is a covariant object
like (17.74) with the same weights as V itself.
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The commutator of holomorphic Kähler covariant derivatives [∇α,∇β ] vanishes. However,
the mixed commutator is not zero. In fact12

[
∇α,∇ β̄

]
V (z, z̄) = a−1(w− − w+)gαβ̄V (z, z̄) . (17.78)

The general definition (11.41) of curvature shows that there is curvature associated with the
imaginary part of the Kähler transformations in projective Kähler manifolds. Indeed, this
curvature is the fundamental 2-form (13.14) of the Kähler manifold, which is significant
for the definition of Kähler–Hodge manifolds in Appendix 17A.2.

We can also define the covariant derivatives in spacetime, using

∇μ = (∂μzα)∇α + (∂μ z̄ᾱ)∇ ᾱ . (17.79)

After complete gauge fixing, y becomes a function of z and z̄. However, at this point we
have only fixed the modulus of y via (17.67), while its phase is the T -gauge degree of
freedom. Therefore, we will add the connection for T -transformations to the definition of
∇μ for quantities such as y and ȳ which carry chiral weight c �= 0. For example, y has
Kähler weight (−1, 0), and chiral weight 1, so we define

∇μy ≡
[
∂μ − iAμ − a−1(∂μzα)∂αK

]
y = 0 . (17.80)

It can be seen that this covariant derivative vanishes when the specific form of (17.70) and
a spacetime derivative of (17.67) is substituted. After any choice of the T -gauge, y can be
expressed as a function of z and z̄. Then we can split Aμ, (17.70), into terms with ∂μzα

and ∂μ z̄ᾱ . The condition (17.80) then splits into the two relations

∇α y = ∇ ᾱ y = 0 . (17.81)

The explicit form of the quantities∇α y and∇ᾱ y is not determined until the T -gauge condi-
tion is specified, but one can use the fact that they vanish before this is done. This facilitates
many calculations.

Here are some exercises to give the reader practice in working with the quantities we
have introduced, and which are used later to rewrite the superconformal action in terms of
physical fields.

Exercise 17.12 Using the fact that X does not transform under Kähler transformations,
show that the derivative that enters in (17.55) is

(
∂μ − iAμ

)
X I = ∇μX I = (∇μy)Z I + y ∇μZ I = y (∂μzα)∇αZ I . (17.82)

You will have to combine information from (17.80) and (17.73).

12 For vectors and tensors with Kähler indices α or ᾱ, one must also include the curvature tensor as in (13.24).
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Exercise 17.13 Next consider the scalar function N that is invariant under chiral and
Kähler transformations, and fixed to a constant value by the dilatation gauge condition.
Apply first ∇α and then ∇ β̄ to obtain

NI∇αZ I = 0 , NI = ȳ G I J̄ Z̄ J̄ ,

gαβ̄ = y ȳ∇αZ I G I J̄∇ β̄ Z̄ J̄ . (17.83)

Use the homogeneity properties (17.13), the definition of homogeneous coordinates (17.45)
and the commutator (17.78).

Exercise 17.14 Combine previous results and (17.66) into the matrix equation

(−a 0
0 gαβ̄

)
= y ȳ

(
Z I

∇αZ I

)
G I J̄ ( Z̄ J̄ ∇ β̄ Z̄ J̄ ) . (17.84)

The (n + 1) × (n + 1) matrices on both sides of this equation must be invertible so that
scalar kinetic terms are non-degenerate. Observe that this requirement implies the non-
degeneracy of (17.46). Compute the inverse of G I J̄ to find

G I J̄ = y ȳ
(
−a−1 Z I Z̄ J̄ + gαβ̄∇αZ I ∇ β̄ Z̄ J̄

)
. (17.85)

This result will be used in Sec. 17.4.2 below.

Exercise 17.15 Furthermore, by applying ∇β to the second row of the matrix equation
above, you can derive13

∇β∇αZ I = −y G I L̄ NJ K L̄∇αZ J∇β Z K = −y � I
J K∇αZ J∇β Z K . (17.86)

This equation can be used to calculate the curvature of the projective manifold. The cur-
vature may be defined by the Ricci identity for the vector ∇αZ I , which reads[∇ ᾱ, ∇β

]∇αZ I = a−1gβᾱ∇αZ I + Rᾱβα
γ∇γ Z I . (17.87)

Apply y ȳ∇ β̄ Z̄ J̄ G I J̄∇ ᾱ to both sides of (17.86) and use (17.87) to obtain

Rαᾱββ̄ − 2a−1gᾱ(αgβ)β̄ = (y ȳ)2 RI Ī J J̄∇αZ I∇β Z J∇ ᾱ Z̄ Ī∇ β̄ Z̄ J̄ . (17.88)

Observe that, owing to the homogeneity conditions, Z I is a zero eigenvector of the cur-
vature tensor; see (15.45). So the derivatives on the right-hand side can be replaced by
ordinary derivatives, and this formula gives the curvature of the projective manifold in
terms of the pull-back of the curvature of the embedding manifold.

13 One might define also a covariant derivative that takes the connection in the embedding manifold into account,
similar to (17.27), i.e. ∇̂β∇α Z I = ∇β∇α Z I+� I

J K∇α Z K∇β(y Z J ). Then this equation reads as ∇̂β∇α Z I =
0. Note that, owing to � I

J K Z J = 0, this modification has no effect on ∇̂α Z I = ∇α Z I .
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17.3.7 Physical fermions

In order to define the physical bosons, we changed from the conformal basis {X I } to the
basis {y, zα}. The modulus of y is fixed by the dilatation gauge condition, and its phase
corresponds to the remaining gauge freedom of T -transformations. We now make a similar
change of basis from the conformal fermions {�I } to a new basis {χ0, χα}. We will define
this basis so that the S-gauge condition (17.33) implies that χ0 = 0. The fields χα then
remain as the physical fermions. They are partners of the bosons zα under the conventional
chiral multiplet transformations

δzα = 1√
2
ε̄χα . (17.89)

We again use the implicit chiral notation explained below (17.3), i.e. PLχ
α = χα and

PRχ
ᾱ = χᾱ .

We express the (n + 1) fields �I in terms of the χα and an extra χ0 by

�I = y χ0 Z I + y χα∇αZ I = y ( Z I ∇αZ I )

(
χ0

χα

)
. (17.90)

The covariant derivative ensures uniform behavior under Kähler transformations. Note also
that the vectors Z I and ∇αZ I are orthogonal vectors on the embedding space; see (17.83).
Using the invertibility of the matrices in Ex. 17.14, we find that(

χ0

χα

)
= ȳ

(−a−1 0
0 gαβ̄

)(
Z̄ J̄

∇ β̄ Z̄ J̄

)
G J̄ I�

I . (17.91)

Explicitly,

χ0 = −a−1 ȳ Z̄ J̄ G I J̄�
I = −a−1 NI�

I ,

χα = ȳ �I G I J̄ gαβ̄∇ β̄ Z̄ J̄ . (17.92)

Hence the S-gauge condition can be written as χ0 = 0.

Exercise 17.16 Start with the transformation rule δX I = ε̄�I /
√

2. Use the defining
property (17.45) of homogeneous coordinates on the left-hand side and the relation (17.90)
on the right-hand side (with χ0 = 0). Write these as

Z I δy + y
[
∇α − a−1(∂αK)

]
Z I δzα = 1√

2
yε̄χα∇αZ I . (17.93)

Deduce the transformation rule (17.89) and also the accompanying transformation

δy = 1√
2a

yε̄χα∂αK , δ ȳ = 1√
2a

ȳε̄χ ᾱ∂ᾱK . (17.94)
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17.3.8 Symmetries of projective Kähler manifolds

In Sec. 13.4.1 it was shown that Killing symmetries of Kähler manifolds must respect the
metric and the complex structure. There is still another important structure in the embed-
ding manifold, namely the holomorphic homothetic Killing vector defined in (17.42). To
preserve the structure of the homothety, the Killing vector kA

I ∂/∂X I of a symmetry must
commute with h = 2X I ∂/∂X I . This is the requirement that Killing vectors have Weyl
weight 1, as noted at the beginning of Sec. 17.2.3. As also noted there, the Kähler potential
N must be invariant.

In the coordinates y and zα related to the X I in (17.45), commutation with h = 2y d/dy
implies that

δzα = θ AkA
α(z) , δy = a−1θ A yrA(z) . (17.95)

Note that rA(z) can be considered to be the component of the Killing vector in the direction
of y. The Killing vector condition ∇I k J̄ +∇ J̄ kI = 0 implies that ∇αkβ̄ +∇β̄kα = 0. Thus

each Killing vector kαA, kᾱA is a holomorphic Killing vector of the projected metric gαβ̄ .
However, owing to the relation (17.67), which follows from the fixing of dilatations in
(17.65), the Kähler potential K is not always invariant. Rather it transforms as

δK = θ ALkAK = θ A [rA(z)+ r̄A(z̄)] , (17.96)

which is a Kähler transformation. The moment map is given as in (13.59) by

PA = i
(
kA

α∂αK − rA
) = −i

(
kA

ᾱ∂ᾱK − r̄A

)
. (17.97)

Exercise 17.17 Prove the following relation between the Killing vectors in the embed-
ding space and those in the projective manifold:

kA
I = y

[
kA

α∇αZ I + ia−1PA Z I
]
. (17.98)

To do this, use (17.95) to obtain the coordinate variations δX I . Then use (17.97) and
(17.73).

In Sec. 14.4.3 we introduced the Fayet–Iliopoulos constants, in global supersymmetry
as real constants in PA. We now see that they originate in supergravity from imaginary
constants in rA. They are therefore phase transformations of the compensating scalar y.
We will discuss this further in Sec. 19.5.

Exercise 17.18 The commutator of two gauge transformations (17.95) on the field y
must satisfy the gauge algebra. Show that this requirement can be written as
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f AB
CrC = kA

α∂αrB − (A ↔ B) . (17.99)

Use (17.97) and (13.60) to show that this leads to equivariance relation (13.62).

The composite connection Aμ, given before gauging in (17.70), now includes gauge
potentials. One can use the result of Ex. 17.17 to rewrite (17.21) in terms of physical
fields as

Aμ = 1
2 i a−1

(
∂μzα∂αK − ∂μ z̄ᾱ∂ᾱK

)
− 1

2 i∂μ ln(y/ȳ)− a−1 AA
μPA

= 1
2 i a−1

(
∂̂μzα∂αK − ∂̂μ z̄ᾱ∂ᾱK

)
− 1

2 i∂̂μ ln(y/ȳ) , (17.100)

in which we used (17.97), and the definitions

∂̂μzα ≡ ∂μzα − AA
μkA

α , ∂̂μy ≡ ∂μy − a−1 AA
μrA y . (17.101)

With these formulas, we can gauge covariantize the ∇μ derivative (17.79). When gauge
internal symmetries are present, we will write it as

∇μ = (∂̂μzα)∇α + (∂̂μ z̄ᾱ)∇ᾱ . (17.102)

The important fact is that inclusion of the gauge connection does not spoil (17.80).

Exercise 17.19 Check that the inclusion of the gauge connection in A as in (17.100) is
still consistent with ∇μy = 0.

17.3.9 T -gauge and decomposition laws

The selection of one representative among complex scale invariant configurations in the
embedding space requires gauge fixing for both dilatation and T -transformations. We have
already used the dilatation gauge choice (17.65) extensively. For T -transformations, the
simple condition

T -gauge: y = ȳ , i.e. y = eK/(2a) (17.103)

is convenient. The last equality follows from (17.67).
This is the last gauge condition needed to reduce the superconformal symmetries to

the super-Poincaré algebra. Now we determine the combination of the superconformal
symmetries that remain after the gauge fixing. We first fix the gauge of special conformal
transformations by setting bμ = 0. Considering (16.10) this determines the relation

2λKμ = −∂μλD − 1
2 ε̄φμ + 1

2 η̄ψμ , (17.104)

which is the extension of (15.27) to the N = 1 theory. It is a ‘decomposition law’ for the
K -symmetry.
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Then we imposed the dilatation gauge (17.32). This is invariant under all other gauge
symmetries apart from dilatations itself. For this to occur, it was essential that the S-gauge
(17.33) was chosen. Hence, this simply leads to

λD = 0 . (17.105)

The transformations of the condition (17.103) are less trivial, since the condition is not
invariant under gauge transformations (see (17.95)) or under supersymmetry. Furthermore
it is not invariant under the Kähler reparametrizations (17.71). To obtain the decomposition
law we write

δ(y − ȳ) = iλT (y + ȳ)+ 1

a
θ A(yrA − ȳr̄A) (17.106)

+ 1

a
√

2
ε̄
(

yχα∂αK − ȳχᾱ∂ᾱK
)
+ 1

a

[
y f (z)− ȳ f̄ (z̄)

] = 0 .

Using y = ȳ, we solve for λT and obtain

λT = 1

2a
iθ A(rA− r̄A)+ 1

2a
√

2
iε̄
(
χα∂αK − χᾱ∂ᾱK

)
+ i

2a

[
f (z)− f̄ (z̄)

]
. (17.107)

This shows that a T -transformation must be included in the effective symmetry transfor-
mation of any field that transforms under T in the embedding space. For example, the
effective gauge symmetry transformation in the projected manifold, δproj, is related to the
gauge transformation in the embedding manifold, δemb, by

δproj(θ) = δemb(θ)+ δT (λT (θ)) . (17.108)

The new terms from λT have no effect on the scalars zα , since they are invariant under
the T -transformation, but the fermions do transform. The definition (17.92) leads to the
T -transformation

δTχ
α = − 3

2 iλTχ
α . (17.109)

Thus, after the gauge fixing, fermions will transform under Kähler transformations, i.e.

δKahlerχ
α = 3

2 i a−1(Im f )χα . (17.110)

Exercise 17.20 Prove that for the gauge transformations and supersymmetry we can
write

aλT = θ APA + 1
2 i
(
δzα∂αK − δz̄ᾱ∂ᾱK

)
. (17.111)

Exercise 17.21 Show that the rule (17.107) implies that an object with chiral weight
c obtains Kähler weights (w+, w−) = (c/2,−c/2). Deduce from this that the Kähler
weights of χα are (−3/4, 3/4) (and opposite for χ̄ ᾱ).

We draw readers’ attention to the fact that the mixing of gauge symmetries and T -
symmetry means that gauge symmetries no longer commute with supersymmetry in super-
gravity when rA �= 0. In global supersymmetry, there is a clear distinction between gauge
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Decomposition of T -symmetry Box 17.2

After gauge fixing, the T -transformations act as gauge transformations, supersymmetries and Kähler trans-
formations. Therefore, the gauge group in the super-Poincaré theory can act partly as a gauged R-symmetry,
following the scheme:

superconformal including T × G))* gauge fixing

super-Poincaré with G ’

whereG ′ isG with a mixing of superconformal T -symmetries.

symmetries that commute with supersymmetry, and R-symmetry, which does not; see Sec.
12.2. In the superconformal setup, this structure is maintained. The T -symmetry, which
does not commute with supersymmetry, is part of the superconformal group. The sym-
metries gauged by the vectors AA

μ commute with supersymmetry in the superconformal
theory, but not necessarily in the super-Poincaré theory; see Box 17.2.

The gauge field Aμ was introduced as the gauge field of T -transformations, i.e. Aμ →
Aμ + ∂μλT , and it thus acts now as gauge field for the imaginary part of Kähler transfor-
mations:

δKahlerAμ = −a−1∂μ Im f . (17.112)

Using (17.101) and (17.103), its value in (17.100) can be rewritten as

Aμ = 1
2 i a−1

(
∂̂μzα∂αK − ∂̂μ z̄ᾱ∂ᾱK

)
+ 1

2 i a−1 AA
μ(rA − r̄A). (17.113)

One may wonder now whether the covariant derivatives introduced previously are still con-
sistent. The connection Aμ was initially the gauge field for T -transformations. The super-
conformal covariant derivatives with the value of Aμ in (17.113) contain exactly the new
connection terms that must appear due to the modified transformations. Hence the covari-
ant derivatives constructed either before or after T -gauge fixing lead to identical results.

Exercise 17.22 Check that, owing to the decomposition law (17.107), the Kähler
weights of y change from the previous (w+, w−) = (−1, 0) to (− 1

2 ,− 1
2 ). Show that the

covariant derivative of (17.80) becomes

∇μy =
[
∂̂μ − 1

2 a−1(∂̂μK)
]

y = 0 , (17.114)

after the value of the connection in (17.113) is inserted. Show that this derivative incorpo-
rates the modified Kähler weights. Use the value of y from (17.103) and extract the ∂μzα

and ∂μ z̄ᾱ ‘components’ of ∇μy to find an explicit example of the covariant derivatives of
(17.81).

Finally, we consider the S-gauge condition (17.33). It transforms to a multiple of itself
under dilatations, T and Lorentz transformations. In the exercise below readers are asked to
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check that it is also invariant under gauge transformations (17.17). It is not invariant under
the Q- and S-supersymmetry transformations of (17.3). Indeed the variation of (17.33)
gives

0 = NI PL

(
/DX I + F I

)
ε − 2a PLη +�I ε̄

(
NI J�

J + NI J̄�
J̄
)
. (17.115)

This leads to the expression of η in terms of the other symmetries. Various simplifications
are possible. First, we do not have to use all terms from DμX I . The ψμ dependent term
written in (17.20) leads in (17.115) to a term proportional to the S-gauge condition (17.33)
and can thus be omitted. Therefore DμX I reduces to DμX I in (17.23) and the fermionic
part of the auxiliary field: AF

μ. The former part also does not contribute due to (17.26) and
the dilatation condition that puts N equal to a constant. Thus the only part of the DμX I

that contributes is −iAF
μγ

μεN . Then we use the field equations (17.21). The ψμ terms
of AF

μ vanish again due to the S-gauge condition. For the auxiliary F I one uses also the
homogeneity equations (17.13) and (17.9). Finally, a Fierz transformation (3.72) simplifies
the decomposition law to

2κ−2 PLη = −WPLε + γa PRε
(

1
4 NI J̄ �̄

Iγ a� J̄ + 1
8 Re f AB λ̄

Aγ aγ∗λB
)
. (17.116)

Exercise 17.23 Check that the gauge fixing condition for S-supersymmetry is invariant
under gauge transformations by using a derivative of the second equation of (17.18).

17.3.10 An explicit example: SU(1, 1)/U(1)model

The projective manifold

We consider a model of supergravity with one physical chiral multiplet. In the conformal
approach we must include the compensating multiplet also. Thus the embedding space has
two homogeneous coordinates X0, X1. We choose the parametrization

X0 = y , X1 = y z , i.e. Z0 = 1 , Z1 = z, (17.117)

so that the physical scalar is z = z1.

We consider the following quadratic Kähler potential in the embedding space:

N = i a(X̄0 X1 − X0 X̄1) . (17.118)

The dilatation constraint N = −a = −2ay ȳ Im z selects the upper half-plane as the
domain of z. Using (17.67) and the value a = 3κ−2 for N = 1 supergravity, we find
the Kähler potential

K = −3κ−2 ln [−i(z − z̄)] . (17.119)

The Kähler metric is

g11̄ = −3κ−2 1

(z − z̄)2
. (17.120)
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This is the metric of the Poincaré plane, which we studied at the end of Sec. 7.12, although
the scale is different. One may check with the formulas of Sec. 13.1 that the scalar curvature
is R = 2g11̄ R11̄ = − 4

3κ
2. This value is independent of the normalization of (17.118).

Exercise 17.24 Consider the modified Kähler potential

N = aX0 X̄0
(

i
X1

X0
− i

X̄1

X̄0

)b

. (17.121)

Verify that the Kähler metric and the scalar curvature of the projective manifold become

g11̄ = −3bκ−2 1

(z − z̄)2
, R = − 4

3b
κ2 . (17.122)

The lesson is that the modified embedding metric gives us the freedom of an arbitrary scale
for the projective manifold.

Isometry group

It is clear that the symmetries that preserve the form of N in (17.118) are given by the
U(1)× SL(2,R) transformations:

δX I = −θ AtA
I

J X J . (17.123)

We choose the basis of matrices

t0 =
(

i 0
0 i

)
, t1 =

(
0 0
−1 0

)
, t2 = 1

2

(
1 0
0 −1

)
, t3 =

(
0 1
0 0

)
,

(17.124)

which act on the vector

(
X0

X1

)
. This leads to the Lie algebra of (7.158) plus the commuting

generator t0.
When we use the parametrization of the projective manifold, we find

δy = δX0 = 1

a
y θ ArA , δz = δX1

X0
− z

δX0

X0
= θ AkA

z , (17.125)

which explicitly leads to

θ ArA = a
(
−i θ0 − 1

2θ
2 − θ3z

)
, θ AkA

z = θ1 + θ2z + θ3z2 . (17.126)

Note that kA
z are the same Killing vectors as found in (7.157).

We will discuss the gauging of (part of) the isometry group in Sec. 19.5.3.

17.4 From conformal to Poincaré supergravity

In the previous section, we discussed how the kinetic terms of chiral multiplets define a
projective Kähler manifold. We used the parametrization (17.45), with y constrained by
(17.66), to introduce the coordinates zα that describe physical scalars. Analogously we
introduced the physical fermions by the equation
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�I = y χα∇αZ I . (17.127)

In this section, we will reexpress the conformal Lagrangian (17.30) in terms of these phys-
ical fields. To obtain the correct normalization of the gravity Lagrangian L = eR/(2κ2) in
(17.30), we choose the values

a = 3 κ−2 , y = exp
(

1
6κ

2K
)
. (17.128)

17.4.1 The superpotential

Our first task is to develop the physical form of the scalar potential of N = 1 supergravity,
which is obtained from a superpotential on the embedding manifold. In (17.9) we saw that
the superpotential must be a homogeneous holomorphic function of third degree. In the
coordinates y and zα it takes the form

W = y3W (z) = exp
(

1
2κ

2K
)

W (z) . (17.129)

The holomorphic function W (z) is the superpotential of the Poincaré supergravity theory.
In the terminology of (17.76) the equation above indicates that the superpotential trans-

forms under the Kähler transformations (17.71) as a function with weights (w+, w−) =
(3, 0). Thus, its Kähler covariant derivative is

∇αW (z) = ∂αW (z)+ κ2(∂αK)W (z) . (17.130)

The homogeneity conditions lead to relations between the derivatives of W and W :

yWI Z I =WI X I = 3W = 3y3W (z) ,

yWI∇αZ I = ∇αW = y3∇αW. (17.131)

W and W combine with the Kähler potential to form the Kähler-invariant function
G(z, z̄):

G = κ2K + log(κ6W W ) , (17.132)

which is often used in the literature.
The reader can check the gauge transformation properties of the superpotential in the

next exercise. These imply that the superpotential is not invariant if rA �= 0. This is the
case, for example, if the theory includes Fayet–Iliopoulos constants.

Exercise 17.25 The gauge invariance condition for the superconformal W takes the
simple form given in (17.18). Use the expression (17.98) that you derived in Ex. 17.17, and
(17.131) to rewrite (17.18) as

kA
α∇αW + iκ2PAW = WαkA

α + κ2rA W = 0 . (17.133)
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Exercise 17.26 Show that (17.133) implies that a constant superpotential must vanish
if the theory contains gauged symmetries with rA �= 0. Show that the superpotential must
also vanish if it depends only on scalars that do not transform under a symmetry, i.e.
kA

α = 0 but rA �= 0.

17.4.2 The potential

We now consider the scalar potential of a general N = 1 supergravity theory. As in global
supersymmetry, it contains an F-term and a D-term. The potential V = VF + VD appears
in the superconformal formulation in (17.31). As in global supersymmetry VD is non-
negative, since Re f AB must be a positive quadratic form. Otherwise gauge field kinetic
terms would not be positive. However, the situation is different for VF because the com-
pensating multiplet in the conformal approach to supergravity has negative norm in the
embedding space metric G I J̄ . Thus VF is not intrinsically positive, in marked distinction
to the situation in global supersymmetry.

The inverse of G I J̄ in the basis of physical fields was obtained in (17.85), and this
expression clearly exhibits the rank-1 negative mode. We combine this with (17.131) and
use (17.128) to express VF as

VF = eκ
2K (−3κ2W W + ∇αWgαβ̄∇ β̄W

)
. (17.134)

This form clearly displays the negative contribution from supergravity to the potential.
Let’s discuss the D-term part of the potential briefly. Our discussion of the symmetries

of a projective Kähler manifold led to the expression (17.97) for the moment map of a
holomorphic Killing vector. This expression agrees with the form obtained in Sec. 13.4.1
for the general Kähler manifolds that appear as target spaces in global supersymmetry.
Thus VD takes the same form in global and local N = 1 SUSY.

The net result of this section is that the full potential for N = 1 supergravity can be split
into negative and positive definite parts, viz.

V = V− + V+ , (17.135)

V− = −3κ2eκ
2KW W , V+ = eκ

2K∇αWgαβ̄∇ β̄W + 1
2 (Re f )−1 AB PAPB .

17.4.3 Fermion terms

The gravitino and gaugino kinetic terms of the conformal action (17.30) already involve
the fields needed in the Poincaré description of supergravity. However, for the fermions of
the chiral multiplets, we have to use (17.127). It was noted in (17.109) that the physical
fermion χα has T -charge −3/2. Further, χα transforms as a tangent vector V α of the pro-
jective manifold under gauge transformations and holomorphic reparametrizations. These
considerations require that its physical kinetic term involves the covariant derivative
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D(0)
μ χα =

(
∂μ + 1

4ωμ
ab(e)γab + 3

2 iAμ

)
χα− AA

μ

∂kA
α(z)

∂zβ
χβ+�α

βγ χ
γ ∂̂μzβ . (17.136)

The same derivative should emerge when D̂(0)
μ �I , (17.27), is evaluated using (17.127) and

indeed it does. The methods of Sec. 17.3.6 can be used to obtain

D̂(0)
μ �I = D(0)

μ

(
yχα∇αZ I

)
+ y2� I

J Kχ
α∇αZ K∇β Z J ∂̂μzβ

= y
(

D(0)
μ χα

)
∇αZ I + yχα

(
∂̂μzβ∇β + ∂̂μ z̄β̄∇ β̄

)
∇αZ I

+ y2� I
J Kχ

α∇αZ K∇β Z J ∂̂μzβ

= y
(

D(0)
μ χα

)
∇αZ I + 1

3κ
2 yχα∂̂μ z̄β̄gαβ̄ Z I . (17.137)

One needs (17.86) and (17.78) to obtain this result. The second term does not contribute in
L1/2, (17.31), since it then produces a term proportional to ∇ ᾱ Z̄ J̄ G I J̄ Z I = 0; see (17.84).
Finally, the latter equation also implies that L1/2 reduces to the physical kinetic term

L1/2 = − 1
2 gαβ̄

[
χ̄α /D(0)

χ β̄ + χ̄ β̄ /D(0)
χα
]
. (17.138)

Exercise 17.27 Show, using (17.110) and (17.112), that the Lagrangian (17.138) is
invariant under Kähler transformations.

Similar manipulations can be used for other terms in the action. For example the mass
terms of χα are obtained by first taking another covariant derivative of (17.131) using again
(17.86), which then implies

y2∇JWI∇αZ I∇β Z J = y3∇β∇αW . (17.139)

This can be directly used in the second term of Lm in (17.31). For the mass terms involving
λ, we first need an equation for the derivative of f AB :

f AB α = ∇α f AB = y f AB I∇αZ I . (17.140)

For the λλ term we use the expression for G I J̄ in (17.85) and the degree zero homogeneity
of f AB ; i.e. f AB I Z I = 0. Then, (17.131) can be used to translate

G I J̄W J̄ f AB I = ȳ3gαβ̄ f AB α ∇ β̄W . (17.141)

For the mixed λχ mass terms, we use the same equation as (17.140) and its analogue with
f AB replaced with PA.

For the four-fermion terms we use similar manipulations, with frequent use of (17.84).
For ∇I f AB J we repeat the method used in (17.139). Owing to the gauge condition (17.33),
the fermionic part of the auxiliary field Aμ simplifies from (17.21) and becomes

AF
μ = iκ2

[
1
12 gαβ̄ χ̄

αγμχ
β̄ − 1

8 (Re f AB)λ̄
Aγμγ∗λB

]
. (17.142)

The square of the first term combines (after a Fierz transformation) with the curvature term,
where (17.88) is now convenient. This leads to a term

1
4

(
Rαγ̄ βδ̄ − 1

2κ
2gαγ̄ gβδ̄

)
χ̄αχβχ̄ γ̄ χ δ̄ . (17.143)

The results of all these manipulations will be incorporated in the final physical action in
Sec. 18.1.
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17.5 Review and preview

Let’s review the main steps of this chapter. The general N = 1 supergravity theory was
constructed as a gauge theory of the superconformal algebra. In this theory the gauge and
chiral ‘matter multiplets’ of global SUSY are coupled to the Weyl multiplet, which con-
tains the gauge fields for the algebra. The action and transformation for the Weyl multiplet
were derived in Ch. 16. In Sec. 17.1 we discussed the gauge transformations of the mat-
ter multiplets. In Sec. 17.2 we constructed the action and eliminated auxiliary fields. At
this point we presented the action (17.30), which is invariant under the full superconfor-
mal algebra. Specifically it is invariant under the transformation rules of (15.21), (17.3)
and (17.1) with auxiliary fields replaced by the solution of their equations of motion. In
Sec. 17.2.5 we discussed the gauge fixing of those superconformal symmetries (except the
T -symmetry) which are not part of the Poincaré SUSY algebra.

The dynamics of the chiral multiplets is a major concern. It is basic to supersymmetry in
four spacetime dimensions that this dynamics requires a Kähler manifold. We introduced
the Kähler potential N (Z , Z̄) of the (n + 1)-dimensional embedding manifold. Supercon-
formal symmetry requires that N (Z , Z̄) satisfies the homogeneity conditions (17.11). In
Sec. 17.3 we studied the geometry and symmetries of projective Kähler manifolds, and
we showed that the embedding metric satisfies the conditions of projective Kähler geom-
etry. We imposed the gauge condition (17.65) and used projective coordinates (17.45) to
introduce the fields zα , χα of the n physical chiral multiplets of the final Poincaré SUSY
theory. The Kähler potential K(z, z̄) in (17.67) was obtained by projection from the embed-
ding space. In Sec. 17.4.2 we discussed how the scalar potential V (z, z̄) of the final theory
inherits properties from projective Kähler geometry. One consequence is that the super-
gravity potential V (z, z̄) is not positive definite as it is in global SUSY.

The full physical Lagrangian can be obtained by incorporating the results above in the
Lagrangian (17.30), using Kähler covariant derivatives and final steps discussed in Sec.
17.4.3. The physical Lagrangian is presented in the next chapter. It is invariant under trans-
formation rules that we also present there. They are obtained by incorporating results of this
chapter in the transformation rules of Sec. 17.1. An important feature of the final transfor-
mation rules is the decomposition laws of Sec. 17.3.9, which are a byproduct of the gauge
fixing procedure.

The superconformal approach and projective Kähler geometry determine many features
of the final Lagrangian and ensure its invariance under all local symmetries of the Poincaré
SUSY algebra and non-abelian gauge symmetry. However, once the final structure is found,
one can set much of the initial approach aside.

In particular, one can use any Kähler manifold, with potential K(z, z̄) as the target space
of the physical scalars.14 Let us consider how this comes about. We started with a real func-
tion N (X, X̄) of (n+ 1) complex variables X I that must satisfy the homogeneity relations
(17.11). The kinetic terms were transformed to the form (17.61). After gauge fixing the
physical Kähler potential was defined in (17.67) and we found the Lagrangian (17.68). The
latter depends only on the Kähler potential K(z, z̄), a real function of n complex variables

14 If the manifold has non-trivial 2-cycles it must satisfy the Kähler–Hodge condition to be discussed below.
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zα , and we need only the latter to write down the action. In fact, the space of homogeneous
functions N (X, X̄) of (n + 1) variables is equivalent to the space of arbitrary functions
K(z, z̄). Indeed, in the variables y and zα , homogeneity requires that N is the product y ȳ
times a function of z and z̄. With the notations of the Kähler potential that we adopted, we
can write this relation as

N = (−a) y ȳ exp(−K/a) . (17.144)

Any homogeneous N must take this form for some function K(z, z̄), and on the other hand,
any function K(z, z̄) determines in this way a function N , written here as a function of
{y, zα} and its conjugates. The transformation from {y, zα} to {X I } depends on the choice
of the functions Z I (z), but it is invertible since the matrix (17.46) must be invertible. The
function N in (17.144) has the required homogeneity properties and gives a Kähler metric
G I J̄ in the embedding space of signature (−+++ . . .). This fact is evident from (17.84).
We will illustrate the use of (17.144) in Sec. 17.5.2, but we first discuss a global issue that
has been neglected so far.

Exercise 17.28 Consider the flat Kähler metric gαβ̄ = δαβ̄ in a model with one physical

scalar z1. Show that this is produced by a Kähler potential in the embedding manifold that
is

N = (−a)X0 X̄0 exp

[
−1

a

X1 X̄1

X0 X̄0

]
, (17.145)

if we also take the standard choice (17.47) for the embedding Z I .

17.5.1 Projective and Kähler–Hodgemanifolds

Our construction involves a natural U(1) fiber bundle with connection Aμ given in (17.56).
In this section we show that its curvature, the field strength Fμν ≡ ∂μAν − ∂νAμ, is the
pull-back of the fundamental Kähler form (13.14) on the projective space. In Appendix
17A we discuss the relation of the quantization condition for integrals of Fμν and the
Kähler–Hodge condition (17.165). When applied here this relation shows that the projec-
tive manifolds required for N = 1 supergravity are Kähler–Hodge manifolds.

The curvature of Aμ in (17.70) is

Fμν = −2i

a
∂α∂β̄K

(
∂[μzα∂ν] z̄β̄

)
. (17.146)

The argument of Sec. 17A.1 shows that the proper definition of the symmetry requires the
quantization of integrals of the curvature of the U(1) connection over closed 2-surfaces in
spacetime, i.e. ∫∫

1

2
Fμνdxμ ∧ dxν = 2πn

q
. (17.147)
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According to the discussion in Sec. 17A.1 the constant q is the minimal coefficient of
the coupling of Aμ to physical fields in the theory in which the symmetry appears. The
coupling to the gaugino and gravitino15 in (17.23) and (17.24) leads to q = 3/2.

Now note that a solution of the equations of motion of the Lagrangian (17.68) specifies
a map from spacetime into the projective Kähler target space determined by the functions
zα(x). A closed 2-sphere in spacetime maps into a 2-cycle in the target space. By (17.146)
the spacetime integral (17.147) is equal to an integral of the Kähler form over that cycle. It
then takes the quantized value

∫∫
1

2
Fμνdxμ ∧ dxν = −i

1

a

∫∫
gαβ̄dzα ∧ dz̄β̄ = 1

2a

∫∫
� = 2πn

q
. (17.148)

In the last integral we identified the fundamental 2-form (13.14). The final integral
in (17.148) then agrees with the quantization condition for Kähler–Hodge manifolds
(17.165).

The argument above shows that the projective Kähler manifolds of matter-coupled N =
1 supergravity are Kähler–Hodge manifolds. This construction of Kähler–Hodge manifolds
is probably exhaustive. The Kodaira embedding theorem (see e.g. p. 181 of [160]) says
that a compact Kähler–Hodge manifold can be embedded in a projective space. We are not
aware of a generalization of the theorem to non-compact spaces, though this is probable,
so that any Kähler–Hodge manifold can appear as a target manifold for chiral multiplets in
supergravity.

These quantization issues that lead us to Kähler–Hodge manifolds are related to the fact
that the T -symmetry, U(1) in this case, has a non-trivial action on the scalar manifold.
Specifically, the U(1) generates Kähler transformations after gauge fixing, as we showed
in Sec. 17.3.9. This is a general phenomenon of supergravity theories. The analogous sym-
metry (usually called an R-symmetry) always acts on the scalar manifolds, as we men-
tioned in Sec. 12.5; see Table 12.3. This does not occur for scalar manifolds in theories
with global supersymmetry. That is why we did not find a Kähler–Hodge condition for the
global supersymmetry σ -models of Ch. 14. The coupling of the connection Aμ vanishes
in the global limit when the gravitational coupling κ = 0.

17.5.2 Compact manifolds

The scalar manifolds of higher N > 1 supergravity are always non-compact. See Sec.
12.5 for an overview, or [161] for a general argument. However, for N = 1 compact scalar
manifolds are possible. We now consider the compact manifold C P1 as a target space for
a supergravity theory with one physical chiral multiplet. We will use this to illustrate the
application of (17.144) and then discuss the corresponding Kähler–Hodge condition.

15 The homogeneous fermionic fields �I have smaller coupling, but we saw in Sec. 17.3.7 that the physical
fermions obtained from them in (17.91) also have the same coupling q = 3/2; see (17.109).
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The Kähler potential, metric, scalar curvature and Kähler form of C P1 are (with an
arbitrary scale b)

K = b ln(1+ zz̄) , g11̄ =
b

(1+ zz̄)2
, R = 4

b
, � = −2i

b

(1+ zz̄)2
dz ∧ dz̄ .

(17.149)
In Sec. 13.3 we obtained this metric from a flat positive signature embedding space, but
this is not suitable for application to supergravity, where we need an indefinite metric so
that the graviton has positive kinetic energy. We choose Z0 = 1, Z1 = z, and express
(17.144) in terms of X I = y Z I . The embedding space Kähler potential for the C P1 model
is then

N = −a
(

X0 X̄0 + X1 X̄1
)−b/a (

X0 X̄0
)1+b/a

. (17.150)

If we impose the constraint N = −a and apply the projection discussed in Sec. 17.3.5, we
reproduce the data of (17.149).

Exercise 17.29 Check that with a, b > 0, the matrix of second derivatives of N has
indefinite signature (it is sufficient to calculate it at the point z = 0).

Now we consider the quantization issue. To apply Sec. 17.5.1, we have to consider the
couplings of the gauge field Aμ to fermions. As mentioned above, this leads to q = 3/2.
Using polar coordinates, you can prove that∫

dz ∧ dz̄ (2i)
1

(1+ zz̄)2
= 4π . (17.151)

Thus we find from (17.148) that

3b

2a
= bκ2

2
= n . (17.152)

This is the ‘quantization of the Newton’s constant’ in terms of b [162].
All C Pn spaces have closed homology 2-cycles. Hence, the Kähler–Hodge condition is

relevant in all cases.

Appendix 17A Kähler–Hodgemanifolds

Kähler manifolds that can be coupled consistently to N = 1 supergravity must satisfy
the additional requirements that define what mathematicians call Kähler–Hodge manifolds
[163, 164]. In this section we discuss these conditions, which are related to the more famil-
iar subject of the mathematics of magnetic monopoles in U(1) gauge theories (see e.g.
[24] for a review on magnetic monopoles). We briefly discuss the situation of magnetic
monopoles in Sec. 17A.1 and then Kähler–Hodge manifolds in Sec. 17A.2.

The common feature of both cases is the idea that a U(1) gauge potential Aμ transforms
as the connection of a fiber bundle. This means that the potentials Aμ(x) and A′μ(x ′) in
overlapping coordinate neighborhoods of a manifold M are related by
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A′μ(x ′) =
∂xν

∂x ′μ
Aν(x)+ ∂μθ(x) , (17.153)

in which the covariant vector transformation rule is combined with a gauge transforma-
tion. The sections of the bundle are fields ψ(x) with electric charge q , which transform as
ψ(x)→ eiqθ(x)ψ(x). The phase factors eiqθ(x) are elements of the U(1) structure group of
the bundle.

There is one important global issue in the application of gauge theories in general, and
which we will need for the Kähler manifolds of supergravity. In a gauge theory, the gauge
potential Aμ(x) need not be a continuous function over the whole manifold. Instead, in a
cover of the manifold by coordinate charts, there is a continuous function Aμ(x) in each
chart, but in an overlap of two charts M and M ′, the potentials Aμ and A′μ differ by the
gauge transformation ∂μθ(x), where θ is defined on the overlap. If the manifold has a non-
trivial structure, these gauge changes must act consistently on charged fields. This means
that a charged field must return to its original value if one traverses a closed path on the
manifold. In mathematical terms this is the cocycle condition for gauge transformations
φ j i from a patch i to a patch j . These gauge transformations act on charged fields by
multiplication with exp(iqθ j i ). In the intersection of three patches we must have

φk jφ j i = φki . (17.154)

In some cases it might not be possible to find such consistent globally defined field, i.e.
‘a well-defined bundle’. This is, for example, not obvious for a magnetic monopole. The
requirement that the system of a charged particle and a monopole is globally well defined
leads to the Dirac quantization condition. We review this here, taking care of factors that
will be important for the Kähler transformations too.

17A.1 Dirac quantization condition

The Maxwell equations involve only the field strengths. The gauge field appears in the cou-
pling of a charged particle to electromagnetism. The field equations that charged particles
satisfy contain the covariant derivative

Dμψ = (∂μ − i q Aμ

)
ψ , (17.155)

where q is the charge of the particle described by ψ . The field equations will be invariant
if a gauge transformation of Aμ is combined with a transformation of the phase of ψ in the
following way:

ψ → eiqθψ , Aμ → Aμ + ∂μθ ,

Dμψ → eiqθ Dμψ. (17.156)

This shows that eiqθ is the quantity that should be uniquely defined at any spacetime point.
Hence, when we follow the evolution of θ over a closed path, the initial and final values
of qθ should differ only by 2πn, where n ∈ Z. As alluded to before, it might not be
possible to define Aμ everywhere with one continuous function. The closed path may be
in the overlap of two regions with different values of Aμ related as in (17.156). Consider
therefore that we describe a closed 2-surface built from two open 2-surfaces with the path
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A

S2

N
μ

A
p

S
μ

�Fig. 17.2 The closed path as border of two regions with different gauge choices for Aμ.

p as border (see Fig. 17.2). In each of these regions there are well-defined gauge fields, AN
μ

and AS
μ, respectively, leading to the same field strength Fμν . We use Stokes’ theorem to do

the integral:∫∫
S2

1
2 Fμνdxμ ∧ dxν =

(∫∫
N
+
∫∫

S

)
1
2 Fμνdxμ ∧ dxν =

∫
p
(AN

μ − AS
μ)dxμ =

∫
p

dθ .

(17.157)

The last term must give 2πn/q, so we find the consistency condition

q
∫∫

1
2 Fμνdxμ ∧ dxν = 2πn . (17.158)

Consider as an example a magnetic monopole solution

	B = p
	r

4πr3
, (17.159)

where the magnetic field is defined as Fi j = εi jk Bk . The origin is a singular point, and
we thus consider the integral of the field strength on a sphere surrounding it. In spherical
coordinates, 1

2εi jk xkdxi dx j = r3 sin θ dθ dφ. The integral (17.158) then gives

q p

4π

∫
S2

sin θ dθ dφ = q p = 2πn , (17.160)

which is the Dirac quantization condition between the electric charges and magnetic
charges of particles.

17A.2 Kähler–Hodgemanifolds

In supergravity a similar situation occurs. The relevant invariance that must be well defined
is the Kähler symmetry (13.18). In supergravity, fermions transform under this symmetry,
and there is therefore an extra condition that the Kähler transformations should be well
defined on intersections of coordinate charts in the projective manifold [162, 165].

The quantities ∂αK and ∂ᾱK transform with the derivatives of the parameters f and f̄ ,
and act thus as the gauge fields for these transformations:
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δ∂αK = ∂α f = 2i∂α Im f ,

δ∂ᾱK = ∂ᾱ f̄ = −2i∂ᾱ Im f . (17.161)

The last equations follow from the holomorphy of f . Note that if we were to write the
transformations for Re f , the gauge fields would be ∂aK, which is a total derivative, and
hence its curvature vanishes. For the imaginary part, however, the gauge field is

ωa = {ωα = − 1
2 i∂αK, ωᾱ = 1

2 i∂ᾱK} = − 1
2 Ja

b∂bK , (17.162)

which transforms as δωa = ∂a Im f . It has non-vanishing curvature

R(2) = 1
2 (∂aωb − ∂bωa) dza ∧ dzb =

(
∂αωβ̄ − ∂β̄ωα

)
dzα ∧ dz̄β̄

= i∂α∂β̄K dzα ∧ dz̄β̄ = − 1
2�, (17.163)

where � was introduced in (13.14). We have seen in Sec. 17.3.9 that the imaginary part of
f remains as the U(1) gauge transformation T ; see (17.107). This transformation acts on
the fermions, and is thus indeed the relevant transformation for the issues that we consider
here.

In the discussion of the monopoles we saw that the quantization condition depends on
the coupling of the gauge field to charged particles. If there are fields that couple to ωa

with a covariant derivative of the form16

Da = ∂a − iq ′ ωa , (17.164)

the argument of the Dirac quantization condition says that

q ′
∫∫

� = 4π n . (17.165)

As in the case of magnetic monopoles, all ‘Kähler charges’ must be a multiple of a
minimum charge q ′ when the manifold has non-contractible 2-cycles. It is this minimal
charge that gives the strongest condition on allowed Kähler metrics. Kähler metrics that
satisfy such a condition are called Kähler–Hodge manifolds.

To compare the result to (17.152) note that the coupling

qiAμ = − 1
2 qa−1∂μzα∂αK + . . . = − 1

3 iqκ2∂μzαωα + . . . (17.166)

leads to q ′ = 1
3 qκ2 = 1

2κ
2.

Let us express this in a more mathematical fashion. The form defining the Kähler mani-
fold is �, called the Kähler form. It is a closed 2-form. Hence, it defines a cohomology that
is called the Kähler class of the manifold. All metrics that differ by an exact form are in
the same class. Therefore an integral over a closed 2-surface gives a characteristic number
for this class.

The Kähler transformations act on other objects as U(1) transformations, which means
that they define a line bundle. In a line bundle there is a distinguished Chern class called

16 Here q ′ takes the role of q in (17.155), but has dimension [M]−2, since the Kähler potential, and hence ωa ,
has dimension [M]2. See Sec. 18.3.1 for more information about the engineering dimensions of different
quantities.
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the first Chern class. The first Chern class means the set of curvature 2-forms defined
up to addition of an exact differential form. These 2-forms are the q ′R(2), where R(2)

is defined in (17.163) and the factor q ′ in (17.164). The Chern class of any U(1) bun-
dle belongs to the integral cohomology class, which means that by proper normalization
the integrals over closed curves give integers. This is the consistency condition that we dis-
cussed above. The equation (17.163) says that this cohomology is equal to the Kähler class.
The equality of the Kähler class to the Chern class of a U(1) line bundle is the mathemati-
cal definition of a Kähler–Hodge manifold (also called Kähler manifold of restricted type)
[163, 164].

Definition: A Kähler manifold M is a Kähler–Hodge manifold if and only if there exists a line
bundle L → M such that c1(L) = [K] where c1 denotes the first Chern class and [K] denotes the
Kähler class.

If several line bundles exist, having different U(1) charges that are multiples of a basic
unit, then the most stringent condition is given by a bundle having this unit charge.

It has recently been remarked [166] that one can consider topological non-trivial target
spaces and restrict the configuration space to a sector with a fixed topological charge k. In
that case the quantization condition changes in the sense that n is replaced by n/k.

Appendix 17B Steps in the derivation of (17.7)

In this appendix we present more details of the derivation of (17.7), which is a master
formula for the construction of the action. This derivation illustrates also the use of some
formulas that have been derived earlier. We insert the expression for the covariant deriva-
tives and covariant d’Alembertian (17.6) in (17.5). We need then some expressions for the
dependent fields. For example, (16.13) and (16.26) lead to

ωa
ab = ωa

ab(e)+ 3bb + 1
2 ψ̄ · γψb , fa

a = − 1
12 R̂ . (17.167)

After deleting a total derivative (using the torsionless connection), we thus get

SD =
∫

d4x e
[

D + 1
2 ψ̄ · γψbDbC − 1

3 C R̂ + 1
2 iφ̄ · γ γ∗ζ

+
(

1
2 iψ̄ · γ PRλ+ 1

2 iψ̄aγ
abDb PLζ − 1

4 ψ̄μPLγ
μνψνH+ h.c.

)]
(17.168)

=
∫

d4x e
[

D + 1
2 ψ̄ · γψbDbC − 1

3 C R(ω)+ 1
2 iφ̄ · γ γ∗ζ − 2

3 C ψ̄aγ
abφb

+
(

1
2 iψ̄ · γ PRλ+ 1

2 iψ̄aγ
ab Db PLζ + 1

4 iψ̄μPLγ
μν( /B + i /DC)ψν + h.c.

)]
.

In the second expression, we used the value of R̂ from (16.26), and we decomposed the
covariant derivative Daζ from (17.6) into its linear part in ζ , i.e. Daζ and the remainder.
We then use the symmetry and reality properties of spinor bilinears and (3.43). We further
also use the last of (16.26) to obtain
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SD =
∫

d4x e
[

D − 1
2 iψ̄ · γ γ∗λ− 1

3 C R(ω)+ 1
2 iφ̄ · γ γ∗ζ + 1

6 Cψ̄aγ
abc R′bc(Q)

+ 1
2 iψ̄aγ

abγ∗Dbζ + 1
4ε

abcd ψ̄aγdψb Bc

]
. (17.169)

After use of the second equation of (16.26), we are very close to our goal, which is (17.7).
What remains to be proven is that

1
2 iψ̄aγ

abγ∗Dbζ = − 1
4 iζ̄ γ ρσ γ∗R′ρσ (Q)− 1

8ε
abcd ψ̄aγbψcψ̄dζ+total derivative . (17.170)

The remainder of the appendix is the proof of this equation.
The leading term with (∂b + 1

4ωbcdγ
cd)ζ is equal to the leading derivative term in

R′ρσ (Q) after integration by parts. To complete the job we must consider the torsion. The
explicit bμ terms in the covariant derivative and in R′ρσ (Q) must be combined with those
in (15.23), and then can be checked to agree on both sides of (17.170). It is more difficult
to handle the ψ3 terms for which we must show that

iωa
cd(ψ)

[
γcd , γ

ab
]
γ∗ψb = εabcdψd ψ̄aγbψc , (17.171)

where ω(ψ) indicates the torsion terms only. The left-hand side is

8iγc
bγ∗ω[aca(ψ)ψb] = −4γdeεc

bdeω[aca(ψ)ψb]
= γdeε

cbdeψbψ̄aγ
aψc − 1

2γdeε
cbdeψaψ̄bγ

aψc

= 5
2γ[deε

cbdeψbψ̄aγ
aψc] + γdaε

cbdeψbψ̄eγ
aψc . (17.172)

To understand the step to the last line, one has to write out the antisymmetrization in the
lower five indices. For that, one just has to distinguish the five possible positions of the
index a, since in the upper indices there is already a factor εcbde. If a goes on a gravitino,
we find the terms that are in the second line of (17.172) (two of the three terms are equal,
owing to the antisymmetry of the gravitino bilinear). When a sits on the leading γ -matrix,
it gives the term that we compensate for in the last line.

The first term is antisymmetric in the five lower indices and thus vanishes (note the
Schouten identity (3.11)). Finally, we write

γdaε
cbdeψbψ̄eγ

aψc = γdγaε
cbdeψbψ̄eγ

aψc − εcbaeψbψ̄eγaψc . (17.173)

The first term vanishes due to the Fierz identity of (3.68). After relabeling indices the
second term agrees with the right-hand side of (17.171). This finishes the proof.
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The physical
N = 1matter-coupled supergravity 18

In the previous chapter we applied superconformal methods and the mathematics of
projective Kähler manifolds to derive the ingredients of the general N = 1 matter-coupled
supergravity theory. In this chapter we assemble these ingredients and present the action
and transformation rules in a self-contained form suitable for applications. The supercon-
formal methodology provides many insights into the intricate structures that appear in the
final theory, but, like the scaffolding for a new building, it is needed for construction but
can be removed after human use begins.

Each of the elements of the general N = 1 global SUSY theory of Ch. 14 appears in the
final supergravity theory equipped with the extra structure required for invariance under
local SUSY with arbitrary spinor transformation parameters ε(x). We begin by reviewing
those elements or inputs.

1. The choice of a set of chiral multiplets, zα , χα , enumerated by the index α, whose
kinetic terms are determined by the Kähler potential K(z, z̄). The metric of the scalar
target space is invariant under a Kähler transformation, viz.

gαβ̄ = ∂α∂β̄K(z, z̄) , K(z, z̄)→ K′(z, z̄) = K(z, z̄)+ f (z)+ f̄ (z̄) . (18.1)

Other elements of the theory also transform so that the overall structure is Kähler
invariant.

2. The choice of a set of gauge multiplets, Aμ
A, λA, enumerated by the index A. Gauge

multiplet kinetic terms are determined by holomorphic functions f AB(z) = fB A(z).

3. One can choose a holomorphic superpotential of the scalar fields, W (z). The scalar
potential V (z, z̄), fermion mass terms and couplings depend on W (z) and its complex
conjugate. W (z) is a scalar under coordinate transformations on the target space, and it
transforms as W (z)→ e−κ2 f (z)W (z) under Kähler transformations.

4. One can choose a Lie group with structure constants f AB
C as the gauge group G of

the theory provided that K, f AB and W obey suitable conditions. The generators of
the group are associated with (a subset of) the gauge vectors AA

μ and gauge parame-
ters θ A(x). The gauge transformations of chiral multiplet scalars involve holomorphic
Killing vectors, i.e. δzα = θ AkαA(z), and the latter are determined from real scalar
moment maps PA(z, z̄) which satisfy

kA
α(z) = −igαβ̄∂β̄PA(z, z̄) , ∇α∂βPA(z, z̄) = 0; (18.2)
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see Sec. 13.4.1. The covariant derivative ∇α contains the Levi-Civita connection of the
Kähler metric in (18.1). The moment maps must also form a closed algebra, which is
the equivariance relation (13.62):

kA
αgαβ̄kβ̄B − kαB gαβ̄kA

β̄ = i f AB
CPC . (18.3)

The Kähler potential K need not be invariant, but can change by a Kähler transformation

δK = θ A [rA(z)+ r̄A(z̄)] , rA = kA
α∂αK + iPA . (18.4)

The kinetic matrix f AB(z) must be compatible with the gauge group. We require
that it transform in the bi-adjoint representation of G, as written1 in (14.56) with
CAB,C = 0. Furthermore the gauge transformation of the superpotential should satisfy
(17.133),

WαkA
α = −κ2rA W . (18.5)

18.1 The physical action

The physical action of the general N = 1 supergravity theory is the spacetime integral of
a Lagrangian that is obtained from (17.30) by incorporating the many steps of the previous
chapter. It takes the form2

e−1L = 1

2κ2

[
R(e)− ψ̄μRμ

]
− gαβ̄

[
∂̂μzα∂̂μ z̄β̄ + 1

2 χ̄
α /D(0)

χ β̄ + 1
2 χ̄

β̄ /D(0)
χα
]
− V

+ (Re f AB)
[
− 1

4 F A
μνFμν B − 1

2 λ̄
A /D(0)

λB
]

+ 1
4 i
[
(Im f AB) F A

μν F̃μν B + (∂̂μ Im f AB) λ̄
Aγ∗γ μλB

]
+ 1

8 (Re f AB)ψ̄μγ
ab
(

F A
ab + F̂ A

ab

)
γ μλB +

[
1√
2

gαβ̄ ψ̄μ /̂∂ z̄β̄γ μχα + h.c.

]
+
[

1

4
√

2
f AB αλ̄

Aγ ab F̂ B
abχ

α + h.c.

]
+ Lm + Lmix + L4f . (18.6)

The first line contains the graviton and gravitino kinetic terms with Rμ defined from
(17.24) as

Rμ ≡ γ μρσ
(
∂ρ + 1

4ωρ
ab(e)γab − 3

2 iAργ∗
)
ψσ . (18.7)

The second line includes kinetic terms for chiral multiplets with covariant derivatives
defined by

1 The generalization [109] to CAB,C �= 0 (with a Chern–Simons term) is omitted for simplicity.
2 Chiral multiplet spinors χα are to be understood as the projection with PL = 1

2 (1+ γ∗) of a four-component

Majorana spinor, while χᾱ is the projection with PR = 1
2 (1 − γ∗). The gravitino field ψμ and the gauginos

λA are Majorana spinors. Conjugate spinors are defined in (3.50).
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∂̂μzα = ∂μzα − AA
μkA

α , (18.8)

D(0)
μ χα =

(
∂μ + 1

4ωμ
ab(e)γab + 3

2 iAμ

)
χα − AA

μ

∂kA
α(z)

∂zβ
χβ + �α

βγ χ
γ ∂̂μzβ .

The scalar covariant derivative contains only the Yang–Mills connection. The spinor
derivative contains the Yang–Mills gauge and Christoffel connection �α

βγ terms already
present in global supersymmetry, plus Lorentz spin connection and Kähler connection as
in (17.113):

�α
βγ = gαδ̄∂βgγ δ̄ ,

Aμ = 1
6 iκ2

(
∂μzα∂αK − ∂μ z̄ᾱ∂ᾱK

)
− 1

3κ
2 AA

μPA

= 1
6 iκ2

[
∂̂μzα∂αK − ∂̂μ z̄ᾱ∂ᾱK + AA

μ(rA − r̄A)
]
. (18.9)

The Kähler connection transforms under gauge and Kähler transformations as

δAμ = − 1
3κ

2∂μ

(
θ A Im rA + Im f

)
. (18.10)

The second line also includes the scalar potential V of (17.135):

V = V− + V+ , (18.11)

V− = −3κ2eκ
2KW W , V+ = eκ

2K∇αWgαβ̄∇ β̄W + 1
2 (Re f )−1 AB PAPB .

Note that W appears with its Kähler covariant derivative

∇αW (z) = ∂αW (z)+ κ2(∂αK)W (z) . (18.12)

The third and fourth lines contain the gravitational extension of the gauge multiplet
kinetic terms. Their form is determined by global SUSY; see (14.57). The derivative
D(0)
μ λA is defined in (17.23):

D(0)
μ λA =

(
∂μ + 1

4ωμ
ab(e)γab − 3

2 iAμγ∗
)
λA − AC

μλ
B fBC

A . (18.13)

The fifth line contains terms of the form ψ̄μJ μ where J μ is the basic supercurrent of the
gauge (see (6.10)) and chiral (see (6.27)) multiplets. It is a general feature of Lagrangians
with gauged symmetries that a gauge field appears contracted with the Noether current of
the global limit of the theory. However, as the reader now can see, much more is required
to gauge global SUSY!

The supercovariant gauge curvature F̂ab is given in (17.1):

F̂ab
A = ea

μeb
ν
(

2∂[μAν]A + fBC
A Aμ

B Aν
C + ψ̄[μγν]λA

)
. (18.14)

It contains a fermion bilinear, which ensures that it transforms under local SUSY without
derivatives of ε(x). This was shown in Ex. 11.14; see (11.88). It is well known that a
symmetry transforms the Euler–Lagrange equations for the various fields of a theory into
one another. This is true in a gauge theory only if these equations of motion transform
without derivatives of the gauge parameters. The structure (F + F̂) as well as other terms
in (18.6) ensure that the supergravity equations of motion are supercovariant. This was
shown in detail in Ch. 10.
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Let’s discuss the last line of (18.6). The first term3 is already part of the global SUSY
Lagrangian (14.29). The last line also includes bilinear mass and mixing terms, plus quartic
couplings for fermion fields. The fermion mass Lagrangian is given by

Lm = 1
2 m3/2ψ̄μPRγ

μνψν

− 1
2 mαβχ̄

αχβ − mαAχ̄
αλA − 1

2 m AB λ̄
A PLλ

B + h.c. (18.15)

The (complex) gravitino mass parameter4 and spin-1/2 mass matrices are

m3/2 = κ2eκ
2K/2W , (18.16)

mαβ = eκ
2K/2∇α∇βW ≡ eκ

2K/2
[
∂α +

(
κ2∂αK

)]
∇βW − eκ

2K/2�
γ
αβ∇γ W ,

mαA = i
√

2
[
∂αPA − 1

4 f AB α (Re f )−1 BC PC

]
= m Aα ,

m AB = − 1
2 eκ

2K/2 f AB αgαβ̄∇ β̄W . (18.17)

Terms that mix the gravitino and spin-1/2 fermions are included in

Lmix = ψ̄ · γ
[

1

2
iPLλ

APA + 1√
2
χαeκ

2K/2∇αW

]
+ h.c. (18.18)

Finally the four-fermion terms contain the gravitino torsion terms LSG,torsion in (9.19)
plus other terms. The full expression is

L4f = 1
2κ

−2LSG,torsion

+
{
− 1

4
√

2
f AB αψ̄ · γχαλ̄A PLλ

B + 1

8
(∇α f AB β)χ̄

αχβλ̄A PLλ
B + h.c.

}
+ 1

16 ie −1εμνρσ ψ̄μγνψρ

(
1
2 Re f AB λ̄

Aγ∗γσλB + gαβ̄ χ̄
β̄γσ χ

α
)
− 1

2 gαβ̄ ψ̄μχ
β̄ ψ̄μχα

+ 1
4

(
Rαγ̄ βδ̄ − 1

2κ
2gαγ̄ gβδ̄

)
χ̄αχβχ̄ γ̄ χ δ̄

+ 3
64κ

2
[
(Re f AB)λ̄

Aγμγ∗λB
]2 − 1

16 f AB αλ̄
A PLλ

B gαβ̄ f̄C D β̄ λ̄
C PRλ

D

+ 1
16 (Re f )−1 AB

(
f AC αχ̄

α − f̄ AC ᾱ χ̄
ᾱ
)
λC
(

fB D βχ̄
β − f̄ B D β̄ χ̄

β̄
)
λD

− 1
4κ

2gαβ̄(Re f AB)χ̄
αλAχ̄ β̄λB . (18.19)

Exercise 18.1 Derive the following equation for the gradient of the potential:

∂αV = eκ
2K/2

(
−2m3/2∇αW + mαβgββ̄∇ β̄W

)
− i√

2
PA(Re f )−1 ABmαB . (18.20)

This is an important equation since the condition ∂αV = 0 determines the possible vacuum
states of the theory. Commutators of Kähler covariant derivatives, as in (17.78), are helpful
in the proof.

3 Observe that the F B
ab can be written as F−B

ab due to the chirality of χα ; see Ex. 4.7.
4 The generation of a physical mass for the gravitino will be discussed in Sec. 19.1.1.
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Exercise 18.2 Derive that the F-term potential can be rewritten in terms of the Kähler
invariant function G(z, z̄), (17.132), as

VF = κ−4eG
(
GαGαβ̄Gβ̄ − 3

)
, (18.21)

where Gα = ∂αG, . . . and Gαβ̄ is the inverse of Gαβ̄ = κ2gαβ̄ .

18.2 Transformation rules

The superconformal approach of Chs. 16 and 17 guarantees that the action integral of the
Lagrangian (18.6) is invariant under transformation rules of local supersymmetry. These
rules are obtained from the transformations of the superconformal algebra given in (16.10),
(17.1) and (17.3). One must reexpress (17.3) in terms of the physical chiral multiplet fields,
and incorporate the gauge fixing conditions used in Ch. 17 and the residual decomposition
laws of Sec. 17.3.9. This procedure leads to the physical form of the transformation rules:

δea
μ = 1

2 ε̄γ
aψμ ,

δPLψμ =
(
∂μ + 1

4ωμ
ab(e)γab − 3

2 iAμ

)
PLε + 1

2κ
2γμeκ

2K/2W PRε

+ 1
4κ

2 PLψμθ
A(r̄A − rA)+ cubic in fermions,

δzα = 1√
2
ε̄χα ,

δχα = 1√
2

PL

(
/̂∂zα − eκ

2K/2gαβ̄∇ β̄W
)
ε

+ θ A
[
∂kA

α

∂zβ
χβ + 1

4
κ2(rA − r̄A)χ

α

]
+ cubic in fermions,

δAA
μ = − 1

2 ε̄γμλ
A + ∂μθ

A + θC AB
μ fBC

A ,

δλA = +
[

1
4γ

μνFμν
A + 1

2 iγ∗(Re f )−1 ABPB

]
ε (18.22)

+ θ B
[
λC fC B

A + 1
4κ

2γ∗(r̄B − rB)λ
A
]
+ cubic in fermions.

The phrase ‘cubic in fermions’ means terms that are quadratic in fermion fields multiplied
by ε. These terms are omitted because they are not needed in most applications. Observe
that the gauge transformations of the fermions include a term proportional to Im rA due to
the decomposition law (17.107). Fermion fields also transform under Kähler transforma-
tions,

PLψμ → e−iκ2(Im f )/2 PLψμ ,

PLλ
A → e−iκ2(Im f )/2 PLλ

A , χα → eiκ2(Im f )/2χα . (18.23)

In Sec. 14.5.2 we showed that the scalar potential in global SUSY can be written as a
sum of squares of the scalar parts of the transformation laws of the fermion fields χα and
λA. This structure is valid for the supergravity potential (18.11) if one includes the scalar
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part of the gravitino transformation.5 Specifically, the scalar parts of the transformation
rules (‘fermion shifts’) are defined by

δsχ
α = − 1√

2
eκ

2K/2gαβ̄∇β̄W , δs PLλ
A = 1

2
i(Re f )−1 ABPB ,

δs PLψμ = 1
2κ

2eκ
2K/2W γμ . (18.24)

The potential (17.135) can then be expressed as the ‘quadratic form’

V = − 1
2 (D − 2)(D − 1)κ2eκ

2K|W |2 (18.25)

+ 2
(
δs PLχ

α
)

gαβ̄

(
δs PRχ

β̄
)
+ 2

(
δs PLλ

A
)

Re f AB

(
δs PRλ

B
)
.

We are interested in the case D = 4, but the result is much more general. It is valid for
supergravity with scalars in higher dimensions. In this case the coefficient of the grav-
itino term arises from the contraction with the gravitino kinetic term γμγ

μρσ γσ ∂ρ =
(D − 2)(D − 1)/∂ . A similar form is also valid for extended N > 1 supergravity (using
any one of the N supersymmetries) [167, 168, 169]. The derivation of the potential using
fermion shifts (18.25) is explained in [170].

18.3 Further remarks

18.3.1 Engineering dimensions

Scalar fields zα can appear nonlinearly in the Lagrangian, and it is most convenient to
take them dimensionless. The kinetic term gαβ̄∂μzα∂μ z̄β̄ implies that gαβ̄ must have mass

dimension 2, so the Kähler potential K(z, z̄) carries dimensions of mass squared, [M]2. In
particular models where the Kähler potential is homogeneous, as in the simple but impor-
tant case K = κ−2zαδαβ̄ z̄β̄ , one can redefine z′ = κ−1z to avoid factors κ in the kinetic
term. The dimensions of various quantities are

K: [M]2 , gαβ̄ : [M]2 , W : [M]3 , κ: [M]−1 ,

Aμ: [M], rA: [M]2 , PA: [M]2 , f AB : [M]0 . (18.26)

18.3.2 Rigid or global limit

The normalizations of the independent functions K, W , f AB , PA or rA have been cho-
sen so that the global supersymmetry limit is obtained by taking κ = 0 after rescaling
ψμ → κψμ.

5 Note that in the superconformal framework the gravitino shift is absent, but the method still works; see
Ex. 17.4.



18.3 Further remarks 391

18.3.3 Quantum effects and global symmetries

The structure of the classical supergravity theory was discussed in this chapter. Perturbative
quantum corrections can impose further restrictions on this structure. These restrictions
include anomaly cancelation and quantization of black hole charges.

A further restriction on supergravity models occurs when one requires the quantum
mechanical consistency of black hole solutions. A folk theorem says that the final theory
must not have any continuous global (i.e. ungauged) symmetries [34, 171, 172].
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In this chapter we want to discuss some aspects of N = 1 supergravity that are important
for applications. This will also improve our understanding of the structure of supergravity
theories.

19.1 Supersymmetry breaking and the super-BEH effect

We discussed supersymmetry breaking in global supersymmetry in Sec. 14.5. The main
result is that supersymmetry is broken when at least one auxiliary field does not vanish at
the minimum of the potential. Since the potential is positive definite, this implies that the
vacuum energy is positive. A massless fermion, the Goldstino, is characteristic of sponta-
neously broken global SUSY.

We expect two main changes in this scenario in supergravity. Since supersymmetry is
a gauge symmetry, a mechanism similar to the Brout–Englert–Higgs (BEH) effect in con-
ventional gauge theories should give mass to the gauge field, namely to the gravitino,
and the Goldstone fermion should disappear from the set of physical fields. This mecha-
nism is called the super-BEH effect. Secondly, we saw in Sec. 17.4.2 that the potential in
supergravity also has a negative contribution and thus the result V > 0 for supersymmetry-
breaking vacua can be circumvented.

The latter is good news. In a theory with gravity, a positive vacuum expectation value
of V means that there is a positive cosmological constant. In most models this is far too
big for any realistic cosmology. On the other hand, without the contribution of matter,
the potential (17.135) has only the negative term V−. In that case, we have the situation
discussed at the end of Ch. 16, where we encountered ‘anti-de Sitter’ gravity. This scenario
is also excluded by cosmology. It is thus fortunate that matter-coupled supergravity allows
a delicate balance between matter contributions to V+ and the supergravity terms of V−
such that the resulting cosmological constant is close to zero but positive.

19.1.1 Goldstino and the super-BEH effect

We discussed the Goldstino in global supersymmetry in Sec. 14.5.4, and derived the expres-
sion (14.89). There are corrections to this result in supergravity that can be obtained from
the terms that mix the gravitino with other fermions in (18.18). We thus write1

1 In superconformal variables it has the same form as in global supersymmetry, namely PLυ = − 1√
2
WI�

I −
1
2 iPA PLλ

A .
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Lmix = −ψ̄ · γ PLυ + h.c. ,

PLυ = − 1√
2
χαeκ

2K/2∇αW − 1

2
iPLλ

APA . (19.1)

Another useful form, similar to (14.90), involves the fermion shifts:

PLυ = χαδsχα + PLλ
Aδs PRλA ,

δsχα = gαβ̄δsχ
β̄ = − 1√

2
eκ

2K/2∇αW ,

δs PRλA = (Re f )ABδs PRλ
B = −1

2
iPA . (19.2)

The supersymmetry transformation of the Goldstino is illuminating. One can check,
using the transformations (18.22), and the value of the positive part of the potential
(17.135), that

δPLυ = 1
2 V+PLε + . . . , (19.3)

where the omitted terms involve vectors, derivatives of scalars, or are cubic in fermions.
Since V+ > 0 in a SUSY-breaking vacuum, the Goldstino undergoes a shift under super-
symmetry transformations. One can then impose the convenient supersymmetry gauge
condition

supersymmetry gauge: υ = 0 , (19.4)

which eliminates υ from the theory.
This gauge choice eliminates the mixing of the gravitino with other fermions. The

remaining gravitino mass term (18.15) has the same form found in the massive Rarita–
Schwinger action in (5.48). Thus, in Minkowski space we can interpret |m3/2| as the phys-
ical mass of the gravitino, produced by the super-BEH effect.

Exercise 19.1 When scalars are constant and other terms in the action are neglected,
the gravitino terms become

e −1L = 1

2κ2
ψ̄μ

[−γ μνρ∂ν + (m3/2 PR + m3/2 PL
)
γ μρ
]
ψρ − ψ̄μγ

μυ . (19.5)

The purpose of this exercise is to diagonalize this Lagrangian by introducing the massive
gravitino field

PL�μ = PLψμ − 2κ2

3|m3/2|2 ∂μPLυ − κ2

3m3/2
γμPRυ . (19.6)

Check first that the additional terms correspond to a supersymmetry transformation with
appropriately chosen parameter. Then check that the Lagrangian can be rewritten as
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e −1L = 1

2κ2
�̄μ

[−γ μνρ∂ν + (m3/2 PR + m3/2 PL
)
γ μρ
]
�ρ

+ κ2

3|m3/2|2
[
ῡ /∂υ + 2ῡ

(
m3/2 PR + m3/2 PL

)
υ
]
. (19.7)

Consider a model with one chiral multiplet and no gauge multiplets. Show that the kinetic
term of the Goldstino in (19.7) cancels the kinetic term of the chiral fermion if the potential
vanishes, i.e.

∇1W∇ 1̄W = 3κ2g11̄|W |2 . (19.8)

The elimination of the Goldstino leads to new contributions to the fermion mass matrices
(18.17), which can be obtained by inserting the expression (19.2) in the last term in (19.7).
The new contributions are

m(υ)
αβ = − 4κ2

3m3/2
(δsχα)

(
δsχβ

)
,

m(υ)
αA = − 4κ2

3m3/2
(δsχα) (δs PRλA) ,

m(υ)
AB = − 4κ2

3m3/2
(δs PRλA) (δs PRλB) . (19.9)

The full mass matrices are thus

mg
αβ = mαβ + m(υ)

αβ , mg
αA = mαA + m(υ)

αA , mg
AB = m AB + m(υ)

AB . (19.10)

The derivative of the potential (18.20) and the gauge invariance condition on the super-
potential (17.133) can be written as

mαβδsχ
β + mαBδs PLλ

B − 2m3/2δsχα = − 1√
2
∂αV

mβAδsχ
β − 2m3/2δs PRλA = 0 . (19.11)

Combining this with (19.9) and using (18.25) (and the gravitino mass from (18.16)) leads to

mg
αβδsχ

β + mg
αAδs PLλ

B + 2κ2

3m3/2
V δsχα = − 1√

2
∂αV ,

mg
Aβδsχ

β + mg
ABδs PLλ

B + 2κ2

3m3/2
V δs PRλA = 0 . (19.12)
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Goldstino in supergravity Box 19.1

The fermion mass matrix of the previous chapter has a zero mode. In global SUSY the zero mode is the Gold-
stino, a massless physical particle. In supergravity the zero mode corresponds to the reduction of rank of the
full mass matrixmg because the Goldstino disappears.

In the vacuum (∂αV = 0) and for zero cosmological constant (〈V 〉 = 0), these condi-
tions show that the full mass matrix has a zero eigenvector. In Sec. 14.5.4 we used similar
equations to find a zero eigenvector of the fermion mass matrix in global SUSY. The math-
ematics is similar but the interpretation is different; see Box 19.1.

19.1.2 Extension to cosmological solutions

In cosmological applications of supergravity, scalar fields need not be constant. Typically
they depend on the time. There are then new mixing terms of the gravitino and chiral
fermions which involve derivatives of the scalars. The relevant term in (18.6) can be writ-
ten as

L = 1√
2

gαβ̄ ψ̄μ /̂∂ z̄β̄γ μχα + h.c.

= ψ̄ · γ 1√
2

gαβ̄ /̂∂zαχβ̄ +√
2gαβ̄ ψ̄μγ

νμ∂̂ν z̄β̄χα + h.c. (19.13)

The first term can be interpreted as the extra contribution,

PLυ
′ = − 1√

2
gαβ̄ /̂∂zαχβ̄ , (19.14)

to the Goldstino, while the second term includes mixing of a different type. For cosmologi-
cal solutions the Goldstino is the sum υ+υ ′, and it is useful to consider the supersymmetry
transformations of the two parts:

δPLυ = − 1
2 eκ

2K/2∇αW /∂zαPRε + 1
2 V+ PLε + . . . ,

δPLυ
′ = + 1

2 eκ
2K/2∇αW /∂zαPRε − 1

2
/∂zαgαβ̄ /∂ z̄β̄ PLε + . . . , (19.15)

where . . . stands for terms with vector fields and terms cubic in fermions. In the transfor-
mation of the total Goldstino, the first terms cancel, while the others combine to

δPL(υ + υ ′) = 1
2

(
−/∂zαgαβ̄ /∂ z̄β̄ + V+

)
PLε + . . . . (19.16)

The new term compared to (19.3) is positive for cosmological solutions with only time
dependent scalars. Therefore, the variation of this Goldstino is non-vanishing for non-
trivial solutions that are of interest, and methods similar to those of the previous section
can be applied [155].
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19.1.3 Mass sum rules in supergravity

In Sec. 14.5.5 we studied the mass supertrace sum rules, which give useful information
on the mass spectra of particles when global supersymmetry is broken. In this section we
discuss the modified sum rules which contain similar information when supersymmetry is
broken in supergravity [152, 118, 173].

We first calculate the trace of the scalar masses using the methods of Sec. 14.5.5. We
must take into account the modified form of the potential in (17.135) and the modification
of commutators of covariant derivatives. The latter imply that ∇α∇ ᾱW = κ2gαᾱW . As in
the discussion of global supersymmetry we restrict to f AB = δAB (see [118] for a more
general result). The main steps are the following:

∂αV = eκ
2K (−2κ2W∇αW + ∇α∇βW ∇β

W
)
+ P A∂αPA ,

∂α∂ᾱV = eκ
2K (−2κ4gαᾱW W − κ2∇αW∇ ᾱW + κ2gαᾱ∇βW ∇β

W

− Rαᾱ
β̄β∇βW ∇ β̄W + ∇α∇βW ∇ ᾱ∇β

W
)

+ ∂αP A∂ᾱPA + P A∂ᾱ∂αPA ,

trM2
0 = 2eκ

2K (−2nκ4W W + (n − 1)κ2∇αW∇α
W +∇α∇βW∇α∇β

W

+ Rβ̄β∇βW∇ β̄W
)
+ 2∂αPA ∂

αP A + 2P A∂α∂αPA . (19.17)

For the spin-1/2 contribution, we have

trM2
1/2 = mg

αβmgαβ + 2mg
αAmgαA + mg

ABmgAB

= mαβmαβ + 2mαAmαA − 8κ2

3
V+ + 4κ4

9|m3/2|2 V 2+ , (19.18)

where we used (19.11) with ∂αV = 0 to treat the Goldstino addition (19.9) to the original
mass matrices. Using the results of (18.17),

mαβ = eκ
2K/2∇α∇βW , mαA = i

√
2∂αPA , (19.19)

we find similar terms to those in (19.17). The mass terms of the spin-1 fields are the same
as in global SUSY (see (14.98)):

trM2
1 = 2∂αPA∂

αP A , (19.20)

while the gravitino mass is |m3/2|. We now impose vanishing cosmological term, i.e. V =
−3κ−2|m3/2|2 + V+ = 0, and find the new result:

SupertrM2 ≡
∑

J

(−)2J (2J + 1)m2
J

= trM2
0 − 2 trM2

1/2 + 3 trM2
1 − 4|m3/2|2
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= (n − 1)
(

2|m3/2|2 − κ2P APA

)
+ 2eκ

2KRαᾱ∇αW∇ ᾱW

+ 2iD A∇αkαA . (19.21)

In the last term we rewrote P A∂α∂αPA as in (14.99). The interesting term is the first one.
It implies that on average scalars can get masses of the order of the gravitino mass, while
the fermion masses remain low. The sum rule will be explored in examples later in this
chapter.

19.2 The gravity mediation scenario

In this section we explore some features of the gravity mediation scenario for SUSY break-
ing in phenomenological applications of supergravity. The scenario has both successes and
difficulties in particle phenomenology. We discuss it because it is a scenario in which the
supergravity modifications of global supersymmetry are very important. The chiral multi-
plets of a model of this type are divided into two sectors, a hidden sector containing scalars
zα and an observable sector with scalars labeled �i . The observable sector also contains
gauge multiplets. We ignore them since SUSY breaking is determined by the chiral multi-
plet scalars.

The Kähler potential and superpotential are sums of two decoupled terms. We take a flat
Kähler potential for simplicity:

K =
∑
α

zα z̄α +
∑

i

�i �̄i , W = Wh(z
α)+ Wo(�

i ) . (19.22)

In the limit κ → 0 in which gravitational effects can be neglected, we simply have a model
with two decoupled sectors with a scalar potential of the type in (14.67) (schematically
with derivatives indicated by ′)

V = |W ′
h|2 + |W ′

o|2. (19.23)

When the coupling to supergravity is included, the two sectors are coupled in a scalar
potential of the form (17.135), given by

V = eκ
2(|z|2+|�|2)

[∣∣∣W ′
h + κ2 z̄(Wh + Wo)

∣∣∣2 + ∣∣∣W ′
o + κ2�̄(Wh + Wo)

∣∣∣2
− 3κ2 |Wh + Wo|2

]
. (19.24)

The hidden sector superpotential Wh contains couplings that carry a high scale, at or near
the Planck mass mp = 1/κ = 2.4 × 1018 GeV; see (A.11). It is constructed so that SUSY
is broken in this sector. The potential is minimized at V = 0, so the cosmological constant
vanishes. Since hidden sector terms dominate, it is a good approximation to minimize
the terms in V that are quadratic in Wh. The vacuum conditions that state that there is
supersymmetry breaking (see (18.24)), and that the potential vanishes are
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Box 19.2 Gravity mediation scenario

In this scenario chiral multiplets occur in two sectors, a hidden sector at a high mass scale and the observable
sector. The two sectors are decoupled when κ → 0, but they are coupled by supergravity in the full theory.
SUSY breaking is determined by the potential in the hidden sector. This leads to soft SUSY-breaking terms for
the fields of the observable sector.

Fh ≡ eκ
2K/2

(
W ′

h + κ2 z̄Wh

)
�= 0 , |Fh| =

√
3eκ

2K/2κ|W | . (19.25)

Typically the vacuum values of the hidden sector zα are of order z0 = mp = 1/κ . Since
the two sectors are coupled in the full potential (19.24), hidden sector SUSY breaking is
communicated to the observable sector. We now show in a simple model that such effects
are important at the energy scales probed by the LHC accelerator.

19.2.1 The Polónyi model of the hidden sector

We study the earliest and simplest model of the hidden sector, the Polónyi model [174]. It
consists of a single chiral multiplet z, χ with superpotential

Wh(z) = μmp(z + β) . (19.26)

For phenomenological reasons, the value of the parameter μ is in the range 100 GeV to
1 TeV while β is of order mp. We take μ and β to be real. In this section we discuss
the determination of the vacuum in the model; in the next section we sketch some conse-
quences in a toy model of the observable sector. Our discussion is similar to that of [34].

To simplify the algebra we work temporarily in units where κ = 1/mp = 1 and use
dimensional analysis to restore physical dimensions in the final results. The vacuum con-
ditions require that the hidden sector potential and its gradient simultaneously vanish:

Vh = μ2ezz̄
(
|1+ z̄(z + β)|2 − 3|z + β|2

)
= 0 , (19.27)

∂z̄ Vh = zV + μ2ezz̄ {(z + β) [−2+ z(z̄ + β)]+ z [1+ z̄(z + β)]} = 0 .

Let us look for a real solution z0. The condition Vh = 0 becomes

(z2
0 + z0β)+ 1 = √

3(z0 + β) . (19.28)

This can be used to rewrite the ∂z̄ Vh = 0 condition in the factored form

(z0 + β)
(

2z0 + β −√3
)
= 0 . (19.29)

There is a common solution of the two previous equations, with the vacuum expectation
value z0 = (

√
3 − β)/2, provided that the coupling β takes one of the two values β =

±2 − √
3. This is an example of the ‘fine tuning’ that is necessary to obtain vanishing

cosmological constant.
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It is interesting to check whether there is a SUSY-preserving vacuum solution with
Vh(z0) < 0. Otherwise, a locally stable SUSY-breaking vacuum could tunnel to this state.
The condition for a SUSY-preserving vacuum is

∇z Wh = ∂z Wh +Kz Wh = μ [1+ z̄(z + β)] = 0 . (19.30)

The last form is relevant to the Polónyi model. Since β is real, any root of this equation
must be real, i.e. z → x . To avoid a SUSY vacuum we must ensure that the roots

x = (−β ±
√
β2 − 4)/2 (19.31)

are complex. This requires the inequality |β| < 2. Of the two possible values of β found
above, only β = 2−√

3 satisfies this.

Summary. If β is tuned to the value β = (2−√3)mp, then the Polónyi model has a stable,
SUSY-breaking vacuum with vanishing cosmological constant and z0 = (

√
3− 1)mp. The

Goldstino field of the model is described by the first term in (19.1). Since ∇z Wh(z0) �= 0,
the gauge condition (19.4) can be imposed to eliminate the Goldstino from the theory. We
are left with the gravitino. Its mass is given in (18.16):

m3/2 = κ2eκ
2|z0|2/2Wh(z0) = μe2−√3 . (19.32)

Exercise 19.2 Check that the two solutions κz = √
3∓ 1 lead to

〈W 〉 = ±μκ−2 , 〈∇z W 〉 = √
3μκ−1 , 〈∇z∇z W 〉 = ±2μ ,

m11 = 2m3/2 , (19.33)

where m3/2 is ± the value given in (19.32). Show that the fermion mass matrix mg of
(19.10) vanishes. This is what we expect in a supergravity model with only one spin-1/2
fermion and broken supersymmetry.

Exercise 19.3 Consider an extension of the Polónyi model with several scalar fields,
all with minimal Kähler potential, K = z̄ᾱzαδαᾱ , but with the same superpotential Wh in
(19.26), where the scalar z is denoted as z1. Obtain that

∂α∂ᾱV = m2
3/2

(
δαᾱ + δ1

αδ
1̄
ᾱ

)
. (19.34)

This shows that the sum of the squared masses of the two real scalars with label ‘1’ is
4m2

3/2 (in fact the real and imaginary parts have different masses; see [153, 175]) while
the other scalars each have mass m3/2. The spin-1/2 fields are massless, taking into account
the Goldstino correction as shown in Ex. 19.2. Check that this is consistent with the mass
formula (19.21).

19.2.2 Soft SUSY breaking in the observable sector

In realistic applications of gravity mediation, the scalar fields of the observable sector are
partners of the quarks and leptons of the standard model or scalars that mediate electroweak
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symmetry breaking. Although this structure is very important, we will be content here to
work with a generic observable superpotential of the form

Wo(�
i ) = mi j�

i� j + gi jk�
i� j�k . (19.35)

To explore the ‘phenomenology’ of this toy model we need to study the full potential
(19.24), which couples the hidden and observable sectors. The main steps are as follows:

1. Rewrite V dropping quadratic terms in Wh that have canceled due to the vacuum con-
dition Vh(z0) = 0.

2. We take a limit in which we keep all order κz0 ≈ 1 effects on low energy physics
induced by the coupling to the hidden sector, but drop all Planck scale effects which are
negligible at low energy. This is limit mp →∞, Fh →∞, with m3/2 fixed.

In this limit we have

Wh = μκ−2 , m3/2 = μeκ
2Kh(z0)/2 ,

∇z Wh =
√

3μκ−1 , ∇z W0 = κ2 z̄0W0 ,

∇i Wh = κ2Wh�̄
i = μ�̄i , ∇i W0 = ∂i W0 .

(19.36)

Here μ is a scale defined in the first line, and agrees with the one introduced for the Polónyi
model. This leads to the scalar potential

V (z0,�
i ) = eκ

2Kh(z0)
∑

i

[
|∂i Wo|2 + μ2|�i |2 + μ(�i∂i Wo + AWo + h.c.)

]
. (19.37)

In the Polónyi model, we have eκ
2Kh(z0) = e4−2

√
3 and A ≡ √

3κ z̄0 − 3 = −√3.
Let us discuss the physical implications of this result. The first term is the scalar poten-

tial expected in global supersymmetry multiplied by a factor of order 1. The net coefficient
of the second term is m2

3/2, while that of the third term differs from m3/2 by an order 1
factor. These terms clearly break SUSY and originate from the coupling to supergravity.
In the gravity mediation scenario, m3/2 is usually adjusted to be near the scale of elec-
troweak symmetry breaking, 100 GeV < m3/2 < 1 TeV. Naive analysis suggests that
gravitational effects on elementary particles become important only near the Planck scale,
but we see that they actually appear at much lower energy due to the Kähler structure of
matter-coupled supergravity.

The structure of the SUSY-breaking terms in (19.37) is interesting. To discuss it we
remind readers that one important motivation to explore supersymmetric explanations of
physics beyond the standard model is that there are no quadratic divergences in global
supersymmetry. The stability of the Higgs mass is thus improved. However, in the MSSM
(minimal supersymmetric standard model) and its generalizations, the couplings of a super-
symmetric theory are not adequate for phenomenology. One must include additional terms
which explicitly break SUSY softly. This means that they do not reintroduce quadratic
divergences. Such soft breaking terms were classified by Girardello and Grisaru [176]. For
a superpotential of maximum degree 3 such as (19.35), the breaking terms are exactly the
allowed scalar terms of [176]. The cubic terms are especially significant since only holo-
morphic �i� j�k monomials (or their conjugates) occur in (19.37), and the analysis of
[176] indicates that only these are soft. It is an attractive feature of gravity mediation
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No-scale models Box 19.3

No-scale models avoid two awkward features of gravity mediation. The first is the blatant fine tuning needed
to achieve vanishing cosmological constant at the classical level. The second is that the gravitino mass scale,
which is ‘put in by hand’ in gravity mediation, is determined dynamically. Classically there are flat directions,
and the value ofm3/2 is undetermined.

that the soft breaking terms that are arbitrarily added to make the MSSM viable are
automatically generated. For further information, see Ch. 6 of [34], Ch. 31 of [30] or the
reviews [177, 178].

19.3 No-scale models

The essential idea of no-scale models is given in Box 19.3. They are cleverly constructed
so that the classical potential (with D-terms from gauge multiplets ignored) vanishes iden-
tically for all values of the scalar fields. It is said to have ‘flat directions’. Yet SUSY is
formally broken everywhere on the scalar manifold. This is indicated by the fact that m3/2

is non-vanishing although undetermined classically. The properties of the actual vacuum
and the value of m3/2 then emerge from quantum corrections to the classical approxima-
tion. The flat directions are useful in applications to cosmology. Furthermore, no-scale
models commonly occur in string phenomenology. Our discussion below is limited to the
construction of classical potentials with no-scale properties. We refer readers to the original
literature [179, 180] or the review [181] for more information.

Consider a general chiral multiplet model with fields zα, χα . We have Kähler potential
K(z, z̄), target space metric gαβ̄ = ∂α∂β̄K, and superpotential W (z). The scalar potential
given in (18.11) was rewritten in (18.21) in terms of the Kähler invariant function G of
(17.132). This is equivalent to a Kähler transformation K→ K+ f (z)+ f̄ (z̄) with f (z) =
κ−2 ln W . It is precisely the Kähler transformation that sends the superpotential W →
e−κ2 f W ≡ 1. The overall Kähler invariance of N = 1 supergravity ensures that the
original theory with ‘input data’ K, W is physically equivalent to the theory with new data
G, W ≡ 1 (and with fermion fields transformed as in (18.22)). Thus we can reexpress the
gravitino mass term (18.15) and Goldstino field (19.1) as

L3/2 = 1
2 m3/2ψ̄μγ

μνψν , m3/2 = κ−1eG/2 ,

PLυ = − 1√
2
κ−3χαeG/2∂αG . (19.38)

Thus we see that SUSY is broken if ∂αG �= 0 at the minimum of the potential. The
Goldstino can then be removed from the theory by the gauge condition (19.4) and a non-
vanishing gravitino mass is generated.



402 Applications ofN = 1 supergravity

What remains to be investigated is how to choose G(z, z̄) so that the potential van-
ishes identically. This will be true provided that G satisfies the nonlinear partial differential
equation

Gαβ̄∂αG ∂β̄G = 3 . (19.39)

The vanishing of the cosmological constant is thus enforced by a geometric condition on
the Kähler metric.

Exercise 19.4 Here is a guided exercise to find the target space that satisfies this equa-
tion when there is only one chiral scalar z. Show that in this case (19.39) can be rewritten
as

∂z∂z̄G = 1
3∂zG∂z̄G . (19.40)

Express G = c ln H where the constant c and the real function H are to be determined.
Substitute this in (19.40) to find that the choice c = −3 implies that H satisfies ∂z∂z̄ H = 0
with solution G = −3 ln

[
h(z)+ h̄(z̄)

]
. One can then redefine the coordinate z and express

the Kähler potential and metric as

G(z, z̄) = −3 ln(z + z̄) , ds2 = 3

(z + z̄)2
dzdz̄ . (19.41)

After a further change of coordinate z →−iz one can recognize this as the special case of
the Poincaré plane which appeared in Sec. 17.3.10.

Realistic implementations of the no-scale principle must incorporate chiral multiplets
that can be interpreted as observable sector fields whose mass spectrum can be identified
with the spectrum of the standard model particles plus their SUSY partners. There turns
out to be considerable freedom to add additional chiral scalars φi to the previous model.
Given any real function h(φ, φ̄), the potential V of (18.21) satisfies the flatness condition
(19.39) for

G = −3 ln
[
z1 + z̄1̄ − h(zi , z̄ı̄ )

]
, i = 2, . . . , n . (19.42)

The scalar z is now indicated by z1 and the φi are renamed as zi . The derivatives satisfy

G1 = −3eG/3 , Gi = −hiG1 . (19.43)

One can then write the metric as

Gαβ̄ = κ2gαβ̄ = 3e2G/3
(

1 0
−hi −hik̄

)(
1 0
0 e−G/3hk̄�

)(
1 −h j̄
0 −h�j̄

)
. (19.44)

One proves from this that GαGαβ̄ = −e−G/3δ
β̄

1̄
. Contraction with Ḡβ̄ then produces the

condition (19.39), which shows that V vanishes identically. Thus the vacuum configuration
of the fields is not determined by classical analysis, and there are n flat directions or moduli.
Yet SUSY is spontaneously broken.
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Phenomenological no-scale models contain both chiral and gauge multiplets. The full
potential then contains F-terms and D-terms:

V = κ−4eG
(
GαGαβ̄Gβ̄ − 3

)
+ 1

2 (Re f )−1 AB PAPB . (19.45)

The no-scale property means that G is chosen so that the F-term part vanishes. The dynam-
ics of the vacuum is then determined by both the D-terms and perturbative quantum effects;
see [181].

Exercise 19.5 Check that (19.44) leads to the Kähler curvature

Rαβ̄ = − 1
3 (n + 1)Gαβ̄ − ∂α∂β̄ log det hi j̄ . (19.46)

The second term does not contribute to the mass sum rule (19.21), owing to the multipli-
cation of Rαβ̄ by gβ̄γ∇γ W , which is proportional to Gβ̄γGγ and thus only non-zero in the

direction β̄ = 1. Check that, without vector multiplets, the sum rule leads to

trM2
0 − 2 trM2

1/2 = 0 . (19.47)

This means that the expected gravitino contribution cancels and that, on average, there is
no splitting between the masses of scalars and their spinor partners.

The no-scale models are most important for applications in cosmology. The main virtues
of supergravity for applications in cosmology, and especially for models of inflation, are
twofold. First, there is the abundance of flat directions. After SUSY breaking these are
lifted, but they still have a gentle slope without excessive fine tuning. Second, there is the
possibility to cancel the positive term in the potential by the negative one in (18.11), or
something very close, leading to a realistic value of the Hubble constant H2 = 1

3κ
2V ,

where V is the value of the potential. Useful references are Ch. 8 of [182] and [34].

19.4 Supersymmetry and anti-de Sitter space

Supersymmetric solutions of the supergravity occur only in Minkowski space and in anti-
de Sitter space. Such solutions are characterized by the vanishing of the supersymmetry
transformations of the fermions. Hence, (18.25) shows immediately that in such solutions
we can only have a negative (or zero) term depending on whether W vanishes or not. If
W �= 0 then the vanishing of the supersymmetry variation of the gravitino in (18.22) has
to be compensated by a non-zero ωμ

ab, hence a curved space. We saw in the simplest
example in Sec. 9.6 that this occurs in an AdS manifold, and that the non-vanishing value
of the potential is related to the AdS curvature and to the mass parameter of the gravitino.
In a curved space the meaning of the mass parameters in the action is different from the
one in Minkowski space.

In Minkowski space the parameter m2 in the field equation for a scalar field,

φ − m2φ = 0 , (19.48)
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Box 19.4 Supersymmetric solutions ofN = 1 supergravity

Supersymmetric solutions with constant scalar and vector fields can occur in a spacetime background that is
Minkowski or anti-de Sitter. The corresponding ground states are stable.

should be positive. If this is not the case, the field has tachyonic modes, which implies that
the system is unstable. In an anti-de Sitter background, stability with respect to fluctuations
of the scalar fields is maintained for negative values of the parameter m2 as long as

m2 >
D − 1

2(D − 2)
κ2 V

D=4−→ 3

4
κ2 V . (19.49)

This is usually called the Breitenlohner–Freedman (BF) bound [183, 184, 185]. In Ch. 23,
we sketch a derivation from the viewpoint of unitary representations of the AdSD isometry
group SO(D − 2, 2).

The parameter m2 in a field equation of the type (19.48) is determined by the ratio of the
second derivative of the potential with respect to the metric occurring in the kinetic terms.
Hence, for an arbitrary scalar fluctuation uα and hermitian kinetic terms:

m2(u, ū) = 2uα ūβ̄ ∂α∂β̄V + uαuβ∂α∂βV + ūᾱ ūβ̄ ∂ᾱ∂β̄V

2uγ ūγ̄ gγ γ̄
. (19.50)

We now prove that, in N = 1 supergravity, this satisfies the bound (19.49) for any super-
symmetric solution. For the latter, the vanishing of the transformations of the physical
fermions lead to ∇αW = 0 and PA = 0. This drastically simplifies the ∂α∂ᾱV expression
in (19.17), and leads also to a simple expression for ∂α∂βV . Inserting these in (19.50) gives

m2(u, ū) = 1

2uγ ūγ

[
1

2
eκ

2K (2uα∇α∇βW − κ2W ūβ
) (

2ūᾱ∇ ᾱ∇β
W − κ2W uβ

)
− 9

2
eκ

2Kκ4W W uα ūα +
(

uα∂αPA + ūᾱ∂ᾱPA

)2
]

≥ −9

4
eκ

2Kκ4W W = 3

4
κ2V . (19.51)

Hence, supersymmetric ground states are stable. This result turns out to be more general
than for the N = 1 four-dimensional supergravities that we considered here [186, 187].
It is due to the general form of the potential in supergravity theories.

19.5 R-symmetry and Fayet–Iliopoulos terms

The N = 1 superconformal algebra contains the U(1) transformation called T in Sec.
16.1.1. It becomes the R-symmetry of the Poincaré supersymmetry algebra of the physical
theory. We retain the name T because its normalization differs from that in Sec. 12.2.
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R-symmetry part of gauge symmetries in supergravity Box 19.5

Any gauged symmetry acts partly as a gauged R-symmetry, whose form is determined by the moment map
and the Kähler connection, as expressed by the imaginary part of rA .

In this section we examine its role in physical N = 1 supergravity. The key feature is that
it is gauged by a composite gauge field, so we have gauged R-symmetry.

19.5.1 The R-gauge field and transformations

The T gauge field in the superconformal Weyl multiplet is Aμ. It is an auxiliary field. After
use of the equations of motion, Aμ takes the form2 given in (18.9) with a = 3κ−2:

aAμ = −ωα∂μzα − ωᾱ∂μ z̄ᾱ − AA
μPA , ωα = − 1

2 i∂αK , ωᾱ = 1
2 i∂ᾱK ,

aAμ = −ωα∂̂μzα − ωᾱ∂̂μ z̄ᾱ + 1
2 iAA

μ(rA − r̄A) . (19.52)

We recognize the structure in (19.52):

1. In the top line, the first two terms are the pull-back to spacetime of the ‘Kähler connec-
tion’.

2. The third term contains products of the physical vector fields AA
μ and their moment

maps PA.
3. In the next line the gauge field terms are regrouped into covariant ∂̂ derivatives plus the

imaginary part of rA.

After gauge fixing of the superconformal theory, a decomposition law leads to the form
(17.107) of the T -gauge parameter. This form shows that T is not an independent symmetry
of the physical theory. Instead there is an effective T -gauge symmetry whose parameters
include those of Yang–Mills, supersymmetry, and Kähler transformations. The first two are
spacetime gauge symmetries (supersymmetry and Yang–Mills gauge symmetries) and the
last one is a σ -model symmetry. For the first two, we can write, using (17.111) and (19.52),

aλT = −ωαδzα − ωᾱδz̄ᾱ − θ APA . (19.53)

The implication for Yang–Mills symmetries is the important statement in Box 19.5. The
contribution of (19.53) to supersymmetry transformations is included in (18.22) in the
terms cubic in the fermions. Bosons in this physical basis are inert under the T -symmetry.

The last term in (17.107) concerns Kähler transformations. These are not gauge symme-
tries of the theory, but determine an invariance of the action under reparametrizations of
the data that specify the theory, i.e. the Kähler potential and the superpotential. The rule
(17.107) implies that the fermions have to be reparametrized accordingly.

Exercise 19.6 Check that the gravitino mass parameter in (18.16) changes under Kähler
transformations to

2 We concentrate here on the bosonic terms.
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m′
3/2 = m3/2 exp

(
1
2κ

2( f̄ (z̄)− f (z)
)
, (19.54)

and that (18.23) specifies the transformation of the gravitino such that its mass term in the
action is invariant. Note that the physical gravitino mass |m3/2| is also invariant.

19.5.2 Fayet–Iliopoulos terms

The essential elements of both global supersymmetric gauge theories and ‘gauged super-
gravities’, that is supergravity theories with Yang–Mills symmetries, are the moment maps
PA which determine the holomorphic Killing vectors kαA(z) of the gauged isometries of the
Kähler manifold (see item 4 on p. 385). Moment maps are defined only up to additive real
constants, because one can add arbitrary imaginary constants iξA to the rA(z) defined by
the gauge transformation of the Kähler potential. Thus we have

PA → PA + ξA , rA → rA + iξA . (19.55)

The arbitrary ξA are called Fayet–Iliopoulos (FI) constants.
In global supersymmetry, an important restriction comes from the equivariance relation;

see (13.62) or (18.3). This condition shows that the PA of non-abelian symmetries are
unique. Arbitrary ξA are possible only for generators that are not in the derived algebra,
say U(1) symmetries. In supergravity the equivariance condition was derived in Ex. 17.18
by requiring that the gauge algebra is satisfied on the compensating scalar y. Further, the
FI constants affect the gauge invariance condition (17.133) of the superpotential in super-
gravity. In physical applications the FI terms facilitate vacua with non-vanishing D-term
contribution to the scalar potential.

The FI terms can also be understood from the viewpoint of a symmetry of the embedding
superconformal theory. The Killing vector kT , (17.40), can be reinterpreted as a gauge
symmetry that can be coupled to one of the gauge fields. We now indicate it with index 0,
i.e. δX = iθ0 X , which can be expressed as

k0 = iX I ∂

∂X I
= iy

∂

∂y
. (19.56)

The last expression in terms of the coordinates y and zα shows that the symmetry acts
only on y, hence the components k0

α vanish. However, it has r0 = 3iκ−2, as follows from
(17.95). Hence, it commutes with the other symmetries.

Therefore, we may add this ‘0’-symmetry to any U(1). Changing the generator kA →
kA + 1

3κ
2ξAk0 changes the moment map as in (19.55).

The general ideas of this section are not restricted to N = 1 supergravity. Similar struc-
tures with moment maps for gauged R-symmetry and FI terms exist also for N = 2 super-
gravity in four, five or six dimensions, as we will see in Ch. 20, and especially in Sec.
20.4.5.

19.5.3 An example with non-minimal Kähler potential

We again consider the example of Sec. 17.3.10, with superconformal Kähler potential
(17.118). The symmetries of the target space were labelled ‘0, 1, 2, 3’. The symmetry
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‘0’ is the one discussed in (19.56). The corresponding Killing vector has no effect on
the coordinate z as shown in the second expression in (17.126), but there is a non-trivial
rA(z). In this section we wish to study the effects of a gauged U(1) symmetry with Fayet–
Iliopoulos term.

We can choose which symmetry to gauge. We take one gauge multiplet and couple it to
the Killing vector

k = k3 − 1
3κ

2ξk0 . (19.57)

We thus have

δz = θkz = θ z2 , r(z) = −3κ−2z + iξ . (19.58)

To make the model more interesting, we add the superpotential,

W (z) = z3 exp
iκ2ξ

z
, (19.59)

chosen such that it transforms under the symmetry δz = θ z2 as

δW (z) = W (z)(3z − iκ2ξ) = −κ2r(z)W (z) , (19.60)

which is required according to (18.5).
Calculating the F-potential we find that the negative term V− in (18.11) cancels the

positive part for ξ = 0, and the result is

VF = κ4ξeκ
2KW W̄

[
2i

(
1

z̄
− 1

z

)
− 1

3
κ2ξ

(
1

z̄
− 1

z

)2
]
. (19.61)

With standard kinetic terms for the gauge field, the D-term potential is

VD = 1

2
P2 = 1

2

(
ξ − 3iκ−2 zz̄

z − z̄

)2

. (19.62)

This potential is invariant under the transformation of the scalars as in (19.58). The gauge
transformation of the fermions is composed of the part as in global supersymmetry and the
part where it acts as an R-symmetry due to the remnant of the T -symmetry (18.22), for
example

δPLχ = θ
[
∂zkz + 1

4κ
2(r − r̄)

]
PLχ = θ

[
2z − 3

4 (z − z̄)− 1
2 iκ2ξ

]
PLχ . (19.63)

In a general model with FI terms, the chiral transformation depends on the FI constants.
If the target space is topological non-trivial, the quantization condition of Secs. 17.5.1 and
17A implies that the FI constants are quantized. This has been discussed in [166, 188].

It has been argued [171, 189, 166] that theories with FI constants cannot be obtained by
starting from a global supersymmetric theory with FI constant and adding the supergravity
fields order by order in κ without adding more dynamical fields, unless the theory has an
exact global symmetry.

Exercise 19.7 Check that for ξ = 0 the Kähler invariant function is of the form (19.42)
after the redefinition z1 = iz−1. This explains why (19.61) vanishes for ξ = 0.
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Construction of thematter-coupled
N = 2 supergravity 20

In the previous chapters we used the superconformal method to construct couplings of mat-
ter multiplets to N = 1, D = 4 supergravity, and discussed the resulting action and some
of its applications. In this chapter, we will move on to the first extended supersymmetry:
N = 2. The N = 2 supergravity theories in four dimensions have many applications,
for example to Calabi–Yau compactifications of superstring theory and to studies of black
hole solutions. The main mathematical feature of N = 2 supersymmetry and supergravity
is the requirement of new scalar field target spaces, known by the name special geometry.

The term N = 2 supersymmetry refers to the theories with eight real supercharges
listed in Table 12.2. The maximum spacetime dimension is six, where this theory is also
described as (1, 0) supergravity, since it is based on symplectic Majorana–Weyl spinors,
which are spinors of one chirality. We discuss the main multiplets of the six- and five-
dimensional theories at the level of global supersymmetry. The five-dimensional theories
will help explain the structure of special geometry. However, our focus is on D = 4,
N = 2, and the main goal is the derivation of the action and transformation laws of the
matter-coupled supergravity theories with vector and hypermultiplets.

This chapter is rather long. In the next chapter, we will write the results in an independent
way for readers who are only interested in understanding the action and transformation
laws for applications.

In Sec. 20.1 we start with global supersymmetry for the six-, five- and four-dimensional
theories. We discuss gauge multiplets and hypermultiplets. The formulation in D = 6 is
simplest, but readers can confine their attention to the discussion of D = 4. The final result
of this section is the action of coupled vector and hypermultiplets obtained by gauging an
isometry group of the hypermultiplet scalar metric.

In the same way as was done for N = 1, we construct N = 2 supergravity theories
by gauging the superconformal algebra. This method was the original approach to spe-
cial Kähler geometry [94], and it nicely elucidates the symplectic nature of this geometric
structure. In Sec. 20.2 we discuss the conformal structure and its gauging. For the matter
multiplets and their actions we restrict to D = 4. We choose the partial gauge fixing con-
ditions that will lead to the super-Poincaré theory, and eliminate the auxiliary fields. The
final action in that section is already the full matter-coupled theory but it is expressed in
terms of the fields of the ‘embedding manifold’ as done for N = 1. It is not yet in the most
convenient variables for the super-Poincaré theory.

Special geometry as a mathematical structure will be discussed in Sec. 20.3. We discuss
the general family of these manifolds, and then the properties of very special real geometry
(for gauge multiplets in D = 5), special Kähler geometry and quaternionic-Kähler
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geometry. The subsection on special Kähler geometry is especially important, but
quaternionic-Kähler geometry is also used in the description of the Poincaré theory in
D = 4 supergravity.

In Sec. 20.4 we will explain the final steps to obtain the super-Poincaré theory for N = 2
in four dimensions.

Appendices 20A and 20B explain some calculational tools. Appendix 20C gives the
mathematical definition of rigid special Kähler geometry.

We end this introduction with remarks on other approaches. First, there are superspace
approaches to N = 2 supersymmetry. The fact that there are central charges in the N = 2
superalgebra (see Sec. 12.6.2) complicates the superspace approaches. To deal with them,
the concepts of harmonic [190, 191] or projective [192, 193, 194, 195, 196] superspaces
were developed. In the same context the superconformal approach, originally developed
by Howe [197, 198], is important. A recent account of this is given in [199]. The group
manifold approach has been explained in detail in [200]. The resulting action was given
in [201]. Other extensions of the theories discussed here are obtained by adding the tensor
or vector–tensor multiplets [202, 203]. They may give a useful reformulation of vector or
hypermultiplets.

20.1 Global supersymmetry

20.1.1 Gaugemultiplets for D = 6

N = 2 gauge multiplets are simplest in six dimensions, where they are similar to the
N = 1 gauge multiplets in four dimensions: the physical fields are gauge vectors AI

μ and
‘gaugini’ λi I in the adjoint representation of the gauge group.1 The extra i = 1, 2 index
reflects that they are symplectic Weyl spinors. The counting of degrees of freedom gives a
first indication that fields can form a multiplet. From Table 6.2 we see that a gauge vector
has five off-shell and four on-shell degrees of freedom. The spinors have eight off-shell
and four on-shell degrees of freedom. Hence, the on-shell counting already fits. Off-shell
we need three auxiliary bosonic degrees of freedom, which we will denote as 	Y I . They
are the analogues of the D A auxiliary field of the N = 1, D = 4 gauge multiplets. Their
value after field equations will be related to a quaternionic structure of the isometries of
the matter sector, induced by the SU(2) R-symmetry group. This fits with the fact that 	Y I

are triplets for each gauge multiplet, rather than the singlets D A. With all this information,
it should not be difficult to guess the form of the transformation laws. The only difficulty is
the use of notation with the indices i , related to the symplectic Majorana spinors of D = 6.

In Sec. 3.3.2 it was explained that symplectic Majorana spinors are chiral and satisfy a
reality condition that depends on the antisymmetric tensor εi j . As a result, the following
identities hold for the gauginos and supersymmetry parameters, εi ,

1 The gauge fields are denoted here with an index I . Therefore, gauge transformation parameters are denoted
by θ I rather than the θ A used in earlier chapters.
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λi = PLλ
i , λ̄i = λ̄i PR , (20.1)

λi = (λi )C , λi = −(λi )
C , (20.2)

λi = λ jε j i , λi = εi jλ j , (20.3)

where one replaces λ with ε for the supersymmetry parameters. The fact that the second
equation has PR where the first has PL follows from (3.56). The second line is consistent
with the result of Ex. 3.33 with t1 = 1, and the third line follows the NW–SE rule for
raising and lowering of indices.

The triplet of auxiliary fields can be written as a real vector 	Y or as a symmetric tensor
Y i j = Y ji . The relation is explained in Appendix 20A.

The form of the supersymmetry transformation laws for the fields in the gauge multiplet
are fixed by the index structure of the fields. The numerical coefficients are determined by
checking the supersymmetry algebra. The transformation laws

δAI
μ = 1

2 ε̄
iγμλ

I
i ,

δλi I = − 1
4γ

μνFμν
I εi − Y i j I ε j ,

δY i j I = − 1
2 ε̄

(i /Dλ j)I (20.4)

realize the algebra

[δ(ε1), δ(ε2)] = δcgct(ξ
μ) , ξμ = 1

2 ε̄
i
2γ

με1i . (20.5)

The right-hand side is a covariant translation, i.e. the combination of a translation with a
gauge transformation acting as the covariant general coordinate transformation discussed
in Sec. 11.3.2, for the case of constant parameters.

The action that is invariant under these transformations is

S =
∫

d6x δI J

[
− 1

4 F I
μνFμν J − 1

2 λ̄
i I /Dλi

J + 2 	Y I · 	Y J
]
, (20.6)

where δI J is a Cartan–Killing metric for the gauge group. Note that for invariance in the
case of non-abelian gauge groups, one needs the result of Ex. 3.27 and the extension of
(3.67) to D = 6 discussed in footnote 3 there.

20.1.2 Gaugemultiplets for D = 5

The five-dimensional gauge multiplets are the dimensional reduction of the D = 6 ones.
The fermions are again symplectic fermions, hence (20.3) and (20.2) still apply. However,
there is no chirality since the spacetime dimension is odd. The main new ingredient is that
the gauge vector of six dimensions gives rise to a gauge vector in five dimensions plus a
scalar (see Sec. 5.3.3, restricting to the k = 0 sector, where AD0 is the new scalar field).
We will denote this extra scalar by σ I .
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The transformation laws of the gauge multiplet in five dimensions can be obtained from
those of D = 6 by dimensional reduction. In Appendix 20B the technical aspects of the
reduction of spinors are explained. The result is2

δAI
μ = 1

2 ε̄
iγμλi

I ,

δσ I = 1
2 iε̄iλi

I ,

δλi I = − 1
4γ

μνFμν
I εi − 1

2 i /Dσ I εi − Y i j I ε j ,

δ 	Y I = − 1
4 	τi j ε̄

i
[
/Dλ j I + i f J K

Iσ Jλ j K
]
. (20.7)

The gauge part in the δcgct in (20.5) also contains Aμ, which is the origin of a new term
in five dimensions, coming from the last component of the D = 6 gauge field, which is
here σ I :

[δ(ε1), δ(ε2)] = δcgct(ξ
μ)+δG(θ

I ) , θ I = − 1
2 iσ I ε̄2

iε1i = − 1
2 iσ I ε̄2

iε1
jε j i . (20.8)

That last term resembles a central charge, as discussed for four dimensions in Sec. 12.6.2:
it appears in the commutator of two supersymmetries with a factor ε̄2

iε1
jε j i . Comparing

to (12.23), Z is here σ I TI , where TI is the action of the gauge symmetries. Note, however,
that σ I TI is not yet an operator that commutes with all the other symmetries, i.e. it is
not central. However, when solutions to the field equations of the theory are considered,
the value of σ I is often fixed to a number. In this case, the σ I TI term in the algebra of
the symmetries of the supergravity action can result in a central charge in the algebra of
preserved symmetries of the solutions. Therefore, we can call it a central charge-like term.

Exercise 20.1 Check that such a central charge-like term would not be possible in six
dimensions, not only due to the fact that there is no scalar, but also due to the chirality
properties of the spinors.

We could write the analogue of the action (20.6) at this point. However, we are going to
present another action that will be more important in the context of supergravity. It makes
use of a Chern–Simons term, similar to the one that we encountered in 11 dimensions:
A ∧ F ∧ F , where A is a 3-form. In five dimensions such a term can be constructed using
the 1-form gauge field. Owing to the requirement of gauge invariance, such a term can only
be multiplied with constants, as can be seen in a calculation similar to the one in (10.25).
Hence, we will introduce a constant three-index symmetric tensor CI J K to contract with
the gauge indices of the AI ∧ F J ∧ F K term. For non-abelian gauge multiplets, it has to
be ‘gauge invariant’, i.e.

f I (J
M CK L)M = 0 . (20.9)

For example, the ‘d-symbols’

tr(tA{tB, tC }) = dABC , (20.10)

satisfy these relations.
It is an important aspect of D = 5 supersymmetric theories that tensor multiplets can

lead to more general gauged supergravities than vector multiplets, as we already mentioned

2 Concerning the appearance of factors of i in these formulas, remember Ex. 3.36.
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Gaugemultiplets with globalN = 2, D = 5 supersymmetry Box 20.1

The action that has superconformal symmetry depends on a symmetric tensor CI J K . The gauge multiplets
contain real scalars σ I in the adjoint of the gauge group, whose kinetic terms define (rigid) ‘very special real
geometry’.

in Sec. 12.3.2. As a free field, antisymmetric tensors are equivalent to vector fields in D =
5; see Sec. 7.8. However, vector gauge fields should transform in the adjoint representation,
which is not necessary for tensors. Therefore, more general possibilities than (20.9) are
possible when including vector–tensor multiplets. However, we will omit them here and
refer the interested reader to the literature [204, 205, 206, 207].

The complete Lagrangian is

L5v = CI J K

[(
− 1

4 F I
μνFμν J − 1

2 λ̄
i I /Dλi

J − 1
2 Dμσ

I Dμσ J + 2 	Y I · 	Y J
)
σ K

− 1
24ε

μνρστ AI
μ

[
F J
νρF K

στ + fL M
J AL

ν AM
ρ

(
− 1

2 F K
στ + 1

10 fN P
K AN

σ AP
τ

)]
− 1

8 iλ̄i Iγ μνF J
μνλi

K − 1
2 iλ̄i Iλ j J 	τi j · 	Y K + 1

4 iσ Iσ J λ̄i Lλi
M fL M

K
]
.

(20.11)

We used the convention γ μνρστ = iεμνρστ , i.e. the lower sign in (3.41). For physical
applications, as in supergravity, it will be important that σ I acquires a non-zero value such
that the kinetic terms are non-degenerate. Note that, owing to (20.8), this also implies that
there is a central charge.

Exercise 20.2 Check the gauge invariance of the non-abelian Chern–Simons term.

A remarkable fact is that the Lagrangian (20.11) is superconformal invariant. Therefore,
it can be used in a superconformal construction of D = 5 supergravity, for which we refer
to the literature [208, 209, 206, 210, 207]. The kinetic terms of the scalars define a (rigid)
very special real manifold, which we will discuss in Sec. 20.3.2.

20.1.3 Gaugemultiplets for D = 4

Now we reduce to four dimensions. The same mechanism that generated the scalar in the
reduction from six to five dimensions now generates a second scalar. Therefore, the gauge
multiplets of N = 2, D = 4 contain complex scalars X I = 1

2 (AI
4 − iσ I ). We denote

the fermion SU(2) doublets as �i
I . They correspond to the λi I in D = 5, but we give

it a different name since the spinors are not symplectic in D = 4. We work again with
chiral spinors in D = 4, using the notation introduced in Sec. 6A, so that the position of
the index i on the fermions indicates their chirality. Whether upper indices indicate left- or
right-chiral spinors is chosen independently for each type of spinor separately to make the
formulas simpler. We choose here
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�i
I = PL�i

I , �i I = PR�
i I , εi = PLε

i , εi = PRεi . (20.12)

The relation with the spinors of D = 5 is given in Sec. 20B.2.
The supersymmetry transformations are

δX I = 1
2 ε̄

i�I
i ,

δ�I
i = /DX I εi + 1

4γ
μνFμν

I εi jε
j + Yi j

I ε j + X J X̄ K f J K
I εi jε

j ,

δAI
μ = 1

2ε
i j ε̄iγμ� j

I + h.c. ,

δ 	Y I = 1
4 	τ i j ε̄i /D�

I
j − 1

2 f J K
I 	τi

j ε̄ j X J�i K + h.c. , (20.13)

where we included the case of non-abelian gauge multiplets [211], in which all the fields
transform in the adjoint of the gauge group.

The supersymmetry transformations realize the algebra

[δ(ε1), δ(ε2)] = δcgct(ξ
μ)+ δG(θ

I ) , (20.14)

ξμ = 1
2 ε̄

i
2γ

με1i + h.c. , θ I = X I εi j ε̄2iε1 j + X̄ I εi j ε̄
i
2ε

j
1 .

Similar to the case of D = 5, the additional terms contained in δG(θ
I ) can lead to a central

charge for solutions when X I �= 0.

Exercise 20.3 Check the supersymmetry algebra both on X I and on Aμ
I to verify the

appearance of the central charge-like term.

Observe that the supersymmetry transformation of X I is chiral: εi = PRεi does not
appear. This is very similar to the transformation of the complex scalar in chiral multiplets
of N = 1 supersymmetry. In fact, we used this property to define chiral multiplets and the
same can be done here. However, for N = 2, a chiral multiplet is reducible [212, 213, 214],
i.e. the supersymmetry algebra closes on a subset of the fields of the chiral multiplet. A
full chiral multiplet has 16 + 16 components; a reduced one has 8 + 8 components. The
gauge multiplet is such a reduced chiral multiplet.3 This fact is important to understand the
construction of the actions for gauge multiplets.

The construction of an action is very similar to the procedure in N = 1 supergravity
in Sec. 14.2. An arbitrary holomorphic function F(X) determines another N = 2 chiral
multiplet. It is not a constrained one: it has 16 + 16 components. The last component of
the latter defines an invariant action, very similar to the procedure of the F-terms and D-
terms in N = 1; see (14.12). Hence, we find an action that depends on this holomorphic
function, which is called the prepotential. This Lagrangian is

L4v = iFI J DμX I Dμ X̄ J + 1
4 iFI J Fμν

−I F−μν J + 1
2 iFI J �̄

I
i /D�

i J − iFI J 	Y I · 	Y J

+ 1
4 iFI J K 	Y I · 	τ i j �̄J

i �
K
j

− 1
16 iFI J K ε

i j �̄I
i γ

μνFμν
−J�K

j + 1
48 iFI J K L�̄

I
i �

J
� �̄

K
j �

L
k ε

i jεk�

3 You can compare this with the real multiplet in N = 1 built from a chiral multiplet with C = Im Z , which is
used as supergauge transformations in (14.11): its Bμ component is a total derivative of a scalar and its λ and
D components vanish.
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Gaugemultiplets with globalN = 2, D = 4 supersymmetry Box 20.2

The kinetic terms are determined by a holomorphic prepotential function F(X). The latter determines the
Kähler potential of themanifold of the scalars. The Kählermanifolds that are of this type are called rigid special
Kähler manifolds.

+ 1
2 iFI f J K

I �̄i J� j K εi j − 1
2 iFI J fK L

I X̄ K �̄J
i �

L
j ε

i j

− iFI f J K
I fL M

J X̄ K X̄ L X M + h.c. (20.15)

Here FI , FI J , . . . denote the derivatives of F(X). The Fμν−I are the anti-self-dual field
strengths (see Sec. 4.2.1). Let us first consider the action without gauging.

The reader will recognize that the kinetic terms of the scalars X I are of the hermitian
form. In fact, the scalars form a Kähler manifold, with Kähler potential

K = iX I F̄I (X̄)− iX̄ I FI (X) . (20.16)

Exercise 20.4 Check that this Kähler potential leads to the kinetic terms of the scalars
in (20.15). Check that a quadratic term in F with real coefficients, i.e. F = aI J X I X J with
real aI J , does not contribute to the Kähler metric.

The kinetic terms of scalars, gauge fields and gauginos are determined from the imag-
inary part of the second derivatives. The manifold of the scalars is called a rigid special
Kähler manifold. It is ‘special’ in the sense that the Kähler potential is not an arbitrary real
function of X and X̄ , but of the form (20.16) where F(X) is an arbitrary holomorphic func-
tion. We will discuss this from the geometric point of view in Sec. 20.3.3 and Appendix
20C.

The simplest action is obtained by choosing the prepotential F(X) = iδI J X I X J . Then
iFI J = −δI J , and if the algebra is abelian, we just have the first line of (20.15). On
the other hand, for F(X) = − 1

6 CI J K X I X J X K , this action is the reduction of the five-
dimensional one in (20.11).

In the case of gauging, the covariant derivatives are the gauge covariant expressions. We
assumed here that F is a gauge invariant function, i.e.

δG F ≡ FI θ
K X J f J K

I = 0 , (20.17)

although more generally one may allow a quadratic variation of F with real coeffi-
cients [215, 216]:

δG F = −θK CK ,I J X I X J , (20.18)

where CK ,I J are real constants4

4 Do not confuse these coefficients CI,J K with the coefficients CI J K that appear in the D = 5 gauge multiplets.
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CK ,I J = − fK (I
L FJ )L = − fK (I

L F̄J )L . (20.19)

These constants enter in an additional Chern–Simons term that should be added to the
action (which we will write below for the theory with supergravity). Such a possibility
exists because quadratic terms in F with real coefficients lead only to total derivatives in
(20.15); see Ex. 20.4.

20.1.4 Hypermultiplets

Hypermultiplets [213, 214] are the analogues of the chiral multiplets of N = 1 supersym-
metry. They contain four scalars and two spin-1/2 fields. Note that the off-shell number of
degrees of freedom do not match. To match them, we would have to introduce four auxil-
iary fields. This can be done, but (for non-trivial hypermultiplet couplings) involves a more
complicated procedure using off-shell central charges.

Since dimensional reduction for scalars and spin-1/2 fermions leads to the same type
of particles in lower dimensions, the properties of the hypermultiplets do not depend on
whether we consider D = 6, D = 5 or D = 4 (or even D = 3). In practice, there is
a technical difference since the four on-shell (or eight off-shell) degrees of freedom are
captured in symplectic Weyl, symplectic or Majorana spinors, respectively.

We consider a set of nH hypermultiplets. The real scalars are denoted as q X , with
X = 1, . . . , 4nH . We will see that they are coordinates on a manifold with a hyper-
complex structure, which is Kähler in the case of global supersymmetry, and is then
called a ‘hyper-Kähler manifold’. For supergravity the scalars span a quaternionic man-
ifold. We will explain these notions in Sec. 20.3. The 2nH fermions are indicated by ζA,
A = 1, . . . , 2nH . These fields are connected by a frame field f X

iA(q), which can be seen
as a 4nH × 4nH invertible matrix. The inverse is written as f iA

X (q), i.e.

f iA
Y f X

iA = δX
Y , f iA

X f X
jB = δi

jδ
A
B . (20.20)

The frame field satisfies a reality condition(
f iA

X

)∗ = f jB
Xε j iρBĀ ,

(
f X

iA
)∗ = εi jρĀB f X

jB , (20.21)

in terms of a non-degenerate tensor ρAB̄ that satisfies

ρAB̄ρ
B̄C = −δCA , ρĀB = (

ρAB̄
)∗

. (20.22)

The above conditions have as consequence that

2 f iA
X f Y

jA = δY
Xδ

i
j + 	τ j

i · 	JX
Y , 	JX

Y =
( 	JX

Y
)∗ = − f iA

X f Y
jA	τi

j , (20.23)
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where the latter are almost quaternionic structures. This means that they satisfy the quater-
nion algebra: for any vectors 	A and 	B,

	A · 	JX
Z 	B · 	JZ

Y = −δX
Y 	A · 	B + ( 	A × 	B) · 	JX

Y . (20.24)

The frame field is covariantly constant using a connection related to the indices A, and
a torsionless connection related to the indices X :

∇Y f X
iA ≡ ∂Y f X

iA − ωYAB(q) f X
iB + �X

Y Z (q) f Z
iA = 0 ,

∇Y f iA
X ≡ ∂Y f iA

X + f iB
XωYBA(q)− �Z

Y X (q) f iA
Z = 0 , (20.25)

where the second equation follows from the first using (20.21). We can solve these equa-
tions for ωXAB,

ωXAB = 1

2
f iB

Y

(
∂X f Y

iA + �Y
X Z f Z

iA
)
, (20.26)

such that the independent connection is �XY
Z . The latter is the unique connection on the

manifold of the scalars q X that ‘preserves’ the complex structures in (20.23):

∇Z 	JX
Y ≡ ∂Z 	JX

Y − �Z X
U 	JU

Y + �ZU
Y 	JX

U = 0 . (20.27)

A connection satisfying this property is called the ‘Obata’ connection [217]. Below, we
will also recognize �XY

Z as the Christoffel connection of a metric. With condition (20.27)
the almost quaternionic structure is promoted to a ‘quaternionic structure’. The complex
conjugate of ωXAB is (

ωXAB)∗ ≡ ω̄X
Ā
B̄ = −ρĀCωXCDρDB̄ . (20.28)

The matrix ρAB̄ used in these reality conditions, which should also be covariantly con-
stant, enters also in the definition of the symplectic Majorana spinors of hypermultiplets
in five and six dimensions.5 The spinors of the D = 6 hypermultiplets are moreover right-
handed chiral. For D = 4 on the other hand, charge conjugation raises or lowers the indices
on the fermions (and changes the chirality):

D = 6: (ζA)C = ζBρBĀ , ζA = PRζ
A ,

D = 5: (ζA)C = ζBρBĀ ,

D = 4: (ζA)C = ζĀ = PRζĀ , (ζĀ)
C = ζA = PLζ

A . (20.29)

The supersymmetry transformation laws are simplest for D = 6:

D = 6: δq X = ε̄iζA f X
iA ,

δζA = 1
2 f iA

X /Dq Xεi − ζBωXBAδq X . (20.30)

Notice that the last term is necessary for covariance under a change of basis of the spinors
ζA and drops out of the definition of covariant transformations as explained in Appendix

5 Note that we defined symplectic Majorana spinors in (3.86) using an antisymmetric εi j . However, the condi-
tion (20.22) suffices.
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14B. Furthermore, we allow that the hypermultiplet transforms also under a gauge group,
using the covariant derivative

Dμq X = ∂μq X − Aμ
I kI

X . (20.31)

We will discuss the properties of the Killing vectors later. The supersymmetry algebra
(20.5) is satisfied on the q X fields. Calculating the commutator of two transformations
on the fermions leads to a difference with the right-hand side of (20.5) that looks like an
equation of motion (despite the fact that we did not yet discuss an action).

The step to five dimensions is easy. Owing to the fact that the charge conjugation sat-
isfies different properties, we have to include some factors i to respect reality conditions.
Furthermore, the scalar σ I of the gauge multiplet enters (as sixth component of the gauge
vector of D = 6), such that the supersymmetry transformation laws are

D = 5: δq X = −iε̄iζA f X
iA , (20.32)

δζA = 1
2 i f iA

X /Dq Xεi − ζBωXBAδq X + 1
2σ

I kI
X f iA

Xεi .

For D = 4, the transformation laws are6 [95, 219]

D = 4: δq X = −iε̄iζA f X
iA + iεi jρĀB ε̄iζĀ f X

jB , (20.33)

δζA = 1
2 i f iA

X /Dq Xεi − ζBωXBAδq X + iX̄ I kI
X f iA

Xεi jε
j .

Observe that the transformations of the scalars in D = 6 and D = 5 are real due to the
properties of the spinors. For D = 4 the dimensional reduction according to (20.214) leads
to a second term that is the complex conjugate of the first one using (20.21).

To construct an action, we need a metric. The first new ingredient is a (hermitian) met-
ric in tangent space dĀB = (dB̄A)∗. For applications in global supersymmetry, we can
assume dĀB = δĀB. However, for the superconformal construction of supergravity we
will also be interested in a metric with non-positive definite signature. This tensor dĀB
should respect the quaternionic structure, which can most simply be expressed as the anti-
symmetry of a tensor CAB:

CAB = −CBA , CAB ≡ ρAC̄d C̄B . (20.34)

It has been proven in [215], using the theorems of [220], that at any point one can choose
a basis such that

ρAB̄ =
(

0 nH

− nH 0

)
, (20.35)

and at the same time

dĀB =

⎛⎜⎜⎝
p

− q

p

− q

⎞⎟⎟⎠ , p + q = nH . (20.36)

6 The formulation for D = 4 used here, which is similar to the one for D = 5, has been obtained in [218].
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The metric of the scalars is defined from the metric dĀB and the frame fields:

gXY = ( f iĀ
X )
∗dĀB f iB

Y = f iA
Xεi j CAB f jB

Y . (20.37)

One further needs the covariant constancy of CAB:

∇X CAB ≡ ∂X CAB + 2ωX [ACCB]C = 0 . (20.38)

This implies the covariant constancy of gXY , and implies therefore also that �X
Y Z (q) is the

Christoffel connection of the metric.
We use the antisymmetric tensor CAB to raise and lower A indices in NW–SE conven-

tion. For an arbitrary φA:

φA = CABφB , φA = φBCBA , CACCBC = δAB . (20.39)

The frame fields with upper X indices were defined in (20.20) as the inverse of those with
lower X indices. This is consistent with raising and lowering indices with the metric:

fXiA = gXY f Y
iA = f jB

Xε j i CBA . (20.40)

Exercise 20.5 Check the reality condition

CĀB̄ ≡ (CAB)∗ = dĀCdB̄DCCD = ρĀCdB̄C , (20.41)

and that the raising and lowering conventions imply that dĀB = −ρĀB.

We will discuss the geometry of these manifolds in Sec. 20.3.4, but we need curvature
relations to present the action. The curvature is defined in the usual way:

RXYBA ≡ 2∂[XωY ]BA + 2ω[X |C|AωY ]BC . (20.42)

It satisfies reality equations similar to (20.28). The integrability condition of the covariant
constancy conditions of CAB and dĀB implies relations on the curvature:

0 = [∇X ,∇Y ] CAB = 2RXY [ACCB]C = −2RXY [AB] ,

0 = [∇X ,∇Y ] dĀB = −
(
RXYAC)∗ d C̄B −RXYBCdĀC . (20.43)

These say that the curvature matrices preserve the antisymmetric metric CAB and the met-
ric dĀB, and that they are therefore in the algebra usp(2p, 2q); see (B.2). This is expressed
by the statement that the ‘structure group’ is USp(2p, 2q).

The integrability condition on the covariant constant frame fields (20.25) leads to a rela-
tion between the curvature defined by �Z

XY and the curvature in (20.42), as is the case for
the similar spacetime curvatures. Further use of the cyclicity properties of the curvatures
that we studied in (7.10) leads to an expression in terms of a tensor WABCD:

RXY
W

Z = f W
iA f iB

ZRXYBA = 1
2 f Ai

X fi
B

Y f kC
Z f W

kDWABCD , (20.44)

WABCD ≡ f XiA f Y
iBRXYCD = 1

2 f XiA f Y
iB f ZkC f W

kDRXY Z W .
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Box 20.3 Hypermultiplets in globalN = 2 supersymmetry

The kinetic terms of the hypermultiplets are governed by a metric that respects three complex structures.
The corresponding scalar manifold is a hyper-Kähler manifold, which has vanishing Ricci tensor. Gauging is
determined by a triplet of moment maps, defining triholomorphic Killing vectors.

The tensor WABCD ≡ WABCECED is symmetric in its four indices. This will be consistent
with its appearance in the four-fermion term of the action, similar to the appearance of the
curvature term in the kinetic action of the N = 1 chiral multiplet (14.29). Moreover, it
implies that the manifold is Ricci flat:

RY Z = RXY
X

Z = 0 . (20.45)

The Lagrangians for the different dimensions are

L6 = L5 = − 1
2 gXY ∂μq X∂μqY + ζ̄A /∇ζA − 1

4 WABCD ζ̄AζB ζ̄CζD ,

L4 = − 1
2 gXY ∂μq X∂μqY − dĀB

(
ζ̄Ā /∇ζB + ζ̄B /∇ζĀ

)
+ 1

2 WABEFd C̄EdD̄F ζ̄C̄ζD̄ ζ̄
AζB , (20.46)

where ∇μζA = ∂μζ
A + ∂μq XωXBAζB.

Exercise 20.6 For the simplest hypermultiplet, nH = 1, we can take ρAB̄ = εAB.
Check that the reality constraints allow the solution where the only non-vanishing elements
of f iA

X are

f 12
1 = f 21

1 = i , − f 12
2 = f 21

2 = 1 ,

f 11
3 = − f 22

3 = i , f 11
4 = f 22

4 = 1 . (20.47)

Choose dĀB such that gXY = δXY . Since these are all constants, �Z
XY = ωXAB =

WABCD = 0. Calculate the complex structure, and with the notation α = 1, 2, 3, for three
components of 	J as well as for X = 1, 2, 3, find that

(Jα)β
γ = −εαβγ , (Jα)β

4 = −(Jα)4
β = δαβ . (20.48)

20.1.5 Gauged hypermultiplets

We now consider the gauging of symmetries in the action of the hypermultiplet. This leads
to interactions of the gauge multiplet and the hypermultiplet, and is the analogue of the
interaction of chiral and gauge multiplets in N = 1; see Sec. 6.3.2. It will turn out that this
mechanism will also allow us to describe massive hypermultiplets. To describe massive
hypermultiplets we need central charges. In (20.8) and (20.14) we saw that central charges
are obtained by gauge symmetries with non-vanishing scalars in the gauge multiplet.
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Symmetries are defined by Killing vectors of the metric gXY , denoted by kI
X . For Käh-

ler manifolds, we saw that these Killing vectors should be holomorphic, which means (in
the present notation) that ∇X kI

Y is a matrix that must commute with the complex struc-
ture; see (13.47). The requirement for hypermultiplets is that the Killing vectors should be
triholomorphic, meaning that this matrix must commute with the three complex structures
(20.23): (

∇X kI
Y
) 	JY

Z = 	JX
Y
(
∇Y kI

Z
)
. (20.49)

For the Kähler manifolds, this requirement implied that the holomorphic Killing vectors
are related to a moment map as in (13.51). Here we obtain that they are related to a triplet
of moment maps:

∂X 	PI = 	JX
Y kI Y . (20.50)

In the case that the Killing vectors satisfy a non-abelian algebra, we also obtain that super-
symmetry implies an ‘equivariance relation’, which is the analogue of (13.62):

kI
X 	JXY kJ

Y = f I J
K 	PK . (20.51)

Exercise 20.7 For the flat hyper-Kähler manifold of Ex. 20.6, kX = λXY qY for any
antisymmetric λXY defines SO(4) isometries. Check that the complex structure (20.48) is
anti-self-dual using the antisymmetric tensor: ε1234 = 1. Check then that any self-dual
tensor λXY defines a triholomorphic symmetry. Hint: use (4.39). This implies that, from
the SO(4) = SU(2)× SU(2) symmetries, the complex structures sit in one factor, and the
triholomorphic isometries are those that are in the other factor.

Exercise 20.8 Continue with the same example, and use the triholomorphic Killing
vector

k1 = q2, k2 = −q1, k3 = q4, k4 = −q3 . (20.52)

Check that upon changing the signs of k3 and k4, it becomes a non-triholomorphic Killing
vector. Check that the moment maps corresponding to (20.52) are

P1 = −q1q3 − q2q4 ,

P2 = q1q4 − q2q3 ,

P3 = 1
2

[
(q1)2 + (q2)2 − (q3)2 − (q4)2

]
. (20.53)

The transformations of the fermions under the gauge group are governed by a
(q-dependent) matrix7

tIAB ≡ 1
2 f Y

iA∇Y kI
X f iB

X . (20.54)

7 Under covariant transformations as in (14.122) the gauge transformation is δ̂Gζ
A = θ I ζB tIBA.
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These matrices satisfy the commutation relations

[tI , tJ ]BA = f I J
K tKBA − k X

I kY
J RXYBA . (20.55)

The properties

tI
AB ≡ CAC tICB = tI

BA ,

t̄I
Ā
B̄ ≡ (tIAB)∗ = −ρĀDtIDCρCB̄ , t̄I

Ā
C̄d C̄B = −dĀC tIBC (20.56)

are similar to the properties of the curvature tensor (20.43), and imply that these matrices
are elements of usp(2nH − 2p, 2p).

With these ingredients we can write the actions of the gauged hypermultiplets:

L6 = − 1
2 gXY Dμq X DμqY + ζ̄A /̂DζA − 1

4 WABCD ζ̄AζB ζ̄CζD

− 2k X
I f iA

X ζ̄Aλi
I + 2 	PI · 	Y I ,

L5 = − 1
2 gXY Dμq X DμqY + ζ̄A /̂DζA − 1

4 WABCD ζ̄AζB ζ̄CζD

− 2ik X
I f iA

X ζ̄Aλi
I + iσ I tIBAζ̄AζB + 2 	PI · 	Y I − 1

2σ
Iσ J k X

I kJ X ,

L4 = − 1
2 gXY Dμq X DμqY −

(
ζ̄Ā /̂DζBdĀB + h.c.

)
+ 1

2 WABEFd C̄EdD̄F ζ̄C̄ζD̄ ζ̄
AζB

+
(

2X I tIAB ζ̄AζB + 2i f iA
X k X

I ζ̄B̄�
j I εi j d

B̄A + h.c.
)

+ 2 	PI · 	Y I − 2X̄ I X J kI
X kJ X . (20.57)

The second line in L6, and corresponding lines in L5 and L4, are similar to Scoupling in
(6.59). The covariant derivatives read

Dμq X = ∂μq X − AI
μk X

I ,

D̂μζ
A = ∂μζ

A + ∂μq XωXBAζB − AI
μtIBAζB . (20.58)

Exercise 20.9 Check that, for the gauging (20.52), tIAB = i(σ3)AB. Calculate the
action for D = 4, and use for the gauge multiplet X I = m with the other fields equal to
zero. You should find

L4 = − 1
2∂μq X∂μq X − ζ̄A/∂ζA + 2im

(
ζ̄1ζ2 − ζ̄ 1ζ 2

)
− 2m2q X q X . (20.59)

The last exercise, which could as well be done for D = 5, shows how a massive hyper-
multiplet is obtained. Remark that a gauge multiplet with first scalar equal to a constant
and all other fields equal to zero is consistent with the transformations of abelian gauge
multiplets.

This finishes the overview of N = 2 global supersymmetry. The final actions in D =
4, 5, 6 are the sums of those of the gauge multiplets and of the hypermultiplets.
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Superconformal construction of matter-coupledN = 2 supergravity Box 20.4

Weyl multiplet+
nV + 1 vector multiplets and nH + 1 hypermultiplets⇒
embedding rigid special Kähler manifold and

hyper-Kähler manifold with conformal symmetry))* gauge fix and field equations

Poincaré supergravity+
nV vector multiplets and nH hypermultiplets⇒
special Kähler manifold and

quaternionic-Kähler manifold for physical fields

20.2 N = 2 superconformal calculus

The construction of the full supergravity theories for N = 2 uses the same superconformal
methods as in Ch. 17 for N = 1. In this case there will be two compensating multiplets:
a gauge multiplet and a hypermultiplet. Only one field of these compensating multiplets
is physical: the vector of the gauge multiplet. It combines with the graviton and gravitini,
which are parts of the Weyl multiplet, to make the pure N = 2 Poincaré supergravity
multiplet. The Weyl multiplet gauges the superconformal symmetries. Therefore, we first
have to study the N = 2 superconformal algebra and its gauging, and then define the
matter multiplets as representations of that algebra. When this is done, and a corresponding
action is found, we can perform the gauge fixing that leads to the matter-coupled N = 2
supergravity.

The general scheme of matter couplings is shown in Box 20.4.

20.2.1 The superconformal algebra

The superconformal algebra contains as bosonic part the direct sum of the conformal
algebra and the R-symmetry. As can be seen from Table 12.1, the R-symmetry group
is USp(2) = SU(2) for D = 6 and D = 5, and SU(2) × U(1) for D = 4. There are 16
real supercharges: the eight generators Q of ordinary supersymmetry, and the eight special
supersymmetries S. The simple superalgebras that have this content are

D = 6: OSp(8∗|2) , D = 5: F2(4) , D = 4: SU(2, 2|2) . (20.60)

Despite the different names, for which the reader can consult Appendix B.3, these algebras
are very similar. The conformal algebra can be found in (15.9). For the three generators of
the su(2) algebra, we use the triplet notation 	U or the traceless 2 × 2 notation Ui

j , which
are related as in (20.207). The su(2) algebra can be written as
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[Ui
j ,Uk

�] = δi
�Uk

j − δk
jUi

� , (20.61)

while in the triplet notation it can be written as [U 1,U 2] = U 3, . . .. For D = 4 we denote
the generator of the U(1) part of the R-symmetry group as T , as we did for N = 1. This
T commutes with all the other bosonic generators.

The fermionic generators are symplectic Majorana–Weyl spinors for D = 6 with
chirality8

D = 6: Qi = PR Qi = −γ∗Qi , Si = PL Si = γ∗Si . (20.62)

For D = 4 we use the chiral notation as in (6.82), i.e. Qi are left-handed. For the special
supersymmetries, the opposite convention is used:

D = 4: Si = PL Si = γ∗Si , Si = PR Si = −γ∗Si . (20.63)

Commutators of the bosonic generators with the Q- and S-supersymmetries reflect that
they are spinors, doublets under su(2), and for D = 4, that they carry a chiral weight. The
[K , Q] and [P, S] commutators have a different form in different dimensions due to the
difference in reality and chirality conditions:

[Mab, Qi
α] = − 1

2 (γab Qi )α , [Mab, Si
α] = − 1

2 (γab Si )α ,

[D, Qα
i ] = 1

2 Qα
i , [D, Sα i ] = − 1

2 Si
α ,

[Ui
j , Qα

k] = δi
k Q j

α − 1
2δi

j Qα
k , [Ui

j , Sαk] = δi
k S j

α − 1
2δi

j Sαk ,

[Ui
j , Qαk] = −δk

j Qαi + 1
2δi

j Qαk , [Ui
j , Sαk] = δk

j Sαi − 1
2δi

j Sαk ,

D = 4: [T, Qα
i ] = i 1

2 Qα
i , [T, Sα i ] = i 1

2 Sα i ,

D = 4: [Ka, Qi
α] = (γa Si )α , [Pa, Sα i ] = (γa Qi )α ,

D = 5: [Ka, Qi
α] = i(γa Si )α , [Pa, Sα i ] = −i(γa Qi )α ,

D = 6: [Ka, Qi
α] = −(γa Si )α , [Pa, Sα i ] = −(γa Qi )α .

(20.64)
The anti-commutation relations between the fermionic generators are

{Qiα, Q jβ} = − 1
2δi

j (γ a)α
β Pa , {Siα, S jβ} = − 1

2δi
j (γ a)α

βKa ,

D = 4: {Qα
i , Q j

β} = − 1
2δ j

i (γ a)α
β Pa , {Sα i , S j

β} = − 1
2δ j

i (γ a)α
βKa ,

D = 4: {Qα
i , Q jβ} = 0 , {Sα i , S jβ} = 0 , {Qα

i , S jβ} = 0 ,

D = 4: {Qiα, S jβ } = − 1
2δi

jδα
β D − 1

4δi
j (γ ab)α

β Mab + i 1
2δi

jδα
βT − δα

βUi
j ,

D = 4: {Qα
i , S j

β} = − 1
2δ j

iδα
β D − 1

4δ j
i (γ ab)α

β Mab − i 1
2δ j

iδα
βT + δα

βU j
i ,

D = 5: {Qiα, S jβ} = −i 1
2

(
δi

jδα
β D + 1

2δi
j (γ ab)α

βMab + 3δα
βUi

j
)
,

D = 6: {Qiα, S jβ} = 1
2

(
δi

jδα
β D + 1

2δi
j (γ ab)α

β Mab + 4δα
βUi

j
)
. (20.65)

For readability of the formulas, we omitted from the right-hand side PL and PR projection
matrices for D = 4 and D = 6, which follow from the chirality properties of the generators
on the left-hand side.

Exercise 20.10 Check that the anti-commutation relations are consistent with symmetry
properties of anti-commutators and with reality properties of the different types of spinors.

8 Qi and Si have the same chirality since we raise and lower i indices in D = 6 with εi j .
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20.2.2 Gauging of the superconformal algebra

All the standard rules of gauge theories can be used to define the transformations of gauge
fields, the curvatures and covariant derivatives, as we have extensively discussed in earlier
chapters. We will restrict ourselves in the explicit formulas from now on to D = 4. For
D = 5 [221, 208, 209, 206] and D = 6 [222] we refer to the literature.

We assign parameters and gauge fields to all the symmetries as shown in Table 20.1. The
total set of ‘standard superconformal transformations’, analogous to (16.9), is

δ = εATA = 1
2λ

ab M[ab] + λD D + λa
K Ka + λi

jU j
i + λT T

+ ε̄i Qi + ε̄i Qi + ε̄i Si + ε̄i Si . (20.66)

The spinors are split into left- and right-handed chiral components.
Then, in the same way as for N = 1 in Sec. 16.1.3, we impose constraints such that

ωμ
ab, fμa and φiμ become composite fields. For N = 1 this leads to a multiplet of the

remaining gauge fields with 8+ 8 off-shell degrees of freedom, called the Weyl multiplet.
However, this counting does not work out for N = 2. The present gauge fields, after
subtraction of the composite fields and gauge degrees of freedom, do not lead to an equal
number of bosonic and fermionic degrees of freedom. Hence, the general theorem of Sec.
6B implies that we need extra auxiliary fields to close the superconformal algebra in a way
in which all fields undergo general coordinate transformations. The solution is not unique.
We present the ‘standard Weyl multiplet’, which is the one that is mostly used. It has 24+24
off-shell degrees of freedom. The fields and their number of degrees of freedom are given
in Table 20.2. Apart from the gauge fields, there is a real scalar D, an antisymmetric tensor
Tab and a spinor χ i . They will be auxiliary fields in the action that we will construct.
Their role in Poincaré supergravity will be clarified in Secs. 20.2.5 and 20.2.6. The real
antisymmetric tensor can be written as a complex (anti-)self-dual tensor T−

ab. This is more
convenient, especially for the U(1) R-symmetry transformations, which act on these as
complex scalings.

The dependent gauge fields are determined by constraints as in Sec. 16.1.3; see (16.12).
The first of these constraints, which puts R(P) = 0, is universal. We have used it already
in the general treatment of gravity theories in Sec. 11.3. The exact form of the others is
a matter of convenience, and different choices amount to field redefinitions. We use the
constraints [223]

γ b R̂ba(Q
i )+ 3

2γaχ
i = 0 ,

R̂ac(M
bc)+ i ˜̂Ra

b(A)+ 1
4 T−

ca T+bc + 3
2δa

b D = 0 . (20.67)

Table 20.1 Parameters and gauge fields for the
superconformalN = 2 algebras.

Pa Mab D Ka Ui
j T Qi Si

ξa λab λD λa
K λ j

i λT εi ηi
ea
μ ωμ

ab bμ fμa Vμj
i Aμ ψiμ φiμ
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Table 20.2 Number of components in the fields of the standard Weyl multiplet, with the number of
components of the fields with gauge transformations subtracted. The next columns contain the Weyl weightw,
the chiral weight c (with δφ = icφλT ), and the chirality for the fermions. The last columnmentions the
gauge transformations that have been used to reduce the number of degrees of freedom in the counting.

field # w c L/R gauge subtracted

eμa 5 −1 0 Pa, Mab, D
bμ 0 0 0 D, K a

ωμ
ab composite 0 0

fμa composite 1 0
Vμi

j 9 0 0 SU(2)
Aμ 3 0 0 U(1)
T−ab 6 1 −1
D 1 2 0

ψμ
i 16 − 1

2
1
2 L Qi , Si

φμ
i composite + 1

2
1
2 R

χ i 8 3
2

1
2 L

Here R̂ba(Qi ) and R̂ac(Mbc) are the modified curvatures following the principles of Sec.
11.3.3. We will give explicit expressions below. The coefficients in these constraints are
chosen such that they are invariant under S-supersymmetry (transformation rules are given
below).

The dilatation and T -transformations of the fields follow from the weights mentioned in
Table 20.2. The SU(2) transformations are fixed by the position of indices i , for example

δSU(2)χ
i = χ jλ j

i , δSU(2)χi = −λi
jχ j . (20.68)

Exercise 20.11 Check that the rules (20.68) are consistent with raising and lowering
indices by complex conjugation. Check also that an object with contracted i, j indices, like
ε̄iχ

i , is invariant.

The Lorentz transformations follow from the a, b indices or the spinorial character, and
the only special conformal transformation of the elementary fields is the shift of bμ as in
(15.21): δbμ = 2λKμ. Then, the only transformations that we still have to specify are the
Q- and S-supersymmetries. They are

δeμ
a = 1

2 ε̄
iγ aψμi + h.c. ,

δbμ = 1
2 ε̄

iφμi − 1
2 η̄

iψμi − 3
8 ε̄

iγμχi + h.c. ,

δAμ = − 1
2 iε̄iφμi − 1

2 iη̄iψμi − 3
8 iε̄iγμχi + h.c. ,

δVμ i
j = −ε̄iφ

j
μ − η̄iψ

j
μ + 3

4 ε̄iγμχ
j + ε̄ jφμi + η̄ jψμi − 3

4 ε̄
jγμχi

− 1
2δi

j
(
−ε̄kφ

k
μ − η̄kψ

k
μ + 3

4 ε̄kγμχ
k + ε̄kφμk + η̄kψμk − 3

4 ε̄
kγμχk

)
,
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δψ i
μ =

(
∂μ + 1

2 bμ + 1
4γ

abωμab − 1
2 iAμ

)
εi + Vμ

i
jε

j − 1
16γ

abT−
abε

i jγμε j − γμη
i ,

δT−
ab = 2ε̄i R̂ab(Q

j )εi j ,

δχ i = 1
2 D εi + 1

6γ
ab
[
− 1

4
/DT−

abε
i jε j − R̂ab(U j

i )ε j + iR̂ab(T )ε
i + 1

2 T−
abε

i jη j

]
,

δD = 1
2 ε̄

i /Dχi + h.c. (20.69)

The transformations of the gauge fields have various non-gauge terms. In the terminology
of Sec. 11.3, these are the M-terms, which, due to the methods of Sec. 11.3.4, are the most
relevant terms for calculations.

In (20.69) appear covariant curvatures for Q-supersymmetry, for SU(2) and for U(1),
which can be split into the pure gauge parts (rμν ; see Sec. 11.3.3) and covariantizations:

R̂μν(Q
i ) = R̂′μν(Qi )− 2γ[μφi

ν] ,
R̂′μν(Qi ) = rμν(Q

i )− 1
8γ

abT−
abε

i jγ[μψν] j ,

R̂μν(Ui
j ) = rμν(Ui

j )+ 3
2 ψ̄[ν iγμ]χ j − 3

2 ψ̄
j
[νγμ]χi − 3

4δi
j ψ̄[ν kγμ]χk + 3

4δi
j ψ̄k[νγμ]χk ,

R̂μν(T ) = rμν(T )− 3
4 iψ̄ i[νγμ]χi + 3

4 iψ̄[ν iγμ]χ i . (20.70)

The spin connection ωμ
ab is the one that we also found in (16.13) where the gravitino

bilinears have to be summed over the two copies (and over the chiralities). The other com-
posite fields are modified with respect to the N = 1 expressions in (16.24) due to the
appearance of the auxiliary fields. The expressions in terms of the physical fields are

ωμ
ab = ωμ

ab(e, b)+ 1
2

[
ψ̄ i
μγ

[aψb]
i + ψ̄μiγ

[aψb]i + ψ̄
[a
i γμψ

b]i] ,
fμ

a = − 1
4 R̂μ

a + 1
24 eμ

a R̂ + 1
4 i˜̂Rμ

a(T )− 1
16 T−

cμT+ac − 1
8 eμ

a D ,

φi
μ = − 1

2γ
ν R′μν(Qi )+ 1

12γμγ
ab R′ab(Q

i )+ 1
4γμχ

i . (20.71)

Here appears the dual of the U(1) curvature, and the Ricci tensor corresponding to the
covariant Lorentz curvature after subtraction of appropriate terms:

R̂μν
ab = rμν

ab +
[
ψ̄ i[μγν]

(
3
4γ

abχi + R̂ab(Qi )
)
+ 1

2 ψ̄
i
μψ

j
ν εi j + h.c.

]
. (20.72)

The removed terms are those that are used for solving the constraints, as in (16.23) and
(16.25); rμνab is the N = 1 expression in (16.23). The relevant parts of the transformations
of the composite fields are the non-gauge parts (M in (11.69)):

δωμ
ab = . . .− 3

8 ε̄
iγμγ

abχi − 1
2 ε̄

iγμ R̂ab(Qi ) ,

δ f a
μ = . . .− 3

16 eμ
a ε̄i /Dχi + 1

4 ε̄
iγμDb R̂ba(Qi )+ h.c. , (20.73)

δφi
μ = . . .− 1

32
/DT−

abγ
abγμε

i jε j − 1
8 R̂ab(U j

i )γ abγμε
j − 1

8 iR̂ab(T )γ
abγμε

i .
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Table 20.3 Fields of superconformal matter multiplets, with
number of real off-shell or on-shell degrees of freedom, and

chirality. For each multiplet, the bosonic fields are given above the
line, and the fermionic fields below.

field # w c L/R

Off-shell gauge multiplet
X I 2 1 1
AI
μ 3 0 0
	Y I 3 2 0

�I
i 8 3/2 1/2 L

On-shell hypermultiplet
q X 4 1 0

ζA 4 3/2 −1/2 L

The algebra after imposing the constraints is modified to a soft algebra in which the auxil-
iary matter fields appear in the structure functions:

[δQ(ε1), δQ(ε2)] = δcgct
(
ξa

3

)+ δM

(
λab

3

)
+ δK

(
�a

3K

)+ δS

(
ηi

3

)
, (20.74)

where the associated parameters are given by

ξa
3 = 1

2 ε̄
i
2γ

aε1i + h.c. ,

λab
3 = 1

4 ε̄
i
1ε

j
2 T+abεi j + h.c. ,

�a
3K = 1

8 ε̄
i
1ε

j
2 DbT+baεi j + 3

16 ε̄
i
2γ

aε1i D + h.c. ,

ηi
3 = 3

4 ε̄
i
[1ε

j
2] χ j . (20.75)

We will see below how these extra terms give rise to central charges when the fields appear-
ing in the structure functions are given non-zero vacuum expectation values. We already
saw that, in the presence of gauge multiplets with their gauge transformations, there appear
similar terms involving the matter scalars of the vector multiplet; see (20.14).

20.2.3 Conformal matter multiplets

We will restrict ourselves to the off-shell gauge multiplets and the on-shell hypermultiplet.
Chiral, linear and tensor multiplets are also useful, but we will not discuss them in this
book.

The global supersymmetric form of these multiplets have been discussed in Sec. 20.1.
When we make the step to the gauged superconformal algebra, the main extra ingredients
are the weights of the fields under the dilatation and U(1) part of the R-symmetry. Table
20.3 is the analogue of Table 20.2 for these matter multiplets. None of these fields trans-
forms under special conformal symmetry. The Q- and S-supersymmetry transformations
of the gauge multiplet are
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δX I = 1
2 ε̄

i�I
i ,

δ�I
i = /DX I εi + 1

4γ
abFab

I εi jε
j + Yi j

I ε j + X J X̄ K f J K
I εi jε

j + 2X Iηi ,

δAI
μ = 1

2ε
i j ε̄iγμ� j

I + εi j ε̄iψμj X I + h.c. ,

δ 	Y I = 1
4 	τ i j ε̄i /D�I

j − 1
2 f J K

I 	τi
j ε̄ j X J�i K + h.c. (20.76)

Here we use the quantities

F I−
ab ≡ F̂ I−

ab − 1
2 X̄ I T−

ab ,

F̂μν
I = Fμν

I +
(
−εi j ψ̄

i[μγν]�I j − εi j ψ̄
i
μψ

j
ν X̄ I + h.c.

)
,

Fμν
I = ∂μAν

I − ∂ν Aμ
I + Aμ

J Aν
K f J K

I , (20.77)

and the complete superconformal derivatives

DμX I = DμX I − 1
2 ψ̄

i
μ�

I
i ,

DμX I = (∂μ − bμ − iAμ

)
X I + Aμ

J X K f J K
I ,

Dμ�
I
i = Dμ�

I
i − /DX Iψμi − 1

4γ
abF I−

ab εi jψ
j
μ

−Y I
i jψ

j
μ − X J X̄ K f J K

I εi jψ
j
μ − 2X Iφμi , (20.78)

Dμ�
I
i =

(
∂μ + 1

4ωμ
abγab − 3

2 bμ − 1
2 iAμ

)
�i + Vμi

j� j
I + AJ

μ�
K
i f J K

I .

For the hypermultiplets, the conformal structure is determined [137, 224] from a closed
homothetic Killing vector kD

X , which generates the dilatations. We saw in (17.40) that, in
the presence of a complex structure, the homothetic Killing vector gives rise to a Killing
vector. Since we have here three complex structures we can construct a triplet of Killing
vectors:

	k X = 1
2 kD

Y 	JY
X . (20.79)

They determine SU(2) transformations of the superconformal algebra. The dilatations and
R-symmetry transformations of the fields of the hypermultiplet are

δq X = λDkD
X − 2	λ · 	k X ,

δζA =
(

3
2λD − 1

2 iλT

)
ζA − ζBωXBAδq X ,

δζĀ =
(

3
2λD + 1

2 iλT

)
ζĀ − ζB̄ω̄X

B̄
Āδq X . (20.80)

Observe that the scalars are inert under U(1), but transform under the SU(2), while the
reverse is true for the spinors, at least when we neglect the last term (see ‘covariant trans-
formations’ in Sec. 14B). The Q-supersymmetry transformations are the straightforward
superconformal covariantizations of (20.33). From dimensional arguments it follows that
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q must be inert under S-supersymmetry, and that ζ can transform to q. Imposing the super-
conformal algebra on q one finds

δSζ
A = i f iA

X kD
Xηi . (20.81)

Exercise 20.12 Check that (20.64) and (20.66) imply that the commutator of SU(2) and
Q-supersymmetry in terms of parameters is

[δ(λ), δ(ε)] = δ(ε′) , ε′i = λi
jε j , ε′i = −ε jλ j

i . (20.82)

Check that this is satisfied on the scalars. Hint: covariantize the derivatives and use the
covariant constancy of the complex structures 	JX

Y , ∇X kD
Y = δY

X and

	τi
j · 	JY

X f Y
kA = 2δ j

k f X
iA − δ

j
i f X

kA , (20.83)

which can be proven from the definitions (20.20) and (20.23). If you would like a simpler
exercise, you can check the commutator of SU(2) with S-supersymmetry on ζA, and the
result should be analogous to (20.82).

Rather than repeating all the transformations, we give here the covariant derivatives
(which encode the transformations):

Dμq X = Dμq X + iψ̄ i
μζ

A f X
iA − iεi jρĀBψ̄μiζĀ f X

jB ,

Dμq X = ∂μq X − bμkD
X + 2 	V · 	k X − Aμ

I kI
X , (20.84)

D̂μζ
A = D̂μζ

A − 1
2 i f iA

X /Dq Xψμi − iX̄ I kI
X f iA

Xεi jψ
j
μ − i f iA

X kD
Xφμi ,

D̂μζ
A =

(
∂μ + 1

4ωμ
abγab − 3

2 bμ + 1
2 iAμ

)
ζA − AI

μtIBAζB + ∂μq XωXBAζB .

Note that the hatted covariant derivatives are also covariant for target space transforma-
tions, and that the ∂μq X in the last term should not be covariantized to obtain this covariant
expression D̂μζ

A.
The local superconformal algebra (20.74) is realized on the scalars, with the addition

of the central-charge-like term as in (20.14) assuming that the hypermultiplets transform
under gauge transformations as discussed in Sec. 20.1.5. However, the algebra does not
close on the spinors. The non-closure should be proportional to field equations. This fixes
the action up to the proportionality functions, which are the components of the metric dĀB
mentioned in Sec. 20.1.4.

20.2.4 Superconformal actions

The superconformal actions of gauge multiplets and hypermultiplets are the covariantiza-
tions of (20.15) and (20.57). The new requirement is the invariance under dilatations, after
which all the other symmetries follow. Considering the weights in Table 20.3, you can use
any term of (20.15) to determine that the requirement for the dilatational weight of the
prepotential F(X) is 2:
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X I ∂I F(X) = 2F(X) . (20.85)

This corresponds to zero weight for FI J , and we define

NI J ≡ 2 Im FI J = −iFI J + iF̄I J , N ≡ NI J X I X̄ J . (20.86)

With the correspondence of dilatational and chiral weight of X it follows that FI J has
also zero chiral weight, such that the formula for NI J is consistent in this respect. There-
fore, N has the same weights as the N (X, X̄) in Sec. 17.2. There is only one difference
in notation. For N = 2 there are no barred and unbarred I indices. The quantity that is
denoted by NI J̄ in Ch. 17 is here NI J , since for N = 2

∂

∂X I

∂

∂ X̄ J
N = NI J . (20.87)

To prove this relation, one has to use the homogeneity of F , i.e.

FI J K X K = 0 . (20.88)

With this understanding all the relations (17.13) are valid, replacing NI J̄ by NI J , while the
NI J ≡ ∂I ∂J N of (17.13) is here equal to −iFI J K X̄ K .

As was the case there, the Lagrangian can be simplified after use of the constraints and
extracting terms from covariant derivatives [215]:

e−1Lg = − 1
6 N R − N D − NI J DμX I Dμ X̄ J + NI J 	Y I · 	Y J

+ NI J fK L
I X̄ K X L fM N

J X̄ M X N

+
{
− 1

4 iF̄I J F̂+I
μν F̂+μν J − 1

16 NI J X I X J T+
abT+ab + 1

4 NI J X I F̂+J
ab T+ab

− 1
4 NI J �̄

i I /D�J
i + 1

6 N ψ̄iμγ
μνρ Dνψ

i
ρ

− 1
2 N ψ̄iaγ

aχ i + NI J X I �̄i Jχi − 1
3 NI J X J �̄i I γ μν Dμψνi

+ 1
2 NI J ψ̄

i
μ
/DX̄ Iγ μ�J

i + 1
4 NI J X̄ I ψ̄aiγ

abcψ i
b Dc X J

+ 1
2 iF̄I J εi j

(
�̄i Iγμ − X̄ I ψ̄ i

μ

)
ψ j
ν
˜̂Fμν J − 1

16 iFI J K �̄
I
i γ

μν�J
j ε

i j F− K
μν

+ 1
2 NI J �̄

I
i fK L

J
(
�L

j + γ aψaj X L
)

X̄ K εi j

+
(

1
12 N ψ̄a

i ψ
b
j − 1

6 NI J X̄ I �̄J
i γ

aψb
j + 1

32 iFI J K �̄
I
i γ

ab�J
j X̄ K

)
T−

abε
i j

− 1
4 iFI J K DμX I �̄J

i γ
μ�i K + 1

4 iFI J K Y i j I �̄J
i �

K
j + h.c.

}
+ four-fermion terms. (20.89)

Notations for the covariant derivatives are in (20.78), and

Dμψνi =
(
∂μ + 1

4ωμ
abγab + 1

2 bμ + 1
2 iAμ

)
ψνi + Vμi

jψν j . (20.90)
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For the coupling of the hypermultiplet to the gauge multiplets in the presence of the
superconformal algebra, the new requirement is that the gauge transformations should
commute with the dilatational transformations:

0 = kD
Y ∂Y kI

X − kI
Y ∂Y kD

X = kD
Y∇Y kI

X − kI
X . (20.91)

This implies that they also commute with the SU(2) transformations generated by (20.79).
The moment maps must have Weyl weight D − 2 = 2 in order that the 	PI · 	Y I terms in
(20.57) have Weyl weight D = 4. This fixes their solution of (20.50) to

	PI = 	kX kI
X . (20.92)

Exercise 20.13 Prove that this solves (20.50), by using (20.79), (15.46) with w = 1,
(20.49) and (20.91).

The superconformal hypermultiplet action with gauged isometries is

e−1Lh = − 1
12 k2

D R + 1
4 k2

D D − 1
2 gXY Dμq X DμqY − 2X̄ I X J kI

X kJ X + 2 	PI · 	Y I

+
{
− ζ̄Ā /̂DζBdĀB + 1

12 k2
Dψ̄iμγ

μνρ Dνψ
i
ρ

+ 1
8 k2

Dψ̄iaγ
aχ i − 2idĀB AiB ζ̄Āχi

+ iζ̄Āγ
a /Dq Xψai f iB

X dĀB − 1
3 idĀB AiB ζ̄Āγ

μν Dμψνi

+
(

1
12 idĀB AiB ζ̄Āγaψ

j
b − 1

48 k2
Dψ̄

i
aψ

j
b

)
T+abεi j

− 1
8 ζ̄Āγ

abT+
abζB̄CĀB̄ + 2iX̄ I k X

I ζ̄Āγ
aψ

j
a εi j d

ĀB f iB
X

+ 2X I ζ̄AζBtIAB + 2ik X
I f iA

X ζ̄B̄�
j I εi j d

B̄A
+ 1

2 ψ̄ajγ
a�I

i PI
i j + 1

2 X̄ I ψ̄ i
aγ

abψ
j

b PI i j + h.c.
}

− 1
2 ψ̄

i
aγ

abcψbj Dcq X 	kX · 	τi
j + four-fermion terms, (20.93)

where the covariant derivatives can be found in (20.84),

AiA ≡ f iA
X kD

X , PIi j ≡ PIi
kεk j , PI

i j ≡ εik PI k
j . (20.94)

20.2.5 Partial gauge fixing

N = 2 Poincaré supergravity can be obtained by the same procedure that we discussed
extensively for N = 1. We construct a superconformal invariant action with more matter
multiplets than those that appear in the Poincaré theory. For N = 1, we could suffice with
one compensating chiral multiplet. For N = 2 it turns out that we need two compensat-
ing multiplets. Different choices have been discussed in the literature, leading to different
sets of auxiliary fields [225, 226, 227, 228, 229, 230, 231, 222, 232, 233, 210, 207]. We



20.2 N = 2 superconformal calculus 435

choose here one compensating gauge multiplet and one compensating hypermultiplet,9

since this gives the most insight into the structure of the physical theory using the methods
of projective manifolds. We thus consider the Lagrangian that is the sum of (20.89) and
(20.93):

L = Lg + Lh . (20.95)

We first impose, as in the previously discussed theories, the gauge

K -gauge: bμ = 0 . (20.96)

We saw in Ch. 17 that the geometry for the scalars of the matter multiplet in supergravity
is obtained as a projective manifold from the conformal invariant embedding manifold.
However, how can one make such a projection for both gauge and hypermultiplets since
there is only one dilatation generator in the superconformal algebra? Here the auxiliary
fields of the Weyl multiplets come to the rescue. In fact, the first two terms of (20.89) and
of (20.93) show what happens. If we combine these terms, we have

e−1L =
(
− 1

6 N − 1
12 k2

D

)
R +

(
−N + 1

4 k2
D

)
D + . . . . (20.97)

Thus, the field equation of the auxiliary field D puts N = 1
4 k2

D and we use as dilatational
gauge

D-gauge: − 1
6 N − 1

12 k2
D = 1

2κ
−2 . (20.98)

Combining these equations leads to

N = −κ−2 , k2
D = −4κ−2 . (20.99)

These give the main projection equations for special Kähler manifolds (gauge multiplets)
and quaternionic-Kähler manifolds (hypermultiplets), whose geometries we will discuss in
Sec. 20.3. The first equation is of the form (17.65) with a = κ−2. A similar constant in the
construction of quaternionic-Kähler manifolds is fixed by the second equation, as we will
show below in (20.180).

The two minus signs in (20.99) imply that in both embedding manifolds there should
be multiplets with negative kinetic terms. Since the physical multiplets should have all
positive kinetic terms, the signature should be for both (− + . . .+), where the − stands
for a full multiplet, i.e. a complex scalar for the gauge multiplets and a quaternion for the
hypermultiplets.

The conditions (20.99) only fix the norm of the complex or quaternionic scalar in the
compensating multiplet. Here, the structure of the superconformal algebra turns out to be
exactly what one needs. The R-symmetry part of the superconformal algebra is U(1) ×
SU(2). In Sec. 20.2.3 we have seen that the scalars of the gauge multiplets transform under
the U(1) factor and are inert under SU(2), while the opposite holds for the scalars of the

9 The hypermultiplet is considered on-shell, which is sufficient to obtain the physical theories. To discuss the
full off-shell structure, one should add four real auxiliary fields to this multiplet, which appear as central
charges in the transformations of the scalars q X [234, 235].
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hypermultiplets. Hence, the U(1) gauge fixing can be used to fix the phase of the complex
scalars of the compensating gauge multiplet and the SU(2) gauge fixing can fix the three
phases of the quaternions of the compensating hypermultiplet.

How does it work for the fermionic sector? In the N = 1 theory, the spinor of the chiral
multiplet was fixed by S-supersymmetry. For N = 2, we have an extra condition since the
Weyl multiplet contains an auxiliary field χi . Some terms with χi cancel between (20.89)
and (20.93) due to (20.99), and we are left with the field equation

NI J X I �̄i J − 2idĀB AiBζĀ = 0 . (20.100)

On the other hand, we choose a gauge fixing to eliminate the mixed kinetic terms of the
gravitino with the matter spinor fields:

S-gauge: NI J X J�i I + idĀB AiBζĀ = 0 . (20.101)

Combining the gauge fixing with the field equation (20.100) gives

NI J X J�i I = 0 , dĀB AiBζĀ = 0 . (20.102)

Thus, the fields of the compensating hypermultiplet disappear by this combination of
gauge fixings and field equations, while for the gauge multiplet only the gauge field and the
auxiliary field 	Y remain. The gauge field joins the physical fields of the Weyl multiplet as
the ‘graviphoton’: the spin-1 field that should be in the super-Poincaré multiplet according
to Table 6.1.

20.2.6 Elimination of auxiliary fields

Figure 20.1 (inspired by [218]) gives a schematic overview of the fields involved in the
superconformal and in the super-Poincaré theory. To clarify the procedure, we split the
vector and hypermultiplets into the compensating and the physical ones. For the compen-
sating hypermultiplet we use q0 to indicate the norm of the quaternion, qα for its phases and
ζ i is the corresponding fermion doublet. The physical quantities are written as {qu, ζ A}.
The fields of the compensating gauge multiplet are denoted by {y, χ i0, A0

μ,
	Y 0}, and the

remaining physical ones are indicated by an index α.
We now discuss the role of the auxiliary fields that were not yet discussed in Sec. 20.2.5.

The fields Aμ and Vμi
j appeared in the Weyl multiplet as gauge fields of the U(1)×SU(2)

R-symmetry. We have seen in detail in Sec. 17.3 how the field Aμ serves a role as an
auxiliary field to produce the action of the projective Kähler manifold. All this remains
true for the special Kähler manifolds. The only difference is the value of the parameter a,
and the replacement of G I J̄ in that section with NI J of (20.86). Similarly Vμi

j plays a



20.2 N = 2 superconformal calculus 437

⇓ ⇓ ⇓ ⇓

Matter couplings to conformal supergravity

nH hypermult.
qu, ζA

Weyl multiplet
ea

μ, ψi
μ, bμ, Aμ, V j

μi, Tab, χ
i, D

nV gauge mult.
�Y α, Aα

μ , zα, χiα

+ +

1 Gauge mult.
�Y 0, |y|, arg y, A0

μ, χi0
1 Hypermult.

q0, qα, ζi

D-gauge

SU(2) gauge

S-gauge

K-gauge U(1) gauge

EOM of
aux.fields χi-EOMD-EOM

Superconformal symmetry breaking

Matter couplings to Poincaré supergravity

nH hypermult.
qu, ζA

Poincaré multiplet
ea

μ, ψi
μ, A0

μ

nV gauge mult.
Aα

μ , zα, χiα

�Fig. 20.1Summary of gauge fixing and auxiliary fields. The underlined terms of the upper box will be eliminated. The method
that is used is indicated in the middle box, where EOM stands for elimination by an equation of motion. Other fields
are eliminated by gauge conditions. This leads to the field content indicated in the lower box.

role as an auxiliary field to produce the action for the quaternionic-Kähler manifold. The
values of these fields are10

Aμ = Aμ + AF
μ ,

Aμ = − 1
2 iκ2 NI J X I ↔̂

∂ μ X̄ J ,

AF
μ = − 1

8 iκ2 NI J �̄
i Iγμ�

J
i + 1

2 iκ2ζ̄Āγμζ
BdĀB ,

	Vμ = 	Vμ + 	V F
μ ,

	Vμ = 1
2κ

2	kX ∂̂μq X = 1
2κ

2
(	kX∂μq X − AI

μ
	PI

)
,

	V F
μ = 1

8κ
2 NI J �̄

i Iγμ�
J
j 	τi

j , (20.103)

where we used

∂̂μX I = ∂μX I + Aμ
J X K f J K

I ,

∂̂μq X = ∂μq X − Aμ
I kI

X . (20.104)

10 If you want to check this, a useful equation is (	kX · 	τ j
i )(	k X · 	τ�k ) = εikε j�. This equation is also necessary

in order to show that the gravitino does not contribute to the 	V F
μ connection, in the same way as it does not

contribute to the AF
μ.



438 Construction of the matter-coupledN = 2 supergravity

This leaves in the Weyl multiplet the antisymmetric tensor Tab. After use of (20.99),
(20.100) and (20.102), the field equation of Tab is

NI J X I X J T+
ab = 2NI J X I F̂+J

ab − 1
4 iF̄I J K �̄

i I γab�
j J X K εi j − ζ̄ĀγabζB̄CĀB̄ ,

NI J X̄ I X̄ J T−
ab = 2NI J X̄ I F̂−J

ab + 1
4 iFI J K �̄

I
i γab�

J
j X̄ K εi j − ζ̄Aγabζ

BCAB .
(20.105)

The bosonic part of Tab is a combination of the field strengths F I
ab, and this is the gravipho-

ton. Indeed, Tab is the field that appears in the supersymmetry transformation of the grav-
itino; see (20.69).

You might have thought of the following problem. We mentioned that the compensating
multiplets should appear with negative kinetic terms. But the compensating gauge multiplet
contains one of the physical spin-1 fields, whose kinetic terms thus seem to occur with a
wrong sign in the Lagrangian. The terms that result from the elimination of the auxiliary
field Tab cure this problem. They contribute to the kinetic terms of the spin-1 fields, such
that they will all appear with the correct sign, as we will show after (20.137).

The auxiliary fields 	Y I are similar to the auxiliary fields D A of gauge multiplets in
N = 1, which were related to moment maps. Here they are SU(2) triplets and are related
to the triplet moment maps of the hypermultiplets (20.50). Indeed, their field equations
lead to

NI J 	Y J = − 	PI − 1
8

(
iFI J K �̄

J
i �

K
j 	τ i j + h.c.

)
. (20.106)

The reader may wonder what happened to the U(1) moment map of the special Kähler
manifold. The gauge transformations of the field X I are determined by the fact that they
transform in the adjoint representation of the gauge group, being supersymmetry partners
of the gauge fields. Hence these Killing vectors are

kJ
I = X K fK J

I . (20.107)

The indices A in (17.18) that denote all the gauge vectors coincide in this case with the
indices I . The moment map that corresponds to this transformation, which we indicate by
P0, can be written in various ways:

P0
I = −iNI J fK L

J X K X̄ L = iNJ L fK I
J X K X̄ L = −iNJ K fL I

J X K X̄ L

= f I J
K (X J F̄K + X̄ J FK )+ 2CI,J K X J X̄ K = −〈TI V, V̄ 〉 . (20.108)

The first line implies that the potential-like term on the second line of (20.89) can be written
as −N−1|I J P0

I P0
J . In the second line appears the tensor CI,J K defined in (20.18).

Exercise 20.14 Note that (20.19) implies

fK (I
L NJ )L = 0 , (20.109)

and use this to prove the equalities in the first line of (20.108).
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20.2.7 Complete action

For writing the complete action, we use the gauge conditions, write out the F̂μν I from
(20.77), and use Ex. 17.3, with (17.27).11 This leads to (adding also the Chern–Simons
term, related to the coefficients CI,J K in (20.18))

e−1L = κ−2
(

1
2 R − ψ̄iμγ

μνρ Dνψ
i
ρ

)
− NI J DμX I Dμ X̄ J − 1

2 gXY Dμq X DμqY

− NI J 	Y I · 	Y J − N−1|I J P0
I P0

J − 2X̄ I X J kI
X kJ X

+ 2
3 CI,J K e−1εμνρσ Aμ

I Aν
J
(
∂ρ Aσ

K + 3
8 fL M

K Aρ
L Aσ

M
)

+ 1
2 ψ̄aiγ

abcψ
j

b

(
δi

j NI J X̄ I Dc X J + Dcq X 	kX · 	τ j
i
)

+
{
− 1

4 iF̄I J F+I
μν F+μν J + 1

16 NI J X I X J T+
abT+ab

− 1
4 NI J �̄

i I /̂D�J
i − ζ̄Ā /̂DζBdĀB

+ 1
2 NI J ψ̄ia /DX Iγ a�i J + iψ̄ia /Dq Xγ aζĀ f iB

X dĀB
− 1

2 NI J εi j

(
�̄i Iγμ − X̄ I ψ̄ i

μ

)
ψ j
ν F−μν J − 1

16 iFI J K �̄
I
i γ

μν�J
j ε

i j F− K
μν

+ 1
2 NI J �̄

I
i fK L

J
(
�L

j + γ aψaj X L
)

X̄ K εi j

+ 2X I ζ̄AζBtIAB + 2ik X
I f iB

Xεi j d
ĀB ζ̄Ā

(
� j I + γ aψ

j
a X̄ I

)
+ 1

2 ψ̄ajγ
a�I

i PI
i j + 1

2 X̄ I ψ̄ i
aγ

abψ
j

b PI i j + h.c.
}

+ four-fermion terms. (20.110)

We have used the field equations to determine the U(1) and SU(2) connections. The aux-
iliary fields are no longer to be considered as independent fields, but stand for their values
defined by the field equations (20.103), (20.105) and (20.106). The covariant derivatives
are (omitting all contributions that gives rise to four-fermion terms)

DμX I = (∂μ − iAμ

)
X I + Aμ

J X K f J K
I ,

Dμq X = ∂μq X + 2 	Vμ · 	k X − Aμ
I kI

X ,

Dμ�
I
i =

(
∂μ + 1

4ωμ
ab(e)γab − 1

2 iAμ

)
�i + Vμi

j� j
I + AJ

μ�
K
i f J K

I ,

D̂μζ
A =

(
∂μ + 1

4ωμ
ab(e)γab + 1

2 iAμ

)
ζA − AI

μtIBAζB + ∂μq XωXBAζB ,

Dμψνi =
(
∂μ + 1

4ωμ
ab(e)γab + 1

2 iAμ

)
ψνi + Vμi

jψν j , (20.111)

where Aμ and Vμi
j are the bosonic parts of the auxiliary R-symmetry gauge fields given

in (20.103) (with the usual translation between triplet and doublet notation; see (20.207)).

11 Since we do not write four-fermion terms here, we can omit the (0) indication for the covariant derivative,
which is used in Ch. 17 to indicate that ψ-torsion terms are omitted.
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20.2.8 D = 5 and D = 6,N = 2 supergravities

We do not discuss in detail the D = 5 and D = 6 theories, but the main procedure is
very similar in these cases: one has to use two compensating multiplets. For D = 5 one
can again use a compensating gauge multiplet and a hypermultiplet. The difference from
D = 4 is that the gauge multiplet has only a real scalar. This fits remarkably well with
the fact that the R-symmetry group contains only SU(2), and no U(1), which we used in
D = 4 for fixing the phase of the scalar field of the gauge multiplet. The full D = 5 theory
has been written down in [207], for a large part based on previous work, e.g. [93, 204, 205].

For D = 6 one of the compensating multiplets is a tensor multiplet containing on the
bosonic side a real scalar, which can be used for the dilatational gauge fixing, and a self-
dual antisymmetric tensor. The latter combines with the anti-self-dual tensor T− of the
Weyl multiplet to make the field strength of a physical 2-form field in the super-Poincaré
multiplet [222, 236, 237, 238]. The general super-Poincaré theory is given in [239]. It
builds on earlier work, e.g. [240, 241, 242].

20.3 Special geometry

As mentioned in Sec. 12.5 and at the beginning of this chapter, the scalar sectors of N =
2 supersymmetry and supergravity define special geometries. As was mentioned in Sec.
12.5, the R-symmetry group plays an important role for the geometries of the scalars in
supergravity. The R-symmetry group is SU(2) for D = 5 and 6, and SU(2)× U(1) for
D = 4. The SU(2) group acts on the scalars of the hypermultiplets. This leads to the three
complex structures of the corresponding manifolds. The U(1) factor acts on the complex
scalars of the gauge multiplet in D = 4, whose manifold therefore inherits one complex
structure. This manifold is a Kähler manifold, but with ‘special’ properties, which are
related to the symplectic duality transformations of the vector fields to which the gauge
multiplet scalars are related by supersymmetry.

20.3.1 The family of special manifolds

There are three types of special manifolds which we shall discuss, related to the real scalars
of gauge multiplets in D = 5, the complex scalars of D = 4 gauge multiplets and the
quaternionic scalars of hypermultiplets. Furthermore, these spaces are not completely inde-
pendent, and we additionally discuss the relation between these special manifolds. Since
there are no scalars in the gauge multiplets of D = 6, there is no geometry in that case.

We furthermore consider the manifolds of the scalars in global supersymmetry and
in supergravity. We have seen in Sec. 17.3 that the manifold of the scalars in N = 1
supergravity can be understood as a projective manifold. To define this manifold, we first
imposed conformal symmetry on the global supersymmetry theory, and included one mul-
tiplet that contains ‘compensating fields’, i.e. fields that are not physical; instead they are
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Table 20.4 Geometries from supersymmetric theories with eight real supercharges, and the connections
provided by the r-map and the c-map.

D = 5 gauge D = 4 gauge hypermultiplets
multiplets multiplets

rigid affine affine hyper-
(affine) very special real special Kähler Kähler

local (projective) (projective) quaternionic-
(projective) very special real special Kähler Kähler

gauge degrees of freedom for the superconformal theory. The projection from the confor-
mal invariant theory to the physical one lead to the manifolds that appear in supergravity.
In Sec. 20.2.5 we saw already that similar projections can be defined for N = 2. In view
of this construction the geometries that are related to global supersymmetry have been
called ‘affine’ in the mathematics literature [243, 244] and ‘rigid’ in the physics literature,
while those for supergravity are called ‘projective’.12 This leads to the scheme in the upper
part of Table 20.4. Note that the systematic nomenclature is not followed for the hyper-
multiplets, since what could have been called ‘affine quaternionic-Kähler manifolds’ were
already named hyper-Kähler manifolds by mathematicians.13

The lower part of Table 20.4 represents a relation between these manifolds that can
be understood from dimensional reduction. The manifolds of supergravity theories with
gauge multiplets in D = 5 are called very special real manifolds. When these theories are
dimensionally reduced to D = 4, they give rise to theories with special Kähler geom-
etry. This map between a very special real manifold and a special Kähler manifold is
called the r-map [245]. A theory with gauge multiplets in D = 4 can be dimension-
ally reduced to D = 3. As discussed in Sec. 7.8, see especially (7.77), a vector field
(p = 1) in D = 3 can be transformed into a scalar. Therefore, the dimensional reduc-
tion of the bosonic part of gauge multiplets can be written in terms of scalars only, and

12 When we do not specify and, for example, talk about ‘special Kähler’ geometry, we refer to the geometry of
the scalars in supergravity.

13 Hyper-Kähler manifolds can be seen as a special case of ‘quaternionic-Kähler manifolds’ with vanishing
SU(2) curvature. We will restrict ourselves to the quaternionic-Kähler manifolds of negative scalar curvature,
as those are the only ones that appear in supergravity with positive kinetic energies for all fields. For manifolds
with continuous isometries, this implies that they are non-compact.
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thus they become hypermultiplets. This provides a map between vector multiplets and
hypermultiplets, which is the c-map (named for Calabi) [246]. A scalar action looks the
same in any dimension, and therefore the c-map can be considered also as a map between
the special Kähler geometry of vector multiplets in D = 4 and the geometry of hyper-
multiplets. The latter map has also an interpretation from T -duality between IIA and IIB
superstring theories, but we will not discuss this here.

The r-map thus maps a real geometry into a complex one, and the c-map connects a
complex geometry to a quaternionic one. But in fact these maps also increase the number
of multiplets. Denoting by n the complex dimension of the special Kähler manifolds, the
real dimensions of the manifolds that are connected are

n − 1
r−map−→ 2n

c−map−→ 4(n + 1) . (20.112)

This can be understood from the reduction of the supergravity multiplet. The supergrav-
ity multiplet in D = 5 contains the graviton, gravitini and a graviphoton (spin-1 field of
the gravity multiplet). When reducing to four dimensions, the graviton leads to a gravi-
ton plus a vector and a scalar in four dimensions. The gravitino gives an extra spin 1/2,
and the graviphoton gives an extra scalar. Thus, we end up with an extra gauge multi-
plet. The same happens in the reduction from D = 4 to D = 3, where the graviton
gives rise to a vector and a scalar, and also the graviphoton gives a vector and a scalar.
Both vectors are duality transformed into scalars, and thus we have an extra quaternionic
scalar.

The dimensional reduction, and thus the r-map and the c-map, lead only to a specific
subclass of special Kähler and quaternionic-Kähler manifolds. This induces a terminology
for subclasses of special Kähler and quaternionic-Kähler manifolds. The image of the very
special real manifolds under the r-map defines the very special Kähler manifolds, a non-
trivial subset of special Kähler manifolds. The c-map defines in the same way the ‘special
quaternionic-Kähler’ manifolds as a non-trivial subset of quaternionic-Kähler manifolds,
and in an obvious way also very special quaternionic-Kähler manifolds; see the lower part
of Table 20.4.

20.3.2 Very special real geometry

The real manifolds that appear in five dimensions [93] are called very special real man-
ifolds. In Sec. 20.1.2 we discussed the couplings of gauge multiplets in global D = 5
supersymmetry, enumerated by indices I = 1, . . . , n and determined by a symmetric ten-
sor CI J K . The scalar fields of these multiplets are real fields σ I , and from (20.11) we
extract the metric of the scalar manifold

gI J = CI J Kσ
K . (20.113)

Exercise 20.15 Prove that the curvature tensor corresponding to this metric is
RI J K L = − 1

2 gM N CN I [K CL]J N .

This metric has a homothetic Killing vector. Indeed, (15.46) is satisfied for k I
D = σ I and

w = (D − 2)/2 = 3/2. Therefore, we can define the projective manifold, by defining a
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Table 20.5 Symmetric very special manifolds. The real dimensions of real, Kähler and quaternionic manifolds
are (n − 1), 2n and 4(n + 1), respectively.

q, P n real Kähler quaternionic

−1, 0 2 SO(1, 1)
[

SU(1,1)
U(1)

]2 SO(3,4)
(SU(2))3

−1, P 2+ P SO(P+1,1)
SO(P+1)

0, P 3+ P SO(1, 1)⊗ SO(P+1,1)
SO(P+1)

SU(1,1)
U(1) ⊗ SO(P+2,2)

SO(P+2)⊗SO(2)
SO(P+4,4)

SO(P+4)⊗SO(4)

1, 1 6 SL(3,R)
SO(3)

Sp(6)
U(3)

F4,4
USp(6)⊗SU(2)

2, 1 9 SL(3,C)
SU(3)

SU(3,3)
SU(3)⊗SU(3)⊗U(1)

E6,2
SU(6)⊗SU(2)

4, 1 15 SU∗(6)
USp(6)

SO∗(12)
SU(6)⊗U(1)

E7,−5

SO(12)⊗SU(2)

8, 1 27 E6,−26
F4

E7,−25
E6⊗U(1)

E8,−24
E7⊗SU(2)

fixed value for a ‘radius’. Using the conformal methods for D = 5, one finds, similar to
(20.99), together with k2

D = −9κ−2, [207]

CI J Kσ
Iσ Jσ K = −3κ−2 . (20.114)

We choose coordinates φx on the (n − 1)-dimensional submanifold (20.114). In order to
convert to the standard normalizations in the literature [93, 204, 205, 207], we rescale the
CI J K symbol and the gauge multiplet scalars as follows:

hI ≡ κ

√
2

3
σ I , CI J K ≡ − 1

2κ

√
3

2
CI J K , (20.115)

such that

CI J K h I h J hK = 1 . (20.116)

The metric on the scalar manifold is then

gxy = −3(∂x h I )(∂yh J )CI J K hK . (20.117)

In general, very special real manifolds are not homogeneous manifolds. The manifold
turns out to be a homogeneous manifold for certain choices of the C tensor [245]. These
manifolds have been called L(q, P) for q = −1, 0, 1, 2, . . . and P = 0, 1, 2, . . ., and for
q = 4m there is an extra possibility L(q, P, Ṗ) = L(q, Ṗ, P). For some specific values
of q and P they are symmetric spaces, and their dimensional reduction according to Table
20.4 gives rise, up to the exceptional case L(−1, P), to symmetric very special Kähler and
very special quaternionic manifolds; see Table 20.5.

20.3.3 Special Kähler geometry

Gauge multiplets in D = 4, N = 2 have complex scalars, and the kinetic terms determine
Kähler manifolds, which are of a special type. The restricted class of Kähler metrics that
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occur in the scalar sector of N = 2, D = 4 gauge multiplets are called special Käh-
ler manifolds [91]. We saw already in (20.16) that for global supersymmetry the Kähler
potential is obtained from a prepotential F(X). However, the X I are specific coordinates,
and (20.16) is not preserved when we change to other coordinates. We should look for a
coordinate independent characterization of special Kähler geometry. Definitions of such
manifolds independent of supergravity were given in [247, 243, 244, 159].

The main ingredient of the geometry of gauge multiplets in four dimensions is the con-
nection to the gauge fields. We saw in Sec. 4.2 that the symmetries of the field equations
and Bianchi identities of these gauge fields define a symplectic group. The matrix that
enters in the kinetic terms, which was called f AB in Sec. 4.2.4, depends on the scalars of
the gauge multiplets. Therefore, the rule (4.74) determines the action of symplectic trans-
formations on the scalars. This extra ingredient characterizes special Kähler geometry as
a subclass of Kähler manifolds. They are the Kähler manifolds in which the scalars ‘feel’
the symplectic transformations.

Rigid special Kähler geometry

We will first discuss special Kähler geometry in the context of global supersymmetry (i.e.
‘affine’ or ‘rigid’ special Kähler manifolds), and will then use the projection method to
define special geometry as it is known in supergravity. In Appendix 20C we give a math-
ematical definition, which essentially demands that it is a Kähler manifold with an extra
connection that preserves a symplectic structure and has zero curvature. We discuss here
the resulting structure.

A rigid special Kähler manifold is a Kähler manifold with holomorphic coordinates zα ,
and ‘holomorphic symplectic sections’. A symplectic section means that at any point of
the manifold there are 2n quantities X I (z) and FI (z) that transform as a vector under the
symplectic transformations discussed in Sec. 4.2.4 (there presented with indices A). Here
I = 1, . . . , n and α = 1, . . . , n. The zα behave as arbitrary coordinates under holomor-
phic coordinate transformations. The X I and FI should be vectors under the symplectic
transformations. Here FI are the lower components of such a symplectic vector, and not
the derivative of a scalar function F . But we will soon find that under regular assumptions
it is of gradient form locally in any patch.

The supersymmetry transformations in the gauge multiplets connect the vectors to the
fermions, and the latter to the scalars, in such a way that the symplectic transformations of
the vectors are connected to those on the scalar sector by the correspondence

V =
(

X I

FI

)
⇐⇒

(
F I
μν

Gμν I

)
. (20.118)

Symplectic inner products between two vectors, denoted by 〈·, ·〉, are symplectic invariants
that are defined using the antisymmetric matrix � in (4.77), for example

〈V, V̄ 〉 ≡ X I F̄I − FI X̄ I = ( X I FI )

(
0
− 0

)(
X̄ I

F̄I

)
. (20.119)

Special Kähler geometry can be defined as a Kähler manifold with metric gαβ̄ based on a
symplectic vector V (z) such that
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〈∂αV, ∂βV 〉 = 0 ,

gαβ̄ = i∂α∂β̄〈V, V̄ 〉 = i〈∂αV, ∂β̄ V̄ 〉 . (20.120)

The Kähler potential is thus the symplectic invariant expression i〈V, V̄ 〉. The X I are the
scalars that we used in the previous sections.

If X I are independent variables, i.e. if ∂αX I is invertible, then the first condition in
(20.120) is the integrability condition for the (local) existence of a holomorphic function
F(X), called the prepotential, with

FI (X) = ∂F(X)

∂X I
. (20.121)

The function F(X) is an arbitrary holomorphic function for rigid special Kähler geometry.
For the conformal theory, we have already seen in (20.85) that it must be homogeneous of
second order, and this requirement will then also appear when we discuss supergravity.

If the metric is positive definite, ∂αX I should be invertible [247] and thus a prepotential
can be defined. Then the metric is

gαβ̄ = NI J ∂αX I ∂β̄ X̄ J , NI J ≡ 2 Im FI J = −iFI J + iF̄I J . (20.122)

This metric is the one that can be extracted from the action (20.15). We thus identify F(X)
as the holomorphic function which has been used to construct that supersymmetric action.
We remind the reader that we used F(X) in Sec. 20.1.3 as the first component of a chiral
multiplet whose highest component gives the action. In superspace language, this means
that the action is

∫
d4x d8θF+h.c.However, the last steps above hold only in a local frame.

F(X) is in general not a well-defined function over the manifold. As a global definition,
we should consider the symplectic formulation in which (X I , FI ) are local components
of a symplectic bundle. When we go from one patch to another, the symplectic vectors in
both patches should be related by symplectic transformations [247, 243, 159].

The situation is quite different if the metric is not positive definite. This case is of course
important for supergravity, since the condition (20.99) implies that there should be negative
contributions to the metric NI J , due to the compensating multiplet with negative signature.
In that case, the function X I (z) may in some instances not be invertible, and we cannot go
beyond (20.120), i.e. there may not be a prepotential such that (20.121) holds [248]. Hence,
the symplectic formulation is necessary to understand the structure of special geometry.

The kinetic terms of the gauge fields are also determined by special geometry. The rele-
vant complex matrix was called f AB in Sec. 4.2.4 and in the treatment of N = 1, but the
standard notation for extended supersymmetry is NI J ≡ −i f̄ I J , as we mentioned already
in (12.11). We thus write the spin-1 kinetic terms as
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Box 20.5 Special Kähler geometry

In special Kähler geometry the symplectic symmetrySp(2(nV + 1)) of the gauge vectors in the multiplet
acts also in the scalars that live in a complexnV dimensional Kähler manifold. The geometry can be described
in terms of a prepotential F(X) that must be homogeneous of degree 2 in the (nV + 1) complex vari-
ables X I .

L1 = 1
4 e(ImNI J )F

I
μνFμν J − 1

8 (ReNI J )ε
μνρσ F I

μνF J
ρσ = 1

2 e Im
(
NI J F+I

μν F+μν J
)
.

(20.123)

The symplectic transformation on this matrix is

N ′ = (C + DN )(A + BN )−1 , NI J ≡ −i f̄ I J . (20.124)

Comparing the general form of the action (4.78) with (20.15) identifies NI J = F̄I J . A
symplectic invariant definition is

N I J ∂αX J = ∂αFI . (20.125)

This defines NI J for an invertible ∂αX I . For supergravity, where this matrix may not be
invertible, we will need an extra equation.

We finally draw the attention of the reader to the formulas (20.223) and (20.236), which
give the curvature of rigid special Kähler manifolds.

Projective special Kähler manifolds

To define projective special Kähler geometry, we have to start with the definition of the
dilatation operator. In the context of the superconformal calculus, we found already that
the X I have Weyl weight 1, and that a prepotential F should have weight 2, such that FI

also has weight 1.

Exercise 20.16 Check that for any Kähler manifold the condition for a closed homoth-
etic Killing vector (15.46) using a holomorphic and an anti-holomorphic index states that
kα should be holomorphic. Check that this condition (with w = 1) for two holomorphic
indices is equivalent to the condition ∂α(kβgββ̄) = gαβ̄ . Use then the metric (20.120) and
show that it is solved when

kαD∂αV (z) = V (z) . (20.126)

Prove finally that with (20.121) this reproduces the statements of dilatational transforma-
tions of X I and the homogeneity of the prepotential F.

As mentioned before, we can thus use the properties of the projective Kähler manifolds
discussed in Sec. 17.3 with a = κ−2 for supergravity, as follows from (20.99). We split the
coordinates similar to (17.45) and can do this for the whole symplectic section:
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V = y v(z) , v(z) ≡
(

Z I (z)
FI (z)

)
, (20.127)

where v is a symplectic vector with 2(nV +1) components.14 The holomorphic coordinates
are as for N = 1: {y, zα}, α = 1, . . . , nV . Hence this set of nV + 1 coordinates of the
embedding manifold were in the presentation of the rigid Kähler manifold denoted by zα .
The condition (20.126) and the definition of y as the coordinate in the direction of the
holomorphic homothetic Killing vector imply FI (y, z) = y FI (z). In the case that they are
determined from a prepotential, we have

FI (y, z) = FI (X (y, z)) = FI (y Z(z)) = yFI (Z(z)) . (20.128)

Owing to the homogeneity, we have in fact F(X) = y2 F(Z), and FI (Z) = ∂F(Z)/∂Z I .
Since these functions F(X) and F(Z) have the same functional forms, we do not intro-
duce different names. Note that, according to (20.118), V transforms under symplectic
transformations in the same way as the gauge field strengths. When we consider symplec-
tic transformations that do not leave y invariant, v does not transform in the same way.

Following the steps of Sec. 17.3.5, we obtain here (with a = κ−2 and taking the U(1)
gauge y = ȳ)

y = eκ
2K(z,z̄)/2 , e−κ2K(z,z̄) = −iκ2〈v, v̄〉 . (20.129)

We then define the Kähler transformations and introduce Kähler covariant derivatives as in
Sec. 17.3.6. They can be applied to the full symplectic section, and the covariant derivatives
(17.73) are

∇αv ≡ ∂αv + κ2(∂αK)v , ∇ ᾱv ≡ 0 ,

∇ ᾱ v̄ ≡ ∂ᾱv̄ + κ2(∂ᾱK)v̄ , ∇αv̄ ≡ 0 . (20.130)

Remember from Sec. 17.3.6 that ∇α y = ∇α ȳ = 0 as well, before or after the T gauge
fixing. We can also write

∇αX I = ∂αX I + 1
2κ

2(∂αK)X I = y∇αZ I , ∇αV = y∇αv , (20.131)

which allows us to write down the Kähler and symplectic covariant form of the metric

gαβ̄ = i 〈∇αV,∇ β̄ V̄ 〉 = i y ȳ 〈∇αv,∇ β̄ v̄〉 . (20.132)

It is also important to realize the vanishing of the symplectic holomorphic inner products

〈v,∇αv〉 = 〈∇αv,∇βv〉 = 0 . (20.133)

The vanishing of the first expression implies the second one (while the inverse statement
is valid for n > 1), and follows from the homogeneity of first order of FI (X).

14 We use nV for the complex dimension of the projective manifold, and thus the rigid special Kähler manifold
has dimension nV + 1.
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The matrix methods introduced in Ex. 17.14 become even more important in the present
case. However, the expressions there have to be completed to symplectic covariant expres-
sions. The invertibility of the metric implies [247] that the 2(nV + 1)× (nV + 1) matrix

( v ∇αv ) =
(

Z I (z) ∇αZ I (z)
FI (z) ∇αFI (z)

)
(20.134)

has rank (nV + 1). However, the upper (nV + 1) × (nV + 1) matrix could be non-
invertible. If it is invertible, then the prepotential exists. Indeed, this upper part corresponds
to {∂y X I , ∂αX I } for the embedding manifold, whose invertibility was the condition for the
existence of the prepotential. In either case, if the metric is invertible one can prove that

( Z̄ I (z) ∇αZ I (z) ) (20.135)

is invertible. This invertible matrix appears in the expression

N̄I J =
(
F̄I (z̄) ∇αFI (z)

)(
Z̄ J (z̄) ∇αZ J (z)

)−1
, (20.136)

which defines the kinetic matrix of the vector fields. When we discuss the Poincaré super-
gravity theory, we will see that this is the matrix that appears in the spin-1 action (20.123).
As previously mentioned, the definition (20.136) is independent of the existence of the
prepotential. If FI is derivable from a prepotential, (20.136) can be written as

NI J (z, z̄) = F̄I J (z̄)+ i
NI K Z K (z)NJ L Z L(z)

NM N Z M (z)Z N (z)
= F̄I J + i

NI K X K NJ L X L

NM N X M X N
. (20.137)

Exercise 20.17 Show that inserting the bosonic part of (20.105) in (20.89) leads to
(20.123) with NI J as in (20.137).

The positivity of the kinetic energy of the vectors follows from the (nV + 1)× (nV + 1)
matrix equation(

κ−2 0
0 gαβ̄

)
= i(y ȳ)

( 〈v̄, v〉 〈v̄,∇ β̄v〉
〈∇αv, v〉 〈∇αv,∇ β̄ v̄〉

)
= −2(y ȳ)

(
Z̄ I

∇αZ I

)
ImNI J ( Z J ∇ β̄ Z̄ J ) . (20.138)

It shows that ImNI J is negative definite if the metric is positive definite.15

The curvature of a special Kähler manifold can be obtained from the general method in
(17.88) in terms of the curvature of the embedding manifold, which is derived in Appendix
20C; see (20.223). This leads to

Rαᾱββ̄ = 2κ2gᾱ(αgβ)β̄ − Cαβγ gγ γ̄ C̄ᾱβ̄γ̄ . (20.139)

15 In fact it is also used here that κ2 is positive, which means in supergravity that the positivity of the kinetic
terms of the spin-1 fields follows from the positive definiteness of the kinetic terms of the spin-2 and of the
spin-0 fields.
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The tensor Cαβγ can be written as

Cαβγ = i 〈∇α∇βV,∇γ V 〉 = iFI J K∇αX I∇β X J∇γ X K , (20.140)

where the last expression can only be used when the prepotential F(X) exists.
The examples in the following exercises will be used in Ch. 22.

Exercise 20.18 Consider the prepotential16

F(X) = −iκ−2 X0 X1 . (20.141)

This is a model with nV = 1, i.e. with one coordinate z = z1. One has to choose a
parametrization to be used in the upper part of (20.127). Choose Z0 = 1 and Z1 = −iz
(in order to use the same variable z as in Chs. 7 and 22). Find the holomorphic symplectic
vector

v =

⎛⎜⎜⎝
Z0

Z1

F0

F1

⎞⎟⎟⎠ =

⎛⎜⎜⎝
1
−iz
−κ−2z
−iκ−2

⎞⎟⎟⎠ . (20.142)

Obtain the Kähler potential directly from (20.129), and find the metric in the scalar and
vector sector:

e−κ2K = 4 Im z , gzz̄ = ∂z∂z̄K = (2κ Im z)−2 , N = κ−2
(−z 0

0 1/z

)
.

(20.143)

We remark that the domain of positivity for both metrics (i.e. gzz̄ > 0 and ImNI J < 0) is
Im z > 0.

Exercise 20.19 Perform a symplectic transformation on the vector of the previous
example:

V ′ = SV =

⎛⎜⎜⎝
1 0 0 0
0 0 0 −κ2

0 0 1 0
0 κ−2 0 0

⎞⎟⎟⎠ yv = y

⎛⎜⎜⎝
1
i

−κ−2z
−iκ−2z

⎞⎟⎟⎠ . (20.144)

After this transformation, z does not appear any more in (X ′0, X ′1), the upper two compo-
nents of the symplectic vector V ′. Hence, ∂αX I = 0, and thus the symplectic vector cannot
be obtained from a prepotential. The Kähler metric is a symplectic invariant, and is still as
in (20.143). Compute the kinetic matrix of the vector sector in two ways: (1) from (20.136)
and (2) using (20.124):

N ′ = (C + DN )(A + BN )−1 = −κ−2z . (20.145)

16 The factor i in the overall normalization is necessary to get a non-trivial model; see Ex. 20.4. The factor κ−2

is a normalization chosen for convenience in Ch. 22.
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Symmetries of special Kähler manifolds

The symmetries of a special Kähler manifold are a subset of the symplectic transforma-
tions. They are those that are consistent with the chosen symplectic vectors. Infinitesi-
mal symplectic transformations are matrices of the form (4.76) that are close to the unit
matrix, i.e.

S = + T , T =
(

a b
c −aT

)
, b = bT , c = cT . (20.146)

We thus look for infinitesimal transformations δy and δzα that are consistent with the trans-
formation of V = y v(z). Following (17.95) we write δy = κ2 y r(z), and the condition is
then

δV = T V , δv(z) = T v(z)− κ2r(z) v(z) . (20.147)

For a good understanding, one has to consider an example as in the following exercise.

Exercise 20.20 Assume arbitrary δz, and compare the transformation of the symplectic
vector (20.142) with the formula (20.147). Find out which δz and r(z) are possible for a
real constant T matrix of the form (20.146). Do then the same for (20.144). You should
find that in both cases they are of the form

r = θ�r� = κ−2
(

i θ0 − 1
2θ

2 − θ3z
)
, δz = θ�k�

z = θ1 + θ2z + θ3z2 . (20.148)

These are the Killing vectors of su(1, 1) that we found already in (7.157), and θ0 is the
parameter of a commuting abelian (R-symmetry) generator. The symplectic embeddings
are different in the two cases, such that in the first case there is only one perturbative sym-
metry (a symmetry such that b = 0) while in the second case there are three perturbative
symmetries.17The solution that you should find for the case (20.144) is

T =
(

a b
c −aT

)
=

⎛⎜⎜⎝
− 1

2θ
2 θ0 κ2θ3 0

−θ0 − 1
2θ

2 0 κ2θ3

−κ−2θ1 0 1
2θ

2 θ0

0 −κ−2θ1 −θ0 1
2θ

2

⎞⎟⎟⎠ . (20.149)

Exercise 20.21 Write the left-hand side of (20.147) as kα∂αv and prove from this, using
T = θ�T� , the analogue of (17.98):

T� v = k�
α∇αv + iκ2 P0

�v , P0
� = −eκ

2K〈T�v, v̄〉 . (20.150)

P0
� is the moment map (20.108) for this case.

The special Kähler manifolds that are the dimensional reduction of the very special real
manifolds (i.e. very special Kähler manifolds; see Table 20.4) have a description in terms
of a prepotential of the form

17 The example that we used here appears in a reduction to N = 2 of two versions of N = 4 supergravity,
known respectively as the ‘SO(4) formulation’ [249, 250, 251] and the ‘SU(4) formulation’ of pure N = 4
supergravity [252].
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F(X) = CABC X A X B XC

X0
, (20.151)

where {X I } = {X0, X A}, and the CABC are the coefficients used in Sec. 20.3.2, there
denoted by CI J K . In particular, this includes all the Kähler manifolds in Table 20.5. The
only other symmetric special Kähler manifolds [253] are the dimensional reductions of
pure D = 5 supergravity, leading to SU(1, 1)/U(1), and (the non-compact versions of) the
complex projective spaces

SU(nV , 1)

SU(nV )× U(1)
. (20.152)

The latter can be obtained by the prepotential

F(X) = i
(
−X0 X0 + X A X A

)
. (20.153)

One can see that the list of symmetric spaces is consistent with (13.69), where all irre-
ducible symmetric Kähler spaces were listed. However, for general Kähler spaces, one can
take products of two Kähler spaces to make a new one, which is not the case for special
Kähler manifolds. The only special Kähler manifolds [254] that are product manifolds are
those in the (0, P) Kähler entry of Table 20.5. Since those manifolds are important in
many applications of special geometry, we will consider them in more detail. They are the
symmetric spaces

SU(1, 1)

U(1)
⊗ SO(nV − 1, 2)

SO(nV − 1)⊗ SO(2)
. (20.154)

These manifolds occur in the classical limit of the compactified heterotic string, where the
first factor contains the dilaton-axion.

Exercise 20.22 Special Kähler models of type L(0, nV − 3) can be described by the
prepotential

F(X) = 1

2X0
X1 Xr Xtηr t , (20.155)

where {X I } = {X0, X1 Xr }, with r = 2, . . . , nV , and ηr t is a constant diagonal met-
ric with signature (+,−, . . . ,−). By choosing suitable coordinates, S and zr , obtain the
symplectic section

v =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1
S
zr

− 1
2 Sηrs zr zs

1
2ηrs zr zs

Sηrs zs

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (20.156)

In this parametrization only an SO(nV−2) subgroup of SO(nV−1, 2) is linearly realized
(acting on the Xr ). This is surprising from a string compactification point of view. The
full SO(nV − 1, 2) should be a perturbative symmetry, as realized in the N = 4 theory
described in [255, 256]. We can, however, obtain a linear SO(nV − 1, 2) symmetry after a
symplectic transformation [248], as clarified in the following exercise.
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Exercise 20.23 Consider the symplectic transformation on the components
{Z0, Z1, F0, F1} of (20.156) (leaving invariant Zr and Fr ), generated by⎛⎜⎜⎜⎝

− 1
2 0 0 1

1
2 0 0 1

0 − 1
2 −1 0

0 − 1
2 1 0

⎞⎟⎟⎟⎠ . (20.157)

Prove first that this is a symplectic transformation, and show then that after this transfor-
mation

Z ′0 = − 1
2 (1− ηi j z

i z j ) ,

Z ′1 = + 1
2 (1+ ηi j z

i z j ) ,

Z ′i = zi ,

F ′
I = S ηI J Z ′J , (20.158)

such that Z ′IηI J Z ′J = 0, with ηI J = diag(+ − + − . . .−). Show that this symplectic
section is consistent with symmetry transformations of the form (20.147) with

aI
J = −dJ

I = �I
J , b = c = 0 , −κ2r(z) =

(
�0

J −�1
J

)
Z ′J , (20.159)

where �I
J are parameters of SO(2, nV − 1) transformations, i.e. ηI J�

J
K = −ηK J�

J
I .

The result (20.158) is similar to (20.144) in that the variable S does not appear in the
upper part. Therefore, also here the second formulation cannot be derived from a pre-
potential F. This important example illustrates the usefulness of formulations without a
prepotential.

The case nV = 3 of (20.154) has some special properties. Since SO(2, 2) = SU(1, 1)×
SU(1, 1), this model is (

SU(1, 1)

U(1)

)3

. (20.160)

It is called the STU-model, giving the names S, T and U to the three complex scalar fields,
and is often used for studies of black holes and for applications in string theory.

20.3.4 Hyper-Kähler and quaternionic-Kähler manifolds

Hyper-Kähler manifolds

We introduced hypermultiplets in Sec. 20.1.4. We found that they have a multiple of
four real scalars, which we denoted by q X . Their supersymmetry transformations involve
‘frame fields’, such that squares of the latter lead not only to the unit matrix, but also to
hypercomplex structures; see (20.23). A hypercomplex structure is a triple 	JX

Y of complex
structures with the relation J 1 J 2 = J 3. The geometries of manifolds with complex struc-
tures have been discussed in the physics literature in [257] because of their importance in
the context of two-dimensional field theories.
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We assume that the manifold has also a metric structure, as we need to build an action,
with Levi-Civita connection ∇. If the hypercomplex structure is covariantly constant with
this connection, i.e. (20.27) holds, then we have a hyper-Kähler manifold.

Exercise 20.24 Did you check that the complex structures (20.48) satisfy the algebra of
a hypercomplex structure? Consider now

(Jα)β
γ = −εαβγ , (Jα)β

4 = e−hδαβ , (Jα)4
β = −ehδαβ , h ≡ q4 .

(20.161)
Check that the algebra is still satisfied. Consider the metric

gαβ = e−2hδαβ , gα4 = 0 , g44 = 1 . (20.162)

The non-zero Christoffel connection coefficients are �4
αβ = e−2hδαβ and �α

4β = �α
β4 =

−δαβ . Check that ∇4 annihilates the complex structures, but the covariant derivatives in the

first three directions of q X are

∇β(Jα)X
Y = εαβγ e−h(J γ )X

Y . (20.163)

Hence the manifold is not hyper-Kähler. We will find that it is quaternionic-Kähler.

Quaternionic-Kähler manifolds

We will first discuss the geometry of quaternionic-Kähler manifolds. Then we will obtain
them as projective manifolds from hyper-Kähler embedding spaces. We will use the nota-
tion qu for the coordinates and use indices A for the flat basis. Hence, the fermionic indices
in supergravity will be denoted by A. The basic equations of Sec. 20.1.4 are for these coor-
dinates

f i A
v f u

i A = δu
v , f i A

u f u
j B = δi

jδ
A
B ,(

f i A
u

)∗ = f j B
uε j iρB Ā ,

(
f u

i A
)∗ = εi jρ ĀB f u

j B ,

ρAB̄ρ
B̄C = −δC

A , ρ ĀB = (
ρAB̄

)∗
, (20.164)

2 f i A
u f v j A = δvuδ

i
j + 	τ j

i · 	Ju
v , 	Ju

v = ( 	Ju
v)∗ = − f i A

u f v j A 	τi
j ,

huv = f i A
uεi j CAB f j B

v ,

where huv is the metric. What distinguishes quaternionic-Kähler manifolds from hyper-
Kähler manifolds is that the hypercomplex structures are only covariantly constant up to a
rotation between them:

∇̃w
	Ju
v ≡ ∇w

	Ju
v + 2 	ωw × 	Ju

v = 0 , (20.165)

where 	ωu(q) is a triplet of functions on the manifold. Quaternionic-Kähler manifolds
entered physics in [95], and [258] contains a lot of interesting properties. Reviews of the
geometries of quaternionic manifolds can be found in [259, 170, 206, 260].
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Box 20.6 Quaternionic-Kähler manifolds

Quaternionic-Kähler manifolds are Einstein manifolds with holonomy group USp(2nH ) × SU(2). The
SU(2) factor mixes the three complex structures.

In (20.44) we saw that the metric curvature of hyper-Kähler manifolds depends on the
curvature of the USp(2nH ) = U(nH ,H) holonomy group.18 To investigate the curvature
of quaternionic-Kähler manifolds, we start from the covariant constancy of frame fields.
The condition (20.25) is modified to

∇̃v f i A
u = ∂v f i A

u + f i B
uωvB

A + f j A
uωv j

i − �w
vu f i A

w = 0 , (20.166)

where again we switch to the notation ωi
j for the triplet 	ω. This condition gives the

USp(2nH ) and SU(2) connections given the Christoffel connection of the metric as

ωu j
iδB

A + ωu B
Aδ j

i = − f vj B

(
∂u f i A

v − �w
uv f i A

w

)
. (20.167)

If the left-hand side were an arbitrary matrix �u j B
i A, the holonomy group would be

GL(4nH ). This form is the expression of the fact that the holonomy group is restricted19

to USp(2nH ) × SU(2). The curvature relation is obtained as integrability condition of
(20.166):

Ruv
w

x = f w i A f i B
xRuvB

A − 	Jx
w · 	Ruv ,

Ruv
w

x ≡ 2∂[u�w
v]x + 2�w

y[u�
y
v]x ,

RuvB
A ≡ 2∂[uωv]B A + 2ω[u|C|Aωv]BC ,

	Ruv ≡ 2∂[u 	ωv] + 2 	ωu × 	ωv . (20.168)

Quaternionic-Kähler manifolds turn out to be Einstein,20 i.e.

Ruv = 1

4nH
huvR . (20.169)

A further property is that the SU(2) curvature is proportional to the complex structures
(with an index lowered using the metric):

	Ruv = 1
2ν
	Juv , ν ≡ 1

4nH (nH + 2)
R . (20.170)

18 The Ambrose–Singer theorem [261] states that the Lie algebra of the restricted holonomy group of the frame
bundle coincides with the algebra generated by the curvature.

19 Actually it is USp(2nH )×SU(2)/Z2, but since we consider mainly the algebra rather than the group, we will
neglect this difference here.

20 For nH > 1 this can be proven, but for nH = 1 the properties below are often included in the definition of
quaternionic-Kähler manifolds [262], which from the physical point of view is appropriate as they follow also
from supersymmetry requirements.
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Here ν is a dimensionful constant, which in supergravity is related to the Planck mass:
ν=−κ2. We will show below how this results from the projective construction of
quaternionic-Kähler manifolds using the superconformal calculus. The negative value for
supergravity implies that the manifold is non-compact (if there is at least one isometry).
Hyper-Kähler manifolds are those where the SU(2) curvature is zero, i.e. ν = 0, and these
are thus Ricci flat, as mentioned before.

There is a relevant curvature relation, which splits the curvature of any quaternionic-
Kähler manifold into the curvature of the (non-compact version of the) quaternionic pro-
jective space of the same dimension,

HPnH = USp(2nH , 2)

USp(2nH )× SU(2)
, (20.171)

and a remaining part,

Ruvwx = ν(RHPnH )uvwx + 1
2 ( f i A

u f j B
vεi j )( f kC

w f �D
xεk�)WABC D ,(

RHPnH

)
uvwx

≡ 1
2 hw[uhv]x + 1

2
	Juv · 	Jwx − 1

2
	Jw[u · 	Jv]x , (20.172)

with WABC D completely symmetric. The W-dependent part (‘Weyl curvature’) is Ricci
flat, while the first part is completely determined by the Ricci tensor (‘Ricci curvature’).
That part gives the Ricci tensor (20.169) and the value of the scalar curvature in terms of ν
in (20.170).

Exercise 20.25 Calculate the curvature for the manifold in Ex. 20.24, and see that it
agrees with (20.172) for ν = −1 and WABC D = 0. Hence this manifold is HP1. Check
also (20.170). You will have to deduce from (20.163) that 	ω ≡ 	ωudqu = − 1

2 e−hd	q.

Isometries

The symmetries of hyper-Kähler manifolds were identified in Sec. 20.1.5 as the isometries
that are triholomorphic, which was the condition (20.49). For these isometries we found
that there is a triplet moment map 	PI . For quaternionic-Kähler manifolds the isometries
are ‘quaternionic’, which means that(∇ukI

v
) 	Jvw − 	Ju

v
(∇vkI

w
) = ν 	Ju

w × 	PI . (20.173)

This implies again the existence of moment maps with formulas as for hyper-Kähler man-
ifolds up to ‘covariantization’ with the SU(2) connection:

∇̃u 	PI ≡ ∂u 	PI + 2 	ωu × 	PI = 	JuvkI
v ,

∇ukI
v = − 	Ru

v · 	PI + f i B
u f v i AtI B

A , tI A
B ≡ 1

2 f v i A∇vkI
u f i B

u ,

2nHν 	PI = 	Ju
v∇vkI

u . (20.174)

All these equations are true for hyper-Kähler manifolds when 	ω = 	R = ν = 0.
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As we have seen before for other similar cases, there is one condition for the non-abelian
Killing vectors: the equivariance relation. It generalizes (20.51),

kI
u 	JuvkJ

v = f I J
K 	PK + ν 	PI × 	PJ . (20.175)

Exercise 20.26 Show that the isometries of the metric defined in (20.162) can be
parametrized by {θ I } = {θ X , θ [XY ]}, such that (α indices are lowered by δαβ )

θ I k X
I = θαkα

X + θ4k4
X + 1

2θ
[αβ]k[αβ]X + θ4αk[4α]X ,

θ I kI
α = θα + θαβqβ + θ4qα + qβqβθ [4α] − 2qαqβθ [4β] + e2hθ [4α] ,

θ I kI
4 = θ4 − 2qαθ [4α] ,

θ I PI
α = εαβγ

(
1
2θ

[βγ ] + 2θ [4β]qγ
)
− 2ehθ4α + e−hθ I kαI . (20.176)

To solve the Killing vector equations, you might compare with (15.5)–(15.6). In this way,
you can recognize the algebra so(4, 1) for the (Euclidean) conformal group in three dimen-
sions. With (B.7) you can identify this group with usp(2, 2). With more energy, you can
explicitly check (20.173).

Quaternionic-Kähler manifolds as projected hyper-Kähler manifolds

We now turn to the construction of quaternionic-Kähler manifolds as projective hyper-
Kähler manifolds [263, 206, 207, 260]. We start from hyper-Kähler cones. That means
that it is a hyper-Kähler manifold that possesses a closed homothetic Killing vector as
defined in Sec. 15.7. The construction is produced by the superconformal methods in Sec.
20.2. We saw in (20.79) that the dilatation with the complex structures defines an SU(2)
factor in the isometry group. The homothetic Killing vector and the three SU(2) Killing
vectors define four directions in the hyper-Kähler manifold that are to be eliminated to
define the projective manifold. We thus have to define suitable coordinates between the
4(nH + 1) components of q X to make the projection. We do this by defining four coordi-
nates, indicated by q0 and qα , to run along the four directions defined by the homothetic
Killing vector and the SU(2) Killing vectors:

{q X } = {q0, qα, qu} , (20.177)

kD
X = {2wq0, 0, 0, . . . , 0} , 	k X = 1

2w
kD

Y 	JY
X = {0, 	kα, 0, . . . , 0, 0} .

The other 4nH coordinates qu are (using the Frobenius theorem) defined such that these
four vectors have no components in the u-directions.

The projective manifold is defined by a fixed value of the homothetic Killing vector and
for the coordinates qα . These are the conditions in (20.99) and the SU(2) gauge conditions
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in the superconformal construction of supergravity. After appropriate definitions of the
variables,21 the metric can be brought into a cone-light form as in Sec. 17.3.4, i.e.

gXY dq X dqY = − 1

q0
dq0dq0 + huvdqudqv − 1

q0
	kX · 	kY dq X dqY ,

	kX dq X = 	kαdqα + 	kudqu . (20.178)

Note that although 	k X has only three non-zero components according to (20.177), 	kX has
components in the α- and u-directions. This implies a relation between guv and huv ,

huv = guv − 1

q0
	ku · 	kv , (20.179)

which can be seen with the superconformal methods from the contribution of the auxiliary
field 	Vμ (20.103).

The chosen value for q0 defines the parameter ν mentioned in (20.170):

kD
X gXY kD

Y = −4w2q0 = 4w2 1

ν
. (20.180)

For supergravity we use w = (D− 2)/2, which is w = 1 for D = 4, such that comparison
with (20.99) leads to

ν = −κ2 = − 1

q0
. (20.181)

The choice (20.177) implies that 	J0
X has only components in the X = α directions,

and one can obtain more information by analyzing the defining relations of the complex
structures, (20.24), with various types of indices. One finds (using there the index value
X = 0) that also 	Jαv = 0, and this implies for all 	A and 	B that

	A · 	J u
Z 	B · 	JZ

v = 	A · 	J u
w 	B · 	Jwv . (20.182)

Hence, the components of the complex structures in the u-directions, i.e. 	Ju
v , define a good

hypercomplex structure on the projective manifold. However, its covariant derivative is no
longer zero using the Levi-Civita connection of the projected metric huv . After analyzing
the defining relations, one finds that it satisfies (20.165) with

	ωu = − 1

2q0
	ku . (20.183)

This proves that the projective manifold is a quaternionic-Kähler space.

21 More details are given in [207, 260].
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Exercise 20.27 Prove from the defining relations that

	J0
α = 1

q0
	kα , 	Jα0 = 	kα , −q0	kα · 	kβ = δαβ ,

	A · 	k X 	kX · 	B = 	A · 	kα 	kα · 	B = −q0 	A · 	B . (20.184)

As we did for the projective Kähler manifolds, we demand that symmetries of the pro-
jective manifold respect the closed homothetic Killing vector; see (20.91). The components
of these Killing vectors in the projection are

kI
X = {kI

0 = 0 , kI
α = 	kα · 	rI , kI

u} , (20.185)

with

	rI = −2 	ωukI
u + ν 	PI , 	PI = 	kX kI

X . (20.186)

Note that this is very similar to the relation (17.97), where the role of the SU(2) gauge
vectors 	ωu is played by i∂αK, i.e. the gauge field for T -symmetry.

The indices of the local frame in the embedding manifold, A, are split into {A} = {i, A},
with i = 1, 2 and A = 1, . . . , 2nH , such that the symplectic metric CAB in the embedding
manifold has components Ci j = εi j , Ci A = 0 and CAB , and f iA

0 is split into [260]

f i j
0 = i εi j

√
1
2 q0 , f i A

0 = 0 . (20.187)

The factor i takes care of the minus sign in g00; see (20.178), using (20.37).
It turns out that the curvature tensors of the embedding manifold and the projective

manifold are related by the fact that the components of the tensor (20.44) in the A-direction
are the components of W in (20.172), i.e. WABC D = WABC D . Also the frame fields
f u

i A are identified with the corresponding components of the frame field in the embedding
metric.

The simplest example starts from flat space in the embedding manifold, i.e. WABC D = 0.
Since then also WABC D = 0, (20.172) implies that the projective manifold is HPnH . Other
homogeneous spaces can be obtained from the c-map, i.e. they are special quaternionic.
First there are the (very special) quaternionic spaces L(q, P) discussed in Sec. 20.3.2.
There are no other homogeneous, non-symmetric quaternionic-Kähler manifolds. Some of
them, mentioned in Table 20.5, are symmetric. Other symmetric spaces are collected in
Table 20.6, where SG4 and SG5 denote pure supergravity in four or five dimensions, and
the dimensional reductions thereof.

A final, but important, remark is that one can add the Lagrangians for two hypermulti-
plets for global supersymmetry, and join them in one action. The corresponding mathemat-
ical statement is that a product of two hyper-Kähler manifolds is hyper-Kähler. However,
this is not so for supergravity, since the projection is only applied to the full hyper-Kähler
cone. A product of two quaternionic manifolds is not quaternionic-Kähler. This is can be
seen from (20.170), which is a nonlinear relation on different multiplets. It is a typical
feature of supergravity, where elimination of auxiliary fields mixes multiplets.
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Table 20.6 Non-very special symmetric manifolds.

n real Kähler quaternionic

L(−3, P) P USp(2P+2,2)
USp(2P+2)⊗SU(2)

SG4 0 SG U(1,2)
U(1)⊗U(2)

L(−2, P) 1+ P U(P+1,1)
U(P+1)⊗U(1)

SU(P+2,2)
SU(P+2)⊗SU(2)⊗U(1)

SG5 1 SG SU(1,1)
U(1)

G2
SU(2)⊗SU(2)

20.4 From conformal to Poincaré supergravity

In the final section of this chapter, we explain the steps that are needed for rewriting
(20.110) in terms of the variables of Poincaré supergravity. The final result will be given in
the next chapter.

20.4.1 Kinetic terms of the bosons

We use the conditions (20.99) to fix the modulus of the scalars of the compensating gauge
multiplet and hypermultiplet. The superconformal U(1) gauge and SU(2) gauge condition
are reality conditions for these scalars. In the gauge multiplet this is (17.103) and leads
to the projective Kähler metric as in Sec. 17.3. As SU(2) gauge condition, we demand
the vanishing of the phases of the first quaternion, i.e. qα = 0, α = 1, 2, 3, in (20.177).
After the elimination of the auxiliary fields 	Vμ, the kinetic terms of the scalars qu of the
hypermultiplets have the metric (20.179).

In the covariant derivatives of these physical scalars, the U(1), respectively SU(2), con-
nections are absent. Indeed, the physical scalars zα do not transform under the U(1) trans-
formation, and qu do not transform under the SU(2); see (20.177). Therefore the covariant
derivative Dμ reduces to ∂̂μzα as in (17.101), and Dμqu reduces to ∂̂μqu in (20.104).

The kinetic terms of the gauge fields have the standard form (20.123); see Ex. 20.17.

20.4.2 Identities of special Kähler geometry

There are several identities between the matrices gαβ̄ , NI J and NI J that are important to
write the action and transformation laws in convenient ways. One important relation is the
(nV + 1)× (nV + 1) matrix equation (20.138). The reader is invited to derive others in the
following three exercises.

Exercise 20.28 Prove that

FI (X) = NI J X J , (20.188)
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from the explicit expression in the presence of a prepotential (20.137) as well as from the
definition of NI J in (20.136). Check also the following useful relations:

ImNI J X̄ J = −κ−2

2

NI J X J

NL M X L X M
,

(N )−1|I J = − 1
2 (ImN )−1|I J − κ2

(
X I X̄ J + X̄ I X J

)
, (20.189)

where, for example, (N )−1|I J are the components of the inverse of NI J .

Exercise 20.29 Prove the following consequences of (20.138):

− 1
2 (ImN )−1|I J =

(
∇αX I gαβ̄∇ β̄ X̄ J + κ2 X̄ I X J

)
,

(N )−1|I J =
(
∇αX I gαβ̄∇ β̄ X̄ J − κ2 X I X̄ J

)
. (20.190)

Exercise 20.30 Prove the equations:

X I (ImNI J )X
J = 1

2κ4 X̄ I NI J X̄ J
,

Cαβγ gγ δ̄∇ δ̄ X̄ I (ImNI J )X
J = − iκ−2

2X̄ I NI J X̄ J
FK L M∇αX K∇β X L X̄ M ,

∇β∇αX I = i N−1|I L FJ K L∇αX J∇β X K = Cαβγ gγ δ̄∇ δ̄ X̄ I . (20.191)

20.4.3 The potential

The remaining bosonic part of the action is the scalar potential. We start from the second
line in (20.110), which agrees with the rule (14.68) using the transformations in (20.76)
and in (20.33). Using the bosonic part of (20.106), this potential is

V = N−1|I J 	PI · 	PJ + N−1|I J P0
I P0

J + 2X̄ I X J kI
X kJ

Y gXY . (20.192)

Now we transform this to the projective space. We start with the last term, and using the
metric (20.178) we find

kI
X kJ

Y gXY = kI
ukJ

vhuv − κ2	kX · 	kY kI
X kJ

Y = kI
ukJ

vhuv − κ2 	PI · 	PJ , (20.193)

where in the last equality we used (20.92). Using (20.189) and X I P0
I = 0 we obtain

V =
[
− 1

2 (ImN )−1|I J − 4κ2 X I X̄ J
] 	PI · 	PJ + 2X̄ I X J kI

ukJ
vhuv + N−1|I J P0

I P0
J .

(20.194)

20.4.4 Physical fermions and other terms

We introduced the projection from the fermions of the superconformal theory to fermions
in the super-Poincaré theory for N = 1 in Sec. 17.3.7. The same ideas can be used to
project the fermions of the gauge multiplets of N = 2. We write
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�I
i = χ0

i X I + χα
i ∇αX I , �i I = χ i0 X̄ I + χ i ᾱ∇ ᾱ X̄ I . (20.195)

The gauge fixing (20.102) leads as in N = 1 to χ i0 = 0, and one can apply Sec. 17.4.3 to
obtain the kinetic terms as in (17.138).

For the fermions of the hypermultiplets, we split the A-indices into those involved in the
compensating multiplet and those that remain in the Poincaré theory:{

ζA
}
=
{
ζ i , ζ A

}
. (20.196)

Owing to (20.177) and (20.187), AiA, defined in (20.94), has only components in the
directions where A is i , and (20.102) implies that ζ i = 0. Hence, the physical components
are ζ A. With these definitions the next steps are similar to Sec. 17.4 for N = 1.

The fourth line of (20.110) disappears after the gauge fixings. For the term with Dc X J ,
this follows from (17.26). Further, it follows from (20.184) that Dμq X 	kX = ∂̂μq X 	kX −
2κ−2 	Vμ, which vanishes due to (20.103).

Making extensive use of the special geometry relations in (20.189) and (20.191), one
can write the solution for the graviphoton field strength (20.105) as

T−
ab = −κ2 ImNI J X J

[
4F̂−J

ab + 1
2 Cαβγ gγ δ̄∇ δ̄ X̄ I χ̄α

i γabχ
β
j ε

i j + 2κ2 X I ζ̄ Aγabζ
BCAB

]
.

(20.197)

This expression appears squared in the action (20.110), and thus generates also two-
fermion terms. These combine with other terms in (20.110) to the following form of the
coupling of fermions and gauge field strengths (called ‘Pauli terms’):

e −1LPauli = F−I
ab ImNI J Qab−J + h.c.,

Qab−J ≡ ∇ ᾱ X̄ J
(

1
8 gβᾱCβγ δχ̄

γ

i γabχ
δ
j ε

i j + χ̄ ᾱiγ aψbjεi j

)
+ X J

(
ψ̄a

i ψ
b
j ε

i j + 1
2κ

2ζ̄ Aγ abζ BCAB

)
. (20.198)

The reader who has the courage to go through the detailed calculations will notice that
diverse miraculous cancelations occur to obtain (20.198). This formula has the special
features that (1) F−I

ab is at the end always multiplied with ImNI J and (2) Qab−J is pro-
portional to X J or to ∇ ᾱ X̄ J , but contains no terms with X̄ J or ∇αX J . These features
are not accidents, but follow from the symplectic symmetry, which we will discuss in
Sec. 21.2.4.

20.4.5 Supersymmetry and gauge transformations

As was done for N = 1 supergravity in Sec. 18.2, we obtain the transformation laws of
the action by considering the combination of the superconformal transformations that are
conserved by the partial gauge fixing of Sec. 20.2.5. The superconformal transformations
from which we have to start are those of the Weyl multiplet, (20.69), the vector multiplets,
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(20.76), and the hypermultiplets, (20.33) and (20.81). Restricting ourselves to the physical
fields, the Q- and S-supersymmetries are22

δeμ
a = 1

2 ε̄
iγ aψμi + h.c. ,

δψ i
μ =

(
∂μ + 1

4γ
abωμab − 1

2 iAμ

)
εi + Vμ

i
jε

j − 1
16γ

abT−
abε

i jγμε j − γμη
i ,

δX I = 1
2 ε̄

i�I
i ,

δ�I
i = /DX I εi + 1

4γ
abFab

I εi jε
j + Yi j

I ε j + X J X̄ K f J K
I εi jε

j + 2X Iηi ,

δAI
μ = 1

2ε
i j ε̄iγμ� j

I + εi j ε̄iψμj X I + h.c. ,

δqu = −iε̄iζ A f u
i A + iεi jρ ĀB ε̄iζ Ā f u

j B , (20.199)

δζ A = 1
2 i f i A

u /̂∂quεi − ζ Bωu B
Aδqu + iX̄ I kI

u f i A
uεi jε

j + i f i A
ukD

uηi ,

while the relevant bosonic symmetry transformations are the T and SU(2) R-symmetries
and the Yang–Mills gauge symmetries:

δψ i
μ = 1

2 iλTψ
i
μ + ψ j

μλ j
i ,

δX I = iλT X I + θ J X K fK J
I ,

δ�I
i = 1

2 iλT�
I
i − λi

j�I
j + θ J�K

i fK J
I ,

δAI
μ = ∂μθ

I + θ J AK
μ fK J

I ,

δqu = θ I kI
u ,

δζ A = − 1
2 iλT ζ

A + θ I ζ BtI B
A − ζ Bωu B

Aδqu . (20.200)

We have already used a few elementary results of the partial gauge fixing. We have put
bμ = 0, and since none of these fields transforms under special conformal transformations,
we do not need the corresponding decomposition law of λKμ. As in Sec. 18.2, λD = 0 after
the partial gauge fixing, and therefore we have not mentioned the dilatations here.

For the gauge fixing of the T -symmetry, and the corresponding decomposition law for
λT , we can use the results of Sec. 17.3.9. The corresponding discussion of gauged R-
symmetry in Sec. 19.5 can be directly applied here, using a = κ−2, and replacing PA

with P0
I .

The general ideas can also be applied for the SU(2) part of the R-symmetry group,
using now the scalars of the hypermultiplet.23 As mentioned in Sec. 20.4.1, the SU(2)
gauge fixing is performed by annihilating the phases of the quaternion of the compensating
hypermultiplet, i.e. qα = 0. The preservation of that condition is the equation

δqα = −2	λ · 	kα + θ I kI
α +

[
−iε̄iζ A f α i A + h.c.

]
= 0 , f α i A = −2 	ωu · 	kα f u

i A .

(20.201)
The last relation is obtained by a careful examination of the conditions that the frame
fields should satisfy in the basis with (20.177) and (20.187) [260]. Using also (20.185) and
(20.186), one obtains as decomposition law

22 The terms −ζ Bωu B
Aδqu , which one finds in any transformation of the ζ A in many equations of this section,

and already appeared from (20.33), can be understood from the general principles of covariant transformations
in Sec. 14B.

23 The σ -model symmetries that correspond to the Kähler transformations are rotations of the complex structures,
discussed shortly in Sec. 21.5.
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	λ = −	ωuδqu − 1
2κ

2θ I 	PI . (20.202)

Thus the gauge transformations of the fields have now a part that acts as an SU(2)
R-symmetry transformation as well as the T -transformation discussed in Sec. 17.3.9. Note
the similarity between (19.53) and (20.202).

Finally, we need the decomposition law for the S-supersymmetry. We can calculate the
variation of any of the equations in (20.102). Using NI J X J�i I = 0, many steps are similar
to the way in which we obtained (17.116). A useful relation, due to the field equation
(20.105), is

NI J X̄ JF−I
ab = − 1

8 iFI J K �̄
I
i γab�

J
j X̄ K εi j + 1

2 CAB ζ̄
Aγ abζ B . (20.203)

Using also the field equation (20.106), we obtain

κ−2ηi = − 1
2 X̄ I PI i jε

j + 1
8γ

aε j gαβ̄ χ̄
α
i γaχ

j β̄ + 1
16γ

abε jεi j CAB ζ̄
Aγ abζ B

+ γ aεi

[
− 1

16 gαβ̄ χ̄
α
j γaχ

j β̄ + 1
4 ζ̄

AγaζB̄d B̄
A

]
. (20.204)

Using these decomposition rules, the transformation laws of Poincaré supersymmetry
can be written down. The explicit result will be given in Sec. 21.3.2. To check the results
one needs the formula

G−
ab ᾱ ≡ − 1

2∇ ᾱ X̄ I NI JF−J
ab = ∇ ᾱ X̄ I ImNI J F−J

ab + fermionic terms, (20.205)

which follows from the definition (20.77) and the field equation (20.105).

Appendix 20A SU(2) conventions and triplets

Remember that we use the NW–SE raising and lowering convention for SU(2) indices as
in (20.3). This implies for any two doublets A, B that Ai Bi = −Ai Bi .

For any antisymmetric tensor Ai j one can write Ai j = 1
2ε

i j Ak
k .

To convert SU(2) triplets into 2× 2 matrices, we use the anti-hermitian 	τ , related to the
three Pauli matrices 	σi

j in (2.3) as

	τi
j = i	σi

j . (20.206)

We then define the triplets as the traceless anti-hermitian matrices

Yi
j ≡ 	τi

j · 	Y , 	Y = − 1
2 	τi

j Y j
i , λi

j Y j
i = −2	λ · 	Y . (20.207)

We can also raise indices using (20.3), which converts (20.206) into

	τ i j = εik 	τk
j = 	τ j i = (iσ3,− ,−iσ1) =

(	τi j
)∗

. (20.208)
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With indices at equal height they are a basis of the 2× 2 symmetric matrices. We make the
correspondence between real symmetric matrices and triplets by

Y i j = 	τ i j · 	Y = (Yi j )
∗ , 	Y = 1

2 	τ i j Yi j = 1
2 	τi j Y

i j . (20.209)

Useful translation formulas for the symmetric tensors are

	τi j · 	τ k� = δk
i δ

�
j + δk

j δ
�
i ,

Ai j B jk = δk
i
	A · 	B + ( 	A × 	B) · 	τi

k , i.e. Ai j Bi j = 2 	A · 	B . (20.210)

Appendix 20B Dimensional reduction 6→ 5→ 4

In the treatment of global supersymmetry in this chapter, we reduced formulas from D = 6
to D = 5 and D = 4. In this appendix, we show the relations among these spinors. Let
us first remind the reader that the gamma algebras have different properties in different
dimensions. The coefficients that appear in the Majorana flip relation (3.51) are

D = 6: t0 = t3 = −1 , t1 = t2 = +1 ,

D = 5: t2 = t3 = −1 , t0 = t1 = +1 ,

D = 4: t1 = t2 = −1 , t0 = t3 = +1 . (20.211)

This is relevant for the transposition of spinor bilinears, and has consequences for calcula-
tion rules as (3.77), (3.79) and (3.55).

20B.1 Reducing from D = 6 → D = 5

For spinors that are left-handed chiral in D = 6 we identify the D = 5 spinor field with
the one in D = 6, i.e. εi → εi . For the right-handed ones of D = 6 on the other hand,
ζA →−iζA, and then ζ̄A → iζ̄A.

The dimensional reduction of the last γ -matrix is done by γ5λ
i → iλi for a spinor λi

that is left-handed in D = 6, while for a spinor like ζA that is right-handed in D = 6 we
replace γ5ζ

A →−iζA.

20B.2 Reducing from D = 5 → D = 4

Spinors in D = 5 and D = 4 are quite different. Therefore the formulas are more involved
for this reduction. The last γ -matrix of D = 5, γ4, is identified with γ∗ in D = 4. The
charge conjugation matrix of D = 5 is Cγ∗ in D = 4. This is relevant for the translation
of the barred spinors. It also implies that charge conjugation of a spinor in five dimensions
is −γ∗ times the charge conjugate of four dimensions.
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These rules lead to the following identifications. For a spinor that is left-handed in four
dimensions, χ i = PLχ

i , and that is the dimensional reduction of a spinor εi in D = 5, we
have

εi → χ i + εi jχ j , ε̄i → χ̄ i − εi j χ̄ j ,

εi → χ jε j i + χi , ε̄i → χ̄ jε j i − χ̄i . (20.212)

For a spinor that is right-handed in four dimensions, �i = PR�
i , and that is the reduction

of a spinor λi in D = 5, we have

λi →−�i + εi j� j , λ̄i → �̄i + εi j �̄ j ,

λi →−� jε j i +�i , λ̄i → �̄ jε j i + �̄i . (20.213)

Some care is needed for the hypermultiplet, where the complex conjugation condition is
determined by the tensor ρAB̄ in D = 5. The translation formulas are

ζA → ζA − ζB̄ρ
B̄A , ζ̄A → ζ̄A + ζ̄B̄ρ

B̄A ,

ζA → ζBCBA + ζB̄dB̄A , ζ̄A → ζ̄BCBA − ζ̄B̄dB̄A . (20.214)

Appendix 20C Definition of rigid special Kähler geometry

The definition of rigid (or affine) special Kähler geometry can be shortly formulated as
follows [243, 159]:

A rigid special Kähler manifold is a Kähler manifold with Kähler form � and complex
structure J such that there is a real, flat, torsion-free, symplectic connection ∇s, whose
connection components we denote by Ai j

k . The covariant differential d∇s built from this
connection annihilates J seen as a 1-form:

d∇s

[
(dφi )Ji

j ] ≡ dφk ∧
[
∂kδ

j
� + Ak�

j
] [
(dφi )Ji

�
] = 0 , i, j = 1, . . . , 2n ,

(20.215)

where φi denote the (real) coordinates of the manifold.

Now we analyze this definition. The symplectic structure in a Kähler manifold can be
obtained from (13.32) with the antisymmetric Ji j . Holomorphic 1-forms are of the form

π i ≡ 1
2 (dφ

j )
(
δ j

i − iJ j
i
)
, π i Ji

j = iπ i . (20.216)

The definition involves another connection∇s. It is mentioned that it is flat, i.e. its curvature
tensor vanishes. Thus, these conditions say that the real coefficients Ak

i j satisfy

torsion free: Ai j
k = A ji

k , i.e. d∇sdφ
i = Ai

jkdφ j ∧ dφk = 0 ,

symplectic: ∂i J jk + 2Ai[ j
� Jk]� = 0 , i.e. ∇s� = 0 ,

flat: ∂[i A j]k� + Am[i �A j]km = 0 ,

(20.215): ∂[i J j]k + A�[i k J j]� = 0 . (20.217)
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Exercise 20.31 In order to make these concepts concrete, consider an example. Use
two real coordinates x and y, and the metric

ds2 = (1+ y)(dx2 + dy2) , −�y
xx = �x

xy = �
y
yy = 1

2 (1+ y)−1 . (20.218)

Check that those �-coefficients are the only non-zero entries of the Christoffel symbols of
this metric. The manifold is Kähler with the definition Jx

y = −Jy
x = 1, for which you

should check (13.29). Prove that the conditions (20.217) are satisfied for another connec-
tion, which has as the only non-zero entries

Ayy
y = −Axx

y = (1+ y)−1 . (20.219)

Check with (7.103) that a redefinition

x ′ = x , y′ = −y + 1
2 (x

2 − y2) , (20.220)

leads to zero coefficients Ai j
k , and to Jx ′y′ = −1.

The main properties of the manifold can be seen from comparing two sets of coordinates:

1. The complex coordinates zα and z̄ᾱ that we used for a Kähler manifold in Sec. 13.1, in
which the complex structure has the form (13.28).

2. Flat real components. Owing to the flatness of the connection, one can choose a frame
with Ak

i j = 0, and Ji j is the standard form for an antisymmetric tensor.

The equations (20.217) in the first set of coordinates imply (using Ji j = Ji
k gk j ) that the

non-vanishing connection coefficients are

Aγ
αβ = �

γ
αβ , Aγ̄

αβ = gγ̄ γCαβγ (z) , (20.221)

and their complex conjugates, where �γ
αβ are the Levi-Civita connections (13.19) for the

Kähler metric and Cαβγ (z) is a completely symmetric tensor, with holomorphic compo-
nents satisfying

∇[δCα]βγ ≡ ∂[δCα]βγ − �ε
β[δCα]εγ − �ε

γ [δCα]βε = 0 . (20.222)

The flatness condition can be split into the contributions from � and those from C , which
leads to

Rδ
βαγ̄ (�) = Cαβεgεε̄C̄ε̄β̄ δ̄gδ̄δ , (20.223)

where the left-hand side is the metric curvature.
We denote the 2n coordinates of the second mentioned frame as

{φi } = {x I , f I } , I = 1, . . . , n , (20.224)

such that

� = −Ji j dφ
i ∧ dφ j = 2dx I ∧ d f I . (20.225)

Note that in a frame where Ji j is constant, Ji
j = Jik gk j is in general not constant, but

(20.215) implies that dφ j J j
i is closed in a frame with zero coefficients Ai j

k . Hence the 2n
holomorphic 1-forms {π I , πI } are closed, and thus locally exact:

π I = dX I , πI = dFI . (20.226)
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The definition of π i in (20.216) implies that, in terms of the holomorphic coordinates, they
depend only on zα . Obviously, one can repeat the same for the projections to antiholomor-
phic quantities, and this leads to

dx I = dX I (z)+ dX̄ I (z̄) , d f I = dFI (z)+ dF̄I (z̄) . (20.227)

Note that the X I and FI are complex, while x I and f I have been defined as real coordi-
nates.

Exercise 20.32 Continue with the two-dimensional example of Ex. 20.31, where the
variables in the flat frame are x1 and f1. Identify the latter as x and y′, and obtain

π x = 1
2 dz , π y = − 1

2 idz , z ≡ x + iy ,

π1 = 1
2 dz , π1 = 1

2 (i+ z)dz . (20.228)

Calculate X1 and F1, express F1 as a function of X1 and obtain the relation

F1 = ∂

∂X1

[
1

2
i(X1)2 + 1

3
(X1)3

]
. (20.229)

We now compare (13.14) and (20.225):

� = −2igαβ̄dzα ∧ dz̄β̄ = dX I ∧ dFI + dX I ∧ dF̄I + dX̄ I ∧ dFI + dX̄ I ∧ dF̄I . (20.230)

The first term in the last expression is quadratic in holomorphic variables, and should thus
vanish by itself:

dX I (z) ∧ dFI (z) = 0 . (20.231)

The same holds for the last term, which is the complex conjugate of (20.231). This equation
is the first line of (20.120), and also the second line follows from the remaining terms in
(20.230).

If ∂αX I is invertible, X (z) can be inverted to obtain z(X). Then also FI can be consid-
ered as a function of the X I as FI (X) = FI (z(X)). Therefore we have in that case

dFI (z) = ∂FI (X)

∂X J
dX J (z) , (20.232)

and (20.231) is the integrability condition for the existence of a holomorphic function
F(X), called the prepotential, with (20.121) [247]. Then the metric is the expression given
in (20.122). If this metric is positive definite it follows from (20.120) that indeed ∂αX I is
invertible, and a prepotential exists. This gives all the ingredients used in Sec. 20.3.3 to
describe special Kähler geometry.

Exercise 20.33 Use the result (20.229) to prove that for that example

gzz̄ = 1
2 + 1

4 i(z̄ − z) , (20.233)

such that ds2 = 2gzz̄dzdz̄ agrees with (20.218).
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Exercise 20.34 Note from (20.216) that dφi = π i + π̄ i . Use this to derive the matrix
for changing basis from {x I , f I } to {zα, z̄ᾱ}, assuming the invertibility of ∂αX I :

∂αx I = ∂αX I , ∂α f I = ∂αX J FJ I ,

∂ᾱx I = ∂ᾱ X̄ I , ∂ᾱ f I = ∂ᾱ X̄ J F̄J I . (20.234)

Using (20.122), find also the inverse transformations:

∂zα

∂x I
= igαβ̄∂β̄ X̄ J F̄I J ,

∂ z̄ᾱ

∂x I
= −igᾱβ∂β X J FI J ,

∂zα

∂ f I
= −igαβ̄∂β̄ X̄ I ,

∂ z̄ᾱ

∂ f I
= igᾱβ∂β X I .

(20.235)

Since the connection coefficients Ai
jk are zero in the basis {x I , f I }, one can use (7.103) to

find the connection coefficients in the complex basis. Establish then (20.221) with

Cαβγ = iFI J K ∂αX I ∂β X J ∂γ X K . (20.236)
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N = 2matter-coupled supergravity 21

The previous chapter contained a detailed discussion of N = 2 supersymmetry and super-
gravity. We explained how the supergravity theory can be obtained from a covariantization
of actions of global supersymmetry with superconformal symmetry. In this chapter, we will
write the results in such a way that they are accessible to readers who skipped the previous
chapter, but want to know the results in view of applications.

We first repeat the essential properties of the bosonic part in Sec. 21.1. We devote a
separate section, Sec. 21.2, to the symplectic formulation, which is particularly useful for
both the central charges of black hole solutions and the moduli spaces of Calabi–Yau mani-
folds, as is shown in later parts of this chapter; see Sec. 21.4. The action and transformation
laws of the couplings of gauge and hypermultiplets in D = 4, N = 2 supergravity are fully
discussed in Sec. 21.3. After the applications in Sec. 21.4, a final section contains remarks
on Fayet–Iliopoulos terms, σ -model symmetries and engineering dimensions of the objects
in this chapter.

21.1 The bosonic sector

We summarize here the main features of the coupling of N = 2, D = 4 supergrav-
ity to nV vector (gauge) multiplets, and nH hypermultiplets. Apart from the graviton
field, the bosonic sector contains nV + 1 gauge fields (containing the ‘graviphoton’) AI

μ,
I = 0, 1, . . . , nV , and scalars.

21.1.1 The basic (ungauged)N = 2, D = 4 matter-coupled
supergravity

The manifold of the scalars is a direct product of two target spaces determined by the
scalars in gauge multiplets and scalars in hypermultiplets, respectively. The nV complex
scalars zα , z̄ᾱ of the gauge multiplets define a special Kähler manifold. The real scalars of
the hypermultiplets qu , u = 1, . . . , 4nH , define an nH -dimensional quaternionic-Kähler
manifold. The kinetic terms of the gauge vectors depend only on the scalars of the special
Kähler manifold via a matrix NI J (z, z̄) defined below.

A special Kähler manifold is a Kähler manifold that possesses a symplectic structure
Sp(2(nV +1)). The latter arises because N = 2 supersymmetry connects the scalars to the
nV + 1 gauge vectors, which exhibit duality transformations. The symplectic structure is
clearly visible in the ‘embedding Kähler manifold’, which is used for the superconformal

469
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description. We postpone the full symplectic formulation to Sec. 21.2, and first consider
the formulation that is most similar to the N = 1 supergravity as in Sec. 17.3. In that
formulation the scalars are described by nV + 1 complex fields X I , which are constrained
such that

N = NI J X I X̄ J = −a = −κ−2, NI J ≡ 2 Im FI J . (21.1)

Here FI J is the second derivative of a holomorphic function F(X), homogeneous of
second degree in X I , called the prepotential. This differs from N = 1 supergravity where
N (X, X̄) can be an arbitrary homogeneous function of first degree in X and in X̄ . We can
apply what we learned in Ch. 17 by replacing there G I J̄ → NI J , and taking a = κ−2.
There we mentioned that it is convenient to parametrize X I = y Z I (z), and determine y
by the constraint (21.1) and a gauge choice of the U(1) R-symmetry group y = ȳ. We then
get a Kähler potential as in (17.67):

K = −κ−2 ln
(
−κ2 NI J Z I Z̄ J

)
, y = eκ

2K(z,z̄)/2. (21.2)

We often use covariant derivatives

∇αX I = ∂αX I + 1
2κ

2(∂αK)X I = y∇αZ I , ∇αZ I = ∂αZ I + κ2(∂αK)Z I . (21.3)

The kinetic terms of the gauge fields are

L1 = − 1
4 ieNI J F+I

μν F+μν J + h.c. = 1
4 e(ImNI J )F

I
μνFμν J − 1

8 (ReNI J )ε
μνρσ F I

μνF J
ρσ ,

(21.4)

where1

NI J (z, z̄) = F̄I J (z̄)+ i
NI K Z K (z)NJ L Z L(z)

NM N Z M (z)Z N (z)
= F̄I J + i

NI K X K NJ L X L

NM N X M X N
. (21.5)

A quaternionic-Kähler manifold is a manifold with metric huv and a triplet of com-
plex structures 	Ju

v , whose Levi-Civita covariant derivatives, determined by the metric huv ,
rotate them into themselves:

∇̃w
	Ju
v ≡ ∇w

	Ju
v + 2 	ωw × 	Ju

v = 0. (21.6)

This defines an SU(2) connection, 	ωu , whose curvature is proportional to the 2-form
defined by the complex structures, and the manifold is Einstein, related to the same pro-
portionality constant:

	Ruv = 1
2ν
	Juv, Ruv = (nH + 2)νhuv, ν = −κ2. (21.7)

The constant ν is arbitrary for general quaternionic-Kähler manifolds, but is determined to
be−κ2 in supergravity, fixing the scalar curvature to−4nH (nH +2)κ2. Another important

1 Owing to the homogeneity of F , FI J (X) = FI J (Z), where the former is the second derivative of F(X) with
respect to X and the latter is the second derivative of F(Z) with respect to Z .
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property is that the product of two quaternionic-Kähler manifolds is not quaternionic-
Kähler. For more detail see Sec. 20.3.4.

In a supersymmetric theory, we have to write the metric huv in terms of frame fields
f i A

u , where A = 1, . . . , 2nH , and considering (i A) together, the frame field is a
4nH × 4nH matrix. The metric is

huv = f i A
uεi j CAB f j B

v, (21.8)

where CAB is an invertible antisymmetric matrix, which is used for raising and lowering
indices in the familiar NW–SE convention. The frame fields satisfy a reality condition2

(
f i A

u

)∗ = f j B
uε j i CB A,

(
f u

i A
)∗ = εi j C AB f u

j B, (21.9)

where

CABC BC = −δC
A , C AB = (CAB)

∗ . (21.10)

The frame fields are covariantly constant using connections on every index:

∇̃v f i A
u ≡ ∂v f i A

u + f j A
uωv j

i + f i B
uωvB

A − �w
vu f i A

w = 0. (21.11)

Notice that the connection 	ωu is written here as a traceless anti-hermitian ωui
j . The corre-

spondence is explained in Sec. 20A.

21.1.2 The gauged supergravities

The gauging involves the choice of the gauge group, i.e. the structure constants f I J
K , and

the action of the gauge generators on gauge multiplet and hypermultiplet scalars. The latter
is encoded in the ‘Killing vectors’ kI

α and kI
u . Since there are nV + 1 gauge vectors, this

is the maximum dimension of the gauge group. The scalars in the embedding manifold,
X I , should be in the adjoint of the gauge group, and the prepotential should be invariant
up to a quadratic function with real coefficients CI,J K :

δG F ≡ FI θ
K X J f J K

I = −θK CK ,I J X I X J . (21.12)

The transformations on the scalars zα are then, using (17.98), encoded in

δzα = θ J kJ
α, kJ

α∇αZ I = Z K fK J
I − iκ2 Z I P0

J , (21.13)

2 In terms of the tensors of the previous chapter, (21.9) involves another tensor ρAB̄ such that CAB = ρAC̄ dC̄
B ,

with d Ā
B a hermitian matrix, which determines the kinetic terms of the physical hypermultiplets. Since we

are now only interested in positive kinetic terms, we take a basis where d Ā
B = δ Ā

B . In this way there is no
longer any difference between barred Ā and unbarred A indices.
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where the (real) moment map P0
I is

P0
I = −iNI J fK L

J X K X̄ L = iNJ L fK I
J X K X̄ L = −iNJ K fL I

J X K X̄ L . (21.14)

Note that this implies that X I P0
I = 0.

The gauge group can also act as part of the isometry group of the hypermultiplets. The
action is determined by triplet moment maps 	PI , which should satisfy the equivariance
condition

2nHν 	PI = 	Ju
v∇vkI

u, kI
u 	JuvkJ

v = f I J
K 	PK + ν 	PI × 	PJ . (21.15)

The scalar potential is then

V =
[
− 1

2 (ImN )−1|I J − 4κ2 X I X̄ J
] 	PI · 	PJ + 2X̄ I X J kI

ukJ
vhuv + N−1|I J P0

I P0
J .

(21.16)

All terms of the potential originate from gauging.3 They are thus consequences of the
‘deformations’ (Sec. 12.4.2). The only negative term in the potential is−4κ2 X I X̄ J 	PI · 	PJ .
We will derive alternative forms of the potential in Ex. 21.1. But for that it is useful to have
a symplectic formalism.

21.2 The symplectic formulation

We derived the N = 2 matter-coupled supergravity starting from a prepotential F(X) to
construct the action (20.89). However, the result no longer refers to the explicit prepoten-
tial. It is expressed in quantities that fit in a general treatment of special Kähler geometry
based on the symplectic group. The final formulas are more generally applicable than the
way in which they are derived.

The definition of special Kähler geometry is based on the symplectic group of duality
transformations. Though any special Kähler geometry can be written with a prepotential,
it may be useful to make a duality transformation to another symplectic frame in which the
prepotential does not exist. A few examples were already given in Sec. 20.3.3, and below
we will further discuss the usefulness of the symplectic covariant formulation.

21.2.1 Symplectic definition

The basic ingredients are symplectic vectors, related to those that we encountered for
abelian gauge fields and gauge field strengths in Sec. 4.2.4 (apart from the redefinition that
the f AB there is denoted by −iN I J here). The basic symplectic vector V for the scalars
contains X I in the upper parts and FI in the lower part. They are both of the form y times

3 Though 	P may be non-zero when there is only a compensating hypermultiplet. These are then the Fayet–
Iliopoulos terms; see Sec. 21.5.
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a function of z, but FI is not necessarily a function of X I as is the case in the formulation
with a prepotential:

V =
(

X I

FI

)
= y v, v =

(
Z I (z)
FI (z)

)
. (21.17)

The symplectic definition of special Kähler manifold that we discussed in Sec. 20.3.3 states
that a special Kähler manifold is determined by a symplectic vector such that

〈V,∇αV 〉 = 0, ∇αV = y∇αv, ∇αv ≡ ∂αv + (∂αK)v, (21.18)

where the symplectic inner product has been used, e.g.

〈V, V̄ 〉 ≡ X I F̄I − FI X̄ I = ( X I FI )

(
0
− 0

)(
X̄ I

F̄I

)
. (21.19)

The Kähler potential K is determined by

〈V, V̄ 〉 = iκ−2, (y ȳ)−1 = e−κ2K(z,z̄) = −iκ2〈v, v̄〉, (21.20)

and determines the metric in the usual way:

gαβ̄ = ∂α∂β̄K = i〈∇αV ,∇ β̄ V̄ 〉. (21.21)

The matrix NI J is in the symplectic formulation defined as

N I J = ( F̄I ∇αFI ) ( X̄ J ∇αX J )−1 . (21.22)

The invertibility of the metric together with non-singularity of the kinetic term of the gravi-
ton is equivalent to the invertibility of the (nV + 1)× (nV + 1) matrix ( X̄ J ∇αX J ).

The symplectic vectors have their lower part related to the upper part by N or N , such
that the transformations are consistent using (20.124). We have encountered the following
symplectic vectors:

V =
(

X I

FI

)
, ∇ ᾱ V̄ =

(∇ ᾱ X̄ I

∇ ᾱ F̄I

)
,

(
F+ I
μν

G+
μν I

)
,

FI = NI J X J , ∇ ᾱ F̄I = NI J∇ ᾱ X̄ J , G+
μν I = NI J F+ J

μν ,

V̄ =
(

X̄ I

F̄I

)
, ∇αV =

(∇αX I

∇αFI

)
,

(
F− I
μν

G−
μν I

)
,

F̄I = N I J X̄ J , ∇αFI = N I J∇αX J , G−
μν I = N I J F− J

μν .

(21.23)

The symplectic inner product between two vectors of the same row in (21.23) vanishes
automatically. Between one of the upper row, and one of the lower row, the symplectic
inner product leads to a product using ImNI J between the upper parts, for example〈(

X̄ I

F̄I

)
,

(
F+ I
μν

G+
μν I

)〉
= X̄ I G+

I ab − F̄I F+I
ab = X̄ INI J F+J

ab − X̄ IN I J F+J
ab

= 2iX̄ I ImNI J F+J
ab . (21.24)
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21.2.2 Comparison of symplectic and prepotential formulation

If the matrix

( X I ∇αX I ) (21.25)

is invertible, then the condition (21.18) is solved by FI = ∂I F(X), where the prepotential
F(X) is a homogeneous function of second degree in X . In that case the Kähler potential
is given by (21.2), and (21.22) agrees with (21.5).

One can always make a symplectic transformation to a frame with invertible matrix
(21.25) [247], and thus with a prepotential. Hence, one could wonder why we need other
frames.

A symplectic transformation involves, as discussed in Sec. 4.2.2, a mixing of electric and
magnetic fields. Since the conventional gauging of symmetries is done with electric fields,
the choice of frames is important for the gauging. Hence, the choice between symplectic
frames is important for:

1. The definition of a prepotential. A prepotential can only be defined if (21.25) is
invertible.

2. The gauging. As discussed in Sec. 20.3.3, the symmetries of special Kähler geometry
are embedded in the symplectic group. They can only be gauged if the upper right part
of the symplectic transformation matrix vanishes, B = 0 in (4.71). Such symmetries
are said to be ‘of electric type’.

For any gauging one can find a basis such that the symmetries are all of electric type.
On the other hand, as mentioned, one can also always find a symplectic frame in which
(21.25) is invertible. However, both choices cannot always be taken simultaneously. If one
wants a basis with a prepotential, then not all gaugeable symmetries are of electric type.
On the other hand, when the gaugings are of electric type, then in some cases one needs
the formalism without a prepotential. In this book, we have chosen to restrict gaugings
to electric type. There does exist a completely symplectic invariant formulation where
the gauge symmetries can be ‘magnetic’, i.e. the submatrix B of (4.71) is not zero. This
uses the formalism of embedding tensors [82, 83, 264, 84, 265], where the usual electric
gauge fields Aμ

I are accompanied by magnetic gauge fields AμI . However, this involves
a more complicated formalism with more fields and gauge invariances, which we will not
treat here.

21.2.3 Gauge transformations and symplectic vectors

In general, a subgroup of the isometry group can be gauged. We found in Sec. 20.3.3 that
the isometry group is embedded in the symplectic group. Hence, any gauge transforma-
tion acts on the symplectic vectors as δV = T V , where T is an infinitesimal symplectic
transformation (see (20.146)). On the other hand, since these symplectic transformations
should also act on the field strengths, the upper part of these transformations should also
be consistent with (4.93).4 Therefore the symplectic matrix T should be of the form

4 This is the statement that can be avoided by the use of magnetic gauge fields, as in the embedding tensor
formalism.
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T = θK TK , TK =
(− fK J

I 0
2CK ,I J fK I

J

)
. (21.26)

In the lower part, CK ,I J is symmetric in the last two indices and these are the constants
mentioned (in the presence of a prepotential) in (20.18). In order that the matrices TI satisfy
the gauge algebra, we have to require that

C(I,J K ) = 0,

fK L
M CM,I J = 2 f J [K M CL],I M + 2 f I [K M CL],J M . (21.27)

In the prepotential formulation, this is satisfied by (20.19).
The moment map (21.14) can also be written in a symplectic form as P0

I = −〈TI V, V̄ 〉;
see (20.108). This leads also to a rewriting of the scalar potential, as the reader can check
with the following exercise.

Exercise 21.1 First prove with (21.26), (21.27) and (20.108) that

X̄ I X J 〈TI V, TJ V̄ 〉 = −iN−1|I J P0
I P0

J . (21.28)

Use then (20.150) and X I P0
I = X̄ I P0

I = 0 to prove that

eκ
2K X̄ I X J 〈TI v, TJ v̄〉 = −iX̄ I X J kI

αkJ
β̄gαβ̄ . (21.29)

This implies that (21.16) can be written as

V = − 1
2 (ImN )−1|I J 	PI · 	PJ + X̄ I X J

(
−4κ2 	PI · 	PJ + 2kI

ukJ
vhuv + kI

αkJ
β̄gαβ̄

)
.

(21.30)

An alternative derivation consists in using (17.83), (21.13) and (20.108) to show that

X I kI
β̄gαβ̄ = −iP0

I ∇αX I . (21.31)

21.2.4 Physical fermions and duality

The physical fermions of the gauge multiplets will be denoted by χα
i = PLχ

α
i and those of

the hypermultiplets by ζ A = PLζ
A, A = 1, . . . , 2nH (and their right-handed components

χ i ᾱ and ζA).
The Pauli terms describe the coupling of gauge field strengths and fermions:

e −1LPauli = 1
2 iF−I

ab Gab−
I ferm + h.c., Gab−

I ferm ≡ −2i ImNI J Qab−J ,

Qab−J ≡ ∇ ᾱ X̄ J
(

1
8 gβᾱCβγ δχ̄

γ

i γabχ
δ
j ε

i j + χ̄ ᾱiγ aψbjεi j

)
+ X J

(
ψ̄a

i ψ
b
j ε

i j + 1
2κ

2ζ̄ Aγ abζ BCAB

)
. (21.32)

The quantity Gab−
I ferm is, according to (4.68), the fermionic part of Gab−

I . The structure of
(21.32) with ImNI J is similar to (21.24), and thus we can identify(

Qab−I

NI J Qab−J

)
(21.33)
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as a symplectic vector of the form of the upper row in (21.23). The definition in (21.32)
shows that it is built from the first two symplectic vectors in (21.23). More detail on the
duality transformations of the fermionic part of this action can be found in [248], where
also the four-fermion terms have been analyzed in this context.

21.3 Action and transformation laws

21.3.1 Final action

We can now write the full action. It has been derived by rewriting (20.110), obtained
from superconformal methods, in terms of the ‘Poincaré variables’. The same action has
been obtained using another method, called the ‘group manifold approach’, in [201]. The
action is

e−1L = κ−2
(

1
2 R − ψ̄iμγ

μνρ Dνψ
i
ρ

)
− gαβ̄ ∂̂μzα∂̂μ z̄β̄ − 1

2 huv∂̂μqu ∂̂μqv − V

+ 2
3 CI,J K e−1εμνρσ Aμ

I Aν
J
(
∂ρ Aσ

K + 3
8 fL M

K Aρ
L Aσ

M
)

+
{
− 1

4 iNI J F+I
μν F+μν J + F+I

μν ImNI J Qμν+J

− 1
4 gαβ̄ χ̄

α
i /Dχ i β̄ − ζ̄A /̂Dζ A

+ 1
2 gαβ̄ ψ̄ia /̂∂zαγ aχ i β̄ − iψ̄ i

a /̂∂quγ aζ A fui A + h.c.
}

+Lm − ψ̄i · γ υi + four-fermion terms. (21.34)

The covariant derivatives are

∂̂μzα = ∂μzα − Aμ
I kI

α, ∂̂μqu = ∂μqu − Aμ
I kI

u,

Dμψνi =
(
∂μ + 1

4ωμ
ab(e)γab + 1

2 iAμ

)
ψνi + Vμi

jψν j ,

Dμχ
α
i =

(
∂μ + 1

4ωμ
ab(e)γab + 1

2 iAμ

)
χα

i + Vμi
jχα

j − AI
μχ

β
i ∂βkI

α + �α
βγ χ

γ

i ∂̂μzβ,

D̂μζ
A =

(
∂μ + 1

4ωμ
ab(e)γab + 1

2 iAμ

)
ζ A − AI

μtI B
Aζ B + ∂μquωu B

Aζ B . (21.35)

Here appear the (bosonic part of the) effective U(1) and SU(2) composite gauge fields:5

Aμ = −κ2ωα∂μzα − κ2ωᾱ∂μ z̄ᾱ − κ2 AI
μP0

I = −κ2ωα∂̂μzα + 1
2 iAI

μrI + h.c.,

	Vμ = −	ωu∂μqu − 1
2κ

2 AI
μ
	PI = −	ωu ∂̂μqu + 1

2 AI
μ	rI . (21.36)

5 The first one is the rewriting of (19.52). In the second one, 	ωu is also of order κ2 in the sense that this
connection is a supergravity effect, which is absent in global supersymmetry.
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Remember that ωα = − 1
2 i∂αK, while 	ωu and ωu B

A, which appears in (21.35), are the
connections mentioned in (21.6) and (21.11).

The gauge transformation of the fermions of the hypermultiplets are determined by the
matrix

tI A
B ≡ 1

2 f v i A∇vkI
u f i B

u . (21.37)

The potential V , determined by the gauging, is given in (21.16) or (21.30). We will still
give another expression in (21.46). The latter will be based on the ‘fermion shifts’, i.e. the
non-derivative part of the supersymmetry transformations of the fermions, which we will
discuss below. One finds that also the mass terms of the fermions in (21.34) are determined
by the gauging:

Lm = 1
2 Si j ψ̄

i
μγ

μνψ j
ν − 1

2 mi j
αβχ̄

α
i χ

β
j − mi ᾱ

Aχ̄ i ᾱζA − 1
2 m AB ζ̄

Aζ B + h.c., (21.38)

where the following matrices have been used:6

Si j = PIi j X̄ I ,

mi j
αβ = 1

2 Pi j
I Cαβγ gγ δ̄∇ δ̄ X̄ I + εi j∇αX I kI

γ̄ gβγ̄ ,

m A
i ᾱ = 2iku

I εi j f j A
u∇ ᾱ X̄ I ,

m AB = −4X I tI AB . (21.39)

Finally, the Goldstino in the last line of (21.34) is

υi = 1
2 Wα

i jχα
j + 2N i

Aζ
A,

Wα
i j ≡

(
iεi j P0

I − PI
i j
)
∇αX I = εi j gαβ̄kI

β̄ X I + PI
i j∇αX I ,

N i
A ≡ i f i B

ukI
u X I CB A. (21.40)

21.3.2 Supersymmetry transformations

The supersymmetry transformations of the bosonic fields are

δeμ
a = 1

2 ε̄
iγ aψμi + h.c., δzα = 1

2 ε̄
iχα

i , (21.41)

δAμ
I = 1

2ε
i j ε̄iγμχ

α
j ∇αX I + εi j ε̄iψμj X I + h.c., δqu = −iε̄iζ A f u

i A + h.c.

We will write here the bosonic part of the transformations of the fermions, since these are
the important terms in the search for solutions of the field equations and their preserved
supersymmetries (see Sec. 12.6):

6 The triplet moment maps 	PI are written as symmetric tensors PI i j . Also this correspondence is explained in
Sec. 20A.
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δψ i
μ =

(
∂μ + 1

4ωμ
abγab − 1

2 iAμ

)
εi + Vμi

jε
j − 1

16γ
abT−

abε
i jγμε j + 1

2κ
2γμSi jε j ,

δχα
i = /̂∂zαεi − 1

2 G−α
ab γ abεi jε

j + gαβ̄W β̄ j iε
j ,

δζ A = 1
2 i f i A

u /̂∂quεi − ζ Bωu B
Aδqu + N̄i

Aεi . (21.42)

In the fermion shifts appear the complex conjugates of the expressions in (21.40):

W ᾱi j =
(
−iεi j P0

I − PIi j

)
∇ ᾱ X̄ I = εi j gβᾱkI

β X̄ I + PIi j∇ ᾱ X̄ I ,

N̄i
A ≡ −iεi j f j A

ukI
u X̄ I . (21.43)

In the transformation of the gravitino appears the field strength Tab, which is therefore
called the graviphoton field strength. Its bosonic part is

T+
ab

∣∣
bos = −4κ2 X̄ I ImNI J F+J

ab = 2iκ2
(

X̄ I G+
I ab − F̄I F+I

ab

)
. (21.44)

The graviphoton is thus a scalar field dependent combination of the field strengths of the
(nV + 1) gauge fields. It is proportional to the symplectic inner product (21.24). This
expression can thus also be used in the absence of a prepotential as in the example of Ex.
20.19, which we will use for black holes. If in the last expression we replace F+I

ab and
G+

I ab with F−I
ab and G−

I ab, this expression would vanish (being an inner product of two
symplectic vectors in the same row in (21.23)). Therefore, we can use this result for T+

ab
omitting the + indications in the last expression (as will be relevant for central charges in
Sec. 21.4.2).

In the transformation of the gauginos appears another symplectic invariant:

G−α
ab = gαβ̄∇ β̄ X̄ I ImNI J F−J

ab . (21.45)

The identity (14.68), which connects the potential to the fermion shifts, is valid for
each of the supersymmetries, and leads to zero when multiplying fermion shifts related to
different supersymmetries. The identity in this case is

−3κ2Sik S jk + Wα
ik gαβ̄W β̄ jk + 4N i

A N̄ j
A = δi

j V . (21.46)

Exercise 21.2 Prove this identity using (20.210), (20.190), (20.108), (20.37) and
(20.164) and, for the (i j) non-diagonal part, also the equivariance condition (20.175).

Exercise 21.3 Recover the pure N = 2 supergravity, i.e. nV = nH = 0. The prepo-
tential should be homogeneous of second degree in the compensating field X0. Check that
with
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F = − 1
2 i(X0)2, (21.47)

the gauge fixing leads to X0 = (
√

2κ)−1, and one gets N00 = −i, such that the action
contains the standard kinetic terms for one vector field, as is clear from (21.4). Obtain
then also that

Tab = 2
√

2κFab, (21.48)

and thus the supersymmetry transformation

δψ i
μ =

(
∂μ + 1

4γ
abωμab

)
εi − 1

8

√
2κγ ab Fabε

i jγμε j . (21.49)

Exercise 21.4 Gauged pure N = 2 supergravity can be obtained by considering the
previous model with non-zero moment maps. The latter are then Fayet–Iliopoulos con-
stants. Compare the potential (21.16) for this case with (9.51) and identify 	P · 	P =
2/(κL)2. The reader can get further practice with these formulas by comparing (9.52)
with (21.42), putting 	P in an arbitrary direction in SU(2) space.

21.4 Applications

21.4.1 Partial supersymmetry breaking

One important application is partial supersymmetry breaking of N = 2 to N = 1. The
no-go theorem of [266, 169] stated that it is not possible to find a vacuum that preserves one
of the two supersymmetries in Minkowski space. This statement was obtained in special
Kähler geometry in the presence of a prepotential. The preservation of one supersymmetry
means that there should be one spinor εi

1 for which the transformations (21.42) vanish. For
a Minkowski vacuum the vector fields vanish, and the scalars are constants in spacetime.
Hence we are left with the conditions

Si jε
j
1 = 0, W ᾱ j iε

j
1 = 0, N̄i

Aεi
1 = 0. (21.50)

Using the explicit forms of Si j in (21.39), W ᾱ j i in (21.43), and X̄ I P0
I = 0, the first two

conditions are(
iε j i P0

I + PIi j

)
X̄ I ε

j
1 = 0,

(
iε j i P0

I + PIi j

)
∇ ᾱ X̄ I ε

j
1 = 0. (21.51)

When there is a prepotential, the matrix (21.25) (or its complex conjugate) is invertible.
Hence we get that, for every I , the 2× 2 matrix in brackets should have a zero eigenvalue.
Using the reality of P0

I and 	PI , it follows that these should be zero. If that is the case,
(21.51) is also valid with εi

1 replaced by any other εi
2. Hence both supersymmetries are

preserved.7

7 To make the argument complete, one has to argue that also N̄i
Aεi

2 = 0. This can be deduced from the previous
results and the fact that we look for a solution in Minkowski space. In that case Si j = 0 and applying (21.46)

on ε j
2 gives the required result.
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The way out has been found in [267] after the formalism without a prepotential had been
introduced [248]. In this case, (21.25) is not necessarily invertible, and hence one cannot
conclude from (21.51) that the matrix in brackets vanishes for all I . Ferrara, Girardello and
Porrati [267] in fact constructed an explicit model with partial supersymmetry breaking
in Minkowski space. It can be easier to study such models anyway in the presence of a
prepotential, using a symplectic frame where all gauge symmetries are not of electric type
(thus using magnetic vectors AμI ). This has been done in [268, 269].

21.4.2 Field strengths and central charges

The symplectic expression (21.44) for the gravitino field strength is useful in the context of
central charges. In the previous chapter, we have seen that Tμν appears in the soft algebra
of local supersymmetry; see (20.74) and (20.75). Comparing this with (12.23), we see
that it appears in the form of a central charge term in the algebra. The exact identification
depends on the type of solution that one considers. In Sec. 22.5, we will consider black
hole solutions with electric and magnetic charges. Therefore it is useful to define central
charges at infinity as

Z ≡ − 1
2 iκ−2

∫
T−
μνdxμ ∧ dxν = − 1

2

∫ (
X I G I μν − FI F I

μν

)
dxμ ∧ dxν

= 2
(

X I qI − FI pI
)
, (21.52)

where we assumed that the values of the scalar fields are constants on the space surface
on which we integrate. We furthermore made use of the definitions (7.65) of electric and
magnetic charges. This quantity is complex if the value of X I and FI for the solution is
complex.

Note that the covariant derivatives of these quantities are related to the symplectic quan-
tity that we found in the supersymmetry transformation of the gauginos:

∇αZ = 2
(
∇αX I qI −∇αFI pI

)
= −

∫ (
∇αX I G I μν −∇αFI F I

μν

)
dxμ ∧ dxν

= −
∫ (

∇αX I G+
I μν − ∇αFI F+I

μν

)
dxμ ∧ dxν

= −2i
∫
∇αX I ImNI J F+J

μν dxμ ∧ dxν = −2i
∫

Gμν α dxμ ∧ dxν . (21.53)

Using the symplectic notation, the values of Z and its derivatives are

Z = 2〈V, �〉, ∇αZ = 2〈∇αV, �〉, � ≡
(

pI

qI

)
, V ≡

(
X I

FI

)
. (21.54)

21.4.3 Moduli spaces of Calabi–Yaumanifolds

The symplectic formulation of special geometry is very useful for describing the geom-
etry of moduli spaces of Calabi–Yau manifolds of complex dimension 3, which are the
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principal candidates for internal manifolds in superstring theories. A Calabi–Yau manifold
is a Kähler manifold with vanishing first Chern class. We will restrict ourselves to some
aspects of these manifolds that relate to special Kähler geometry. Many books on string
theory contain an introduction to Calabi–Yau manifolds.

An important role is played by the (p, q) forms on the manifold (hence p + q ≤ 6).
There is one (cohomologically) unique (3, 0) form, denoted by �(3,0), that characterizes
the Calabi–Yau manifold. The dimension of the cohomology space of (p, q) forms is indi-
cated by h pq , and the ‘Hodge diamond’ gives these numbers in a table:

h00 = 1
0 0

0 h11 = m 0
h30 = 1 h21 = n h12 = n h03 = 1

0 h22 = m 0
0 0

h33 = 1

(21.55)

Dual to the cohomology group is the homology group of cycles. Since the above table says
that there are 2(n+1) non-trivial 3-forms, there are also 2(n+1) non-trivial cycles, which
we indicate as c�, � = 1, . . . , 2(n + 1). One can order them such that their intersection
matrix is of the form

Q�� ≡ c� ∩ c� =
(

0
− 0

)
. (21.56)

The possible deformations of such manifolds are called the moduli. The geometry of
deformations of the complex structure of Calabi–Yau 3-folds is a special Kähler geometry.
This moduli space is of dimension n = h21. The coordinates of this space are the fields zα

of special Kähler geometry.
The symplectic vectors are identified as vectors of integrals of 3-forms over the 2(n+1)

3-cycles:

v =
∫

c�
�(3,0), ∇αv =

∫
c�
�(2,1)
α . (21.57)

Here �(2,1)
α is a basis of the (2, 1) forms, determined by the choice of basis for zα . That

these moduli spaces give rise to special Kähler geometry was found in [270, 271, 272, 273,
274, 246].

The defining equations of special Kähler geometry are automatically satisfied, due to an
integral theorem, containing sums over 3-cycles:∫

c�
ω1 · Q�� ·

∫
c�
ω2 =

∫
CY

ω1 ∧ ω2. (21.58)
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For example, one can see how the crucial equation (20.133) or (21.18) is realized:

〈∇αv,∇βv〉 =
∫

c�
�(2,1)
α · Q�� ·

∫
c�
�
(2,1)
β

=
∫

CY
�(2,1)
α ∧�

(2,1)
β = 0. (21.59)

The last expression vanishes since there are only three independent holomorphic coordi-
nates on the Calabi–Yau space.

In this context, the symplectic transformations correspond to changes of the basis of
the cycles used to construct the symplectic vectors, maintaining the intersection matrix
(21.56).

21.5 Remarks

21.5.1 Fayet–Iliopoulos terms

If the quaternionic-Kähler manifold is not empty, equations (21.15) determine the moment
maps. However, in the case that nH = 0, in which there is no physical hypermultiplet, the
moment maps can still be non-vanishing. In the superconformal context, they then describe
the gauge transformations of the compensating hypermultiplet, which we need in any case
for consistency of the field equations. These moment maps can then be non-vanishing
constants, which are the FI constants. Hence, FI terms exist in N = 2 supergravity only
in the case nH = 0. They enter, for example, in the construction of gauged pure N = 2
supergravity, as shown in Ex. 21.4, or in theories with coupled abelian gauge multiplets.

21.5.2 σ -model symmetries

Kähler manifolds have Kähler transformations, which appeared first in (13.57). In the con-
formal context they originate from the non-uniqueness of the split of the variables X I in y
and Z I ; see (17.71). The pull-back to spacetime of the gauge field of these transformations,
ωα , is the composite gauge field of the T part of the R-symmetry group; see the first line
of (21.36).

Similarly, quaternionic manifolds have such symmetries with gauge field 	ωu . They orig-
inate from the rotations between the basis of the three complex structures: δ(	�) 	Ju

v =
	�× 	Ju

v . The composite gauge field of the SU(2) part of the R-symmetry group, 	Vμ, is the
pull-back to spacetime of 	ωu ; see the second line of (21.36).

21.5.3 Engineering dimensions

Similar to the choices in N = 1 (see Sec. 18.3.1), the scalars are dimensionless, but the
prepotential should be chosen such that it has mass dimension 2; see e.g. (20.141). In that
way the Kähler potential has mass dimension 2. Also the metric of the quaternionic space
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should have mass dimension 2. With these definitions NI J has dimension [M]2, and the
field strengths F I

μν have dimension [M]. Therefore magnetic charges proportional to
∫

F
over a two-dimensional surface have dimension of a length, while electric charges propor-
tional to

∫ N F have dimension [M]. Symplectic transformations are then not dimension-
less; see (20.144) and (20.149).

In particular models where the Kähler potential is homogeneous (see e.g. (21.47)), one
may use X I fields with dimension [M], such that the second derivative of F(X), and hence
N , has dimension 0. In this setting, Fμν has dimension 2, leading to dimensionless electric
and magnetic charges. Alternative definitions are used in Sec. 22.5 below.





PART VIII

CLASSICAL SOLUTIONS AND THE
AdS/CFT CORRESPONDENCE





Classical solutions of gravity and supergravity 22

Many spacetimes that are solutions of the gravitational field equations, with and without
matter sources, have appeared in applications of supergravity in various spacetime dimen-
sions. Supergravity theories always include both fermions and bosons, but the classical
solutions are configurations of the bosonic fields only, which satisfy the Euler–Lagrange
equations of the action with all fermion fields vanishing. Fermions play a vital role in deter-
mining the structure of a supergravity theory, but they do not appear directly in the classical
limit.

In this chapter we select and discuss a few simple and useful solutions that have interest-
ing applications in supergravity or which illustrate some of the general ideas. We contrast
solutions obtained directly from the Einstein field equations with the special but quite large
and interesting class of Bogomol’nyi–Prasad–Sommerfield (BPS) solutions. In a super-
symmetry or supergravity theory, the term BPS designates a solution of the theory that is
invariant under a subalgebra of the SUSY algebra of the action that contains at least one
fermionic generator. The BPS solution can be obtained by solving first order differential
equations associated with the fermion transformation rules of the theory. For each pre-
served supersymmetry there is a Killing spinor and a subset of the Killing vectors of the
geometry can be obtained from them. This central concept will be explained in detail in
Sec. 22.2.

Many subjects cannot be treated here as thoroughly as they are discussed in texts
devoted to general relativity. Other important subjects must be omitted entirely. These
include Penrose diagrams, the global structure of black hole geometries and black hole
thermodynamics.

22.1 Some solutions of the field equations

22.1.1 Prelude: frames and connections on spheres

Many useful solutions have spherical symmetry. In this case it is desirable to formu-
late an ansatz for the fields involved that incorporates the symmetry. This reduces the
number of essential variables needed to two, a radial variable r and a time variable
t . If the full solution of interest is a D-dimensional spacetime, the remaining vari-
ables can be taken as angles on the unit sphere SD−2, which is a submanifold of that
spacetime.

487
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We will need the following facts about the differential geometry of Sn :

(i) There are frame 1-forms ēa , a = 1, . . . , n, such that the line element of Sn can be
written as

d�2
n = δabēa ēb . (22.1)

(ii) There are torsion-free connection 1-forms ω̄ab, which satisfy the Cartan structure
equation (7.81) (with T a = 0).

(iii) Sn is a maximally symmetric space, so the curvature 2-forms satisfy

ρ̄ab = ēa ∧ ēb . (22.2)

For most of the discussion below, the facts above are sufficient to find the complete
spherically symmetric solution of interest. However, it is occasionally useful to have an
explicit set of frame and connection forms, and we now define a set based on hyperspherical
coordinates.

It is very well known that the unit sphere S2 is the surface (x1)2 + (x2)2 + (x3)2 = 1
embedded in flat Euclidean space R3 with Cartesian coordinates xi , i = 1, 2, 3. Intrinsic
angular coordinates θ1, θ2 with range 0 ≤ θ1 ≤ 2π, 0 ≤ θ2 ≤ π are introduced via1

x1 = sin θ2 sin θ1, x2 = sin θ2 cos θ1, x3 = cos θ2. Substituting these in the Euclidean
line element gives the intrinsic metric:

d�2
2 = (dx1)2 + (dx2)2 + (dx3)2

= (dθ2)2 + sin2 θ2(dθ1)2 . (22.3)

Proceeding as discussed in Ch. 7, one can define the frame 1-forms

ē2 = dθ2 , ē1 = sin θ2dθ1 , (22.4)

and then use (7.81) to obtain ω̄12 = cos θ2dθ1. We follow the recursive method used in
[275] to extend this construction to Sn , which we view as the surface

∑n+1
i=1 (x

i
(n))

2 = 1

embedded in flat Euclidean Rn+1. We express the Cartesian coordinates xi
(n) in terms of

the principal angle θn and the coordinates xi
(n−1) of Sn−1 by the recursive formula

xn+1
(n) = cos θn , xa

(n) = sin θn xa
(n−1) , a ≤ n , 0 ≤ θn ≤ π . (22.5)

This implicitly defines angular coordinates θa , a = 1, . . . , n, which are called ‘hyper-
spherical coordinates’. The angular range is 0 ≤ θ1 < 2π and 0 ≤ θa ≤ π for a > 1. The
line element is

d�2
n = (dθn)2 + sin2 θnd�2

n−1 . (22.6)

1 Instead of the usual coordinates x, y, z, we choose x1 = y, x2 = x and x3 = z to prepare for the extension to
arbitrary n-spheres below.
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Frame and connection forms are

ēn
(n) = dθn , ēa

(n) = sin θnēa
(n−1) , a ≤ n − 1 ,

ω̄ab
(n) = ω̄ab

(n−1) , ω̄an
(n) = cos θnēa

(n−1) . (22.7)

More explicitly for the n-sphere:

ēa =
⎛⎝ n∏

j=a+1

sin θ j

⎞⎠ dθa , a ≤ n ,

ω̄ab = cos θb

⎛⎝ b−1∏
j=a+1

sin θ j

⎞⎠ dθa , 1 ≤ a < b ≤ n . (22.8)

Exercise 22.1 Show that the curvature 2-form obtained from the connection forms
above satisfies (22.2). Use the second structure equation (7.117) to compute ρ̄ab.

Exercise 22.2 Show that the volume of Sn is

�n ≡
∫ n∏

a=1

dθa√g =
∫

ē1 ∧ . . . ∧ ēn = 2π(n+1)/2

�((n + 1)/2)
. (22.9)

22.1.2 Anti-de Sitter space

The first spacetime we discuss is called anti-de Sitter space [276, 277], which we will
abbreviate as AdSD for the D-dimensional case. It was studied in the 1970s and 1980s
as a simple solution of gauged supergravity [278, 183]. It also appears in simple Kaluza–
Klein reductions of higher dimensional gravity theories [279]. Since 1997, it has enjoyed
a special status in the very important AdS/CFT correspondence [280, 281, 282]. AdS has
a spherically symmetric metric, as we will see in (22.17), but it is more instructive to
approach it from a different standpoint. Then we derive the AdS–Schwarzschild metrics,
which describe a black hole in AdS spacetime.

These metrics are solutions of the equations of motion of the gravitational action

S = 1

2κ2

∫
dDx

√−g (R −�) . (22.10)

The second term is the cosmological constant, which is negative for AdS spacetimes. We
write it as � = −(D − 1)(D − 2)/L2 where L has dimensions of length. We already
encountered this in (9.51) and (16.53).

Exercise 22.3 Show that the equation of motion for the action (22.10) is equivalent to

Rμν = −D − 1

L2
gμν . (22.11)

AdS is an example of a maximally symmetric spacetime. This means that the Riemann
curvature tensor can be written in terms of the metric tensor gμν as
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Rμνρσ = k
(
gμρgνσ − gμσ gνρ

)
, (22.12)

where k is a constant of dimension 1/(length)2. For AdS, this constant is negative and given
by k = −1/L2 where L sets the overall scale of the spacetime.

It follows immediately from (22.12) that the Ricci tensor and the curvature scalar of
maximally symmetric spacetimes are

Rμν = k(D − 1)gμν ,

R = k D(D − 1) . (22.13)

A metric that satisfies (22.13) is called an Einstein metric. Any maximally symmetric
spacetime satisfies (22.13), but the converse is certainly not true. The AdS–Schwarzschild
spacetimes, which we will study in Sec. 22.1.5, are one example. They are also solutions of
the equations of motion (22.11). So they are Einstein metrics, but they are not maximally
symmetric.

A maximally symmetric spacetime of dimension D can be embedded as a hyperboloid
in flat spacetime of dimension D + 1. (For Euclidean signature, there is an analogous
embedding as a sphere or hyperboloid.) The metric gμν is then the induced metric, which
means that the line element is obtained by evaluating the flat metric of the embedding space
on the hyperboloid.

22.1.3 AdSD obtained from its embedding in RD+1

For AdSD the embedding space is the pseudo-Euclidean space with metric ηAB =
diag(− + + . . . + −) with Cartesian coordinates Y A, A = 0, . . . , D. The hyperboloid
that defines AdSD is the surface

f (Y ) ≡ Y AηABY B = −(Y 0)2 +
D−1∑
i=1

(Y i )2 − (Y D)2 = −L2 . (22.14)

Y0

t/L

Y2

Y1

�Fig. 22.1 The AdS2 hyperboloid.
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A sketch of this hyperboloid, of necessity limited to the case D = 2, is presented in
Fig. 22.1. The quadratic form in (22.14) is invariant under linear transformations of the
coordinates Y ′A = �A

B Y B provided that �A
B is a matrix of the group SO(D − 1, 2).

So the hyperboloid is invariant, and the isometry group of AdSD is SO(D − 1, 2). One
can repeat the discussion of Ch. 1 for the Lorentz group and show that the differential
operators2

L AB ≡ YA
∂

∂Y B
− YB

∂

∂Y A
(22.15)

act as generators of the Lie algebra of SO(D − 1, 2).

Exercise 22.4 Show that L AB f (Y ) = 0.

AdS is a homogeneous space, which means that any two points on the hyperboloid
are related by a transformation of the isometry group; see Sec. 12.5. The purpose of the
following exercise is to show this explicitly. It is useful to recognize that the maximal
compact subgroup of SO(D − 1, 2) is SO(D − 1) × SO(2). The first factor rotates the
Y i , i = 1, . . . , D − 1, and the second factor rotates in the 0D plane.

Exercise 22.5 Show that an arbitrary point Y A can be brought to the point (L , 0, . . . , 0)
by the following group operations. First transform by an element of the compact subgroup
that brings Y A to the configuration (Y ′0, Y ′1, 0, . . . , 0) with Y ′0 > 0. This is a positive
time-like vector, which can be brought to the point (L , 0, . . . , 0) by a boost in the 01 plane.

We will discuss several commonly used sets of intrinsic coordinates xμ,
μ= 0, 1, . . . , D − 1, on the hyperboloid and obtain the induced metric. The Lie algebra
operators L AB may be expressed in terms of the xμ, and they become Killing vector fields
of AdSD .

The first set of intrinsic coordinates is defined by

Y i = r x̄ i with
D−1∑
i=1

(x̄ i )2 = 1 ,

Y 0 =
√

L2 + r2 sin(t/L) Y D =
√

L2 + r2 cos(t/L) . (22.16)

The unit vector x̄ i parametrizes the unit sphere SD−2; it was written in terms of the D − 2
angular variables of the hyperspherical coordinate system in (22.5).

The induced metric is obtained from the embedding space line element ds2 =
ηABdY AdY B by using (22.16) to express each dY A in terms of the intrinsic coordinates.
The result is

2 Indices are raised and lowered with ηAB .
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ds2 = −
(

1+ r2

L2

)
dt2 +

(
1+ r2

L2

)−1

dr2 + r2 d�2
D−2, (22.17)

where d�2
D−2 is the line element on the unit SD−2.

This coordinate system is global. It is easy to see that the entire hyperboloid is covered
once as the radial variable varies in the range 0 ≤ r < ∞, the angular variables cover
SD−2, and the time coordinate t ranges between 0 ≤ t < 2πL . It is peculiar that time
is a periodic variable, and, indeed, the hyperboloid contains closed time-like curves. Any
curve on which r and x̄ i are fixed and t varies over a period is a closed time-like curve.
This means that AdS has bizarre causal properties, which are usually considered physically
unacceptable. In this case the problem is easily solved by unwrapping the time circle and
passing to the covering space in which −∞ < t < +∞. Henceforth we assume that we
are dealing with this covering space, which we continue to call AdS. It may appear that
the origin r = 0 of the spatial coordinates in (22.17) is a distinguished point. However,
recall Ex. 22.5, which showed that AdS is homogeneous. Thus all points are equivalent
and any desired point on the hyperboloid (or its cover) can be made the origin of a global
coordinate system.

Exercise 22.6 Derive (22.17). It is obvious that the shift t → t +a is an isometry of the
metric (22.17), which is generated by the Killing vector ∂/∂t . Show that L0D = L ∂/∂t .

There are other global coordinate systems that are frequently used; they differ from
(22.16) by a change of the radial coordinate. For example, if we define the new radial
coordinate y by cosh(y/L) = √1+ r2/L2, then the line element (22.17) becomes

ds2 = − cosh2(y/L)dt2 + dy2 + L2 sinh2(y/L) d�2
D−2 . (22.18)

Let’s introduce another radial coordinate by the change cosh(y/L) = 1/cosρ. The range
of ρ is 0 ≤ ρ < π/2. The new coordinate will give some insight into the global structure
of (the covering space of) AdS and a useful pictorial representation. It is also convenient
to scale the time coordinate by t = Lτ . The line element changes to

ds2 = L2

cos2 ρ

[
−dτ 2 +

(
dρ2 + sin2 ρ d�2

D−2

)]
. (22.19)

In this form the AdS metric is a conformal factor L2/cos2ρ times a metric that describes
the direct product of the real line −∞ < τ < +∞ in the time coordinate and a sphere
SD−1. The product spacetime, called the Einstein static universe, played a role in the early
history of general relativity. It was the way in which Einstein introduced a cosmolog-
ical constant in his theory of gravitation. The range 0 ≤ ρ < π is needed to cover
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the full SD−1, so the AdS metric includes only the upper hemisphere. It is interesting
that AdS is conformal, i.e. related by a Weyl transformation, to half of the Einstein static
universe.

The form (22.19) of the metric suggests a useful global picture of AdS spacetime. It
is the interior of a cylinder, depicted in Fig. 22.2(a) for the case D = 3, in which the
time axis is vertical, and the radial and angular coordinates vary horizontally. In the D-
dimensional case, each interior point represents an entire SD−3. The cylinder appears to
have finite radius ρ0 = π/2, but this is a deception, since the ‘distance’ in the coordi-
nate ρ has no invariant meaning. Because the conformal factor in the metric (22.19) is
singular as ρ → π/2, the invariant length of any space-like curve, such as a curve on
which only ρ varies, becomes infinite as the curve approaches the boundary of the cylin-
der. So the boundary is at infinite spatial distance from any interior point. After a Weyl
scaling of the metric (22.19) by the factor cos2 ρ, one can take the limit ρ → π/2
and find that the rescaled metric on the boundary is the usual metric on the cylinder
R× SD−2.

It is significant that a curve (with fixed angular coordinates) that satisfies dτ = ±dρ
is a null geodesic. This means that light rays propagate at ±45◦ (with respect to the time
axis) in the cylinder. A two-dimensional projection of the light cone through the origin
is shown in Fig. 22.2(b). Time-like curves remain within the light cone, and space-like
curves lie outside it. Furthermore, information from the origin (ρ = 0) propagates to spatial
infinity (ρ = π/2) in finite time τ = π/2. Conversely, information from spatial infinity
reaches the origin in finite time. This means that the Cauchy problem in AdS is ill defined
unless additional boundary conditions are specified at spatial infinity. This feature of AdS
is crucial to the AdS/CFT correspondence and to the idea of ‘holography’ in quantum
gravity.

There is a very different set of coordinates widely used in the AdS/CFT correspondence,
which are called the Poincaré patch coordinates. The patch covers a region of AdS in which
the metric is conformal to half of flat Minkowski spacetime. To introduce these coordinates
we return to the Cartesian Y A of (22.14) and define

Y 0 = Lux0 ,

Y i = Luxi , i = 1, . . . , D − 2 ,

Y D−1 = 1

2u

(
−1+ u2(L2 − x2)

)
,

Y D = 1

2u

(
1+ u2(L2 + x2)

)
,

x2 = −(x0)2 +
∑

i

(xi )2 . (22.20)

The time coordinate x0 = t and the spatial xi range from −∞ to ∞, and 0 < u <∞. The
restriction on the range of u is needed to maintain a single-valued map of the hyperboloid
coordinate Y D or Y i .
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π
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π
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�Fig. 22.2 The AdS3 cylinder. One ‘period’ of the infinite cylinder is depicted in (a). The Poincaré patch is the interior region
bounded by the future and past Cauchy horizons. The boundary of the patch is the shaded ‘diamond-shaped’ region.
A planar section through the center of the cylinder is sketched in (b). The curved line is a typical time-like geodesic
through the origin. The solid 45◦ lines are null geodesics through the origin that reflect from the boundary. The
projection of the Poincaré patch on the plane is the shaded triangle.

�Fig. 22.3 The Poincaré patch of AdS2: the patch is the shaded triangular region bounded by the past and future horizons.
The dashed lines are time-like curves along which patch time t varies for fixed values of z. The dotted lines are the
space-like coordinate curves of z at fixed t . The vertical τ -axis is a time-like geodesic that leaves the patch in finite
proper time. Other time-like geodesics follow curves similar to those in Fig. 22.2(b).
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It is straightforward to show that (22.14) is satisfied by this parametrization, and that the
induced metric is

ds2 = L2

[
du2

u2
+ u2

(
−(dx0)2 +

∑
i

(dxi )2

)]
. (22.21)

Exercise 22.7 Demonstrate these straightforward results.

Finally we define z = 1/u and rewrite the line element as

ds2 = L2

z2

[
dz2 − (dx0)2 +

∑
i

(dxi )2

]
. (22.22)

This metric is indeed conformal to the positive z region of D-dimensional Minkowski
spacetime with its usual coordinates (x0, xi , z). In the limit z → 0, one reaches the bound-
ary of the Poincaré patch illustrated in Fig. 22.2. It is the conformal compactification of
(D − 1)-dimensional Minkowski spacetime.

In the simplest case AdS2, the usual AdS cylinder is replaced by an infinite vertical
strip with two distinct boundaries at ρ = ±π/2. One segment of this strip is depicted in
Fig. 22.3: the Poincaré patch is the shaded triangular wedge with apex at the left boundary.
It is instructive to compare global and patch coordinates. From (22.16) (rewritten in terms
of the radial coordinate ρ) and (22.20), we find the following relations between global and
patch coordinates (we use x0 = t):

Y 0 = L sin τ

cos ρ
= Lut ,

Y 1 = sin ρ

cos ρ
= 1

2u

(
−1+ u2(L2 + t2)

)
,

Y 2 = L cos τ

cos ρ
= 1

2u

(
1+ u2(L2 − t2)

)
. (22.23)

One can then deduce, using z = 1/u, that

t = L
sin τ

cos τ + sin ρ
,

z = L
cos ρ

cos τ + sin ρ
. (22.24)

Curves of constant patch coordinates are plotted in Fig. 22.3. Note that all ‘observers’
that follow curves of constant z reach the same boundary point (τ = π, ρ = π/2) as
t → ∞. The lines on which z = ∞ are commonly called a horizon. This signifies that
the observers cannot receive information from the region above (nor send information to
the region below) the horizon. The boundary of the patch is the (disconnected) union of
the infinite line −∞ < t <∞ at ρ = π/2 and the single point t = 0 at ρ = −π/2.
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Curves with constant values of z are time-like but non-geodesic. Indeed the time-like
geodesics are periodic on the hyperboloid (22.14) and thus best described using global
coordinates. One such geodesic is the curve fixed at the spatial origin r = 0 of the coor-
dinate chart (22.16). Since any point on the hyperboloid can be brought to the origin, all
time-like geodesics can be similarly described, and they all have the same period. Any
time-like geodesic crosses the horizon of the Poincaré patch in finite proper time, so the
patch is geodesically incomplete.

Because the Poincaré patch metric is conformally flat, it is quite easy to identify all
continuous isometries of the patch metric (22.22) of AdSD . To describe these, we lump x0,
xi into the (D−1)-component vector xσ , whose indices are contracted with the Minkowski
metric. The isometries consist of the following:

(i) translations of the D − 1 coordinates xσ ;
(ii) the (D − 1)(D − 2)/2 distinct Lorentz transformations of xσ ;

(iii) a scale transformation of all coordinates, δx0 = ρx0, δxi = ρxi , δz = ρz, where ρ is
an infinitesimal constant parameter;

(iv) D − 1 distinct special conformal transformations, δxσ = cσ (x · x + z2) − 2c · xxσ ,
δz = −2c · x z, with constant infinitesimal vector parameter cσ (with cz = 0).

The total number of independent transformations in this list is D(D + 1)/2, which is
the dimension of the isometry group SO(D − 1, 2). The continuous isometry groups of
the global and patch metrics are both the same mathematical group SO(D − 1, 2), but
their actions are inequivalent, since the integral curves of the Killing vectors above remain
within the patch, while those of the Killing vectors L AB can cross the horizon.

In the limit z → 0 the transformations are those of (15.6). Thus, the isometry group of
the Poincaré patch of AdSD acts as the conformal group of its MinkowskiD−1 boundary.
This is another fact that is vital for the AdS/CFT correspondence.

Exercise 22.8 Show that the vector fields for the transformations above are Killing
vectors. Show that the Killing vector for the scale transformation (iii) above agrees with
the boost L D(D−1).

22.1.4 Spacetimemetrics with spherical symmetry

To see how the geometric ‘data’ for the sphere SD−2 obtained in Sec. 22.1.1 are used in the
study of D-dimensional spacetimes, we write a general ansatz for D-dimensional metrics
that are static and spherically symmetric:

ds2 = −e2A(r)dt2 + e2B(r)dr2 + r2d�2
D−2 . (22.25)

The spherical metric d�2
D−2 can be written in detail using (22.6) iteratively. However, the

schematic form in (22.1) is sufficient for our present purpose, which is to obtain frame,
torsion-free connection, and curvature forms for the metric (22.25). We use the Cartan
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structure equations (7.81) and (7.117). They provide an efficient practical method of com-
putation in many situations. For convenience we rewrite these equations as

dea = −ωab ∧ eb , (22.26)

ρab = dωab + ωac ∧ ωc
b . (22.27)

To begin the process, choose the frame 1-forms et = exp(A(r))dt , er = exp(B(r))dr ,
ei = r ēi , i = 1, . . . , D − 2. The forms ēi are any set of 1-forms that depend only on
the (angular) coordinates of the sphere, and obey the three properties listed in Sec. 22.1.1.
One choice might be the explicit set in (22.7), which was constructed using hyperspherical
coordinates, but there are many other possible choices. The metric (22.25) can be rewritten
in terms of the frame forms as

ds2 = −et et + er er +
∑

i

ei ei . (22.28)

The next steps are to determine the (torsion-free) connection 1-forms and curvature
2-forms for the D-dimensional spacetime. The components of the first structure equation
(22.26) read

det = A′ exp(−B)er ∧ et = −ωtr ∧ er − ωti ∧ ei ,

der = 0 = ωr t ∧ et − ωri ∧ ei ,

dei = dr ∧ ēi + rdēi = exp(−B)

r
er ∧ ei − ω̄i j ∧ e j

= −ωi j ∧ e j − ωir ∧ er + ωi t ∧ et . (22.29)

All indices are frame indices, which are raised and lowered using the Minkowski metric ηab

implicit in (22.28). The connection forms, which are antisymmetric, e.g. ωtr = −ωr t , can
be uniquely determined by solving the equations (22.29). Given the connection 1-forms, it
is straightforward to use (7.117) to compute the curvature 2-forms. We leave these tasks as
an exercise for readers and summarize the results.

Summary: For the frame 1-forms

et = exp(A(r))dt , er = exp(B(r))dr , ei = r ēi . (22.30)

The connection 1-forms are given by

ωtr = A′ exp(−B)et , ωti = 0 ,

ωir = (exp(−B)/r)ei , ωi j = ω̄i j . (22.31)

The components of the curvature 2-form are

ρtr = −
(

A′′ − A′B ′ + A′2
)

exp(−2B)et ∧ er ,

ρti = − A′

r
exp(−2B)et ∧ ei ,

ρri = B ′

r
exp(−2B)er ∧ ei ,

ρi j = ρ̄i j − 1

r2
exp(−2B)ei ∧ e j = (1− exp(−2B))

1

r2
ei ∧ e j . (22.32)
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Exercise 22.9 It is useful practice to learn to solve the first Cartan structure equation,
so we ask readers to set aside the results (22.31) and try to find them as solutions of the
various equations in (22.29). Start with the first equation and find ‘reasonable’ expressions
for ωtr and ωti . Then go on to the remaining equations. Some guesswork may be involved
in the first steps, but there is a unique solution, so one can be assured that the answer is
correct once all equations are satisfied.

In most situations the metric (22.25) must satisfy the Einstein field equations with or
without matter sources. Thus we will need the components of the Ricci tensor. We work
with the frame components Ra

b = Rac
bc, obtained by contraction with frame components

of the curvature tensor. The latter are obtained from the curvature 2-form via

ρab = 1

2
Rab

cdec ∧ ed . (22.33)

We record the non-vanishing Ricci tensor components

Rt
t = −

[
A′′ − A′B ′ + A′2 + (D − 2)

A′

r

]
exp(−2B) ,

Rr
r = −

[
A′′ − A′B ′ + A′2 − (D − 2)

B ′

r

]
exp(−2B) ,

Ri
j = δi

j

[
(D − 3)(1− exp(−2B))

1

r2
+ B ′ − A′

r
exp(−2B)

]
. (22.34)

Exercise 22.10 This is another computation that will give readers useful practice.

22.1.5 AdS–Schwarzschild spacetime

The main purpose of this section is to obtain the AdS–Schwarzschild metrics, which are
static and spherically symmetric metrics that describe a black hole in AdS space. They
have important applications in the AdS/CFT correspondence. These metrics are solutions
of the equations (22.11), which means that they are Einstein metrics.

The Einstein space conditions are Rt
t = Rr

r = δ
j
i Ri

j/(D − 2) = −(D − 1)/L2. The
first equality tells us that A′ = −B ′. By choice of scale of the time coordinate, we choose
A(r) = −B(r). This gives us the differential equation

d

dr
(1− exp(−2B))+ D − 3

r
(1− exp(−2B)) = − (D − 1)

L2
r . (22.35)

The solution is

exp(−2B) = 1+ r2/L2 − (r0/r)D−3 ≡ h(r) . (22.36)

The reader is invited to check that Rt
t and Rr

r also satisfy the Einstein space conditions.
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We have now found the AdS–Schwarzschild metric in its usual presentation:

ds2 = −h(r)dt2 + 1

h(r)
dr2 + r2d�2

D−2 . (22.37)

Notice that the power law 1/r (D−3) in h(r) is that of the gravitational potential of a point
mass in flat D-dimensional spacetime. The parameter r0 is proportional to the mass of the
black hole. The function h(r) has a single zero at a finite value of r and is singular at
r = 0. To interpret this one may evaluate the Kretschmann invariant Rμνρσ Rμνρσ , which
is singular at r = 0 and otherwise regular. Thus r = 0 is a curvature singularity. The zero
of h(r) is a regular point, which is the event horizon. A light ray emitted inside the horizon
can never escape. The coordinate displacement dr is space-like outside the horizon but
time-like inside, while dt switches from time-like to space-like. The point r = 0 is called
a space-like singularity because the nearby tangent space contains only space-like vectors.
We refer readers to general relativity texts for more extensive discussions of the physics of
black holes.

In the limit L → ∞ the metric (22.37) becomes asymptotically flat and describes a
black hole in Minkowski spacetime. This is the Schwarzschild solution, first found [283]
in 1916. In the limit r0 → 0, we find the AdSD in the form (22.17).

Exercise 22.11 Use (7.116) to compute the curvature tensor components Rtr
tr and

Rti
t j for the metric (22.37). Observe that they do not satisfy the conditions of maximal

symmetry unless the black hole mass vanishes.

22.1.6 The Reissner–Nordströmmetric

This metric [284, 285] describes a non-rotating electrically charged black hole. It is a
solution to the equations of motion of the Maxwell–Einstein action

S =
∫

dDx
√−g

(
1

2κ2
R − 1

4
FμνFμν

)
, (22.38)

which are

∂μ(
√−ggμρgνσ Fρσ ) = 0 ,

Rμν = κ2
[

Tμν − 1

D − 2
gμνT ρ

ρ

]
,

Tμν ≡ FμρFν
ρ − 1

4
gμνFρσ Fρσ . (22.39)

The Maxwell–Einstein system is well known in general relativity and in N = 2, D = 4
and D = 5 supergravity.

The solution is spherically symmetric and static, so we work within the metric ansatz
(22.25) and use the frame components of the Ricci tensor in (22.34). The non-vanishing
components of the gauge field are Ftr = −Frt = f (r), which leads to Fρσ Fρσ =
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−2e−2(A+B) f 2. The non-vanishing components of FμρFνρ are (F F)t t = e−2B f 2 and
(F F)rr = −e−2A f 2.

Exercise 22.12 Reexpress this information in frame components and use (22.34) to
derive A′ = −B ′ as in the previous section. Show that the curved space Maxwell equation
in (22.39) becomes ∂r (r D−2 f (r)) = 0, which has the solution

Ftr = f (r) = − q

�D−2r D−2
, (22.40)

where �D−2 is the volume of the (D − 2)-dimensional sphere (see (22.9)), which is 4π in
the case of D = 4. Check that, with this normalization, q is the electric charge defined as
in (7.64).

There remains to solve the (frame-component) equation

Ri
j = δi

j

[
(D − 3)(1− exp(−2B))

1

r2
+ 2B ′

r
exp(−2B)

]
= δi

j
κ2q2

(D − 2)(�D−2r D−2)2
, (22.41)

and the solution is

F(r) ≡ exp (−2B) = 1−
(r0

r

)D−3 + κ2q2

(D − 2)(D − 3)(�D−2r D−3)2
. (22.42)

The Reissner–Nordström metric in D-dimensional spacetime is then

ds2 = −F(r)dt2 + 1

F(r)
dr2 + r2d�2

D−2 . (22.43)

Let’s focus on the four-dimensional case. The radial function in the line element can
then be written in terms of the black hole mass M and Newton’s constant G = κ2/8π (see
(A.11)) as

F(r) = 1− 2MG

r
+ q2G

4πr2
. (22.44)

This function has roots at

r = r± = MG ±
√

M2G2 − q2G

4π
, (22.45)

and it is infinite at r = 0. This point is a physical singularity, since the invariants
Rμνρσ Rμνρσ as well as Rμν Rμν and FμνFμν are singular there.

For small charge q2 < 4πM2G the roots r± are real. They are the inner and outer
horizons, which surround the singularity. The three invariants are non-singular at the hori-
zons. The outer horizon is the event horizon. A light ray emitted anywhere within this
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sphere cannot escape. As one moves inwards across the outer horizon the displacement dt
changes from time-like to space-like, as in the Schwarzschild case, but it changes back to
time-like at the inner horizon. The singularity at r = 0 is thus time-like because the tangent
space contains a time-like vector.

If q2 > 4πM2G, the roots r± become imaginary. The singularity is no longer shielded
by a horizon and is called a naked singularity. It is common to encounter mathematical
solutions with naked singularities, but it is considered to be physically pathological. The
cosmic censorship conjecture asserts, with considerable support in theoretical studies, that
naked singularities cannot occur as the endpoint of time evolution with generic initial data.
Classical solutions with naked singularities are pathological because the arbitrarily strong
fields nearby are accessible to an external observer. The classical theory is thus unreli-
able, so quantum effects must be taken into account; one may hope that they resolve the
singularity.

For q2 = 4πM2G, the inner and outer horizons coincide and we find the extremal
Reissner–Nordström solution with metric

ds2 = −(1− MG/r)2dt2 + (1− MG/r)−2dr2 + r2d�2
2 . (22.46)

We will study this metric in some detail because it has special significance as a BPS solu-
tion of supergravity. The horizon is located at r = MG, and it is convenient to shift the
radial coordinate by introducing v = r −MG. The horizon is now at v = 0, and the metric
becomes

ds2 = −(1+ MG/v)−2dt2 + (1+ MG/v)2[dv2 + v2d�2
2] . (22.47)

The near-horizon limit of this metric, namely the limiting form as v → 0, is

ds2 ≈ − v2

(MG)2
dt2 + (MG)2

dv2

v2
+ (MG)2d�2

2 . (22.48)

Finally we define the coordinate z = (MG)2/v and rewrite the near-horizon metric as

ds2 ≈ (MG)2

z2
[−dt2 + dz2] + (MG)2d�2

2 . (22.49)

We compare with (22.3) and (22.22) and learn that this line element describes the direct
product of two manifolds, namely AdS2 ⊗ S2. Both the AdS scale L and the radius of
the sphere rS are equal, namely L = rS = MG. The metric (22.49) is known as the
Robinson–Bertotti metric.

22.1.7 Amore general Reissner–Nordström solution

There is a more general static spherically symmetric solution of the system of gravity
coupled to an electromagnetic field. It describes a black hole that carries both electric
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and magnetic charge. Let’s find this solution using the ideas of electromagnetic duality
(discussed more generally in Sec. 4.2).

Let us start with a four-dimensional spacetime with metric tensor gμν and an antisym-
metric 2-tensor Fμν . For the moment we do not assume that these quantities satisfy any
particular equations of motion. We use a gauge field configuration that is the superposition
of electric and magnetic fields with real charges q and p, i.e.

Fμν = q Fμν + ipF̃μν = q Fμν + p ∗Fμν , i.e. F+
μν = (q + ip)F+

μν , (22.50)

where we wrote also the expression in terms of the Hodge dual (7.59).

Exercise 22.13 Show that the electromagnetic stress tensor of F satisfies

Tμν(F) ≡ FμρFν
ρ − 1

4 gμνFρσFρσ

= (q2 + p2)
(
FμρFν

ρ − 1
4 gμνFρσ Fρσ

)
. (22.51)

The exercise shows that the stress tensor of any gauge field configuration is the same as the
stress tensor for its dual.3 This means that the gravitational effects of the two configurations
are identical.

For any Fμν that satisfies the Maxwell equation in (22.39) and the Bianchi identity, the
dual tensor also enjoys the same properties (see Sec. 4.2.2), and so does the superposition
Fμν . In the previous section we considered a purely electric Fμν in a static spherically
symmetric spacetime. With unit charge we have Ftr = −Ftr = 1/(4πr2) with other
components vanishing. The dual tensor describes a unit point magnetic charge whose only
non-vanishing component is F̃θφ = −i sin θ/4π .

Exercise 22.14 Verify that this is the correct dual. Show that for r > 0 it satisfies
∂μ(

√−g ∗Fμν) = 0 and ∂μ∗Fνρ + ∂ν
∗Fρμ + ∂ρ

∗Fμν = 0.

We can now deduce the form of the general Reissner–Nordström metric with no further
work. Since the stress tensor (22.51) is proportional to q2 + p2, the metric (22.43) that we
found earlier is still correct if we make the minor modification

F(r) = 1− 2MG

r
+ (q2 + p2)G

4πr2
. (22.52)

The previous discussion of the curvature singularity and horizons of F(r) also applies to
the more general case. The only significant change is that the upper bound on the charges
to avoid a naked singularity becomes

3 Note that this is the transformation discussed already in Ex. 4.15 with A = q and B = −p. The result (22.51)
is a straightforward extension of (4.61) to curved spacetime.
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q2 + p2 ≤ 4πM2G . (22.53)

It is interesting that this bound obtained from the cosmic censorship conjecture agrees with
the BPS bound of N = 2 supergravity; see Sec. 12.6.2.

22.2 Killing spinors and BPS solutions

Killing spinors are one of the most interesting concepts to emerge from the development
of supergravity. Supergravity actions are invariant under SUSY transformations with arbi-
trary spinor functions ε(x). Killing spinors are associated with special classical solutions
of the equations of motion of a supergravity theory. Specifically they are the finite subset
of the spinor functions for which the SUSY transformation leaves the solution invariant,
i.e. unchanged from its original form. These spinors contain a finite number of constant
parameters, and they determine the residual global supersymmetry algebra of the solu-
tion; see Sec. 12.6. In favorable cases it is easier to find classical solutions of the equa-
tions of motion by studying the conditions for Killing spinors rather than the equations of
motion themselves. The Killing spinor conditions come directly from the fermion trans-
formation rules of supergravity. The conditions determine the spinors themselves, and
they give information on the spacetime geometries that support them. Many interesting
solutions have been discovered by studying these conditions. There is also an interesting
relation between Killing spinors and Killing vectors, which reflects the structure of the
supersymmetry algebra.

There are similarities between Killing spinor analysis and the approach of Bogo-
mol’nyi, Prasad and Sommerfield (BPS) [286, 287] to magnetic monopoles. In both for-
malisms, components of bosonic fields are related by first order differential equations.
For this reason a supergravity solution that has Killing spinors is frequently called a BPS
solution.

To motivate our discussion let’s set supersymmetry and supergravity temporarily aside
and consider a purely bosonic theory of gravity coupled to scalar or vector fields. One
example is the Maxwell–Einstein theory with action (22.38). The action is invariant under
general coordinate transformations with arbitrary infinitesimal parameters ξμ(x). The sim-
plest classical solution of the system is D-dimensional Minkowski spacetime with metric
gμν = ημν and vanishing gauge field Fμν = 0. The solution is invariant, unchanged from

Killing spinors and residual global supersymmetry algebra Box 22.1

Killing spinors are the parameters of preserved supersymmetry of a solution. When they are characterized by
nQ constants, we say that there arenQ preserved supersymmetries. Bilinears of the Killing vectors are Killing
vectors, which determine bosonic preserved symmetries.
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the form just specified, only for the well-known Killing vectors of Minkowski spacetime,
which are a finite dimensional subset of the ξμ(x); see (11.46). These Killing vectors deter-
mine the isometry group of the spacetime; in this case it is the Poincaré group in D dimen-
sions. In Sec. 22.1.4 we wrote the ansatz (22.25) for a D-dimensional static and spherically
symmetric spacetime metric. Again it is invariant only under a subset of coordinate trans-
formations, which contains the Killing vectors for time translations and spatial rotations. In
many situations one is interested in the fluctuations about a particular classical background
solution. The dynamics of these fluctuations is covariant under the isometry group.

The situation in supergravity is analogous. Let’s consider the basic N = 1, D = 4
supergravity theory of Ch. 9. Again the simplest classical solution is Minkowski spacetime
with (gμν)0 = ημν and vanishing gravitino field (ψμ)0 ≡ 0. The action is invariant under
the transformation rules (9.3) and (9.4), in which ε(x) is arbitrary, and the spin connection
in Dμ includes a torsion correction quadratic in ψμ. The residual global SUSY algebra is
determined by the conditions

δea
μ = 1

2 ε̄γ
aψμ = 0 , δψμ = Dμε = 0 , (22.54)

in which we insert the background values of the frame field (ea
μ)0 = δa

μ and gravitino
(ψμ)0 = 0. These conditions express the requirement that the residual SUSY transforma-
tions do not change the background fields. Since (ψμ)0 = 0, the first condition of (22.54)
is automatically satisfied. In the second condition the spin connection (including torsion)
vanishes in the background, so the condition becomes simply ∂με = 0. We conclude that
the Killing spinors of the Minkowski background are the set of four independent constant
Majorana spinors εα .

At this point we recall that the parameters of global SUSY transformations are constant
Majorana spinors. Further we know that there is a particle representation of the SUSY
algebra consisting of massless spin-2 and spin-3/2 particles. With this evidence we infer
that the symmetry algebra of fluctuations about the Minkowski background is the D = 4
Poincaré SUSY algebra. The Minkowski background, with vanishing matter fields, fre-
quently occurs as the simplest classical solution of supergravity coupled to N = 1 gauge
and chiral multiplets. It is no surprise that the Poincaré SUSY algebra governs these sys-
tems. The Minkowski background is called maximally supersymmetric because there are
four independent Killing spinors and thus four conserved supercharges.

Finally we note that, for any pair of Killing spinors ε and ε′, the bilinear (ε̄′γ με) is a
constant vector field and thus a Killing vector for spacetime translations. It is the translation
Killing vectors that occur, rather than rotations, because the anti-commutator of two global
SUSY transformations closes on spacetime translations.

BPS solutions can be quite complex. They include multiple charged and multi-center
black holes, intersecting D-branes and more. But the pattern is the same in all examples.
One searches for a preserved supersymmetry of a classical solution involving bosonic fields
such as the metric, gauge fields and scalars, while the fermion fields in the same theory,
gravitinos and spin-1/2 fields, vanish. Let’s denote the bosonic fields collectively by B(x)
and the fermions by F(x). The local SUSY transformations of the theory may be written
in the schematic form
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δ B(x) = ε̄(x) f1(B(x))F(x) +O(F3), δ F(x) = f2(B(x))ε(x)+O(F2) . (22.55)

The functions f1(B), f2(B) typically include Dirac γ -matrices and spacetime derivatives.
For each preserved supersymmetry there is a non-trivial configuration ε(x) for which both
δB(x) and δF(x) vanish when the classical solution is substituted in (22.55). Since the
fermions vanish classically, the condition δB(x) = 0 is trivially satisfied, so we need to
study only the linearized fermion variations

δ F(x)|lin ≡ f2(B(x))ε(x) = 0 . (22.56)

These conditions are a set of coupled first order differential equations involving the fields
B(x) and the spinors ε(x). When there is a solution, it will determine a set of nQ linearly
independent spinor configurations of ε(x). Each independent ε(x) is a Killing spinor, and
we then say that the BPS solution preserves nQ supercharges. In practice, the conditions
(22.56) also determine much of the information on the field configuration B(x), so it is not
necessary to solve the full set of Lagrangian equations of motion. Examples of the solution
of (22.56) will be presented in Secs. 22.3 and 22.4.

22.2.1 The integrability condition for Killing spinors

Let’s look at the Killing spinor condition Dμε = 0 more closely. Note that covariant deriva-
tives in non-trivial spacetimes, those with non-vanishing Riemann tensor, generically do
not commute. Non-commutativity is expressed by the Ricci identity, which was discussed
in Ch. 7; see (7.123). For spinors it reads

[Dμ, Dν]ε = 1
4 Rμνabγ

abε = 0 . (22.57)

This algebraic condition expresses the mutual compatibility of the vector components of
Dμε = 0. It is usually called the integrability condition for Killing spinors, and it is a
necessary condition for the existence of such spinors. Integrability is a trivial issue for
Minkowski spacetime since the curvature tensor vanishes, but it is a very strong constraint
on the geometry of any curved spacetime. The issue of integrability and the Killing spinors
for pp-wave spacetimes are discussed in Appendix 22A.

22.2.2 Commuting and anti-commuting Killing spinors

Spinor fields in supergravity actions are anti-commuting quantities, and so are the trans-
formation parameters ε(x). A general supergravity theory contains both gravitinos ψμ(x)
and ordinary fermions χ(x). Killing spinors are determined from the fermion transfor-
mation rules δψμ = 0 and δχ = 0, evaluated in a purely bosonic field configuration. The
equations are linear in ε but contain no other fermionic quantities. There is nothing to deter-
mine whether the Killing spinors are commuting or anti-commuting. Thus we can view the
Killing spinor conditions as a set of ordinary differential and algebraic conditions whose
solution, when it exists, is expressed in terms of ordinary commuting quantities. However,
when the Killing spinors are applied to study fluctuations about a BPS background, they
must be converted to anti-commuting. To do this one simply assumes that the independent
constant parameters in the Killing spinors are Grassmann numbers.
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22.3 Killing spinors for anti-de Sitter space

Anti-de Sitter space first appeared in supergravity as the maximally supersymmetric solu-
tion (i.e. four independent Killing spinors) of the cosmological extension of the N = 1,
D = 4 theory, which was discussed in Sec. 9.6. However it also occurs for D > 4, for
example, in Kaluza–Klein reductions of 10- and 11-dimensional supergravity. The five-
dimensional case is essential for the AdS/CFT correspondence. In this section we will
obtain the Killing spinors for AdSD , which is maximally supersymmetric for any space-
time dimension.

The bosonic action that leads to AdS space is given in (22.10); see also Sec. 9.6. Killing
spinors are solutions of the equation

D̂με ≡
(

Dμ − 1

2L
γμ

)
ε = 0 . (22.58)

In the case N = 1, D = 4 this is exactly the gravitino transformation rule (9.48) (with
vanishing background ψμ), and ε is a Majorana spinor. However, (22.58) applies in every
dimension; in each case ε is a specific type of spinor, e.g. symplectic-Majorana in D = 5.
The information we need does not require a detailed specification, so we assume generi-
cally that ε is a complex (Dirac) spinor.

It is informative to examine the integrability condition for (22.58). This reads as in
(9.49):

[D̂μ , D̂ν]ε =
(

1

4
Rμνabγ

ab + 1

2L2
γμν

)
ε . (22.59)

Since AdSD is a maximally symmetric spacetime, we insert the form Rμνab = −(eaμebν −
eaνebμ)/L2 and find that the right-hand side of (22.59) vanishes identically. This is a strong
hint that AdSD is maximally supersymmetric with a full set of 2[D/2] Killing spinors. We
will obtain the explicit form of these spinors shortly.

Exercise 22.15 Derive the integrability condition (22.59). Assume that ε and ε′ are both
Killing spinors. Show that∇μ

(
ε̄′γνε

) = −(1/L)ε̄′γμνε . Therefore the vector Kν = ε̄′γνε
satisfies ∇μKν + ∇νKμ = 0. This exercise shows that the γν bilinear of any pair of AdS
Killing spinors is a Killing vector.

We will study Killing spinors in the Poincaré patch of AdSD . Killing spinors for global
coordinate charts are known for D = 4 (see [184]), and also for general D (see [288]).
It is convenient to follow [289] and transform the radial coordinate in the Poincaré metric
(22.22) by z = Le−r/L so that the boundary appears in the limit r → ∞. The metric
becomes

ds2 = e2r/Lημνdxμdxν + dr2 . (22.60)

The indices of the transverse coordinates xμ take values μ = 0, 1, . . . , D − 2. The radial
coordinate is referred to as r with no assigned numerical value.

To find Killing spinors use frame 1-forms

eμ̂ = er/L dxμ , er = dr . (22.61)
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The connection forms are

ωμ̂r = 1

L
eμ̂ , ωμ̂ν̂ = 0 . (22.62)

Exercise 22.16 As a check on these data show that the curvature 2-form is maximally
symmetric, i.e. ρab = −ea ∧ eb/L2 .

The γ -matrices are the constant γ a of flat D-dimensional spacetime. We label them γ μ̂,
μ̂ = 0, 1, . . . , D− 2, and γ r . The Killing spinor conditions split into radial and transverse
components:

D̂rε =
(
∂r − 1

2L
γr

)
ε = 0 ,

D̂με =
(
∂μ + 1

2L
γμ(γr − 1)

)
ε = 0 . (22.63)

To solve them we introduce constant spinors η± that satisfy γrη± = ±η±. It is then not
difficult to see that the Killing spinors are

ε+ = er/2Lη+ ,

ε− =
(

e−r/2L + 1

L
er/2L xμγμ̂

)
η− . (22.64)

The last term includes a sum over the transverse indices. Note that ε− is not an eigenspinor
of γr .

Exercise 22.17 The purpose of this exercise is to relate the various AdSD isometries
listed in Sec. 22.1.3 to the Killing spinor bilinears ε̄′γ Mε, where M refers to the coordinate
indices μ and r. Use the relation δz = −zδr/L. Compute all δx M ≡ ε̄′γ Mε and show that
they correspond as follows to the AdSD isometries:

(i) translations δxμ = aμ̂ = η̄′+γ μ̂η+ , δz = 0;

(ii) Lorentz δxμ = λμ̂ν̂xν , λμ̂ν̂ = 1

L

(
η̄′+γ μ̂ν̂η− + η̄′−γ μ̂ν̂η+

)
, δz = 0;

(iii) scale δxμ = ρxμ , δz = ρz , ρ = 1

L

(
η̄′+η− − η̄′−η+

)
;

(iv) special conformal δxμ = cμ̂(x · x + z2) − 2c · xxμ, δz = −2c · x z, with

cμ̂ = 1

L2
η̄′−γ μ̂η−.

Hint: since η̄±γr = ∓η̄±, the bilinear η̄′+η+ vanishes. The δx M above satisfy the differ-
ential equations for AdS Killing vectors in any dimension D, but they are not necessarily
real. They are real in spacetime dimensions 2, 3, 4 mod 8, if the spinors η, η′ are chosen
as anti-commuting Majorana spinors. Comparing with the superconformal algebra of
Sec. 16.1.1, one can identify η+ and η− with the parameters of Q- and S-supersymmetry,
respectively.
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22.4 Extremal Reissner–Nordström spacetimes as BPS solutions

In this section we will investigate the possibility of BPS solutions of the Maxwell–Einstein
system (22.38). We will use coordinates t, xi , i = 1, 2, 3, and assume that the static space-
time metric takes the form

ds2 = −e2U (x)dt2 + e−2U (x)dxi dxi . (22.65)

Initially we assume a purely electric gauge field with non-vanishing components Fti (x) =
−∂i At (x). The notation U (x) indicates that the function is independent of t .

We will obtain an interesting generalization of the Reissner–Nordström solution called
the Papapetrou–Majumdar spacetime in which the scale factor and gauge potential are

e−U = 1+
n∑

I=1

MI G

|	x − 	xI | ,

At = ± 1√
4πG

eU . (22.66)

Note that the Maxwell equation in the metric (22.65) reads

1√
2
κ∂i
(√−ggi j gtt∂ j At

) = ∂i (e
−2U∂i e

U ) = −∇2e−U = 0 . (22.67)

Thus, e−U is a harmonic function (with respect to Cartesian coordinates xi ). If we choose
the function e−U = 1 + MG/|	x |, then the metric (22.65) agrees with extremal Reissner–
Nordström in the form (22.47) with radial coordinate v = |	x |, and charge q = ∓√4πG M .
The more general point-singular function in (22.66) describes a ‘multi-center’ collection
of n extremal Reissner–Nordström black holes with horizons located at 	x = 	xI . The sys-
tem remains stable and thus time independent because gravitational attraction and electric
repulsion cancel between each pair of black holes. It can be shown that all mass parameters
must have positive sign to avoid naked singularities.

We now want to see how the Papapetrou–Majumdar solution emerges as a BPS solution
of N = 2 supergravity and to find its Killing spinors. We follow [290]. The pure super-
gravity theory contains the graviton and Maxwell fields and two Majorana gravitinos, and
the transformation rules involve two Majorana spinor parameters. It is convenient to use
the notation of Sec. 6A and Ch. 20 and work with the chiral projections of the two Majo-
rana spinors. We thus use the up/down position of the R-symmetry indices, now denoted
by A, B = 1, 2, to specify the chirality. Thus, for the SUSY transformation parameters,
we have

γ∗εA = PLε
A = εA , γ∗εA = −PRεA = −εA , (22.68)
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with similar notation for gravitinos. Each Majorana spinor contains two independent
complex or four real components, so there are eight independent real parameters for N = 2
SUSY.

Killing spinors are determined by the condition that the linearized gravitino transforma-
tion rule vanishes. We discussed this model in Ex. 21.3 and obtained the transformation
rule (21.49):

δψμA =
(
∂μ + 1

4γ
abωμab

)
εA − 1

8

√
2κFabγ

abγμεABε
B = 0 . (22.69)

Notice that Fab can be replaced above by the self-dual F+
ab. The reason is that δψμA has

the chirality of PR and so the argument of (14.18) applies.
To analyze the condition (22.69) we work in the frame

e0̂ = eU dt , eî = e−U dxi , (22.70)

in which the connection 1-forms are

ω0̂î = eU∂iUe0̂ , ωî ĵ = −dxi∂ jU + dx j∂iU. (22.71)

Notice that F0̂î = Fti = −∂i At .
Most of the information we need can be found from the time component of (22.69),

which reads

δψt A = ∂tεA + 1
2 e2U∂iUγ îγ 0̂εA − 1

4

√
2κeU∂i Atγ

îεABε
B = 0 . (22.72)

Since the solution we seek is static, it is reasonable to assume that the Killing spinors are
independent of the time t . The first term in (22.72) then vanishes, and the second and third
terms cancel if the following two conditions hold:

At = ±√2κ−1eU , (22.73)

εA = ∓γ 0̂εABε
B . (22.74)

The first condition states that the gauge potential At and the scale factor eU are related
exactly as in (22.66), and the second is a purely algebraic condition on the Killing spinors,
which we will discuss shortly. First, however, we must examine the spatial components of
(22.69).

Exercise 22.18 Show that the condition δψk A = 0 reduces to (∂k − 1
2∂kU )εA = 0 after

substitution of (22.71) and (22.73)–(22.74). The solution of this equation is simply

εA = e
1
2 U (x)εA

0 , (22.75)

where the spinors εA
0 are constant and satisfy (22.74). Show that these εA contain four

independent real parameters. The Papapetrou–Majumdar solutions thus preserve four of
the eight supercharges of the N = 2 algebra. They are therefore called 1

2 -BPS solutions.
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Box 22.2 The black hole attractor mechanism

The scalars in extremal black hole solutions ofN = 2 supergravity exhibit a gradient flow towards fixed
points at the horizon. The fixed point values depend only on the charges carried by the black hole and not
on the values of the scalars at large distance. The flow is determined by a black hole potential related to the
central charge of theN = 2 supergravity algebra.

The information obtained from the Killing spinor analysis is not quite all we need
because the scale factor eU is not yet determined. However, we see that (22.73) is exactly
the relation used to write the Maxwell equation in the form (22.67), and this tells us directly
that e−U is a harmonic function.

There is also a more general form of the Papapetrou–Majumdar solution in which
each center carries both electric and magnetic charge qI , pI with mass MI =√

q2
I + p2

I /(4πG)1/2. This form is also 1
2 -BPS. See [291] and [290] for more information.

Exercise 22.19 Use the prepotential in (21.47) and the value of X0 found in Ex. 21.3 to
find that the central charge defined in (21.52) is

Z = (4πG)−1/2 (q + ip) . (22.76)

This shows that the condition on the electric and magnetic charges for the supersymmetric
solution saturates the BPS bound (12.22), i.e. M2 = |Z|2.

22.5 The black hole attractor mechanism

Attractor black holes are solutions of supergravity theories that contain both gauge and
scalar fields and carry electric and magnetic charges. We will study them in the framework
of N = 2 supergravity coupled to n gauge multiplets, each containing a gauge field and
a complex scalar. Although the attractor mechanism is more general, we focus on static,
spherically symmetric and supersymmetric solutions. They possess Killing spinors, but we
first take a different viewpoint and show that the dynamics of metric and scalars can be
derived from a set of first order differential equations in the radial variable.4 The attractor
mechanism was discovered in [294, 295, 296].

The scalar dynamics is particularly rich. The values of the scalars at spatial infinity are
continuously variable parameters of the solution of the equations, and the black hole mass
depends on these moduli. However, the scalars approach fixed values at the black hole
horizon that depend only on the charges, and ‘memory’ of their asymptotic values is lost.
In fact, the ‘flow’ of the scalars towards the horizon exhibits the simple and elegant feature
of gradient flow towards a fixed point, which is the minimum of a function related to the
central charge of the N = 2 supergravity algebra. Hence the name ‘attractor’.

4 Much of the analysis below actually applies to extremal solutions and there are also first order equations for
non-extremal black holes; see [292, 293].
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The near-horizon geometry of the solution is determined by the charges. The horizon
area of the black hole and thus its entropy depend only on the charges. This is particularly
significant for supersymmetric (BPS) black holes, because these solutions persist in the
quantized string theory of which supergravity is the low energy limit. Consistency of the
quantum theory requires that charges take discrete values that lie on a set of points called
the ‘charge lattice’. The possible values of horizon area of a BPS black hole are thus dis-
crete and can be matched to the number of ‘quantum microstates’ in the string theory
description of the black hole [297].

22.5.1 Example of a black hole attractor

We introduce the attractor mechanism in a simple N = 2 supergravity model containing
the gravity multiplet and one gauge multiplet. The bosonic fields are the metric gμν and
the graviphoton, plus the gauge multiplet photon and complex scalar z. The two photons
combine into gauge potentials with field strengths Fμν and F ′

μν . The scalar target space is
the Poincaré plane, with Im z > 0.

This system was obtained as an example of special Kähler geometry in Ch. 20. We use
the parametrization that cannot be derived from a prepotential, derived in Ex. 20.19. The
bosonic part of the action is5

S = 1

2κ2

∫
d4x

{√−g

[
R − ∂μz∂μ z̄

2(Im z)2
− 1

2 Im z
(
FμνFμν + F ′

μνF ′μν)]
+ 1

4 Re z εμνρσ [FμνFρσ + F ′
μνF ′

ρσ ]
}
. (22.77)

Since Im z > 0, the kinetic terms of both gauge fields are positive. In Ex. 20.20 it is proven
that this model has U(1)× SU(1, 1) duality symmetry.

A very simple example of a black hole solution that displays the attractor mechanism
was presented in [295], which we follow closely. It turns out that Re z vanishes in this
attractor solution so we drop it and define a real scalar φ, usually called the dilaton, by
Im z = e−2φ . The action of our system then becomes

S = 1

2κ2

∫
d4x

√−g
[

R − 2∂μφ∂μφ − 1
2 e−2φ(FμνFμν + F ′μνF ′

μν)
]
. (22.78)

In isotropic coordinates the line element takes the form

ds2 = −e2U (r)dt2 + e−2U (r)(dr2 + r2(dθ2 + sin2 θ dφ2)) . (22.79)

The solution is reasonably simple, so we take it from [295] and verify in Ex. 22.26
below that it emerges from the field equations. One gauge field is purely electric and the
other magnetic, so its dual is electric. Spherical symmetry determines the 2-forms

5 We rename F0
μν → Fμν and F1

μν → F ′μν .
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F = ±d(1/H1) ∧ dt , G ′ = ±d(1/H2) ∧ dt ,

G ′
μν ≡ − 1

2

√−ge−2φεμνρσ F ′ρσ = κ2εμνρσ
δS

δFρσ
, (22.80)

where H1,2 are functions of r and G ′μν is the tensor defined in (7.63), up to a factor κ2 to
avoid such factors below.6 The full solution is then

e−2U = H1 H2 , e−2φ = H1/H2 ,

H1 = e−φ0 + |q|
4πr , H2 = eφ0 + |p′|

4πr .
(22.81)

The constant φ0 is the value of the dilaton at spatial infinity. The ± signs in the 2-forms
indicate four different possibilities for the signs of the charges, as can be checked with the
following exercise.

Exercise 22.20 Note that H1,2 in (22.81) are point-singular harmonic functions.
Show that the magnetic 2-forms at infinity are G = −(q/4π) sin θ dθ ∧ dφ and F ′ =
−(p′/4π) sin θ dθ ∧ dφ, when we put q = ±|q| and p′ = ∓|p′|. These are the ‘standard’
expressions for point monopoles of electric charge q and magnetic charge p′.

The basic feature of the attractor mechanism may now be seen by examining

−gtt = grr = 1+ e−φ0 |p′| + eφ0 |q|
4πr

+ |p′q|
(4πr)2

, (22.82)

e−2φ = e−φ0 + |q|/(4πr)

e+φ0 + |p′|/(4πr)
.

The mass of the black hole is determined by the coefficient of the 1/r term in grr . Com-
paring with (22.47), we identify

8πMG = e−φ0 |p′| + eφ0 |q| , (22.83)

and observe that it depends on the asymptotic value of the dilaton. The horizon is located
at r = 0 where, as usual, gtt vanishes. The value of the dilaton at the horizon,

(e−2φ)hor =
∣∣∣∣ q

p′

∣∣∣∣ , (22.84)

6 In the rest of this chapter, we redefine several quantities by absorbing factors of κ . They then carry different
dimensions from those listed in Sec. 21.5.3. We rename NI J → κ−2NI J , where the new NI J is dimension-
less. Gμν,I is defined with this new NI J and hence has dimension [M], as does F I

μν . Therefore, the electric

charge qI , also defined with this new Gμν,I according to (7.65), is κ2qI in terms of the one used before, and

has dimension of length, as does pI .
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depends only on the electric and magnetic charges. For all choices of its value at long
distance, the dilaton is driven to a fixed value at the horizon.

We emphasize that in the coordinate system used above the region r > 0 covers the
exterior of the black hole with the horizon at r = 0. As in the Reissner–Nordström
solution, the metric of the dilaton black hole approaches the Robinson–Bertotti met-
ric (22.49) near the horizon. We suggest the following simple exercise to support these
statements.

Exercise 22.21 Show that the horizon is a 2-sphere with area7

A = 4π lim
r→0

r2e−2U (r) = |qp′|
4π

. (22.85)

Calculate the invariants FμνFμν and F ′μνF ′
μν and verify that they are non-singular and

constant on the horizon.

22.5.2 The attractor mechanism – real slow and simple

In this section we discuss a more general family of solutions of the theory with action
(22.77) and develop a more general approach to the attractor mechanism. Let’s discuss the
metric ansatz first. The harmonic functions that determine the solution (22.81) are quite
simple, but they would be even simpler as linear functions of the variable τ = 1/r . With
this motivation we introduce τ as a new radial variable and rewrite the line element (22.79)
in the new form

ds2 = −e2U (τ )dt2 + e−2U (τ )

[
dτ 2

τ 4
+ 1

τ 2
(dθ2 + sin2 θ dφ2)

]
. (22.86)

This line element is the limit as c → 0 of the more general form

ds2 = −e2U (τ )dt2 + e−2U (τ )

[
c4dτ 2

sinh4(cτ)
+ c2

sinh2(cτ)
(dθ2 + sin2 θ dφ2)

]
. (22.87)

The pattern of black hole solutions of the theory is as follows. For each choice of charges
(q, p) and (q ′, p′) with non-vanishing symplectic invariant qp′ − q ′ p, there is a family of
regular non-extremal black hole solutions whose metric takes the form in (22.87). In the
limit c → 0 each of these becomes a regular extremal solution. Only the scalar fields of
extremal solutions exhibit the attractor phenomenon. Most of our explanation of attractor
behavior applies to extremal solutions, but at the end we restrict to the subset of extremal
solutions that are supersymmetric.

Although non-extremal solutions are not of direct concern here, it is useful to give some
motivation for the form of the spatial 3-metric in (22.87), which first appeared in [291].
Here is an optional exercise for this purpose.

7 Consider a k-dimensional submanifold embedded in a D-dimensional spacetime with metric ds2 =
gμνdxμdxν . The embedding equations are xμ(ξα), α = 1, . . . , k. The induced metric on the submanifold

is hαβ = ∂xμ

∂ξα

∂xμ

∂ξα
gμν(x(ξ)) and its area is A = ∫ √det hαβ dkξ . In the exercise it is convenient to take

ξ1 = θ and ξ2 = φ.
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Exercise 22.22 Show that the non-extremal Reissner–Nordström metric can be brought
to the form in (22.87) by the change of radial coordinate:

c2

sinh2(cτ)
= (r − r+)(r − r−) , (22.88)

where r± are the outer/inner horizons of Reissner–Nordström; see (22.45). Show that the
non-extremality parameter c is related to the horizon positions by c = (r+ − r−)/2.

Exercise 22.23 For applications in this section and in the multi-field extension below,
it is useful to prepare several formulas valid for the metric of (22.86). They involve the
ideas of Sec. 4.2 but now applied in curved spacetime using the dual tensors in (7.59).
(A subtle ingredient is that in order to have the same value for a scalar quantity such as√−gεμνρσ Hμνρσ (for any 4-tensor H) in coordinates {trθφ} and coordinates {tτθφ}, one
must take εtτθφ = −1 since εtrθφ is +1.) For any antisymmetric tensor Fμν , show that

F̃tτ = i
e2U

sin θ
Fθφ , F̃θφ = −ie−2U sin θ Ftτ . (22.89)

The Lagrangian of the multi-component model is given in (21.4), up to factors κ2; see
footnote 6. The definition of Gμν I is

Gμν I ≡ κ2εμνρσ
δS

δF I
ρσ

= i ImNI J F̃ J
μν + ReNI J F J

μν . (22.90)

Write this equation explicitly for the index pairs [μν] = [tτ ] and [θφ] in (22.89), and solve
the equations to obtain(

Ftτ

Gtτ

)
= −�M e2U

sin θ

(
Fθφ
Gθφ

)
,

e2U

sin θ

(
Fθφ
Gθφ

)
= �M

(
Ftτ

Gtτ

)
, (22.91)

where � is the symplectic metric and M is the symmetric matrix introduced in [298]:

� =
(

0 δI
J

−δ I
J 0

)
, M =

(−(I + R I−1 R)J K (R I−1)J
K

(I−1 R)J
K −(I−1)J K

)
, (22.92)

using RJ K ≡ ReNJ K and IJ K = ImNJ K .

To return to the model of (22.77), we replace NI J → −z (see (20.145)). The dual is
then

Gμν = −i Im z F̃μν − Re zFμν , (22.93)

and the matrix M becomes

M = 1

Im z

( |z|2 Re z
Re z 1

)
. (22.94)

It is an element of SL(2,R) = Sp(2,R).
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We now analyze the equations of motion that determine extremal black holes. The steps
of the analysis are as follows:

1. Analyze and solve the gauge field equations of motion.
2. Calculate the Ricci tensor components for the metric of (22.86) and the stress tensor

components for the matter fields in the Lagrangian of (22.77). Write the components of
the Einstein equations and substitute the gauge field solutions in them.

3. Write the scalar equations of motion that are sourced by gauge field bilinears.
4. At this point we have a system of equations to determine the scale factor U (τ ) and the

real scalars Re z(τ ) and Im z(τ ) in terms of the four charges. We observe that these
equations are equivalent to the equations of motion of an effective action with one inde-
pendent variable, namely τ , plus a constraint, which is essentially the ‘energy’ conser-
vation law for the system.

Even a journey of a thousand miles begins with one small step, so let’s go.

1. We solve the field equations for Fμν assuming that they describe a dyon8 with charges
(p, q). Spherical symmetry and the conventional Bianchi identity require that field
strength 2-forms conform to the ansatz:

F = Ftτdt ∧ dτ + Fθφdθ ∧ dφ (22.95)

= f (τ )dt ∧ dτ − p

4π
sin θ dθ ∧ dφ .

The quantity p is the magnetic charge; the function f (τ ) is to be found from the Euler–
Lagrange equation (δS/δAt ) = 0, where Fμν = ∂μAν − ∂ν Aμ. Inserting the metric
components from the line element (22.86) and the field components from (22.95) one
finds the equation

∂τ

[
−e−2U f (τ ) Im z + p

4π
Re z

]
= 0 . (22.96)

(The equations of motion for Aτ , Aθ , Aφ are trivial identities.) One can immediately
integrate this equation with the electric charge q appearing as an integration constant.
One obtains using (22.93) and (22.89)

(sin θ)−1Gθφ = −e−2U f (τ ) Im z + p

4π
Re z = − q

4π
. (22.97)

The electric/magnetic charges are as defined in (7.65). The general result (22.91) allows
us to summarize results by displaying the 2-forms F , G as a symplectic vector, which
transforms under duality as in (4.54):

4π

(
F
G

)
= e2U�M

(
p
q

)
dt ∧ dτ −

(
p
q

)
sin θ dθ ∧ dφ , (22.98)

where M is given in (22.94). The 2-forms F ′, G ′ can be written as similar expressions,
obtained from (22.98) by changing the charges q → q ′, p → p′.

8 The charges p, q can now be either positive or negative.



516 Classical solutions of gravity and supergravity

2. The Einstein equations are

Rμν = κ2
(

Tμν − 1
2 gμνT ρ

ρ

)
,

κ2Tμν = Im z
(

FμρFν
ρ − 1

4 gμνFρσ Fρσ + F ′
μρF ′

ν
ρ − 1

4 gμνF ′
ρσ F ′ρσ)

+ 1

4(Im z)2
(
∂μz∂ν z̄ + ∂νz∂μ z̄ − gμν ∂ρz∂ρ z̄

)
. (22.99)

The only non-vanishing components of Rμν and Tμν are the four diagonal components.
We indicate derivatives with respect to τ by U̇ (τ ) and Ü (τ ), and we introduce the
important black hole potential [296]

(4π)2VBH = 1
2 ( p q )M

(
p
q

)
+ 1

2 ( p′ q ′ )M
(

p′
q ′
)
. (22.100)

Why is it important? One virtue is that it simplifies the field equations. With the gauge
fields from (22.98) inserted they read

Rtt = e4U τ 4Ü = e6U τ 4VBH ,

Rττ = Ü − 2U̇ 2 = −e2U VBH + |ż|2/2(Im z)2 , (22.101)

Rθθ = τ 2Ü = τ 2e2U VBH .

The Rφφ and Rθθ equations differ by the common factor of sin2 θ , so only the equations
above need be considered. Thus the four diagonal components of the Einstein equations
produce just two independent conditions:

Ü = e2U VBH ,

U̇ 2 = e2U VBH − |ż|2
(2 Im z)2

. (22.102)

Exercise 22.24 Show that VBH is a positive quantity. Show that e2U VBH is essentially
the electromagnetic energy density

√−gT 0
0 obtained by inserting the gauge fields F (and

F ′) from (22.98) in the electromagnetic terms of the stress tensor in (22.99).

Exercise 22.25 As discussed in Sec. 4.2.3, the scalar z and the charges (p, q) transform
under the SL(2,R) duality symmetry as (note that Z = −z∗)

z → az − b

d − cz
,

(
p
q

)
→
(

d c
b a

)(
p
q

)
. (22.103)

The charges (p′, q ′) transform in the same way as (p, q). Show that VBH is invariant
under these duality transformations. It suffices to analyze the following three cases sepa-
rately: inversion (a = d = 0, b = −c = 1), translation (a = d = 1, c = 0, b arbitrary),
and scale (d = 1/a, b = c = 0).
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3. With some care one can show that the scalar equations of motion are

κ2

sin θ

δS

δz
= d

dτ

( ˙̄z
(2 Im z)2

)
− i|ż|2

4(Im z)3
− e2U ∂VBH

∂z
= 0 . (22.104)

4. Consider the following positive definite action functional:

S[U, z] ≡
∫

dτ

(
U̇ 2 + |ż|2

(2 Im z)2
+ e2U VBH

)
. (22.105)

It resembles the action of a system in classical mechanics, with variables U (τ ), z(τ )
except that the potential appears with an unconventional sign. Noether’s theorem
implies that the ‘energy’

E ≡ U̇ 2 + |ż|2
(2 Im z)2

− e2U VBH (22.106)

is independent of τ . Now observe that the Euler–Lagrange equations of this system
agree with the scalar equations of motion of (22.104) and the second order equation
of (22.102) , and that the remaining first order equation implies that we consider only
solutions of the mechanical system with E = 0.

This completes the program outlined above. Since a spherically symmetric classical
solution has ‘cohomogeneity 1’ it is not a great surprise that the final equations can be
rephrased as those of a classical mechanical system. As so far described, our discussion
applies to all extremal solutions.

Exercise 22.26 Check that the explicit solution described in (22.80) and (22.81) is
indeed a solution of all field equations above in the special case of charges (0, q) and
(p′, 0) and Re z = 0, Im z = e−2φ . Identify the solutions (22.98) with (22.80).

The attractor behavior is not yet in sight, but it will come after we digress in the next sec-
tion to study the supersymmetry properties of black holes. The discussion requires manip-
ulation of the transformation rules of N = 2 supergravity derived in Ch. 20. Readers who
are most interested in understanding how the action (22.105) leads to the attractor prop-
erty can proceed directly to Sec. 22.7. The essential result needed is the central charge Z
defined in (22.125).

22.6 Supersymmetry of the black holes

22.6.1 Killing spinors

The action (22.77) is a particular model of N = 2 supergravity. We will see how the
solution discussed in Sec. 22.5.1 can be derived from an analysis of its linearized fermion
transformation rules. Then we will consider the algebra of the preserved supersymmetries
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and obtain the equality of mass and central charge for these supersymmetry-preserving
solutions. Indeed, they are BPS solutions.

We thus start from (21.42) without hypermultiplets, gauging or moment maps. Using
A, B for the R-symmetry index, the transformations and the (bosonic part of the) auxiliary
fields that appear therein are (using the rescaled NI J in footnote 6)

δψ A
μ =

(
∂μ + 1

4ωμ
abγab − 1

2 iAμ

)
εA − 1

16γ
abT−

abε
ABγμεB ,

δχα
A = /∂zαεA − 1

2κ
−2gαβ̄G−

ab β̄
γ abεABε

B ,

Aμ = 1
2 i κ2

(
∂μzα∂αK − ∂μ z̄ᾱ∂ᾱK

)
,

T−
ab = −4X I ImNI J F−J

ab , G−
ab β̄

= ∇ β̄ X̄ I ImNI J F−J
ab ,

X I = y Z I , y = eκ
2K/2 , ∇αZ I =

[
∂α + κ2(∂αK)

]
Z I . (22.107)

We now use the data from Ex. 20.19 in which I = 0, 1, and α = z (only one value):

Z0 = 1 , Z1 = i , e−κ2K = 4 Im z , NI J = −zδI J , (22.108)

leading to the action in (22.77), when F0
μν is identified with Fμν and F1

μν with F ′
μν . In this

model some relevant quantities in (22.107) are

T−
ab = 4y Im z

(
F−0

ab + iF−1
ab

)
, G−

ab z̄ = 1
2 i y

(
F−0

ab − iF−1
ab

)
. (22.109)

We now look for solutions where z is imaginary, F0
μν is an electric field, and F1

μν is
magnetic:

z = ie−2φ , y = 1
2 eφ , F0

i0 = ∂iψ , F̃1
i0 = ie2φ∂iχ . (22.110)

The Fi j components of F0
μν and of F̃1

μν vanish. The ansatz for F1
μν is needed to make Gμν I

for I = 1 purely electric, i.e.

Gi0,1 = ∂iχ , where G+
i0,1 = N11 F1,+

i0 = − 1
2 z F̃1

i0 . (22.111)

This gives for the quantities in (22.109)

T−
i0 = e−φ

[
∂iψ + e2φ∂iχ

]
, G−

i0 z̄ = 1
8 ieφ

[
∂iψ − e2φ∂iχ

]
. (22.112)

The [i j] components are determined by these using the (anti-)self-duality, and lead in the
transformation laws just to a doubling of the contributions of the [i0] components due to
relations similar to (14.18).

The spacetime metric is (22.79) with U (xi ) and with the frame fields and connections
of (22.70) and (22.71). Since the solution is static, we also look for static Killing spinors.
The BPS conditions are then (remember that hatted indices are frame indices)

δψ A
0 = 1

2 e2Uγ0̂γî (∂iU )εA − 1
4γ

î eU−φ [∂iψ + e2φ∂iχ
]
εABεB = 0 ,

δψ A
i = ∂iε

A − 1
2γî ĵ (∂ jU )εA + 1

4γ
0̂ ĵ e−U−φ [∂ jψ + e2φ∂ jχ

]
γîε

ABεB = 0 ,

δχA = iγ î eU∂i e
−2φεA + ie−3φ

[
∂iψ − e2φ∂iχ

]
γ 0̂îεABε

B = 0 . (22.113)
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The first and the (C-conjugate of the) last conditions can be combined to

γ îεA∂i e
U+φ = γ î (∂iψ)γ0̂ε

ABεB , γ îεA∂i e
U−φ = γ î (∂iχ)γ0̂ε

ABεB . (22.114)

We consider solutions that depend only on the spatial variable r , so we can drop the γ î

on both sides. The remaining Killing equations take the same form as in the Papapetrou–
Majumdar solution in Sec. 22.4:

δψ A
i = (∂i − 1

2∂iU )εA = 0 . (22.115)

We solve these equations by

ψ = ±eU+φ , χ = ±eU−φ , εA = ±γ0̂ε
ABεB , εA = eU/2εA

(0) , (22.116)

where εA
(0) is constant. We can thus identify this with (22.80) choosing ψ = ±H−1

1 and

χ = ±H−1
2 . The signs in (22.116) are related. Using the result of Ex. 22.20, this means

that the upper signs imply positive electric and negative magnetic charge, while the lower
signs imply negative electric and positive magnetic charge. The condition on the supersym-
metry parameters implies that only four of the eight real components of εA

(0) are preserved.
Specifically, change basis from {ε1, ε2} to the combinations

ε± = ε2 ± γ 0̂ε1 . (22.117)

The condition (22.116) implies that one of these should vanish. Note that these are still
chiral, and ε± are their C-conjugates. Hence, these supersymmetric solutions are 1

2 -BPS
solutions.9

22.6.2 The central charge

As mentioned in Sec. 22.3, when supersymmetries are preserved, their bilinears are Killing
vectors. This will give rise to central charges. We consider again N = 2 and consider the

supersymmetry algebra (20.74) applied to the frame field component e0
î , which is a com-

ponent that vanishes in the solution. Only the general coordinate and Lorentz transforma-

tions contribute to [δ1, δ2]e0
î . Consider first a general coordinate transformation. We saw

in Sec. 11.3.2 how the covariant general coordinate transformations act on the frame field.
In this case Killing vectors are independent of time, so we obtain

δe0
î = ∂tξ

î + ω0
î 0̂ξ0̂ = ξ 0̂e2U∂iU . (22.118)

The long distance behavior r →∞ of U determines the mass of the solution, specifically

∂iU → xi

r3
MG . (22.119)

9 The reader may wonder why positive electric and positive magnetic charges and vice versa are not BPS. In
fact, they are! The action (22.77) is also part of an N = 4 supergravity theory. We considered here only
two of the four supersymmetries. In the context of N = 4 the solutions with same sign for electric and
magnetic charges preserve combinations of the supersymmetries that we did not treat here. In that context
these solutions are 1

4 -BPS, while for vanishing q or p they are 1
2 -BPS [299].
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Now we consider a Lorentz transformation of e0
î . Since the components e0

ĵ vanish in

the solution, only the Lorentz boost λî 0̂ contributes and gives

δe0
î = −λî

0̂e0̂
0 = λî 0̂eU . (22.120)

The Lorentz parameter in [δ1, δ2]e0
î can be obtained from (20.75). Since (22.112) gives a

real value for T−
i0 , we obtain the pure Lorentz boost

λî 0̂ = 1
4

(
ε̄′AεBεAB + ε̄′AεBε

AB
) (

e−φ∂iψ + eφ∂iχ
)
. (22.121)

(To avoid confusion with the R-symmetry index, we use here εA for εi
1, and ε′A for εi

2.) At
long distance from the source this becomes

λî 0̂ = xi

2r3

(
ε̄′AεBεAB + ε̄′AεBε

AB
)

GZ∞ ,

Z∞ = Z̄∞ = Q − P , Q = eφ0
q

8πG
, P = e−φ0

p′

8πG
. (22.122)

It is important to compare with (12.23) and note that the Lorentz transformation from
(20.74) produces the central charge Z . Below, we will also identify Z∞ with the expres-
sion (21.52) at r →∞.

Using the spinor basis (22.117), we can rewrite the parameters of [δ1, δ2]e0
î as

ξ0 = 1
2

(
ε̄′Aγ 0̂εA + ε̄′Aγ 0̂εA

)
= 1

4

(
ε̄′+γ 0̂ε+ + ε̄′+γ 0̂ε+ + ε̄′−γ 0̂ε− + ε̄′−γ 0̂ε−

)
,

1
2

(
ε̄′AεBεAB + ε̄′AεBε

AB
)
= 1

4

(
ε̄′+γ 0̂ε+ + ε̄′+γ 0̂ε+ − ε̄′−γ 0̂ε− − ε̄′−γ 0̂ε−

)
.

(22.123)

Since we consider the algebras of the preserved supersymmetries, we must use the same
projection for ε and ε′. Then the unwanted ξ i vanishes.

For supersymmetric solutions, the total transformation of e0
î , namely the sum of

(22.118) and (22.120), vanishes. At large distance this gives the condition

0 = G
xi

4r3

[(
ε̄′+γ 0̂ε+ + h.c.

)
(M + Z)+

(
ε̄′−γ 0̂ε− + h.c.

)
(M − Z)

]
. (22.124)

This shows that the extremal solutions satisfy M = |Z∞|. In particular the solution with
two positive signs in (22.80) preserves the ε− supersymmetry and has M = Z∞, and the
solution with two negative signs preserves the ε+ supersymmetry and has M = −Z∞.

We gave a general definition of Z in (21.52). Using the values of Z I , FI from (20.144)
(and taking into account the redefinition of q in footnote 6) we obtain in this case (with
q0, p0 → q, p and q1, p1 → q ′, p′)

Z = κ−2

√
Im z

[
(q + iq ′)+ z(p + ip′)

]
. (22.125)

In the case when z = ie−2φ and q ′ = p = 0 and in the limit φ(r) → φ0, this agrees with
the central charge Z∞ defined in (22.122).
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22.6.3 The black hole potential

We now make contact between the definition of the central charge and the black hole
potential in the multi-component N = 2 model. To do so, we first use (21.23) in the
expressions for Z and ∇αZ in (21.54), to write these as (after the rescaling of footnote 6)

Z = 2κ−2e−κ2K/2 Z I (z)
[
qI −NI J pJ

]
,

∇αZ = 2κ−2e−κ2K/2∇αZ I
[
qI −NI J pJ

]
. (22.126)

This can be used to write [295, 296], using (20.190),

κ2ZZ +∇αZgαβ̄∇ β̄Z = −2κ−2
[
qI −NI K pK

] [
qJ −N J L pL

]
(I−1)I J

= 2κ−2 ( p q )M
(

p
q

)
, (22.127)

where we used the notations from (22.92). Using the definition as in (22.100),

(4π)2VBH = 1
2 ( p q )M

(
p
q

)
, (22.128)

this leads to an expression for the ‘black hole potential’,

(4π)2VBH = 1
4κ

4ZZ + 1
4κ

2∇αZgαβ̄∇ β̄Z , (22.129)

which we will immediately exploit. This relation between the black hole potential and the
central charge is a consequence of the special geometry of N = 2 supergravity.10

To apply this formula, it is useful to notice that, since ∇αZ = 0, and ∇α(ZZ) =
∂α(ZZ), we have

∇αZ = 2

√
Z
Z ∂α|Z| . (22.130)

Thus we can write the simpler form

G−2VBH = ZZ + 4κ−2gαβ̄∂α|Z|∂β̄ |Z| . (22.131)

Central charge, black hole potential and Killing spinors Box 22.3

The extremal charged black solutions discussed before are BPS solutions. The central charge Z gives an
expression for the black hole potential, and its value at infinity Z∞ for the extremal solutions satisfies
M = |Z∞|.

10 Suitable functions |Z| in this relation can also be constructed for certain extremal, non-supersymmetric black
holes; see [292].
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22.7 First order gradient flow equations

Finally, we derive the attractor behavior of the model of Sec. 22.5.2. The black hole poten-
tial (22.129) is related to the central charge (22.125) by

G−2VBH = |Z|2 + 16(Im z)2∂z |Z|∂z̄ |Z| . (22.132)

Exercise 22.27 Readers who did not follow the general derivation in the previous sec-
tion should check this explicitly.

Using this relation we can complete squares and write the action (22.105) as

S[U, z] =
∫

dτ

[
(U̇ + GeU |Z|)2 + 1

4(Im z)2

∣∣∣ż + 8G(Im z)2eU∂z̄ |Z|
∣∣∣2]

− 2 GeU |Z|
∣∣∣τ=∞
τ=0

. (22.133)

This form of the action consists of a positive sum of squares plus a boundary term. The
conditions for a minimum are the first order differential equations

ż = −8GeU (Im z)2∂z̄ |Z| , U̇ = −GeU |Z| . (22.134)

The derivation guarantees that any solution of this first order system automatically solves
the scalar equation of motion (22.104) and the second order equation for U in (22.102).
Furthermore the (properly weighted) sum of the squares of the two first order equations
together with the relation (22.132) immediately tells us that the ‘energy’ (22.106) of the
solution vanishes, exactly what we need!

It is quite striking that the dynamics of supersymmetric black holes can be reduced to a
pair of first order equations that exhibit the structure known as gradient flow.11 The metric
component −gtt = e2U (τ ) flows monotonically downwards from spatial infinity (τ = 0)
to the horizon τ → ∞. At large distance the solution becomes flat and we normalize to
e2U (0) = 1. At the horizon e2U (τ ) → 0. The scalar field z(τ ) also flows from a value set
by a boundary condition at spatial infinity and approaches a constant value at the horizon
determined by the fixed-point condition ∂z |Z| = 0. Indeed the fixed point is a minimum of
the function |Z|.

Useful physical information follows quickly from this picture. We know that the mass of
a static asymptotically flat solution is determined by the leading correction to gtt at large
distance, specifically by

− gtt = e2U ≈ 1− 2MG

r
+ . . . = 1− 2MGτ + . . . . (22.135)

Thus

M = − 1

2G

d

dτ
e2U (τ )|τ=0 = |Z|∞ . (22.136)

11 The same structure is realized in the first order equations (23.127), which describe domain walls in asymptot-
ically AdS spacetimes.
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The mass of any black hole solution of the flow equations is equal to the value of |Z| at
spatial infinity. This is nothing but the BPS condition derived from gradient flow. With
Ex. 22.21 in view, one can see that the area of a sphere at fixed τ is A = 4πe−2U (τ )/τ 2.
We are most interested in the area of the horizon, and this is governed by the flow equation
written in the form

d

dτ
e−U = G|Z| τ→∞−→ G|Z|min . (22.137)

The area of the horizon is thus determined by the minimum value of |Z|; indeed, the area is

A = 4πG2|Z|2min = 4πVBHmin . (22.138)

22.8 The attractor mechanism – fast and furious

We now extend the previous discussion to describe the attractor mechanism in the more
general situation in which N = 2 supergravity is coupled to n abelian vector multiplets.
There are n+ 1 gauge fields F I

μν and n complex scalars zα . The bosonic parts of the action
(21.34) for this case (without Fayet–Iliopoulos terms) are12

S = 1

2κ2

∫
d4x
{√−g

[
R − 2gμνgαβ̄∂μzα∂ν z̄β̄ + 1

2 ImNI J F I
μνFμν J

]
− 1

4 ReNI J ε
μνρσ F I

μνF J
ρσ

}
. (22.139)

The gauge kinetic matrix NI J = ReNI J + i ImNI J = NJ I depends on the scalars zα

and z̄β (with ImNI J a negative definite quadratic form so that gauge field kinetic energy
is positive). The Kähler metric gαβ̄ is also positive definite. The gauge kinetic function and

the Kähler metric are determined from the prepotential F(X I ) of the projective special
Kähler manifold from which the physical action (22.139) is obtained. In some cases the
prepotential does not exist, but a symplectic section (X I , FI ) of the projective embedding
manifold does exist and is sufficient. These issues are discussed in Secs. 20.3.3 and 21.2.

We will need only minimal changes in the treatment in Sec. 22.5.2 of the simpler model
with one vector multiplet. The key features of the derivation of first order gradient flow
equations for BPS black holes were already discussed there, and we must simply ‘promote’
all quantities to the present case of n scalars and n + 1 vectors.

The gauge fields in (22.95) now have an index I = 0, 1, . . . , n and similarly the sym-
plectic vectors in (22.98) have 2(n + 1) components, and the corresponding 2(n + 1) ×
2(n + 1) matrix M is given in (22.92). The dual field strengths are defined as in (22.90).
The charges form a symplectic vector defined as integrals over a 2-sphere �2 that encloses
the origin, viz.

12 Similar to the rescalings in footnote 6, we have rescaled here also the metric gαβ̄ with κ2.
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(
pI

qI

)
= −1

2

∫
�2

(
F I
μν

Gμν I

)
dxμ ∧ dxν , (22.140)

where Gμν I is defined in (22.90). With this notation (suppressing the indices), (22.98)
remains valid.

Exercise 22.28 Check that M preserves the symplectic form, i.e. M�M = �, and is
therefore an element of the group Sp(2n,R).

The stress tensor of (22.99) is modified as follows:

κ2Tμν = − ImNI J

(
F I
μρFν

ρ J − 1
4 gμνF I

ρσ Fρσ J
)

+ gαβ̄

(
∂μzα∂ν z̄β̄ + ∂νzα∂μ z̄β̄ − gμν ∂ρzα∂ρ z̄β̄

)
. (22.141)

Again there is the all-important black hole potential (22.128). As in Ex. 22.24, VBH is a
positive quantity, which is closely related to the gauge field energy density.

When the gauge fields of (22.98) are inserted, the source terms for various components
of the Ricci tensor obey (22.101), with the only modification

|ż|2/2(Im z)2 → 2gαβ̄ żα ˙̄zβ̄ . (22.142)

This also applies to (22.102). The scalar equations of motion (22.104) generalize to

κ2

sin θ

δS

δzα
= d

dτ

(
gαβ̄ ˙̄zβ̄

)
− (∂αgγ δ̄)ż

γ ˙̄zδ̄ − e2U∂αVBH = 0 . (22.143)

Finally we come to the one-dimensional effective action that is the generalization of
(22.105),

S[U, z, z̄] ≡
∫

dτ
(

U̇ 2 + gαβ̄ żα ˙̄zβ̄ + e2U VBH

)
, (22.144)

and its conserved ‘energy’,

E ≡ U̇ 2 + gαβ̄ żα ˙̄zβ̄ − e2U VBH . (22.145)

The Euler–Lagrange equations of this action reproduce the scalar equation of motion
(22.143) and the second order equation of (22.102) with the replacement (22.142). The
remaining first order equation is just the condition E = 0 for solutions of the equivalent
one-dimensional system.

With these trivial modifications, all the ideas of Sec. 22.7 can be applied using the central
charge Z in (22.126). In this way one derives the attractor phenomenon for supersymmetric
black holes in N = 2 supergravity with n abelian vector multiplets. For further information
see [300, 301, 302].
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Appendix 22A Killing spinors for pp-waves

We begin this appendix with a guided exercise to explore the relation between the inte-
grability condition (22.57) and the equation of motion Rμν = 0 of pure N = 1, D = 4
supergravity. Then we study the family of Ricci flat spacetimes known as pp-waves and
their Killing spinors. The abbreviation pp-wave stands for plane-fronted waves with paral-
lel propagation.

Exercise 22.29 Suppose that ε and ε′ are both Killing spinors (possibly with ε = ε′).
Deduce from (22.57) that

− 1
2 ε̄
′γ ργ ν Rμνabγ

abε = Rμνε̄
′γ ργ νε = 0 . (22.146)

The sum of this relation and its conjugate (with ε and ε′ interchanged) reads (with no
torsion)

Rμνε̄
′{γ ρ, γ ν}ε = 2Rρ

μ ε̄
′ε = 0 . (22.147)

We learn that a spacetime with Killing spinors necessarily satisfies Rμν = 0 only if there
are Killing spinors ε and ε′ such that ε̄′ε �= 0. The relation between Killing spinors and
equations of motion is somewhat subtle because the spinor contraction ε̄′ε may vanish.

It is interesting to ask whether there are other classical solutions of pure N = 1, D = 4
supergravity, solutions with non-vanishing Riemann tensor, that possess Killing spinors.
There are examples within the family of pp-waves with metric

ds2 = 2H(u, x, y)du2 + 2dudv + dx2 + dy2 . (22.148)

The function H(u, x, y) is initially arbitrary. The pp-wave spacetimes are characterized
by the existence of a covariantly constant null vector, which is then a Killing vector.
In the Brinkmann coordinates above, this vector is simply K = ∂/∂v. As we will see
below, the pp-wave metric is Ricci flat if13 ∇2 H = Hxx + Hyy = 0. Then we have a
solution of the source-free Einstein equations and thus a classical solution of supergravity.

For H = 0 the metric (22.148) reduces to Minkowski spacetime in light-cone coor-
dinates u = (x − t)/

√
2, v = (x + t)/

√
2. We denote the flat metric tensor in these

coordinates by η̂ab, where a, b = +,−, 1, 2. Its non-vanishing components are η̂+− =
η̂−+ = η̂11 = η̂22 = 1. To work with spinors we will need constant Dirac matrices that
satisfy {γa, γb} = 2η̂ab.

We now develop the Killing spinor analysis using the frame 1-forms

e− = du , e+ = dv + Hdu , e1 = dx , e2 = dy . (22.149)

The metric (22.148) can then be expressed as ds2 = ea η̂abeb = e+e− + e−e+ + e1e1 +
e2e2. The Cartan structure equations give the connection forms ωab with non-vanishing
components

ω+1 = Hx e− , ω+2 = Hye− , (22.150)

13 We use the notation Hx , Hy , Hxx , etc. for derivatives with respect to the coordinates x, y.
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and the non-vanishing curvature 2-forms

R+1 = Hxx e1 ∧ e− + Hxye2 ∧ e− , R+2 = Hyx e1 ∧ e− + Hyye2 ∧ e− . (22.151)

We can now write out the Killing spinor conditions Dμε = 0 in detail as

Duε =
(
∂u − 1

2 Hxγ
1γ− − 1

2 Hyγ
2γ−

)
ε = 0 ,

Dvε = ∂vε = 0 , Dxε = ∂xε = 0 , Dyε = ∂yε = 0 . (22.152)

All conditions are satisfied if we take constant spinors that satisfy the constraint γ−ε = 0.
There are two independent spinors that satisfy this condition. It is easy to check that the
contraction ε̄′ε = 0 for any pairing of such spinors, since 2ε̄′ε = ε̄′(γ+γ− + γ−γ+)ε. So
we encounter the special case of Ex. 22.29 above in which the Killing spinors do not imply
that the equation of motion is satisfied. Indeed this is why we have found the spinors with
no restrictions on H(u, x, y).

To complete the analysis we need the Ricci tensor. From (22.151) we find the non-
vanishing frame components of the curvature tensor:

R1−+1 = Hxx , R2−+1 = Hxy , R1−+2 = Hxy , R2−+2 = Hyy . (22.153)

The only non-vanishing component of the Ricci tensor is R−−. It is given by the index
contraction R−− = R−1−1 + R−2−2 = −(Hxx + Hyy). Thus the pp-wave is a solution
of Rμν = 0 if and only if H is harmonic in the variables x, y. The dependence on u is
arbitrary.

In summary we have obtained two independent Killing spinors for pp-wave space-
times, and we have shown that it is a classical solution of N = 1, D = 4 supergravity
if Hxx + Hyy = 0. Since the maximum number of independent Killing spinors is 4, we say
that the pp-wave is a 1

2 -BPS solution. Some exercises are appropriate.

Exercise 22.30 For any pair ε, ε′ of Killing spinors, show that all components of
the bilinear ε̄′γ aε vanish except ε̄′γ+ε. Thus we obtain the unique Killing vector K =
ε̄′γ+ε∂/∂v from the Killing spinors.

Exercise 22.31 Show that the integrability condition (22.57) cannot be satisfied by a
Schwarzschild black hole, so this is one example of a Ricci flat spacetime with no Killing
spinors. The Riemann tensor can be found from the curvature 2-form given in (22.32).
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The AdS/CFT correspondence arose as a duality between Type IIB string theory in the
background geometry AdS5⊗ S5 and the maximally supersymmetric quantum field theory
(QFT) in D = 4 dimensions, the N = 4 super-Yang–Mills (SYM) theory [280, 281, 282].
Most concrete results have been obtained in a low energy limit in which the string theory
is well approximated by classical supergravity, initially D = 10 Type IIB supergravity.
Applications have broadened greatly; as practiced now, the subject includes a general cor-
respondence between theories of gravity (plus other fields) in D+ 1 spacetime dimensions
and quantum field theories without gravity in D dimensions. Tractable calculations in a
classical approximation on the gravity side yield information about quantum systems in a
strong coupling limit for which the traditional techniques of quantum field theory are inad-
equate. It is truly surprising how much information about D-dimensional quantum systems
can be captured by classical gravity in D + 1 dimensions. Field theory also leads to new
insights into gravity.

Two theories related by the correspondence must have the same symmetries. The isom-
etry group of AdS5, namely SO(4, 2), is a particular case of the SO(D − 2, 2) symmetry
group discussed in Sec. 22.1.3. The isometry group of the sphere S5 is the compact group
SO(6). This group has the same Lie algebra as SU(4), and we use the two symbols inter-
changeably. The global internal symmetry of N = 4 SYM theory is also SU(4). It is
frequently called the R-symmetry group because, as in the case of the U(1)R symmetry
of the N = 1 SUSY theories discussed in Sec. 6.2.1, fermions and bosons transform in
different representations. The spacetime symmetry of the N = 4 theory is more unusual,
although well known and understood. All fields of the theory are massless, and the only
coupling constant is dimensionless, so the action integral is formally invariant under con-
formal transformations. What is remarkable is that the renormalization effects which spoil
the naive conformal symmetry in most massless theories are absent in N = 4 SYM.

The conformal group in four dimensions is SO(4, 2), so it does match the isometry
of AdS5. It is a 15-parameter group which includes the translations and Lorentz trans-
formations of the Poincaré group, the dilatation or scale transformation of all coordi-
nates, and special conformal transformations. The Lie algebras of SO(4, 2) and SU(2, 2)
are equivalent. The theory is also invariant under four Poincaré supercharges whose
anti-commutator is a spacetime translation and four conformal supercharges whose anti-
commutator is a special conformal transformation. All symmetries combine into the super-
algebra SU(2, 2|4), which is the N = 4 extension of the SU(2, 2|1) superalgebra discussed
in Sec. 16.1.1. The superstring background (in its near-horizon limit) also has the same
superalgebra, so the match of symmetries with those of N = 4 SYM is complete.
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The AdS/CFT correspondence goes well beyond a match of symmetries and includes
a great deal of dynamics. Significant strong coupling results and other surprising features
of the gauge theory were suggested by analysis on the gravity side of the correspondence
and then confirmed in the N = 4 theory. Some of these results will be discussed in the
body of the chapter below. The correspondence has also been applied to theories with
less symmetry than N = 4 SYM, including situations without conformal symmetry. This
includes field theories that describe a renormalization group (RG) flow between different
conformal theories in the short and long distance limits. We will discuss the basics of these
‘holographic RG flows’. The physics of finite temperature in quantum field theory can
also be approached from the AdS/CFT viewpoint, and some aspects will be discussed. Our
goals are to convince readers of the power of the AdS/CFT approach and to engage them
in the computations necessary to use it effectively.

There are several review articles and lecture notes devoted entirely to the AdS/CFT
correspondence; for example, see [303, 304, 305, 306]. Our treatment is necessarily less
thorough. The intricate scaling arguments concerning the physics of D3-branes in Type II
string theory, which motivated the initial conjecture, will not be discussed. A full explana-
tion of some of the needed features of field theory at the quantum level is also beyond the
scope of this chapter. We suggest that readers consult the reviews above and several recent
books which contain chapters on the subject [124, 307, 308, 309]. These sources provide
further results and different perspectives.

The paradigm that underlies AdS/CFT is that there is a 1 : 1 correspondence between
local fields in the gravity theory and operators in the quantum field theory, typically gauge
invariant composite operators. The mass of a field in the gravity theory is related to the scale
dimension of the corresponding operator. AdSd+1 has a boundary at spatial infinity. In the
coordinates of the Poincaré patch (see Sec. 22.1.3) the boundary is a copy of d-dimensional
Minkowski space. Asymptotic conditions on the fields of the gravity theory provide the
bridge between the two sides of the correspondence. The boundary data of a classical
solution of the gravity theory determine n-point correlation functions of the field theory
operators. If the gravity solution is pure AdSd+1, these correlators are covariant under
conformal transformations. If the bulk solution looks like AdSd+1 near the boundary but
differs in the interior, then conformal symmetry is broken. The boundary data can then
act as sources for operators, which perturb a conformal theory and induce renormalization
group flows. An alternative is that conformal symmetry is broken by non-vanishing one-
point functions 〈O(x)〉, which indicate that the boundary CFTd is not in its ground state.

Box 23.1 AdS/CFT correspondence

D-dimensional quantum systems can be captured by classical gravity in D + 1 dimensions. There is a 1 : 1
correspondence between local fields in the gravity theory and operators in the quantum field theory. The
boundary data of a classical solution of the gravity theory determine n-point correlation functions of the field
theory operators. If the bulk spacetime includes a black hole with non-zero Hawking temperature, then the
gravity dual is a CFT in a thermal ensemble.
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If the bulk spacetime includes a black hole with non-zero Hawking temperature, then the
gravity dual is a CFT in a thermal ensemble.

23.1 TheN = 4 SYM theory

The N = 4 SYM theory contains the gauge potential Aμ, four chiral fermion fields PLχ
α

and their anti-chiral conjugates PRχα , plus six real scalars Xi . The indices α = 1, . . . , 4
and i = 1, . . . , 6 describe the fundamental, anti-fundamental, and vector representations of
the R-symmetry group SU(4) ∼ SO(6). All fields transform in the adjoint representation
of the gauge group G. Although the theory can be formulated for any gauge group, the
AdS/CFT properties are simplest when G = SU(N ). We confine our discussion to this
case and use the matrix notation of Sec. 4.3.4. Each component field is an N × N matrix,
for example Xi = tA Xi A. The matrices tA, A = 1, . . . , N 2−1, are traceless anti-hermitian
generators of the fundamental representation, normalized as in (4.97).

The Lagrangian of the theory can be written in several equivalent forms. In the following
form the R-symmetry is manifest:

L = tr

{
1
2 FμνFμν + 2λ̄αγ μDμPLλα + DμXi DμXi

+
(

g (Cα
β)

i λ̄αPL [Xi , λβ ] + h.c.
)
+ 1

2 g2
∑
i, j

[Xi , X j ]2
}
. (23.1)

The 4× 4 matrices Ci are given in terms of Pauli matrices by

C1 =
(

0 σ1

−σ1 0

)
, C2 =

(
0 −σ3

σ3 0

)
, C3 =

(
iσ2 0
0 iσ2

)
,

C4 =
(

0 iσ2

iσ2 0

)
, C5 =

(
0 1
−1 0

)
, C6 =

(−iσ2 0
0 iσ2

)
.

(23.2)

One can regroup component fields to show that this Lagrangian is a special case of the
general N = 1 SUSY gauge theory of Sec. 6.3. There is a gauge multiplet plus three
chiral multiplets whose scalar components are Zi = (Xi + iXi+3)/

√
2, i = 1, 2, 3. The

superpotential is W = w tr(Z1, [Z2, Z3]). The N = 1 form of the Lagrangian suggests
that it describes a quite conventional renormalizable theory whose ultraviolet divergences
lead to running gauge coupling constants g(μ), w(μ) governed by renormalization group
equations (μd/dμ)g = βg(g, w) and (μd/dμ)w = βw(g, w). However, higher loop calcu-
lations and general arguments indicate that the β-functions vanish exactly whenw = √

2 g,
so that the N = 4 theory enjoys superconformal SU(2, 2 | 4) symmetry at the quantum
level.

Observables in a gauge theory must be gauge invariant. The matrix trace is used to con-
struct gauge invariant operators from products of elementary fields, such as the operators



530 The AdS/CFT correspondence

tr Xk ≡ N (1−k)/2 tr
(

X (i1 Xi2 . . . Xik )
)
− . . . . (23.3)

The . . . indicate the subtraction of all contractions of the SO(6) indices. These operators are
rank k, symmetric, traceless tensors, and they transform in representations of SO(6) whose
Dynkin designation is [0, k, 0]. For k = 2, 3, 4, the dimensions of these representations are
20, 50, 105, respectively.

Exercise 23.1 What is the dimension of the [0, 5, 0] representation?

We will be concerned with n-point correlation functions of these operators, namely
Fn(xi ) = 〈tr Xk1(x1) tr Xk2(x2) . . . tr Xkn (xn)〉. In the weak coupling limit these correla-
tion functions are expressed as sums of Feynman diagrams. It is advantageous to organize
the perturbation series in terms of N and the ’t Hooft coupling λ = g2 N . Diagrams1 with
Euler number χ in the sense of graph theory carry the factor Nχ . The contribution of
diagrams of fixed χ can then be presented as a series expansion in λ, schematically

Fχ
n (xi ) = Nχ

(
f0(xi )+ λ f1(xi )+ λ2 f2(xi )+ . . .

)
. (23.4)

Therefore planar diagrams, those with χ = 2, dominate in the large N limit. Diagrams
with more complex topologies, i.e. χ ≤ 0, are suppressed by powers of 1/N 2.

Lorentz scalar operators O(x) in a conformal field theory in Minkowski spacetime are
characterized by their behavior under scale transformations xμ → x ′μ = ρ−1xμ of the
coordinates. A scalar operator transforms as

O(x)→ O′(x ′) = ρ�O(x). (23.5)

The scale dimension � is a real number, which must satisfy the unitarity bound � ≥ 1
required by the representation theory of SO(4, 2). If � = 1, then O(x) is a free massless
scalar field. If O(x) is a generic scalar field then its scale dimension would be expected
to depend on N and λ. However, there are important examples of operators whose scale
dimension is fixed, as we discuss below. The scale dimension of an operator determines
the form of its two-point function, viz.

〈O(x)O(y)〉 = c

(x − y)2�
. (23.6)

In a superconformal field theory specific sets of bosonic and fermionic operators are
joined in unitary irreducible representations of the relevant superalgebra, SU(2, 2|4) in the
case of the N = 4 SYM theory. A typical representation contains a lowest dimension
primary operator, often a scalar O�(x), plus descendent operators, obtained by applying
one or more factors of the (Poincaré) supercharges Q to the primary. The superconformal
algebra SU(2, 2|1) discussed in Sec. 16.1.1 contains the commutator [D, Q] = 1

2 Q. This
shows that the first descendent of O�(x) has dimension �+ 1/2.

1 Since fields in the adjoint representation carry a pair of SU(N ) indices, diagrams are drawn with double lines.
See the review [310].
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An important feature of the representation theory of SU(2, 2 | 4) is the existence of
‘short representations’ – representations in which the scale dimension of the primary oper-
ator is locked at a value determined by its R-symmetry properties. The operators tr Xk

defined above are the primary operators of the simplest family of short representations.
As we saw, the Dynkin labels of the representation are [0, k, 0]. The scale dimension
of tr Xk is fixed as � = k. This relation cannot be renormalized unless the underly-
ing superconformal symmetries are broken. The superalgebra also has long representa-
tions in which the primary scale dimension � is restricted only by a lower bound due
to unitarity. One simple example is the Konishi operator K = tr(Xi Xi ). This operator
is an SO(6) singlet. Weak coupling calculations have determined the scale dimension
�K = 2 + 3λ/4π2 + O(λ2). This shows that �K depends continuously on the cou-
pling constant of the N = 4 theory. An early result [281] of the AdS/CFT correspon-
dence showed that, when λ is large, the anomalous dimension is of order �K ≈ λ1/4,
independent of N .

The superalgebra SU(2, 2 |4) contains eight Q supercharges and their eight chiral con-
jugates. In a typical long representation each of the 216 possible products of the 16 Q’s
produces a distinct operator of the representation, and the range of spins in a representa-
tion is �s = 4. Short representations contain far fewer operators because some products of
Q’s annihilate the operator to which they are applied rather than produce new components
of the representation. For this reason the range of spins in the short representations headed
by tr Xk is �s = 2.

Descendent operators can be very important. In fact the short representation headed by
the chiral primary operator tr X2 contains the symmetry currents of the N = 4 theory as
descendent operators. These are the stress tensor Tμν , the 15 R-symmetry currents Jμ, and
the four supercurrents Jμ (and their chiral conjugates).

One counts the independent components of these operators by taking the constraints due
to superconformal symmetry into account. For example, the symmetric stress tensor has
10 components, but there are constraints due to the conservation law ∂μTμν = 0 and the
traceless property Tμμ = 0. This means that Tμν contains five independent components.
Similarly each conserved R-symmetry current has three independent components. Each
chiral projection of the four vector–spinor supercurrents has eight components and satisfies
both a conservation law and the superconformal constraint γ μJμ = 0. Each constraint
imposes two conditions, leaving four independent components. The result is summarized
by (the last factor 2 for Jμ counts the two chiralities)

Tμν : 5 comps., Jμ: 3× 15 comps., Jμ: 4× 4× 2 comps. (23.7)

The first factors in each case agree with the count of on-shell degrees of freedom of the
relevant gauge field in five-dimensional spacetime, namely the metric, vector potential,
and gravitino; see Table 6.2. The match of these numbers is an important clue to a pos-
sible correspondence between gauge field theory in four dimensions and gravity in five
dimensions!

In addition to the symmetry currents discussed above, the short representation with chiral
primary operator tr X2 contains other descendent operators. There are a total of 128 bosonic
plus 128 fermionic operators in the representation.
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23.2 Type IIB string theory and D3-branes

The story must start with some bare facts about Type IIB string theory. Length scales in
string theory are measured with respect to the scale α′ which has dimensions of (length)2,
and there is a dimensionless coupling constant gs . The D = 10 gravitational coupling is
the product κ2

10 = 8πG10 = 64π7g2
s α

′4.
Originally Type IIB string theory appeared to describe only closed strings. But it was

found [311] that it also includes open strings whose endpoints lie on (p + 1)-dimensional
hypersurfaces in spacetime called Dp-branes. The D in Dp-branes indicates that the
vibrating open string satisfies a Dirichlet boundary condition on the branes. The Type IIB
string theory contains odd-dimensional (charged) branes, i.e. p = 1, 3, 5, 7, 9. At low ener-
gies, open strings ending on the D-branes decouple from closed strings, and their dynamics
is described by a gauge field theory. The specific properties of the gauge theory depend on
the configuration of the branes. On a stack of N -coincident Dp-branes, it is a non-abelian
theory with gauge group SU(N ). For a stack of D3-branes the particle content and global
symmetries are those of the N = 4 SYM theory. The brane description [17, Sec. 13.3]
implies the relation gs = g2

Y M/4π between the string coupling and the coupling constant
of the N = 4 field theory.

The AdS/CFT correspondence between string theory on AdS5 ⊗ S5 and N = 4 SYM
was postulated to hold for all values of the parameters gs and N . However, it is difficult to
derive quantitative tests of this strong form of the conjecture (but see [312]). It is therefore
important that there is a limit in which string theory is well approximated by supergravity
and especially by classical supergravity in which calculations are tractable.

Roughly speaking, supergravity is a good approximation to string theory when the
extended structure of strings is not detectable. This means that the length scale L asso-
ciated with a field configuration in supergravity must be long compared to the string scale,
i.e. L2 * α′. It is equivalent to say that the scale of the curvature tensor RM N P Q ∼ 1/L2

must be very small so that higher derivative corrections to the basic supergravity action
are negligible. (We use upper case M, N , P, Q to denote D = 10 coordinate indices.)
As we will see below, the classical D3-brane solution in Type IIB supergravity has the
length scale L4 = 4πgsα

′2 N . Thus supergravity is a valid approximation to string theory
if gs N * 1.

However, we need another condition to suppress quantum effects, since quantum cor-
rections to supergravity suffer from ultraviolet divergences in many cases, and the problem
of quantization of the superstring in AdS5 ⊗ S5 is not yet understood. Thus the condition
we need is gs % 1. This means that the string is weakly interacting. It also means that κ2

10
is very small, so quantum effects in supergravity can be neglected. It is equivalent to write
these conditions as g2

Y M N * 1 and g2
Y M % 1. Clearly N must be very large. Further, in the

previous section, we presented ’t Hooft’s argument that the effective coupling in an SU(N )

theory is λ = g2
Y M N . These arguments motivate the possibility of a duality between super-

gravity and gauge theory in the planar, but strongly coupled, limit of the gauge theory and
in a weak coupling, and therefore calculable, limit of supergravity.
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23.3 The D3-brane solution of Type IIB supergravity

We describe only the essential features necessary to understand how the D3-brane solution
arises and how AdS5 ⊗ S5 appears as its ‘near-horizon limit’. For this purpose we need
only a subset of the bosonic fields of the theory, namely the metric gM N , 5-form field
strength FM N P Q R , and the scalar dilaton φ. Other fields consistently decouple from this
small subset whose dynamics is governed by the action2

SIIB = 1

8πG10

∫
d10z

√
g10

{
1

2
R10 − 1

2× 5! FM N P Q R F M N P Q R − 1

2
∂Mφ∂

Mφ

}
.

(23.8)

Using xμ, μ = 0, 1, 2, 3, as Cartesian coordinates of Minkowski space and
ya, a= 1, 2, 3, 4, 5, 6, as coordinates of a flat Euclidean signature ‘transverse space’, we
write the following ansatz for the set of fields above:

ds2
10 =

1√
H(ya)

ημν dxμdxν +√H(ya) δab dyadyb,

F = dA + ∗(dA), A = 1

H(ya)
dx0 ∧ dx1 ∧ dx2 ∧ dx3,

φ ≡ 0. (23.9)

Remarkably the configuration above is a solution of the equations of motion provided that
H(ya) satisfies the Laplace equation in six dimensions, i.e.

6∑
a=1

∂2

∂ya∂ya
H = 0. (23.10)

Exercise 23.2 Verify that the metric and 5-form of (23.9) is a solution of the equations
of motion of SI I B if H(ya) is a harmonic function. Compute the connection and curvature
of the metric as an intermediate step. See the discussion of the Cartan structure equations
in Sec. 22.1.5 for some guidance.

The solution that describes a set of N coincident D3-branes located at the origin of
the ya coordinates is

H = 1+ L4

r4
, L4 = 4πα′ 2gs N , r = √ya ya . (23.11)

Using the radial coordinate r and five angular coordinates of a 5-sphere, we can write the
10-dimensional line element as

2 The actual equation of motion for the 5-form is the self-dual condition F5 = ∗F5. This is compatible with the
Euler–Lagrange equations of (23.8), but it must be imposed as an extra condition.
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Box 23.2 SU(2, 2|4)
The superalgebra SU(2, 2|4), which is the symmetry ofN = 4 super-Yang–Mills theory, is also the
symmetry of the metric in the near-horizon limit of the D3-brane solution of Type IIB supergravity.

ds2
10 =

1√
H(r)

ημν dxμdxν +√H(r) (dr2 + r2d�5). (23.12)

Here d�2
5 is the SO(6) invariant metric on the unit S5. The integer N is determined by the

flux of the 5-form through the 5-sphere.
The solution describes a spacetime that is asymptotically flat as r →∞. In the limit as

r → 0 the spacetime is non-singular but has a horizon. The region r ≈ 0 is a geodesi-
cally long ‘throat’. Near the horizon, the constant 1 in the harmonic function H(r) can be
neglected, so the limiting form of the metric is

ds2
10 =

r2

L2
ημνdxμdxν + L2dr2

r2
+ L2d�2

5

= L2

z2

[
dz2 + ημνdxμdxν

]+ L2d�2
5. (23.13)

It is easy to recognize that the 10-dimensional spacetime becomes a product space M5 ⊗
S5 in the near-horizon limit. In the second line we have used the new radial coordinate
z= L2/r , so that readers can compare with (22.22) and learn that M5 is just the Poincaré
patch of AdS5!

The mathematics of the near-horizon limit is quite straightforward, but the arguments
for its physical relevance are rather complex. We simply state that it is the throat region of
the geometry that determines the physics of the AdS/CFT correspondence, and we restrict
our attention to the metric (23.13).

The obvious symmetry of the near-horizon limit is the product SO(4, 2)⊗SO(6), which
is the isometry group of AdS5 ⊗ S5. Killing spinor analysis (see Ch. 22) of the fermion
transformation rules of Type IIB supergravity shows that there are also 32 conserved super-
charges. Thus, the superalgebra SU(2, 2|4) operates in the near-horizon limit.

23.4 Kaluza–Klein analysis on AdS5 ⊗ S5

The metric AdS5 ⊗ S5 is the product of a non-compact spacetime with a compact ‘inter-
nal space’. We will be interested in the dynamics of fluctuations about this ‘background
geometry’. It is common practice to use the Kaluza–Klein (KK) approach in which the
fields of Type IIB supergravity are expressed as series expansions in the spherical harmon-
ics of S5. Each Kaluza–Klein mode is then viewed as a field on AdS5. The equations of
motion of these fields are those of a D = 5 supergravity theory expanded about the AdS5
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background. Among the infinite number of KK fields are a set of 15 massless vector gauge
fields of the SO(6) isometry group of the 5-sphere. Thus the memory of the S5 factor in
the D = 10 background metric persists in the compactified theory.

The KK modes interact with the strength of the effective D = 5 Newton constant

κ2
5

8π
= G5 = G10

Vol(S5)
= πL3

2N 2
. (23.14)

We used Vol(S5) = π3L5 in the last step. If one substitutes the formula for L from (23.11),
one gets G5 = πα′3/2λ3/4/2N 2. Thus G5 → 0 in the limit N →∞ and λ fixed but large.
So again we find that gravity is weakly coupled.

The linearized equations of motion of the KK modes were analyzed in [313, 314]. The
analysis is complicated because the properties of vector and tensor spherical harmonics are
needed, and because the independent D = 5 modes are mixtures of modes from different
D = 10 fields. Nevertheless an elegant result emerges. There is a perfect 1 : 1 correspon-
dence between the modes obtained from the Kaluza–Klein analysis and the primary and
descendent operators of the short representations of the superalgebra SU(2, 2|4) discussed
in Sec. 23.1. In particular there are D = 5 supergravity modes φk(z, xμ) that are dual to
the chiral primary operators tr Xk .

The lowest multiplet is headed by φ2 and also contains the D = 5 spacetime metric
fluctuation, the 15 SO(6) gauge fields, and gravitinos that transform in the 4+ 4̄ represen-
tations of the gauge group. These are the supergravity fields which are dual to the symmetry
currents of the N = 4 SYM theory; see (23.7). The dynamics of the full set of these fields
is governed by the maximal gauged extended D = 5 supergravity theory of [315].

Each field of the lowest multiplet is the base of a KK tower of fields of increasing
scale dimension. Scalar fields can be expanded in terms of the rank k spherical harmonics3

Y k(yα) on S5. Each Y k is an eigenfunction of the invariant Laplacian on S5 with eigenvalue
m2 = k(k + 4)/L2. Most scalar fields in the D = 5 theory involve mixtures of D = 10
fields, and there are several cases to consider. Effectively, after mixing is implemented,
there are expansions of the form

φ(r, xμ, yα) =
∑

k

φk(r, xμ)Y k(yα). (23.15)

Each KK mode φk(r, xμ) is a scalar field on AdS5.
When the expansions are substituted in the D = 10 field equations, we find that each

Kaluza–Klein mode φk satisfies an equation of the form

( AdS − m2)φk = nonlinear interaction terms. (23.16)

The symbol AdS is the invariant Laplacian on AdS5. The terms on the right-hand side
involve products of many KK modes. They are determined by nonlinear terms of the
D= 10 Type IIB Lagrangian. Owing to mixing, it is very difficult to find them explic-
itly, and results are known only in special cases. The mass m2 is a function of the mode
index k which depends on which scalars are considered. The KK modes of the D = 10
dilaton are simplest because there is no mixing. From the quadratic terms of the action

3 For simplicity we omit the three subsidiary ‘quantum numbers’ carried by the Y k .
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Box 23.3 AdS representation and CFT scale dimension

In all applications of AdS/CFT, whether or not supersymmetry is present, it is very basic that the same lowest
energy eigenvalue�, which labels the AdS group representation ofφ, is also the scale dimension of its dual
CFT operator.

(23.8), one can show that the mass m2 = k(k + 4)/L2, with k ≥ 0, is simply the eigen-
value of the Laplacian on S5 acting on Y k . For the scalars dual to chiral primary operators,
mixing produces the mass m2 = k(k − 4)/L2, with k ≥ 2.

It is useful to take a general viewpoint and consider scalar fields φ(r, xμ) in AdS5 with
general mass parameter m2. In the same way that every scalar field in Minkowski space
contains an infinite number of momentum modes, each AdS5 scalar contains an infinite
number of modes classified in unitary irreducible representations of the AdS5 isometry
group SO(4, 2). This group has maximal compact subgroup SO(4)⊗SO(2). A scalar field
transforms in a representation labeled by the lowest eigenvalue � of the SO(2) generator.4

This eigenvalue is related to the mass by

� = 2+
√

4+ m2L2. (23.17)

In general � need not be an integer, but �’s for scalars coming from the KK analysis above
are locked at integer values because those scalars are further unified in short representations
of the superalgebra SU(2, 2|4); see Box 23.3.

An interesting feature of dynamics in AdS spacetime is that m2 can be negative with-
out instability. Unitarity of the representation of the AdS group requires that � is real,
so negative values of the mass squared are allowed provided that the bound [183, 184]
m2 ≥ −4/L2 is satisfied. In AdSd+1, the relation between lowest eigenvalue and scalar m2

becomes

� = 1
2

(
d +

√
d2 + 4m2L2

)
. (23.18)

The unitarity/stability bound [185] is then m2 ≥ −d2/4L2.

23.5 Euclidean AdS and its inversion symmetry

It is simpler to discuss the basic ideas of the AdS/CFT correspondence using the Euclidean
continuation of AdS spacetime. For flexibility in applications we keep the dimension d+1
arbitrary. Euclidean AdS is more properly called hyperbolic space Hd+1. It is the upper
sheet (Y d+2 ≥ L) of the hyperboloid

4 The generator is the Killing vector Ld/dt , where t is the time coordinate of a global coordinate chart; see
(22.17). In Poincaré patch coordinates the appropriate generator is the scale transformation Lzd/dz.
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d+1∑
i=1

(Y i )2 − (Y d+2)2 = −L2, (23.19)

embedded in a (d + 2)-dimensional Minkowski spacetime. The symmetry group is
SO(d + 1, 1). By a construction similar to (22.20), one can introduce Cartesian coordi-
nates z0, z1, . . . , zd with z0 > 0 and write the induced metric as

ds2 = L2

z2
0

[
(dz0)

2 +
d∑

i=1

(dzi )
2

]
, (23.20)

in the form of the Lobachevsky upper half-space.5

The hypersurface z0 = 0 is at infinite geodesic distance from any interior point. It is the
conformal boundary of the manifold. As we will see, it is necessary to specify asymptotic
data at this surface to obtain a solution of field equations on Euclidean AdS. This leads to
the somewhat unconventional boundary value problems, which are central in the AdS/CFT
correspondence.

The Killing vectors that generate the SO(5, 1) isometry group are very similar to those
given for SO(4, 2) at the end of Sec. 22.1.2, and we shall not repeat them. Instead we focus
on the discrete inversion symmetry of Euclidean AdS, which is given by the coordinate
transformation:

inversion: z′μ =
zμ
z2
, z′2 = 1

z2
. (23.21)

Exercise 23.3 Show that the inversion leaves the metric (23.20) invariant. Show that a
finite special conformal transformation

z′μ =
(zμ + z2aμ)

(1+ 2z · a + z2a2)
(23.22)

can be expressed as the product (inversion)(translation by aμ)(inversion). Since the metric
(23.20) is translation invariant only in the coordinates zi , the vector aμ is restricted to
aμ → (a0 = 0, ai ). The conformal transformation (23.22) is difficult to work with, so it is
quite important that a test of conformal symmetry can be reduced to a test of inversion.

There are many well-known applications of inversion to conformal field theories in flat
space (which we will explore below), and it is also useful for field theories in AdS. In fact
it works more simply in AdS, where it is an isometry, than in flat space, where it acts as a
conformal isometry.

5 We will usually be indifferent to upper versus lower coordinate indices, i.e. zμ = zμ, and we will frequently
represent the coordinates zi perpendicular to the radial direction by 	z. We define the contraction of the d + 1
indices as z2 = δμν zμzν and of the d indices i = 1, . . . , n by (	z)2 = δi j zi z j .
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The Jacobian of the inversion is a very useful object, namely

∂z′μ
∂zν

= (z′)2 Jμν(z), Jμν(z) = Jμν(z
′) = δμν − 2

zμzν
z2

. (23.23)

It tells us how vector fields on the manifold transform. For example, the transformation
(7.3) of a scalar field under a diffeomorphism, namely φ′(z′) = φ(z), implies that its
gradient transforms under inversion as

∂μφ
′(z′) = ∂zν

∂z′μ
∂νφ(z) = z2

(
δμν − 2

zμzν
z2

)
∂νφ(z). (23.24)

Several properties of the Jacobian tensor Jμν(z) are very useful in applications to both
Euclidean AdS and to conformal field theories in flat Euclidean space.

1. The Jacobian satisfies Jμρ(z)Jρν(z) = δμν , so it is an orthogonal matrix. However, it
has d eigenvalues +1 and one eigenvalue −1. Thus, viewed as a matrix, the Jacobian is
an element of the group O(d + 1) that is not in its proper subgroup SO(d + 1). As an
isometry, inversion is an improper reflection that cannot be continuously connected to
the identity in SO(d + 1, 1).

2. Let zμ, wμ denote two points with z′μ, w′μ their images under inversion. Then

1

(z − w)2
= z′2 w′2

(z′ − w′)2
. (23.25)

(This property is most useful for conformal field theory since 1/(z − w)2� is propor-
tional to the two-point correlation function of a scalar primary operator; see (23.6).)

3. Note the (tedious to prove but important) inversion property

Jμν(z − w) = Jμμ′(z
′)Jμ′ν′(z

′ − w′)Jν′ν(w
′). (23.26)

Exercise 23.4 Derive the properties discussed above.

23.6 Inversion and CFT correlation functions

We discussed the properties of inversion in AdSd+1, but they are essentially the same in
flat d-dimensional Euclidean space. We simply replace zμ, wμ by d-vectors xi , yi and
take xi = x ′i/x ′2, etc. Inversion is now a conformal isometry and a symmetry of CFTd .
Under the inversion xi → x ′i , a scalar operator of scale dimension � is transformed as
O�(x) → O′

�(x) = x ′2�O�(x ′). Correlation functions then transform covariantly under
inversion, viz.

〈O�1(x1)O�2(x2) · · ·O�n (xn)〉
= (x ′1)2�1(x ′2)2�2 · · · (x ′n)2�n 〈O�1(x

′
1)O�2(x

′
2) · · ·O�n (x

′
n)〉. (23.27)

The spacetime forms of two- and three-point functions of scalar operators are unique
in any CFTd , a fact that can be established using the transformation law under inversion.
These forms are
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〈O�(x)O�′(y)〉 = c2δ��′

(x − y)2�
, (23.28)

〈O�1(x)O�2(y)O�3(z)〉 =
c3

(x − y)�12(y − z)�23(z − x)�31
, (23.29)

�12 = �1 +�2 −�3, and cyclic permutations.

Operators such as conserved currents Ji and the conserved traceless stress tensor Ti j

are important in a CFTd . Under inversion Ji (x)→ Ji j (x ′)x ′2(d−1) J j (x ′), indicating
that its scale dimension is d − 1. The stress tensor transforms as Ti j (x) →
Jik(x ′)J jl(x ′)x ′2d Tkl(x ′). Conservation requires that the two-point correlators of these
operators be constructed from the transverse ‘projector’ πi j = ∂i∂ j − δi j , but they can
then be rewritten using Ji j (x − y). The correlators, which are unique, are

〈Ji (x)J j (y)〉 = bπi j
1

(x − y)(2d−4)
= −4b(d − 1)(d − 2)

Ji j (x − y)

(x − y)(2d−2)
,

〈Ti j (x)Tkl(y)〉 =
[
2πi jπkl − (d − 1)(πikπ jl + πilπ jk)

] c

(x − y)(2d−4)

∼ Jik(x − y)J jl(x − y)+ k ↔ l − (2/d)δi jδkl

(x − y)2d
. (23.30)

We repeat that the ‘kinematics’, that is the SO(d + 1, 1) symmetry, of a CFT−d deter-
mines the spacetime dependence of the correlators above. The ‘dynamics’ resides in the
value of the constants c2, c3, b, c. The determination of these constants is one application
of the AdS/CFT correspondence. We will soon put inversion to good use in our study of
how this is done, but first we suggest two exercises for the reader.

Exercise 23.5 Show that the correlators (23.28)–(23.30) transform under inversion as
their scale dimension and tensor properties require.

Exercise 23.6 Consider a current that transforms as Ji (x)→ Ji j (x ′)x ′2�J j (x ′). Show
that only the value � = d − 1 is compatible with a conservation law ∂iJi = 0, which is
covariant under inversion. Hint: the behavior of operators under scale transformations
(23.5) implies that xi∂iJ j = −�J j .

23.7 The freemassive scalar field in Euclidean AdSd+1

The (Euclidean) action of a free massive scalar field in the AdS background metric of
(23.20) is

S[φ] = 1

2

∫
dd z dz0

√
g
[
gμν∂μφ∂νφ + m2φ2

]
. (23.31)
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Exercise 23.7 Show that the action is invariant under inversion using the transforma-
tions discussed in Sec. 23.5. Show specifically that S[φ] = S[φ′]. Some care is needed to
define the transformation of the inverse metric gμν . Note that the measure dd zdz0

√
g is

invariant.

The wave equation satisfied by φ(x) is

1√
g
∂μ
(√

ggμν∂νφ
)− m2φ = 0, (23.32)

zd+1
0

∂

∂z0

[
z−d+1

0
∂

∂z0
φ(z0, 	z)

]
+ z2

0
∂

∂	z2
φ(z0, 	z)− m2L2φ(z0, 	z) = 0. (23.33)

The hypersurface z0 = 0, which is the conformal boundary of Euclidean AdS, is isomor-
phic to Rd . A solution of the wave equation requires the specification of boundary data.
We now discuss the elegant solution of this boundary value problem6 derived in [282]. One
can verify without difficulty that the function

K�(z0, 	z, 	x) = c�

(
z0

z2
0 + (	z − 	x)2

)�
, c� = �(�)

π
d
2 �(�− d/2)

, (23.34)

is a solution of (23.33) if (23.18) is satisfied. Further, K� is ‘normalized’ so that

lim
z0→0

z�−d
0 K�(z0, 	z, 	x) = δ(	z − 	x). (23.35)

Therefore the integral

φ(z0, 	z) =
∫

dd x K�(z0, 	z, 	x)φ0(	x) (23.36)

determines the solution of (23.32) that approaches the boundary data φ0(	x) at the rate

φ(z0, 	z)→ zd−�
0 φ0(	z) as z0 → 0. (23.37)

The function K� is called the bulk-to-boundary propagator. Although the norm∫
dz0dd zφ2 of this solution diverges, it is exactly what we need to determine correlation

functions of operators in the CFT that effectively ‘lives’ on the boundary, which is a copy
of flat Rd .

In inverted coordinates z′μ = zμ/z2 and 	x ′ = 	x/(	x)2, the solution of the wave
equation is

6 To simplify the discussion we restrict throughout to the range � > 1
2 d . See [316, 317] for an extension to the

interval 1
2 d ≥ � ≥ 1

2 (d − 2) close to the unitarity bound.
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φ′(z′0, 	z ′) =
∫

dd x ′K�(z
′
0, 	z ′, 	x ′)φ′0(	x ′), (23.38)

with new boundary data φ′0(	x ′). We require that the solutions φ′ and φ are related by
the scalar transformation law φ′(z′0, 	z ′) = φ(z0, 	z). For this purpose we reexpress, using
(23.25), the integral in terms of the original coordinates. We then have

K�(z
′
0, 	z′, 	x ′) = K�(z0, 	z, 	x)(	x)2�, dd x ′ = dd x/(	x)2d . (23.39)

It is now straightforward to see that φ′ and φ satisfy the desired relation if the boundary
data are related by

φ′0(	x ′) = 1

(	x)2(�−d)
φ0(	x). (23.40)

Exercise 23.8 Apply similar reasoning to study two solutions φ′(z′0, 	z ′) and φ(z0, 	z) in
which coordinates z′μ and zμ are related by the scale transformation z′μ= ρ−1zμ. Show
that

K�(z
′
0, 	z′, 	x ′) = K�(z0, 	z, 	x)ρ�, dd x ′ = dd xρ−d . (23.41)

Show that the two solutions are related by φ′(z′0, 	z ′) = φ(z0, 	z), if the boundary data
scale as

φ′0(	x ′) = ρd−�φ0(	x). (23.42)

Exercise 23.9 In the AdS/CFT correspondence φ0(x) is the source term for the dual
operators O�(x). The source term that appears in the generating function of correlators in
the dual CFT is the exponential of the integral

∫
dd x φ0(x)O�(x). Show that this integral

is invariant under the scale transformations (23.42) and (23.5).

23.8 AdS/CFT correlators in a toymodel

In this section we show how the AdS/CFT correspondence is used to calculate correlation
functions of a composite scalar operator O�(x) in a CFTd . We assume that the action
integral of its dual bulk field φ(z) in Euclidean AdSd+1 is

S = 1

8πG

∫
dd+1z

√
g

(
1

2
∂μφ∂

μφ + 1

2
m2φ2 + 1

3
bφ3 + · · ·

)
. (23.43)

We will look for a solution of the equation of motion (with the notation for the differen-
tial operator defined in (23.32))

δS

δφ
= (− + m2)φ + bφ2 + . . . = 0, (23.44)

with the same boundary behavior (23.37) found in the linear case of the previous section.
We emphasize that (23.44) is a classical partial differential equation, and we will work
with its classical solution.
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Box 23.4 Basic hypothesis of the AdS/CFT correspondence

The on-shell action S[φ0], obtained by substituting the solution forφ(z) in terms of the boundary dataφ0,
is the generating functional for (connected) correlation functions in the dual CFTd .

Given the solution φ(z), the next step is to substitute it into the action (23.43). The
action integral then becomes a functional of the boundary data S[φ0] which is called the
‘on-shell’ action. This leads to the basic hypothesis of the AdS/CFT correspondence, writ-
ten in Box 23.4. The boundary data are interpreted as the source of the composite operator
O(x), and correlation functions are computed by applying variational derivatives, i.e.

〈O�(x1) . . .O�(xn)〉 = (−)n−1 δ

δφ0(x1)
· · · δ

δφ0(xn)
S[φ0]

∣∣∣∣
φ0=0

. (23.45)

It is difficult to find an exact solution of the nonlinear equation (23.44), but a perturba-
tive solution will serve our purpose. It is valid because we eventually set φ0 = 0 in the
computation of correlators. We write

φ1(z) =
∫

dd 	x K�(z0, 	z − 	x)φ0(	x),

φ(z) = φ1(z)+ b
∫

dd+1w
√

gG(z, w)φ2
1(w)+ · · · . (23.46)

The linear solution φ1 was discussed in the previous section. Interaction terms require the
bulk-to-bulk propagator G(z, w) which satisfies (− z + m2)G(z, w) = δ(z, w)/

√
g and

is given by the hypergeometric function

G�(u) = C̃�(2u−1)�F
(
�,�− d + 1

2 ; 2�− d + 1;−2u−1
)
, (23.47)

C̃� = �(�)�(�− 1
2 d + 1

2 )

(4π)(d+1)/2�(2�− d + 1)Ld−1
,

u = (z − w)2

2z0w0
.

We now encounter a fundamental difficulty. The bulk integrals in the action can
diverge as the boundary is approached. This means that correlation functions diverge. This
should not be a surprise, since ultraviolet divergences are expected in the computation of

(e)(d)(c)(b)(a)

AdS

boundary AdS

�Fig. 23.1 Witten diagrams.
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correlators of composite operators in a conformal field theory, although intrinsic couplings
of the CFT are not renormalized. For example, divergences occur when operators acquire
anomalous dimension. For ‘protected’ operators, such as tr Xk in N = 4 SYM, there is a
divergence in the bulk on-shell action because CFT correlation functions have anomalies.
In the method of differential renormalization [318], this is exhibited in anomalous scale
dependence of the regulated power laws 1/x2k ∼ ( )k−1(ln(M2x2)/x2).

To handle the divergences, we insert a cutoff at z0 = ε in the bulk geometry and restate
the boundary value problem for (23.44) as a standard Dirichlet problem at z0 = ε. In
most situations a careful treatment of the cutoff is only needed for two-point correlators.
We postpone this case and proceed formally to discuss the diagrammatic algorithm pro-
posed in [282], which is valid for n-point correlators with n ≥ 3.

When the perturbative solution of (23.44) is inserted in (23.43), one finds an expansion
of S[φ0] in powers of φ0. The various terms can be interpreted as Witten diagrams, such
as those shown in Fig. 23.1. In these diagrams the interior and boundary of each disk
denote the interior and boundary of the AdSd+1 geometry. The boundary points 	xi are the
points in flat Euclideand space where field theory operators are inserted. A diagram with
n boundary points is interpreted as a contribution to the n-point correlation function. The
rules for computation of these diagrams are the following:

1. Bulk points z, w ∈ AdSd+1. They are integrated with the invariant measure∫
dd+1z

√
g(z).

2. Each bulk-to-boundary line carries a factor of K� and each bulk-to-bulk line a factor
G(z, w).

3. An n-point vertex carries a coupling factor from the interaction terms of the bulk
Lagrangian, e.g. L = 1

3 bφ3 + 1
4 cφ4 + · · · with the same combinatoric weights that

occur in Feynman–Wick diagrams.
4. For the classical on-shell action, one includes only diagrams without internal loops.

These rules do not apply to two-point correlators which are computed by a more careful
procedure to be discussed below.

23.9 Three-point correlation functions

Consider the three-point function for the bulk interaction term L = bφ1φ2φ3 of three scalar
fields that are dual to operators O�1 , O�2 , O�3 . The rules for Witten diagrams imply that
the correlation function is proportional to the basic integral

A(	x, 	y, 	z) = ∫ dw0dd 	w
wd+1

0

(
w0

(w−	x)2
)�1

(
w0

(w−	y)2
)�2

(
w0

(w−	z)2
)�3

,

(w − 	x)2 ≡ w2
0 + ( 	w − 	x)2.

(23.48)

Let’s show that the diagrammatic procedure yields a three-point function that transforms
correctly under inversion. We change integration variable by wμ = w′μ/w′2 and at the
same time refer boundary points to their inverses, i.e. 	x = 	x ′/(	x ′)2 and similar for 	y, 	z.
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Box 23.5 CFTd correlators from AdSd+1

It is a very general result and a direct consequence of the symmetries that the AdS/CFT procedure produces
correlation functions with the transformation properties required by a conformal field theory at the AdS
boundary.

Each bulk-to-boundary propagator acquires the inversion factor in (23.39). Since the AdS
volume element is invariant, i.e. dd+1w/wd+1

0 = dd+1w′/w′d+1
0 , we quickly see that the

integral satisfies

A(	x, 	y, 	z) = |	x ′|2�1 |	y ′|2�2 |	z ′|2�3 A(	x ′, 	y ′, 	z ′). (23.49)

This is the correct inversion property (see (23.27)) of the three-point function
〈O�1(	x)O�2(	y)O�3(	z)〉 in a CFTd . Since the integral is clearly invariant under SO(d)
rotations and translations, it is guaranteed that the result of the integral is a correlation
function that is proportional to the unique spacetime form (23.29) required by conformal
symmetry in CFTd ; see Box 23.5.

We still need to do the bulk integral to obtain the constant c3 in (23.29). The value of
this constant has dynamical significance in the boundary CFT. The integral in the original
form (23.48) is difficult because it contains three denominators with the restriction w0 > 0.
But we can simplify it by using inversion in a somewhat different way [319]. We use
translation symmetry to move the point 	z −→ 0, i.e. A(	x, 	y, 	z) = A(	x − 	z, 	y − 	z, 0) ≡
A(	u, 	v, 0). The integral for A(	u, 	v, 0) is similar to (23.48) except that the third propagator
is simplified, (

w0

(w − 	z)2
)�3

−→
(w0

w2

)�3 = (w′0)�3 . (23.50)

There is no denominator in the inverted frame since 	z = 0 −→ 	z ′ = ∞. After inversion
the integral is

A(	u, 	v, 0) = 1

|	u|2�1 |	v|2�2

∫
dd+1w′

(w′0)d+1

(
w′0

(w′ − 	u ′)2

)�1 ( w′0
(w′ − 	v ′)2

)�2

(w′0)�3 .

(23.51)

The integral can now be done by conventional Feynman parameter methods, which give

A(	u, 	v, 0) = 1

|	u|2�1 |	v|2�2

a(�1,�2,�3)

|	u ′ − 	v ′|�1+�2−�3
,

a(�1,�2,�3) = πd/2

2

�
[

1
2 (�1 +�2 +�3 − d)

]
�(�1)�(�2)�(�3)

(23.52)

× �
[

1
2 (�1 +�2 −�3)

]
�
[

1
2 (�2 +�3 −�1)

]
�
[

1
2 (�3 +�1 −�2)

]
.

Exercise 23.10 Repristinate the original variables 	x, 	y, 	z to obtain the standard form
(23.29) with c3 = a(�1,�2,�3).
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When applied to the AdS5 ⊗ S5 solution of Type IIB supergravity, the diagrammatic
prescription discussed in Sec. 23.8 computes correlators in the N = 4 SYM theory in the
limit of large N and large ’t Hooft coupling λ = g2 N . With this in mind we discuss the
application of the results for three-point functions to the correlators of the chiral primary
operators trXk . The cubic couplings bklm of the dual AdS5 scalars were obtained in [320].
The analysis required mastering the intricate mixing of Kaluza–Klein modes at the non-
linear level in the D = 10 theory. When combined with the Witten integral above, it was
observed that the AdS/CFT prediction

〈tr Xk(	x) tr Xl(	y) tr Xm(	z)〉 = bklma(k, l,m)A(	x, 	y, 	z) (23.53)

for the large N , large λ supergravity limit agreed with the free field Feynman amplitude
for these correlators. The operators trXk are in short representations of the superconformal
algebra, so their scale dimensions are unaffected by interactions, but it was expected that
the coefficients would not be ‘protected’ in this way. The results, however, suggested the
strong conjecture [320] that the radiative corrections vanish for all g2 and N . This conjec-
ture was subsequently confirmed in studies of weak coupling [321, 322, 323] and instanton
[324] contributions. General all-orders arguments for non-renormalization have also been
developed [323, 325]. The non-renormalization of 3-point functions of chiral primaries
(and their descendents) was a surprise and the first of several new results about N = 4
SYM obtained from AdS/CFT.

23.10 Two-point correlation functions

In many applications of AdS/CFT the bulk geometry is not pure AdSd+1. The metric differs
from (23.20) in the interior, although it is similar near the boundary. The isometry group
is smaller – typically the group of rotations and translations in d dimensions. Because of
the reduced symmetry only two-point correlators can be calculated analytically. They are
an important case because they contain useful physical information, for example on the
spectrum of states in the boundary field theory. They are also a delicate case because it is
necessary to introduce a cutoff near the boundary to extract the correct result.

Our technical discussion is restricted to the AdSd+1 background, and we present two
methods of calculation. The first method is indirect. We extract the two-point function
from the Ward identity for the three-point correlator of a conserved current Ji (x) with
a scalar operator O�(x) and its conjugate. Since three-point functions do not require a
cutoff, this method is conceptually simpler, but the full symmetry of the AdS background
is needed. The second method is a direct calculation of the two-point function, and we
must use a cutoff. Here the AdS geometry simplifies the calculation, but the method can
be generalized to bulk geometries of lower symmetry. It is reassuring that the two methods
agree on the final result.

To implement the first method we first note that the unique form of the CFTd correlator
〈JiO�O∗

�〉 with the correct inversion property is



546 The AdS/CFT correspondence

〈Ji (z)O�(x)O∗
�(y)〉 (23.54)

= −iξ
1

(x − y)2�−d+2

1

(x − z)d−2(y − z)d−2

[
(x − z)i
(x − z)2

− (y − z)i
(y − z)2

]
.

This correlator satisfies

∂

∂zi
〈Ji (z)O�(x)O∗

�(y)〉 = iξ [δ(x − z)− δ(y − z)] 2πd/2

�(d/2)

1

(x − y)2�

= i[δ(x − z)− δ(y − z)]〈O�(x)O∗
�(y)〉. (23.55)

The reader is invited to prove the first line in the exercise below. The current is conserved,
and thus satisfies the Ward identity in the second line.

Exercise 23.11 Derive the first line of (23.55) from (23.54). Hints:

∂

∂zi

1

(x − z)d−2
= (d − 2)

(x − z)i
(x − z)d

,

z
1

(x − z)d−2
= − (d − 2)2πd/2

�(d/2)
δ(x − z). (23.56)

To obtain this correlator from the gravity side of the correspondence we extend the toy
model of (23.43) to include a massless gauge field Aμ and a pair of charged scalars φ, φ∗
in the bulk. The action of this system is (the bulk coordinate is wμ)

S = 1

8πG

∫
dd+1w

√
g

[
1

4
FμνFμν + gμν(∂μ + i Aμ)φ

∗(∂ν − i Aμ)φ + m2φ∗φ
]
.

(23.57)

We need the three-point Witten diagram formed with the cubic vertex from (23.57), and
bulk-to-boundary propagators for the scalars, given in (23.34), and for the gauge field. For
the latter we use the form discussed in [319], namely

Kμi (w, 	x) = Cd
wd−2

0

[w2
0 + ( 	w − 	x)2]d−1

Jμi (w− 	x), Cd = �(d)

2πd/2�(d/2)
, (23.58)

where Jμi comes from (23.23). (This form is gauge equivalent to the form first found in
[282].) With these ingredients the Witten diagram can be expressed as the AdS integral

〈Ji (z)��(x)�
∗
�(y)〉 = −i

∫
dd+1w

wd+1
0

Kμi (w, 	z)w2
0 K�(w, 	x)

←→
∂

∂wμ

K�(w, 	y). (23.59)

The integral can be done by the inversion technique. This gives a correlator of the form in
(23.54) with the coefficient

ξ = (�− d/2)�(d/2)�(�)

πd�(�− d/2)
. (23.60)
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Using the Ward identity, we obtain the two-point function

〈O�(x)O∗
�(y)〉 =

(2�− d)�(�)

πd/2�(�− d/2)(x − y)2�
. (23.61)

To implement the second method of calculation we place a cutoff at z0 = ε in the AdS
bulk geometry, and we consider a Dirichlet boundary value problem with boundary at this
position. We must solve the linear boundary value problem:

( − m2)φ(z0, 	z) = 0, φ(ε, 	z) = φ̄(	z). (23.62)

The solution is substituted in the bilinear part of the toy model action (23.43) to obtain the
on-shell action. The bulk integral cancels by partial integration, and we are left with the
contribution from the (lower) boundary,

S[φ̄] = − 1

2εd−1

∫
dd	z φ̄(	z) ∂0φ(ε, 	z). (23.63)

The on-shell action is quadratic in the ‘source’ φ̄ and we will obtain the two-point cor-
relation function of the dual CFTd operator O� as the second functional derivative with
respect to the source. Thus the two-point function depends only on the free field limit of
the bulk action (23.43).

The next step is to solve the boundary value problem (23.62). Since the cutoff region
z0 ≥ ε does not have the full symmetry of AdS, an exact solution is difficult in position
space, so we work in momentum space. Using the Fourier transform

φ(z0, 	z) =
∫

dd p

(2π)d
ei 	p·	zφ(z0, 	p), (23.64)

we find the boundary value problem[
z2

0∂
2
0 − (d − 1)z0∂0 − (p2z2

0 + m2L2)
]
φ(z0, 	p) = 0, φ(ε, 	p) = φ̄( 	p), (23.65)

where φ̄( 	p) is the transform of the boundary data.
The differential equation is essentially Bessel’s equation, and we choose the solution

zd/2
0 Kν(pz0), where ν = � − d/2, p = | 	p|. This solution is exponentially damped

as z0 → ∞ and behaves as zd−�
0 as z0 → 0. The independent solution zd/2

0 Iν(pz0) has
subleading behavior z� at the boundary, but it is rejected because it increases exponentially
in the deep interior. The normalized solution of the boundary value problem is then

φ(z0, 	p) = zd/2
0 Kν(pz0)

εd/2 Kν(pε)
φ̄( 	p). (23.66)

The on-shell action in p-space is

S[φ̄] = − 1

2εd−1

∫
dd pddq(2π)dδ( 	p + 	q)φ̄( 	p)∂0φ(ε, 	q), (23.67)
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which leads to the cutoff correlation function

〈O�( 	p)O�(	q)〉ε = − δ2S

δφ̄( 	p)δφ̄(	q) ≡ (2π)dδ( 	p + 	q)Fε(p),

Fε(p) = 1

εd−1

d

dε
ln
[
εd/2 Kν(pε)

]
. (23.68)

The final step is to extract the physical correlation function in the limit as ε → 0. The
procedure is slightly different in the two cases of integer or non-integer ν, and we discuss
the non-integer case here; see [319]. For integer ν, see [304]. We need the near-boundary
behavior of the Bessel function (which can be obtained from [326]). For non-integer ν,
this is a sum of two series whose leading terms u−ν and uν involve the two Frobenius
exponents for the differential equation (23.65):

Kν(u) = u−ν(a0 + a1u2 + . . .)+ uν(b0 + b2u2 + . . .),

a0 = 2ν−1�(ν), b0 = −2−ν−1�(1− ν)/ν. (23.69)

We will not need the values of the higher coefficients ai , bi , i ≥ 1. By careful computation
of the logarithmic derivative in (23.68) in the boundary limit, we find

Fε(p) = ε−d
[

d

2
− ν(1+ c2(εp)2 + . . .)

+2νb0

a0
(εp)2ν(1+ d2(εp)2 + . . .)

]
. (23.70)

There is a notable difference between the two series. In the upper line we have a series
of integer powers of p2. Upon Fourier transformation to x-space, these would produce sin-
gular contact terms in the correlator, e.g. δ(x− y), δ(x− y), etc. In quantum field theory
such contact terms are usually infinite, scheme dependent and unobservable. Indeed the
lower order contact terms in (23.70) are infinite. This signals a rather general phenomenon
in the AdS/CFT correspondence; the cutoff ε at long distance in AdS space plays the role
of a short distance cutoff in the dual field theory [327]. We will drop these unphysical
terms. Indeed we will see that it is the lower line that produces the two-point function with
the required spacetime dependence shown in (23.28).

The lower line contains non-integer powers of p. These terms are non-analytic so they
contribute to the absorptive part of the two-point function in momentum space. The phys-
ical correlator in p-space is determined by the non-analytic terms, in fact only by the first
of these, since subsequent terms are subdominant as ε → 0. We therefore write7

Fε(p) = ε2(�−d) 2νb0

a0
p2ν = −ε2(�−d)(2ν)

�(1− ν)

�(1+ ν)

( p

2

)2ν
. (23.71)

Now we face a glaring but mercifully minor issue. The physical correlation function
should not have the residual cutoff dependent factor ε2(�−d) that appears in (23.71). The

7 When ν is an integer, the factor p2ν in (23.71) is replaced by p2ν ln p, which is also non-analytic, and the
coefficient becomes 2νb0/a0 = (−)(ν−1)2(2−2ν)/�(ν)2. See [304].
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problem arises because the boundary data φ̄(	x) or φ̄( 	p) must be rescaled as ε → 0 to be
compatible with the boundary behavior (23.37) of the exact solution as z0 → 0. Compat-
ibility requires that we renormalize the boundary data by defining φ̄(	x) ≡ ε(d−�)φ0(	x).
The Fourier transform scales in the same way, namely φ̄( 	p) ≡ ε(d−�)φ0( 	p). This rescal-
ing could have (and should have) been done when we computed the two-point function
in (23.68). We should differentiate with respect to the renormalized source to obtain the
correlator. The chain rule then gives

〈O( 	p)O(	q)〉 ≡ − lim
ε→0

δ2S

δφ0( 	p)δφ0(	q) = −ε2(d−�) lim
ε→0

δ2S

δφ̄( 	p)δφ̄(	q) . (23.72)

The extra factor neatly cancels the unwanted ε dependence in (23.71) and produces the
physical correlator in p-space:

F(p) = −(2ν)�(1− ν)

�(1+ ν)

( p

2

)2ν
. (23.73)

It is time to return to x-space. This requires the Fourier transform

〈O�(x)O�(y)〉 = 1

(2π)d

∫
dd p eip·(x−y)F(p). (23.74)

We need the basic transform of a power law, namely8

f (x) ≡ 1

(2π)d

∫
dd p eip·x p2ν = 22ν

πd/2

�(�)

�(−ν)
1

x2�
, (23.75)

where ν = �− d/2 is used. This result can be combined with (23.73) to give the physical
two-point function

〈O�(x)O�(y)〉 = 1

πd/2

(2�− d)�(�)

�(�− d/2)(x − y)2�
, (23.76)

which agrees perfectly with the result (23.61). In many applications of the AdS/CFT cor-
respondence the background geometry is not AdSd+1. Instead it is described by a metric
of the form

ds2 = L2

z2

[
dz2 + F2(z)δi j dxi dx j

]
, (23.77)

in which z is the ‘radial’ coordinate and the xi , i = 1, 2, . . . , d, are ‘transverse’ coor-
dinates. The function F(z) is regular as z → 0. The case F(z) ≡ 1 reproduces the
(Euclidean) AdS metric (23.20), so it is clear that the more general metric has the same
boundary structure as AdS, but differs in the interior. The isometry group is now the
Poincaré group in d dimensions, so the dual field theory is not conformal, but it does have

8 This computation requires hyperspherical coordinates in d dimensions, an integral over the principal angle in
	p · 	x = px cos θ , which produces the Bessel function J(d−2)/2(px), and a final integral over the magnitude
p (which requires analytic continuation in �). The two relevant integrals in [326] are Sec. 3.915, #5 and Sec.
6.561, #14.
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Poincaréd symmetry. In Sec. 23.12 we will study a situation in which such background
geometries appear.

To compute correlation functions of field theory operators dual to massive bulk scalars
in the more general background geometry, one considers the ‘wave equation’ (23.32) with
metric components taken from (23.77). Because of the Poincaré symmetry, the Fourier
transform is applicable and (23.32) reduces to an ordinary differential equation in z whose
structure is similar to (23.65),[

z2∂2
z +

(
d z2∂z ln F − (d − 1)z

)
∂z −

(
z2

F2
p2 + m2L2

)]
φ(z, p) = 0. (23.78)

Under favorable conditions, which are not guaranteed, the exact solution of this equation
can be expressed in terms of special functions (such as the hypergeometric function, for
example, see [328]). After inserting a cutoff at z = ε, the boundary asymptotics produces
series similar to (23.70), which contains singular contact terms plus terms non-analytic
in ε. The physical correlation function in p-space is again given by the least singular non-
analytic term.

23.11 Holographic renormalization

The cutoff method of the previous section may seem rather arbitrary, a rough kludge. In this
section we discuss (all too) briefly a related procedure, both systematic and comprehensive,
for treating the divergences that occur in AdS/CFT computations. This is the formalism of
holographic renormalization [329, 330]. It is a subtle formalism, and we present only a
simplified introduction with the recommendation to consult dedicated reviews [331, 332],
which include detailed examples. The field theory information that can be obtained using
holographic renormalization includes renormalized correlation functions, the Ward iden-
tities satisfied by correlators related by symmetries, and certain quantum anomalies. The
first success of the method [329] was the computation of the anomalous trace of the stress
tensor of a CFTd using the AdS/CFT correspondence.

The formalism applies to asymptotically anti-de Sitter (AAdS) spacetimes. Near the
boundary the metric of a (d+ 1)-dimensional Euclidean signature AAdS spacetime can be
brought by coordinate transformation to the form (with z > 0)

ds2 = L2

z2

[
dz2 + gi j (x, z)dxi dx j

]
. (23.79)

The limit z → 0 of the ‘transverse’ metric gi j (x, z) must define a non-degenerate
d-dimensional Riemannian metric g(0)i j (x). The metric (23.77) is an example of AAdS
with the d-dimensional Poincaré symmetry group. In the general form above there are no
isometries. In the AdS/CFT correspondence, the transverse bulk metric gi j is dual to the
stress tensor Ti j of the boundary QFTd .
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AAdS spacetimes occur as the geometries determined by classical solutions of the equa-
tions of motion of gravity either alone or coupled to other fields, such as vectors and scalars.
We consider a system of gravity and a scalar field with the Euclidean action

S = 1

2κ2

{∫
z>ε

dzdd x
√

g[−R + gμν∂μφ∂νφ + 2V (φ)] − 2
∫

z=ε
dd x

√
γ K

}
.

(23.80)
The second term is the Gibbons–Hawking boundary term for a boundary at z = ε. The
induced metric on the boundary, and K , the trace of the second fundamental form, are

γi j (x) ≡ γi j (x, z)
∣∣
z=ε , γi j (x, z) ≡ L2

z2
gi j (x, z),

K = ∇μnμ = − z

L
∂z ln

√
γ (x, z)

∣∣∣
z=ε

, (23.81)

where nμ is the unit normal to the boundary. Eventually we will need the limit as ε → 0.
The potential V (φ) must satisfy certain conditions so that the theory has generic AAdS

solutions with scale L . First V (φ) must have a stationary point, assumed without loss of
generality to be at φ = 0, at which V (0) = −d(d − 1)/2L2. Thus it takes the form

V (φ) = −d(d − 1)

2L2
+ 1

2 m2φ2 + 1
3 bφ3 + . . . . (23.82)

The mass must satisfy the inequalities −d2/4 ≤ m2L2 ≤ 0. The lower limit is the stability
bound for general d, which was discussed at the end of Sec. 23.4. For positive m2 the
back reaction of the scalar fields is too strong near the boundary to allow a generic AAdS
solution.9 Therefore the stationary point is a local maximum! Scalar fields with masses in
the above range are dual to QFTd operators O�(x) with scale dimension (23.18) in the
range d/2 ≤ � ≤ d. They are relevant or marginal operators.

The first step in the implementation of the holographic renormalization procedure is
called near-boundary analysis. This gives the detailed behavior of gi j (x, z) and φ(x, z)
near the boundary at z = 0. The simplest asymptotic behavior occurs when the scale
dimension � is restricted to be an integer in the range d/2 < � ≤ d. These restrictions can
be removed with no difficulties of principle; we make them only to simplify our discussion.

It is convenient to use the radial coordinate ρ = z2 to discuss the asymptotic solutions
for gi j (x, z) and φ(x, z), which are

gi j (x, ρ) = g(0)i j (x)+ ρg(2)i j (x)+ · · · + ρd/2 [g(d)i j (x)+ ln ρ h(d)i j (x)
]+ · · · ,

φ(x, ρ) = ρ(d−�)/2(φ(0)(x)+ ρφ(2)(x)+ · · ·)
+ ρ�/2 [φ(2�−d)(x)+ ln ρ ψ(2�−d)(x)

]+ · · · . (23.83)

All terms except the transverse traceless part of g(d)i j and φ(2�−d) can be expressed as
local functions of the leading terms g(0)i j and φ(0). One can interpret g(0)i j as the boundary
metric, and the locally determined higher order terms involve the curvature tensor and

9 However, perturbative solutions with positive m2 scalars can be included; see [332]. They provide the CFTd
correlation functions for operators with � > d discussed in Secs. 23.9 and 23.10.
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covariant derivatives for this metric. The logarithmic term h(d)i j appears when d is an
even integer and/or �− d/2 is an integer, while ψ(2�−d) occur only when � − d/2 is an
integer. These terms are related to quantum anomalies in the dual quantum field theory, as
we discuss below.

An example of the local corrections in (23.83) is

g(2)i j = − 1

d − 2

[
R(0)i j − 1

2(d − 1)
R(0)g(0)i j

]
, (23.84)

where the subscript (0) indicates that the Ricci tensor and scalar curvature are those of
the boundary metric g(0). For some potentials there is an additional term proportional to
the scalar source φ2

(0). It is quite straightforward to obtain these terms by substituting the
expansions in the field equations of the action (23.80). Note that the local terms are uni-
versal. They are valid for all classical solutions of the field equations for a given potential
V (φ) in (23.80), but they do depend on the details of the potential.

At the order ρd/2 for gi j and ρ�/2 for φ, near-boundary analysis does not determine
the solution, and one needs information from the full solution. The reason is that the field
equations are second order in the radial variable ρ, so one expects that there are two inde-
pendent boundary rates. The onset of the subleading rate signals a possible independent
asymptotic solution. Both φ(2�−d) and the undetermined parts of g(d)i j are non-local func-
tions of the sources φ(0) and g(0)i j . As we will see, these quantities contain the important
information on correlation functions.

The next step is to use the asymptotic solution to define a set of local counterterms,
which are then added to the on-shell action to cancel the divergent terms that appear as
the cutoff ε → 0. These divergences are entirely determined by the asymptotic solution
(23.83). Substituting the asymptotic solution in the action (23.80) with boundary at ρ = ε,
one finds the regulated action in which the divergent terms are displayed explicitly

Sreg[g(0), φ(0), ε] =
∫

dd x
√

g(0)
[
a0ε

−d/2 + a2ε
(−d/2+1) + . . .− ad ln ε +O(ε0)

]
.

(23.85)

All coefficients aν are local functions of the sources g(0)i j and φ(0) and do not depend
on the undetermined quantities g(d)i j and φ(2�−d). These infinities can be canceled by
adding local covariant counterterms. The counterterm action Sct[gi j (x, ε), φ(x, ε)] can be
uniquely obtained from (23.83), but to simplify the discussion we omit this technical step
and refer readers to [331, 332].

We then define the renormalized action as the limit ε → 0 of the on-shell action (23.80),
evaluated after substitution of the full solution of the field equations and with ρ ≥ ε,
plus Sct:

Sren[g(0), φ(0)] = lim
ε→0

(
Son-shell + Sct

)
. (23.86)

Renormalized correlation functions are computed as functional derivatives of Sren with
respect to the sources. It is most useful to define one-point functions in the presence of
sources as the completely finite expressions
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〈Ti j (x)〉s ≡ 2√
g0

δSren

δgi j
(0)(x)

= d

κ2
g(d)i j (x)+ Ci j (g(0), φ(0)), (23.87)

〈O�(x)〉s ≡ 1√
g0

δSren

δφ(0)(x)
= (d − 2�)φ(2�−d)(x)+ C(g(0), φ(0)). (23.88)

The quantities Ci j and C are local functions of the sources. An n-point correlation function
with n ≥ 2 is obtained by applying n − 1 derivatives with respect to the sources. Thus Ci j

and C contribute only to contact terms, which are usually of little interest. However, Ci j

and C are important for one-point functions. It is a striking and non-intuitive result of
the holographic renormalization procedure that the non-local information in correlators is
compactly encoded in the quantities g(d)i j and φ(2�−d).

The sources g(0)i j and φ(0) in (23.87)–(23.88) (and in the steps that led to these equa-
tions) are completely general functions. However, the goals of the computation are correla-
tion functions in the boundary QFT dual to a specific nonlinear solution of the bulk gravity
theory. We refer to this classical solution as the ‘background’. This may be a black brane
or domain wall with metric of the form (23.77) together with an accompanying scalar field.
In most cases the scalar approaches the leading rate ρ(d−�)/2, but for some backgrounds
the leading term may be absent and the scalar vanishes at the faster rate ρ�/2.

To obtain the physical correlators one computes functional derivatives for arbitrary
sources and then sets the sources to their values in the background solution. The metric
source g(0)i j is interpreted as the external metric to which the boundary QFT is coupled. If
the leading scalar φ(0) in the background is non-vanishing, then it is interpreted as a source
for the dual operator. The effective Lagrangian of the boundary theory becomes

LQFT = LCFT + φ(0)O�, (23.89)

which describes a relevant or marginal deformation of a CFT. If the leading scalar term
vanishes, then the one-point function obtained directly (but carefully) from (23.88) need
not vanish, and the result is interpreted as the vacuum expectation value 〈O�(x)〉 of the
dual operator. The stress tensor of the boundary theory computed from (23.87) can also
acquire a non-zero vacuum expectation value, 〈Ti j (x)〉 �= 0. One situation in which this
happens is when the background is a black brane. The dual boundary theory is then a CFT

Holographic renormalization Box 23.6

In asymptotically anti-de Sitter spacetimes a near-boundary analysis of the fields reveals divergences depen-
dent on the cutoff distance to the boundary. These are canceled in the renormalized action by local covari-
ant counterterms determined by the asymptotic solution. The physical correlators are obtained by functional
derivatives of the renormalized action with respect to arbitrary sources, and then setting the sources equal to
their values in the background solution.
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in a thermal ensemble at the Hawking temperature. The components of 〈Ti j (x)〉 contain
the AdS/CFT results for the energy density and pressure in the ensemble.

We will conclude this section by describing two explicit applications of holographic
renormalization. We will not be able to include all details, but we hope that the discussion
will help readers to understand how the formalism is actually used.

23.11.1 The scalar two-point function in a CFTd

In this section we consider the bulk theory of a scalar field of mass m2L2 = 1 − d2/4.
The dual scalar operator O� then has scale dimension � = d/2+ 1, according to (23.18).
We have chosen the lowest dimension relevant operator that satisfies the restriction made
above (23.83) because the relevant asymptotic expansion is quite simple, yet illustrative of
the ideas involved. To compute the two-point correlation function 〈O�O�〉, it is sufficient
to consider a free scalar field with the mass squared given above in a fixed AdS(d+1) back-
ground geometry. The metric is given by (23.77) with F(z) ≡ 1, which we now write with
radial coordinate ρ as

ds2 = L2

ρ

[
dρ2

4ρ
+ δi j dxi dx j

]
. (23.90)

The fixed background approximation is justified in this case. We follow [332], which
contains more details. The two-point correlator we compute is a special case of the result
(23.61), but the discussion below is an opportunity to see the method of holographic renor-
malization in action.

The scalar equation of motion is

(− + m2)φ(x, ρ) = 1

L2

[
−4ρ1+d/2∂ρρ

1−d/2∂ρ − ρδi j∂i∂ j + (1− 1
4 d2)

]
φ(x, ρ) = 0.

(23.91)

The most general asymptotic solution is

φ(x, ρ) = ρ(d−2)/4[φ(0) + ρφ(2) + ρ ln ρ ψ(2) + . . .]. (23.92)

It is quite straightforward to substitute this series in (23.91) and learn that ψ(2) =
−δi j∂i∂ jφ(0)/4, but φ(2) is not determined. It is not fixed because there is a second lin-
early independent solution of (23.91), which vanishes at the rate ρ(d+2)/4 as ρ → 0. The
one-point function (23.88) is

〈O(1+d/2)〉s = −2(φ(2) + ψ(2)). (23.93)

It contains the undetermined φ(2) plus the local term C of (23.88), which is proportional to
ψ(2) in this case.

At this point we need to examine the equation of motion (23.91) more closely. It is sim-
ply the equation (23.65) studied in Sec. 23.10 (with a different radial coordinate ρ= z2

0).
We choose the solution that vanishes at large ρ, namely
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φ( 	p, ρ) = φ(0)( 	p)ρd/4 pK1(pρ1/2)

= φ(0)( 	p)ρ(d−2)/4
[
1+ ρ p2

(
b + 1

4 ln(p2ρ)
)
+ . . .

]
. (23.94)

The Bessel function now appears with integer order, and we have used its boundary asymp-
totics (which contains a ln ρ term) to write the second line above. Note that p = | 	p| and
that b is an irrelevant numerical constant. From this equation we identify

φ(2)( 	p) = p2(b + 1
4 ln p2)φ(0)( 	p), ψ(2)( 	p) = 1

4 p2φ(0)( 	p). (23.95)

The ψ(2) term agrees with the result obtained above from near-boundary analysis in
x-space. The φ(2)( 	p) was left undetermined by near-boundary analysis, but it is now fixed
by the requirement that the full solution vanishes as ρ →∞. Note that φ(2) is non-analytic
in p. Its Fourier transform is non-local in x .

Inserting the results (23.95) in (23.93), we find the one-point function with source

〈O(1+d/2)( 	p)〉s = −2p2
[
(b + 1

4 )+ 1
4 ln p2

]
φ(0)( 	p). (23.96)

A further functional derivative produces the two-point function in p-space. We drop the
contact term due to the monomial (b + 1

4 )p2 and write

〈O(1+d/2)( 	p)O(1+d/2)(	q)〉 = (2π)dδ( 	p + 	q) 1
2 p2 ln p2. (23.97)

The final step is the inverse Fourier transform back to x-space. For this we need an exten-
sion of the calculation (23.75). We will be content to use the results for d = 4 in Appendix
A of [318] which give

〈O(3)(x)O(3)(0)〉 = − 1

8π2

1

x2
ln(x2m2) = 4

π2

(
1

x6

)
ren

. (23.98)

The final result agrees with (23.76). It contains the renormalized power law 1/x6. In the
method of holographic renormalization the scale m is related to the ‘matter conformal
anomaly’ discussed in [332].

23.11.2 The holographic trace anomaly

The generator of scale transformations in a CFTd in Minkowski spacetime is given by

D =
∫

dd−1x xi T
i0. (23.99)

It is conserved in time if and only if the stress tensor is conserved, ∂i T i j = 0 and traceless
T i

i = 0. Special conformal invariance also requires tracelessness. It is clear from (23.30)
that the stress tensor is traceless. Indeed a traceless stress tensor is the sine qua non of a
CFTd . However, the situation is different if the CFT is coupled to a background metric
g(0)i j that is not flat. Then the ultraviolet regularization, which is necessary to define the
quantum theory properly, leads to a trace anomaly. In this section we study only spacetime
dimension d = 4.
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In the field theory one can define a renormalized effective action Seff[g0], which depends
on the background metric. The trace anomaly is defined as the change in Seff[g0] due to an
infinitesimal local scale (or Weyl) transformation of the background metric, defined as

δg(0)i j (x) = 2σ(x)g(0)i j (x). (23.100)

Thus

δSeff[g0] ≡ 1
2

∫
d4x

√
g(0)〈Ti j 〉δgi j

(0) ≡ −
∫

d4x
√

g(0)σ (x)〈T i
i 〉. (23.101)

The trace anomaly is a local function of curvature invariants of the background of scale
dimension 4. One can show that the general form is

〈T i
i (x)〉 = − 1√

g(0)

δSeff

δσ (x)
= 1

16π2
[c W 2 − a E2], (23.102)

where the Weyl tensor and Euler densities are

W 2 ≡ R2
i jkl − 2R2

i j + 1
3 R2,

E2 ≡ ∗Ri j
kl ∗Rkl

i j = 6Ri j
[i j Rkl

kl] = R2
i jkl − 4R2

i j + R2. (23.103)

The constants c and a are central charges, which are basic characteristics of the CFT. The
central charge c also appears in the two-point function (23.30), while a appears in the
three-point function of the stress tensor; see [333].

In a superconformal CFT that includes Ng gauge multiplets and Nχ chiral multiplets of
N = 1 SUSY, the central charges are (see [334])

c = 1

24
(3Ng + Nχ ), a = 1

48
(9Ng + Nχ ). (23.104)

The N = 4 SYM theory contains one gauge multiplet and three chiral multiplets in the
adjoint representation of the gauge group SU(N ). There is also an N = 2 superconfor-
mal gauge theory with one gauge multiplet (containing one gauge and one chiral N = 1
multiplet in the adjoint representation) plus 2N hypermultiplets, each in the fundamen-
tal representation (a total of 4N 2 single chiral multiplets in N = 1). Thus the central
charges are

N = 4: c = 1
4 (N

2 − 1), a = 1
4 (N

2 − 1),

N = 2: c = 1
3 N 2 − 1

6 , a = 7

24
N 2 − 5

24
. (23.105)

If a CFT has a gravity dual we would hope to reproduce the values of c and a, at least
for large N , from the AdS/CFT correspondence. We now outline how the trace anomaly
is computed using holographic renormalization. Since we are concerned only with a local
property of the stress tensor it is sufficient to consider AAdS solutions of a purely gravita-
tional bulk theory. We will factor out the AdS scale L and write the bulk metric as
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ds2 = L2Gμνdxμdxν = L2
(

dρ2

4ρ2
+ gi j (x, ρ)

ρ
dxi dx j

)
. (23.106)

The action is

S = − L3

16πG5

{∫
ρ>ε

dρdd x
√

G[R + 12] + 2
∫
ρ=ε

d4x
√
γ K

}
, (23.107)

in which G5 is Newton’s constant in five dimensions and γi j = gi j/ε is the induced metric
at the cutoff.

It is useful to consider a particular type of infinitesimal diffeomorphism, used in [335],
namely

ρ = ρ′(1− 2σ(x ′)), xi = x ′i + ai (x ′, ρ′), (23.108)

with

ai (x, ρ) = 1
2

∫ ρ

0
dρ̂ gi j (x, ρ̂)∂ jσ(x). (23.109)

Exercise 23.12 To first order in σ(x), show that the transformed line element (23.106)
takes the form

ds2 = L2
(

dρ2

4ρ2
+ 1

ρ
[gi j + 2σ(1− ρ∂ρ)gi j + ∇i a j +∇ j ai ]dxi dx j

)
. (23.110)

Hint: remember (7.143).

In the limit ρ → 0, both ai and ρdgi j/dρ vanish, so that

g(0)i j (x)→ (1+ 2σ(x))g(0)i j (x). (23.111)

The net effect of the five-dimensional diffeomorphism is an infinitesimal Weyl transfor-
mation of the boundary metric g(0)i j . This result shows explicitly that an AAdS spacetime
determines the conformal class of its boundary metric, but not the metric itself. This obser-
vation will be useful shortly.

We would expect to obtain the holographic trace anomaly from the variation of the
renormalized on-shell action obtained from (23.107) due to a Weyl transform of the source
g(0)i j . Specifically

〈T i
i 〉 = − 1√

g(0)

δ

δσ
Sren[g(0)] = − lim

ε→0

1√
g(0)

δ

δσ
(Son−shell + Sct) . (23.112)

From the near-boundary expansion of the metric in (23.87), one can obtain, by long and
delicate analysis, the explicit form of the counterterm action [329, 330]:

Sct[g(0)] = L3

4πG5

∫
d4x

√
γ

(
3

2
+ R(γ )

8
− ln ε

32
(Ri j

(γ )R(γ )i j − 1
3 R2

(γ ))

)
. (23.113)

The subscript γ indicates that R(γ )i j , R(γ ) are the curvatures of the induced metric γi j =
gi j (x, ε)/ε. Thus the second and third terms in the integral carry ‘hidden factors’ of ε and
ε2, respectively.
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To calculate the variational derivative one must vary the boundary data, δg(0)i j =
2σg(0)i j , while maintaining the fact that the interior solution corresponds to that variation.
Thus one is really carrying out the diffeomorphism (23.108), with the shift δε = 2εσ (x)
of the position of the boundary. The on-shell action is invariant under the combined change
of coordinates and reparametrization of the boundary. The first two terms in Sct are also
invariant (since they contain scalars under the diffeomorphism). Thus the only term that
contributes in (23.112) is the explicit variation δ ln ε = 2σ(x), and this produces the
anomalous trace

〈T i
i 〉 =

L3

64πG5
(Ri j

(0)R(0)i j − 1
3 R2

(0)). (23.114)

The tensor structure of this expression can be compared to that of the field theory form
(23.102) of the trace anomaly. One can see that the invariant R2

i jkl is absent, and this means
that c = a for any CFT4 that has a gravity dual. The N = 2 superconformal gauge theory
is therefore excluded, but N = 4 SYM is allowed. What remains to check is the AdS/CFT
prediction for the central charge, which is

c = a = πL3

8G5
= 1

4
N 2. (23.115)

The final result and success(!) was obtained by inserting the value of G5 from (23.14).
We conclude this section by referring readers to the papers [336, 337] in which an alter-

native version of the holographic renormalization procedure is developed. This procedure
is based on the Hamiltonian formulation of the bulk equations of motion in which the radial
variable of AAdS solutions plays the role of time. This method incorporates symmetries
more efficiently and simplifies the calculation of correlation functions.

23.12 Holographic RG flows

This term is used to describe the gravity dual of a CFT deformed by a relevant operator,
an operator with scale dimension � < d. The Lagrangian describing this situation is given
in (23.89). Effects of the relevant perturbation disappear at short distances, so correlation
functions of the perturbed theory approach those of the original CFT, which we call the
CFTUV at short distances. The relevant perturbation does change the low energy behavior
of the theory, and we assume that the correlation functions approach those of another CFT,
called the CFTIR at long distance.

The two CFTs are characterized by different central charges, cUV and aUV at short
distance and cIR and aIR at long distance. The intuition, derived from Zamolodchikov’s
c-theorem for two-dimensional theories [338], is that the central charges measure the num-
ber of degrees of freedom of a theory and that this number decreases in the flow from
the UV to IR since massive particles drop out at long distance. There is considerable evi-
dence [339, 36, 340] that the a central charge does satisfy aUV > aIR in the many models
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which have been examined, although there is no general proof. As discussed in the previ-
ous section, the central charges of a CFT with a gravity dual satisfy a = c, so we won’t be
concerned with the question of a versus c. However, we will give a very simple proof that
aUV > aIR in any holographic RG flow.

The holographic dual of a particular relevant perturbation [341] of N = 4 SYM the-
ory has been studied [342] and makes remarkably detailed contact with the field theory.
Rather than discuss this fairly complex example, we will illustrate the basic dynamics of
holographic RG flows in the simple bulk theory model with action (23.80).

23.12.1 AAdS domain wall solutions

We seek gravity solutions that are dual to quantum field theories with the symmetry group
of the Poincaré group in d dimensions. (We speak of the Poincaré group although we work
in Euclidean signature.) Since the symmetries must match on both sides of the duality, we
look for solutions of the D = (d + 1)-dimensional bulk system with the same symmetry
group. The most general such configuration is

ds2 = e2A(r)δi j dxi dx j + dr2, φ = φ(r). (23.116)

This configuration is called a domain wall.
We assume that the scalar potential V (φ) has at least two critical points, i.e. V ′(φk) = 0,

at which V (φk) = −d(d − 1)/2L2
k < 0. The potential is sketched in Fig. 23.2. The

equations of motion of the action (23.80) have special solutions for which φ(x) is fixed at
a critical point, i.e. φ(x) ≡ φk and the spacetime geometry is AdS(d+1) with scale Lk . We
refer to these solutions as critical solutions and write the metric as

ds2 = e2r/Lk δi j dxi dx j + dr2. (23.117)

This differs from the previous description (23.20) of the AdS metric by a change of the
radial coordinate: r = −L ln(z0/L).

The AAdS domain wall we want is a solution of the field equations that conforms to
the ansatz (23.116) and interpolates between the critical solutions for two adjacent criti-
cal points of the potential, which we label as UV and IR. Specifically the metric has the
boundary structure of AdS with scale LUV as r →+∞ and has the deep interior behavior
of (Euclidean) AdS with scale L IR as r →−∞.

The Euler variation of the action (23.80) yields coupled equations of motion for the
scalar φ and the metric gμν . However, the domain wall ansatz contains just two unknown
functions A(r), φ(r), and it turns out that all equations of motion are satisfied if A(r),
φ(r) obey the coupled ordinary differential equations10

10 The reader can use (8.8) to check the gravitational equations. The only non-vanishing curvature components

are Ri j
k� = −2A′2δk�

i j , Rri
r j = −(A′′ + A′2)δ j

i and those related by the symmetry properties. There are
two resulting equations from the (rr) and from the (i j) components of (8.8). One linear combination of these
gives the first result in (23.118), and the second gives the result in Ex. 23.13.
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ϕ

V(ϕ)

ϕ2

ϕ1

�Fig. 23.2 Sketch of a scalar potential that supports domain wall solutions.

A′2 = 1

d(d − 1)
[φ′2 − 2V (φ)], φ′′ + d A′φ′ = dV (φ)

dφ
. (23.118)

It is easy to see how the critical solutions appear. At each critical point φk of the poten-
tial, the scalar equation is satisfied by φ(r) ≡ φk . The A′ equation then yields A(r) =
±(r + r0)/Lk . The integration constant r0 and the sign have no significance since they can
be changed by scaling of the coordinates xi and changing r → −r . Thus we can choose
A(r) = r/Lk which brings us exactly to the form in (23.117).

Exercise 23.13 Show that the simple result A′′ = −φ′2/(d−1) follows from the pair of
equations in (23.118). Since the sign is negative the function A(r) is concave downwards.
The result A′′ ≤ 0 also turns out to be exactly what is needed to establish the holographic
c-theorem, as we show below.

Exact solutions of the nonlinear second order system (23.118) are difficult (although
we will outline an interesting method in Sec. 23.12.3). However, we can learn a lot by
linearizing about each critical point. Near the stationary point φ, we express the fields as
φ(r) = φi + h(r) and A′(r) = 1/Li + a′(r) and work to lowest order in the deviations
h(r) and a(r). Following (23.82) we parametrize the potential near φi as

V (φ) = 1

2

[
−d(d − 1)

L2
i

+ m2
i h2

]
. (23.119)

After substituting these expressions in (23.118) we find that a′(r) is of order h2 and can be
neglected, while h(r) satisfies the linear equation

h′′ + d

Li
h′ − m2

i h = 0. (23.120)
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The general solution is

h(r) = Be(�i−d)r/Li + Ce−�i r/L with �i = 1
2

(
d +

√
d2 + 4m2

i L2
i

)
.

(23.121)

The basic idea of linearization theory is that there is an exact solution of the nonlinear
equations of motion that is well approximated by a linear solution near a critical point.
Thus as r →+∞, we assume that the exact solution behaves as

φ(r) ≈r*0 φ1 + B1e(�1−d)r/L1 + C1e−�1r/L1 . (23.122)

The fluctuation must disappear as r →+∞. For a generic situation in which the dominant
B-term is present, this requires d/2 < �1 < d or m2

1 < 0. Hence the critical point
associated with the boundary region of the domain wall must be a local maximum, and
everything is consistent with an interpretation as the dual of a QFTd that is a relevant
deformation of an ultraviolet CFTd . Thus we can set φ1 = φUV and L1 = LUV.

Near the critical point φ2, which is a minimum, we have m2
2 > 0 so �2 > d . This critical

point must be approached at large negative r , where the exact solution is approximated by

φ(r) ≈r%0 φ2 + B2e(�2−d)r/L2 + C2e−�2r/L2 . (23.123)

The second term diverges, so we must choose the solution with C2 = 0. Thus the domain
wall approaches the deep interior region with the scaling rate of an irrelevant operator of
scale dimension �2 > d exactly as required for infrared fixed points by RG ideas on field
theory. We can now set φ2 = φIR and L2 = L IR.

The nonlinear equation of motion for φ(r) has two integration constants. We must fix
one of them to ensure C = 0 as r → −∞. The remaining freedom is just the shift
r → r + r0 and has no effect on the physical picture. A generic solution with C = 0 in the
IR would be expected to approach the UV critical point at the dominant rate Be(�UV−d)r/L1 ,
which we have seen to be dual to a relevant operator deformation of the CFTUV. It is possi-
ble (but exceptional) that the C = 0 solution in the IR would have vanishing B-term in the
UV and approach the boundary as CUVe−�UVr/L1 . In this case the physical interpretation is
that of the deformation of the CFTUV by a vacuum expectation value; 〈O�UV〉 ∼ CUV �= 0;
see [343, 316].

The domain wall flow ‘sees’ the AdSIR geometry only in the deep interior limit. To
discuss the CFTIR and its operator perturbations in themselves, we must think of extending
this interior region out to a complete AdSd+1 geometry with scale L IR = L2.

The interpolating solution we are discussing is plotted in Fig. 23.3. The scale factor A(r)
is concave downwards since A′′(r) < 0 from Ex. 23.13. This means that the slopes of the
linear regions in the deep interior and near the boundary are related by 1/L IR > 1/LUV.
Hence,

VIR = −d(d − 1)

2L2
IR

< VUV = −−d(d − 1)

2L2
UV

. (23.124)
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�Fig. 23.3 Profiles of the scale factor and scalar field of a domain wall.

Thus the flow from the boundary to the interior necessarily goes to a deeper critical point
of V (φ). Recall that the condition A′′(r) < 0 is very general and holds in any physically
reasonable bulk theory, e.g. a system of many scalars φ I and potential V (φ I ). Thus any
Poincaré invariant domain wall interpolating between AdS geometries is irreversible.

23.12.2 The holographic c-theorem

Let’s apply the result (23.115) for the central charges obtained from the trace anomaly in
AdS5 to a flow between two CFT4s. The method of the previous section is applicable to
the CFTUV since its trace anomaly is determined by the boundary behavior of the metric.
One can show that the anomaly is not affected by the coupling of gravity to matter fields.
Hence cUV = aUV = πL3

UV/8G5. As explained above, to obtain the anomaly of the CFTIR

one must consider the extension of the deep interior metric of the AAdS domain wall to
a complete AdS5 spacetime with scale L IR. It is the boundary behavior of this extended
metric that determines the trace anomaly, which is cIR = aIR = πL3

IR/8G5. Using the
inequality LUV > L IR we can see immediately that cUV > cIR. The conclusion is in
Box 23.7.

An issue that is discussed in the literature on the c-theorem in quantum field theory is
the existence of c-functions. A c-function is a continuous function of the RG scale that
decreases monotonically along the flow from UV → IR and interpolates between the cen-
tral charges cUV and cIR. In the AdS/CFT correspondence, the radial coordinate of the bulk

Box 23.7 The c-theorem for the central charges

The central charges at the UV and IR fixed points of any RG flow with a gravity dual necessarily obey the
c-theorem: cUV > cIR. The radial coordinate plays the role of the RG scale in the bulk solution.
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solution plays the role of the RG scale. For any AAdS domain wall one can consider the
following scale dependent function (and its radial derivative):

C(r) = π

8G

1

A′3
, C ′(r) = π

8G

−3A′′

A′4
≥ 0. (23.125)

We have C ′(r) ≥ 0 as a consequence of the condition A′′ ≤ 0 derived from the domain
wall equations (23.118). Thus C(r) is an essentially perfect holographic c-function.

23.12.3 First order flow equations

The domain wall equations (23.118) are a nonlinear second order system with no apparent
method of analytic solution. Nevertheless there is an interesting procedure [344] that does
give exact solutions in a number of cases. Given the potential V (φ), suppose that we could
solve the following differential equation in field space and obtain an auxiliary quantity, the
superpotential W (φ):

1

2

(
dW

dφ

)2

− d

2(d − 1)
W 2 = V (φ). (23.126)

We then consider the pair of first order differential equations

φ′(r) = dW

dφ
, A′(r) = − 1

d − 1
W (φ). (23.127)

It is easy to show that any solution of the first order system (23.127) is also a solution of the
original second order set (23.118). The uncoupled system (23.127) has a trivial structure;
the two equations can be solved sequentially. If the two required integrals are tractable, one
finds an explicit analytic solution for the domain wall.

Exercise 23.14 It is easy to see that any critical point of W (φ) is also a critical point
of V (φ), although not conversely. In this exercise we study what happens when the critical
point φi is common. Suppose that W (φ) is approximated by W (φ)≈−(λi + 1

2μi h2)/Li

near φ = φi . Show that λi , μi are related to the parameters of the approximate potential
(23.119) by λi = d − 1 and m2

i L2
i = μi (μi − d). Show that this requires m2

i ≥ −d2/4L2
i .

This condition is the perturbative stability bound for general d discussed for d = 4 at
the end of Sec. 23.4. Thus any critical point common to both W and V must describe a
stable AdS solution. Show that the solution φ(r) of the flow equation (23.127) approaches
a common UV critical point at the rate h ≈ e−μi r/Li with μi = d − �i , the source rate,
or μi = �i , the vacuum expectation value rate.

This structure generalizes to bulk theories with several scalars φ I and Lagrangian

L ∼ − 1
2 R + 1

2

∑
I

gμν∂μφ
I ∂νφ

I + V (φ). (23.128)
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Given a superpotential W (φ I ) that satisfies the partial differential equation

1

2

∑
I

(
∂W

∂φ I

)2

− d

2(d − 1)
W 2 = V (φ), (23.129)

the first order flow equations

dφ I

dr
= dW

dφ I
, A′(r) = − 1

d − 1
W (φ) (23.130)

automatically give a solution of the second order equations of motion of (23.128) for
Poincaré invariant domain walls.

Exercise 23.15 Prove this and derive first order flow equations with the same property
for the case where the scalar kinetic term of (23.130) is replaced by that of a nonlinear
σ -model, namely 1

2 G I J (φ)∂μφ
I ∂μφ J .

The equations (23.130) are conventional gradient flow equations. The solutions are paths
of steepest descent for W (φ), everywhere perpendicular to the contours W (φ) = const.
In applications to RG flows, the φ I (r) represent scale dependent couplings of relevant
operators in a QFT Lagrangian, so what we have is gradient flow in the space of couplings –
an idea frequently discussed in the RG literature!

There are two interesting reasons why there are first order flow equations that reproduce
the conventional second order dynamics of domain walls.

1. They emerge as BPS conditions for supersymmetric domain walls in supergravity the-
ories. The superpotential appears directly in the fermion transformation rules. There is
no need to solve a differential equation to find it. See [324] for examples.

2. They are the Hamilton–Jacobi equations for the dynamical system of gravity and scalars
[345]. The superpotential is the classical Hamilton–Jacobi function, and one must solve
(23.126) or (23.129) to obtain it from the potential V (φ I ).

23.13 AdS/CFT and hydrodynamics

The AdS/CFT correspondence is frequently applied to the strong coupling behavior of a
CFT in a thermal ensemble at temperature T . The gravitational dual of this situation is
an AdS black hole or black brane at Hawking temperature T = k/2π , where k is the
surface gravity of the black hole. The surface gravity is the acceleration of a test mass at
the horizon. The terminology we use is that an AdS black hole has the boundary structure
of anti-de Sitter space in global coordinates. For bulk dimension D = d + 1 its isometry
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group is R⊗SO(d) where R is the group of time translations. An AdS black brane has the
boundary structure of AdS in Poincaré patch coordinates. Its isometry group is the direct
product of time translations with rotations and translations in d − 1 directions.

In this section11 we study the AdS/CFT dual of the Lorentzian signature black brane
spacetime

ds2 = L2

z2

[
− f (z)dt2 + 1

f (z)
dz2 + δi j dxi dx j

]
, f (z) = 1− zd

zd
h

, (23.131)

with i, j = 1, . . . , d − 1. The horizon is at z = zh . The metric has the same boundary
behavior as AdSd+1, although it is not written in the standard presentation (23.77) of AAdS
metrics. This spacetime is an Einstein space; it satisfies Rμν = −(d/L2)gμν , but it is not
conformally flat.

To investigate the metric near the horizon we introduce the coordinate z̃ =
(2zh/d)

√
f (z). To lowest order z̃, the near-horizon metric is given by

ds2 ≈ L2

z2
h

[
−k2 z̃2dt2 + dz̃2 + δi j dxi dx j

]
, (23.132)

where k = d/2zh . To identify the Hawking temperature we write the analytically contin-
ued, i.e. t → iτ , metric of the Euclidean section,

ds2 ≈ L2

z2
h

[
k2 z̃2dτ 2 + dz̃2 + δi j dxi dx j

]
. (23.133)

This metric describes a product manifold, namely the 2-plane in polar coordinates z̃, τ with
Euclidean Rd−1. However, there is a conical singularity, a source of unwanted curvature,
unless we identify the angular coordinate as τ ≡ τ + 2π/k. The Hawking temperature is
the inverse of the period of the Euclidean time coordinate; hence T = k/2π.

The Bekenstein–Hawking entropy is the area of the horizon in the Lorentzian metric
(23.131). For the black brane the area becomes finite if we assume that the transverse
coordinates xi span a box of volume V in Rd−1. Then

S = 1

4Gd+1
A = 1

4Gd+1

∫
V

dd−1x
√

g = 1

4Gd+1

(
L

zh

)d−1

V . (23.134)

The integral in the intermediate step is computed at fixed z = zh , t = 0. Later we will need
the entropy density, defined as s = S/V .

The dual situation in quantum field theory that we are concerned with is the hydrody-
namics of the thermal ensemble of temperature T in the N = 4 SYM theory. This is the

11 Our discussion is based on [346, 306] to which we refer readers for further details. The lecture notes [347] are
also very useful.
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physics of long wavelength excitations in the ensemble, which propagate in spacetime.
Thus we consider finite temperature in Lorentzian signature quantum field theory.

We are interested in the limit in which hydrodynamic phenomena are governed by linear
response theory. We will present a very heuristic derivation of the basic linear response
formula. For more information, see [348, 349]. Suppose there is an operator O with exter-
nal classical source φ0. Real-time correlation functions of O in the canonical ensemble are
given by variational derivatives of the generating function

〈ei
∫

dd x O(x)φ0(x)〉 ≡ T r
(

e−βH ei
∫

dd x O(x)φ0(x)
)/

T r
(

e−βH
)
, (23.135)

with β = 1/T . The one-point function (in the presence of the source) is then

〈O(x)〉φ0 = −i
δ

δφ0(x)
〈ei
∫

dd x O(x)φ0(x)〉 =
〈
O(x) exp i

∫
dd y O(y)φ0(y)

〉
. (23.136)

In most cases, 〈O(x)〉 vanishes when the source vanishes. To first order in the source, the
ensemble expectation value of an operator is thus given by the convolution of its two-point
correlator with the source, i.e.

〈O(x)〉 = i
∫

dd y〈O(x)O(y)〉φ0(y). (23.137)

There are several types of correlation functions in real time quantum field theory, which
differ in the time order of the operators involved. Our heuristic procedure has not treated
time order correctly. We simply state that more thorough arguments in finite temperature
field theory, given in [348, 349], show that we should express (23.137) in momentum
space, i.e.

O(ω, 	k) = G R(ω, 	k)φ0(ω, 	k), (23.138)

where G R is the retarded correlator

G R(ω, 	k) = i
∫

dt dd−1x ei(ωt−	k·	x)θ(t)〈[φ(t, 	x), φ(0)]〉. (23.139)

The expectation value is again taken in the canonical ensemble. Equation (23.138) is the
linear response formula.

For a conserved current the low frequency, long wavelength limit of the correlation func-
tion is an important physical quantity, the transport coefficient χ , defined by the Kubo
formula

χ = lim
ω→0

lim
	k→0

1

ω
Im G R(ω, 	k). (23.140)

Transport coefficients are important because they are the physical parameters of the
hydrodynamic equations of the medium, which determine its macroscopic behavior. Two
examples are the DC electric conductivity associated with the operator O = Ji , a
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component of the electric current, and the shear viscosity η associated with the off-diagonal
component O = T 2

1 of the stress tensor perpendicular to a wave in the z-direction.
Although N = 4, d = 4 SYM theory is our prime concern, we will phrase the discus-
sion for general boundary dimension d.

Let us see how to access information about hydrodynamic phenomena using the
AdS/CFT correspondence in Lorentzian signature. As a proxy for physically more inter-
esting cases, we will study a massless scalar field φ in the black brane background. We will
find the AdS/CFT prediction for its hypothetical transport coefficient. The ideas can then
be applied quite easily to the calculation of the shear viscosity. The scalar field action is

S = − 1

2q

∫
dz dt dd−1x

√−ggμν∂μφ∂νφ. (23.141)

The parameter q governs the strength of coupling of φ to gravity. It is determined by
information in the bulk theory, which might come, for example, from the dimensional
reduction of Type IIB supergravity on AdS5 ⊗ S5. As z → 0 a generic solution of the
equation of motion for φ has the boundary behavior φ(z, t, 	x)→ φ0(t, 	x).

The massless scalar is dual to a marginal operator Od , an operator with scale dimension
� = d . As in Euclidean signature, the boundary configuration φ0(t, 	x) is the source of
the operator Od , and its correlation functions are determined as derivatives of the basic
formula

〈ei
∫

dt d	x Od (t,	x)φ0(t,	x)〉 = eiS[φ0]. (23.142)

This formula relates the generating function (23.135) to the exponential of i times the on-
shell value of the action (23.141), which is a functional of the boundary data φ0.

The equation of motion is

0 = ∂μ(
√−ggμν∂νφ),

0 = q∂z%(z, t, 	x)−
(

L

z

)d−1 [ 1

f (z)
∂2

t − ∇2
]
φ(z, t, 	x),

%(z, t, 	x) ≡ 1

q

√−ggzz∂zφ. (23.143)

In the last line we defined the canonical momentum for the ‘radial evolution’ of the solu-
tion. After partial integration we can write the variation of the on-shell action as

δS[φ0] =
∫

dt dd−1x δφ0(t, 	x)%(0, t, 	x). (23.144)

Although the classical solution φ(z, t, ξ) is well defined, the canonical momentum %

diverges at the boundary because of the background metric factors in its definition. This
is another guise of the same divergence encountered in Sec. 23.11. For a massless bulk
scalar it is simply resolved by subtracting a boundary term to make the on-shell action
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finite and eliminate an unobservable contact term in the correlator G R to be calculated. We
will be precise about this below. For the moment, we simply indicate the subtraction in the
variational derivative, which defines the one-point function

〈O(t, 	x)〉φ0 =
δS[φ0]
δφ0(t, 	x) = %s(z = 0, t, 	x). (23.145)

To make contact with (23.138) and (23.140), we move to momentum space. The Fourier
transform of φ(z, t, 	x) and other quantities is defined by

φ(z, t, 	x) =
∫

dω dd−1k

(2π)d
ei(	k·	x−ωt)φ(z, ω, 	k), (23.146)

so that (23.145) becomes

〈O(ω, 	k)〉 = δSon-shell

δφ0(ω, 	k)
= %s(z = 0, ω, 	k). (23.147)

As we discuss immediately below, the solution of the equation of motion requires boundary
conditions on φ(z, ω, 	k) at the boundary and at the horizon (where the Fourier transform
of (23.143) has regular singular points). Thus, %s(z = 0, ω, 	k) depends non-locally on the
source and it is clearly linear in the source. So we identify the AdS/CFT one-point function
(23.147) with the field theory linear response (23.138). Therefore the Green’s function for
the CFT in the thermal ensemble is

G R(ω, 	k) = %s(z = 0, ω, 	k)
φ0(ω, 	k)

. (23.148)

Actually, we have jumped too far ahead. We must discuss how to obtain the retarded
Green’s function from the bulk physics. The only ‘freedom’ that remains resides in the
function %s(z = 0, ω, 	k) and thus in the boundary conditions that it satisfies at the horizon.
In momentum space the equation (23.143) reads

q∂z%(z, ω, 	k) =
(

L

z

)d−1 [ −1

f (z)
ω2 + 	k2

]
φ(z, ω, 	k). (23.149)

Using q%(z, ω, 	k) = (L/z)d−1 f (z)∂zφ(z, ω, 	k), it is straightforward to find that there are
two possible forms of the near-horizon solution of (23.149), namely

φ±(z, ω, 	k) = (zh − z)±(i zh ω/d). (23.150)

When the time dependence e−iωt is included, we see that φ+ and φ− respectively describe
outgoing and infalling waves at the horizon. The retarded Green’s function produces causal
wave propagation in field theory, and causal behavior of waves in the exterior of a black
hole certainly requires infalling boundary conditions. This heuristic argument in favor of
the φ− solution was first given in [350, 351], and it was shown in [352, 353] that the
infalling prescription produces the retarded Green’s function via (23.148).

We therefore assume that φ(z, ω, 	k) is a solution of (23.149) that approaches a multiple
of φ−(z, ω, 	k) at the horizon. The solution is proportional to the boundary value so we
write

φ(z, ω, 	k) ≡ F(z, ω, 	k)φ0(ω, 	k). (23.151)
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We can now determine the subtraction that is necessary to make the on-shell action finite.
We work in ω, 	k space. We write the series expansion φ(z, ω, 	k) = φ0(ω, 	k) + z2φ2

+ . . .+ zd(φd + ln zψd)+ . . ., which is similar to those used in Sec. 23.11.12 Substituting
the series in the differential equation (23.149), we find that all terms φ j with j < d and
also ψd are determined as polynomials in ω, 	k times φ0, while φd is not determined by the
boundary analysis. (It requires information about the behavior at the horizon to obtain φd .)
The first correction is

φ2 = 1

2(d − 2)
(ω2 − 	k2)φ0, (23.152)

which is the only term needed in the application to the calculation of the shear viscosity in
N = 4, d = 4 SYM theory below. We then define

%s(z, ω, 	k) ≡
(

L

z

)d−1

∂z

[
φ(z, ω, 	k)− z2

2(d − 2)
(ω2 − 	k2)φ0(ω, 	k)+ . . .

]
,

(23.153)

where . . . includes all terms up to order zd−2 in the boundary asymptotics. (The first sub-
tracted term formally contributes a contact term proportional to δ(x − y) in the Green’s
function.)

The retarded Green’s function (23.148) emerges, after the subtraction, as the bound-
ary limit of the ratio %(z, ω, 	k)/φ(z, ω, 	k). This quantity obeys a first order differential
equation that follows from (23.149). To derive it, note that the general second order linear
equation

∂z
[
A(z)∂zφ(z)

] = B(z)φ(z) (23.154)

can be recast as the Hamiltonian system

%(z) = A(z)∂zφ(z), ∂z%(z) = B(z)φ(z). (23.155)

It is then straightforward to derive the Riccati equation [355, 346]

∂z

(
%(z)

φ(z)

)
= B(z)− 1

A(z)

(
%(z)

φ(z)

)2

. (23.156)

From (23.149) we identify A(z) = (L/z)d−1 f (z)/q and B(z) = (L/z)d−1(−ω2/ f (z)
+ 	k2)/q. The equation we need is then [346]

∂z

(
%(z)

ωφ(z)

)
= − ω

f (z)

[(
qzd−1

Ld−1

)(
%(z)

ωφ(z)

)2

+
(

Ld−1

qzd−1

)(
1− f (z)

	k2

ω2

)]
.

(23.157)

Now note that the right-hand side vanishes in the ordered limit limω→0 lim	k→0, so the
ratio %(z)/ωφ(z) is independent of z in this limit. This is the same limit in which the trans-
port coefficient is obtained; see (23.140). Further the subtraction term in %s also vanishes

12 The holographic renormalization procedure discussed in Sec. 23.11 has been extended to Lorentzian signature
[354]. However, detailed analysis is not necessary for correlators of massless scalars.
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in this limit. Thus we can obtain the desired transport coefficient by combining (23.140)
and (23.148) and evaluating the ratio at the horizon, rather than the boundary. We thus get

χ = lim
ω→0

lim
	k→0

Im

(
%(zh, ω, 	k)
ωφ(zh, ω, 	k)

)
. (23.158)

The infalling wave-form φ− in (23.150) determines the value at the horizon. Indeed, for
general ω, 	k,

lim
z→zh

%(z, ω, 	k) =
(

L

zh

)d−1 iω

q
lim

z→zh
φ(z, ω, 	k). (23.159)

Equivalently,

lim
z→zh

Im

(
%(z, ω, 	k)
ω φ(z, ω, 	k)

)
= 1

q

(
L

zh

)d−1

. (23.160)

Inserting this result in (23.158), we obtain the basic AdS/CFT prediction for the transport
coefficient:

χ = 1

q

(
L

zh

)d−1

. (23.161)

Exercise 23.16 Verify (23.159) and (23.161).

Let’s comment briefly on the role of the massless bulk field. The point is that, for a
massive scalar, there is an additional term in the equation of motion (23.149), and it is
no longer true that ∂z(%/ωφ) → 0 in the limit ω, 	k → 0. However, only the massless
case is relevant because physical transport coefficients are defined for conserved currents
in the boundary theory, and the gravity duals of conserved currents are massless bulk gauge
fields.

Now we can focus on the specific goal of this section, which is to obtain the shear
viscosity η of the N = 4, d = 4 SYM theory in a thermal ensemble at temperature T
[356, 351]. This is determined from the retarded correlator of the T 2

1 component of the
stress tensor,

G R(ω, k) = i
∫

dt d3x ei(ωt−kx3)θ(t)〈[T 2
1 (t, 	x), T 2

1 (0)]〉. (23.162)

Note that we have chosen the wave direction 	k = (0, 0, k) and components of Tμ
ν that are

transverse to 	k. It is the shear viscosity that will then be produced by the formula (23.140).
The stress tensor Tμ

ν is dual to a fluctuation of the bulk metric about the black brane
spacetime, so we write gμν(z, t, 	x) = ḡμν(z)+hμν(z, t, 	x) where ḡ now denotes the black
brane background metric (23.131) and h is the fluctuation. The Lorentzian signature bulk
action is

S = 1

16πG5

{∫
dz dt d3x

√−g

(
gμν Rμν + 12

L2

)
− 2

∫
dt d3x

√
γ K

}
. (23.163)
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As usual, for the two-point correlator (23.162) we need only the linearized equation of
motion for hμν , namely

RLin
μν = − 1

2

(
Dρ Dρhμν − Dρ Dμhρν − Dρ Dνhμρ + Dμ∂νhρρ

) = − 4

L2
hμν. (23.164)

The expression for the linearized Ricci tensor in a general background geometry was
obtained from Ch. 14 of [357]. It is the covariantization of (8.16). Covariant derivatives
carry the connection coefficients of the background metric.

We now state several properties of this equation, which will enable us to apply our
previous work on the massless bulk scalar field to tensorial fluctuations h1

2 of the black
brane metric that are proportional to the plane wave ei(kx3−ωt).

1. The Fourier mode h1
2 decouples from other components of hμν in the linearized equa-

tion (23.164) and to quadratic order in the action (23.163).
2. The uncoupled equation (23.164) reduces to the equation of motion for a massless scalar

given in (23.143) or (23.149). It is quite common that transverse traceless perturbations
of background metrics in the AdS/CFT correspondence satisfy the same linear equation
as a massless scalar in the same background.

3. The effective coupling of h1
2 obtained from (23.163) corresponds to q = 16πG5 in the

scalar action (23.141).

We will discuss these properties further below, but let’s now simply note that they allow
us to apply (23.158) directly and write the shear viscosity as

η = 1

16πG5

(
L

zh

)3

. (23.165)

Since this quantity is dimensionful, it is common to divide by the entropy density (23.134)
which gives the dimensionless ratio

η

s
= 1

4π
. (23.166)

We derived this result as the AdS/CFT prediction obtained from a particularly simple bulk
configuration, the purely gravitational black brane. It appears to hold more generally for
other solutions, for example a charged black brane, in which Einstein gravity is coupled to
other fields in five dimensions. On the other hand the result does change if higher curvature
terms are added to the action for gravity in the bulk.

The numerical value 1/4π is markedly less than experimental values of η/s for common
liquids such as water, although liquid helium and ultracold atoms are within one order of
magnitude. This led to the initial speculation that the result (23.166) is a universal lower
bound. This is not entirely true since a small negative correction is found when ‘Gauss–
Bonnet terms’ are added to the bulk action [358, 359, 360]. The most important application
of this result is to the quark–gluon plasma that is momentarily formed in the collision of
two heavy nuclei at Brookhaven’s Relativistic Heavy Ion Collider (RHIC). Analysis of the
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data suggests a value close to the AdS/CFT result. It is an astonishing example of cross-
fertilization in physics that string theory, as embodied in the AdS/CFT correspondence,
may well apply to experiments in nuclear physics.

Let’s return to the three properties used above to reduce the calculation of the transport
coefficient for the tensor mode h1

2 to the simpler case of a massless scalar.

1. Decoupling of h1
2 follows from its symmetry properties under a rotation about the x3

axis [351]. The metric fluctuation components 1
2 (h11−h22±2ih12) carry the maximum

two units of angular momentum under this symmetry. The black brane metric is invari-
ant under the full Euclidean group acting on x1, x2, x3, as well as under time transla-
tion and reflection. So ḡμν and �̄

ρ
μν are invariant under the rotation, and only a small

subset of the connection coefficients are non-vanishing, This is enough to conclude that
the 12-component of the equation of motion (23.164) reduces to an uncoupled linear
differential equation for h12(z, ω, k).

2. After detailed computation of the various terms in RLin
12 one finds that the equation for

h1
2(z, ω, k) reduces to[

∂2
z +

(
f ′(z)

f
− 3

z

)
∂z + ω2

f (z)
− k2

]
h1

2(z, ω, k) = 0, (23.167)

with f (z) = 1− (z/zh)
4. This equation is equivalent to (23.149).

3. To obtain the equivalent scalar coupling q, compute the variation of the action (23.163),

δS = 1

16πG5

∫
d5z

√−gδgμν
[

Rμν − 1

2
gμν

(
R + 12

L2

)]
. (23.168)

To isolate terms involving h1
2 we require that the only non-vanishing components of

δgμν are (δg)12 = (δg)21 = −ḡ11ḡ22δh1
2. There is a factor of 2 because the metric is

symmetric, and one can write

δS = 1

16πG5

∫
d5x

√−g 2(δg)12 R2
1

= 1

8πG5

∫
d5z

√−g(δg)12 (− 1
2 Dρ Dρh1

2 + . . .). (23.169)

We have linearized in the last step, noting that the only role of the terms . . . is to reduce
Dρ Dρh1

2 to the scalar d’Alembertian, i.e. Dρ Dρh1
2 → (1/

√−ḡ)∂ρ(
√−ḡḡρσ ∂σ h1

2).
This integral can be compared with the variation of the scalar action (23.141), i.e.

δS = 1

q

∫
d5x
√−ḡδφDρ∂ρφ, (23.170)

and we can identify the effective coupling q = 16πG5.



Comparison of notation A

The fact that different sign conventions are used for the same quantities in the physics
literature can make the comparison of results difficult. In this appendix, we discuss these
conventions. In particular we will define 10 distinct sign choices si . In this book, we take
si = +1 for all cases.

A.1 Spacetime and gravity

The first set of conventions is related to the spacetime metric and curvature tensor. On
the inside cover of the classic text of Misner, Thorne, and Wheeler [361], three signs are
defined to discuss these basic conventions for general relativity. We need additional signs
for quantities defined in local Lorentz frames and for spinors. The first sign s1 defines the
metric signature. For the Minkowski metric in coordinates t, x, y, z we write

ηab = s1 diag(−+++). (A.1)

The second sign choice appears in the Riemann tensor,

Rμν
ρ
σ = s2

(
∂μ�

ρ
νσ − ∂ν�

ρ
μσ + �ρ

μτ�
τ
νσ − �ρ

ντ�
τ
μσ

)
. (A.2)

Usually s2 = ±1, but exceptionally s2 = − 1
2 occurs due to a normalization of p-form com-

ponents different from the 1/p! in (A.19). For the same reason, exceptions to the standard
field strength Fμν = ∂μAν − ∂ν Aμ can occur.

The third sign s3 appears in the Einstein equation s3

(
Rμν − 1

2 gμν R
)
= κ2Tμν , where

T00 is always positive, or in the definition of the Ricci tensor:

s2s3 Rμν = Rρ
νρμ. (A.3)

We assume R ≡ gμν Rμν , but a rare factor of 2 does occur.
The signs s1 and s3 determine the sign of kinetic energies of the scalars and graviton.

Positive kinetic terms for scalars, vectors and gravitons require

L = −s1
1

2
∂μφ∂

μφ − 1

4
FμνFμν + s1s3

1

2κ2
R. (A.4)

Comparison of the kinetic terms is an easy way to recognize the values of s1 and s3 used
in a given paper. The sign s1s3 is also the sign of the scalar curvature of compact spaces.
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The curvature is also obtained from the spin connection ωμ
ab. The usual convention is

that the two forms R(�) and R(ω) are related by contraction with frame fields:

Rρσ
μ
ν(�) = Rρσ

ab(ω)eμa eνb. (A.5)

There is an independent fourth sign in

Rμν
ab = s4

[
∂μων

ab − ∂νωμ
ab + ωμ

acωνc
b − ων

acωμc
b(e)
]
. (A.6)

This sign is relevant in covariant derivatives of fermions and vectors, which are of the form(
∂μ + s2s4

1
4ωμ

abγab

)
ψ, ∂μV a + s2s4ωμ

abVb. (A.7)

We (anti)symmetrize indices with ‘weight 1’, as in

A[ab] = 1
2 (Aab − Aba) and A(ab) = 1

2 (Aab + Aba) . (A.8)

In some papers [ab] is used as (ab − ba) without the factor 1
2 .

Here are some useful formulas, which illustrate dependences on the choice of signs:

0 = ∇μeν
a = ∂μeν

a + s2s4ωμ
ab(e)eνb − �ρ

μνeρ
a, gμν = eμ

aηabeν
b,

ωμ
ab(e) = s2s4

[
2eν[a∂[μeν]b] − eν[aeb]σ eμc∂νeσ

c
]
,

�ρ
μν = 1

2 gρλ
(
2∂(μgν)λ − ∂λgμν

)
, �ν

μν = 1
2∂ν ln g,[∇μ,∇ν

]
Vρ = −s2 Rσ

ρμνVσ . (A.9)

There is another sign choice for the Levi-Civita tensor:

ε0123 = s5, ε0123 = −s5. (A.10)

(Note that some papers, e.g. [28], use an imaginary Levi-Civita tensor (s5 = ±i).)
We write commutators of Lie algebras with real structure constants, i.e. [TA, TB] =

f AB
C TC . This means that matrix generators are anti-hermitian for compact Lie algebras.

This differs from much of the physics literature in which [T̂A, T̂B] = i f AB
C T̂C and com-

pact generators are hermitian. The relation between generators is T̂A = iTA.
For electromagnetism, we use Heaviside–Lorentz units (with c = 1), which differ by a

factor 4π from the Gaussian units that are also common in the literature.
The gravitational coupling κ is related to Newton’s constant G by κ2 = 8πG in all

dimensions D. For D = 4 the Planck mass is defined by

MPlanck = G−1/2 = 1.22× 1019 GeV,

mp = κ−1 = MPlanck√
8π

= 2.4× 1018 GeV, κ2 = 8πG. (A.11)



A.2 Spinor conventions 575

A.2 Spinor conventions

The basic anti-commutator of two γ -matrices is

γμγν + γνγμ = 2s6gμν. (A.12)

We use s6 = 1, as is most common in the physics literature. However, there are exceptions
as in [120, 362]. Further there is a choice for the matrix γ∗, which is usually called γ5 for
D = 4:

γ∗ = γ5 = s7iγ0γ1γ2γ3. (A.13)

With s7 = ±1, one has γ∗γ∗ = . This sign, together with s5, determines the relation

εabcdγ
d = s5

s7
iγ∗γabc. (A.14)

There are two factors, α and β, related to spinor conjugation [12]. The first one appears
in the Majorana condition:

λ̄ = iα−1λ†γ 0 = λT C, α = ±1,±i. (A.15)

The second one determines whether complex conjugation changes the order of anti-
commuting fermions:

(χ1χ2)
∗ = −βχ∗1χ∗2 = βχ∗2χ∗1 , β = ±1. (A.16)

In this equation χ1 and χ2 are two independent fermionic quantities, e.g. components of
spinors (there is no spinor contraction in this equation). The two choices together determine
whether bilinears of Majorana spinors such as ψ̄λ are real or imaginary. We have (compare
with (3.79)) another sign s∗ in(

ψ̄λ
)∗ = s8(−t0t1)ψ̄λ, s8 = βα2s∗, γ

†
0 = −s∗γ0. (A.17)

Remember that (−t0t1) = 1 for spacetime dimensions that allow Majorana spinors. We
have s8 = 1 (and where it was explicitly derived in Ch. 3, we took α = β = 1) and s∗ = 1.
The bilinears ψ̄λ and also ψ̄γμλ are formally real for Majorana ψ and λ.

The normalization of the supersymmetry algebra varies in the literature. The SUSY
commutator on scalars is

[δ(ε1), δ(ε2)]φ = s9
1
2 ε̄2γ

με1∂μφ. (A.18)

This is the normalization used in [28], and in the papers on general matter couplings in
N = 1 supergravity; see [152, 155, 156]. In other books and papers the normalization
factor 1

2 is replaced by 2 or 1. The sign s9 can be changed by modifying the sign of α.
Changing the sign of α is equivalent to changing the sign of the charge conjugation matrix.
By changing that sign one changes the sign of all barred spinors, thus flipping the sign in
(A.18) and in the kinetic terms of all fermions.
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A.3 Components of differential forms

We define the components of a generic p-form, φp, by

φp = 1

p!φμ1···μp dxμ1 ∧ · · · ∧ dxμp . (A.19)

In some papers the coefficient is taken as (1/p!)φμp ···μ1 , i.e. with indices in the other order,
or without the factor p!. (The other order is convenient for superforms.) The differential of
a p-form works from the left as in the example of 1-forms:

F = dA = ∂μAν dxμ ∧ dxν ⇒ Fμν = 2∂[μAν]. (A.20)

Working from the right would mean dA = ∂μAνdxν ∧ dxμ, which is often used in papers
where the components of forms are defined in reverse order from (A.19).

A.4 Covariant derivatives

We use various covariant derivatives in this book. To help the reader distinguish them, we
explain the notation here. There are derivatives that ‘covariantize’ the spacetime derivatives
∂μ and derivatives ∂i with respect to scalars φi in nonlinear σ -models.

Dμ denotes derivatives with Yang–Mills gauge connection, realized either with matrix
generators that act linearly on fields or with Killing vectors. For gravity theories Dμ

includes the Lorentz connection. For supergravity theories, the Lorentz connection
includes the gravitino torsion, i.e. ωμab(e, ψ). In some formulas, we exclude gravitino

terms and use ωμab(e). The latter are then indicated by D(0)
μ .

∇μ further includes Levi-Civita (or affine) connections �ρ
μν . The similar notation ∇i is

used in σ -models that have an affine connection �k
i j . It is denoted by ∇α in Kähler

geometry. In supergravity this also includes the connection for Kähler transformations;
see (17.73) and following formula.

Dμ is a full covariant derivative including all the gauge fields of the theory under consider-
ation. In supergravity theories it includes the terms with the gravitino. This derivative
is introduced in Sec. 11.2 and for gravity theories in Sec. 11.3.2.

D̂μ is similar to Dμ but augmented by a σ -model connection of the embedding space
pulled back to spacetime. See (17.27), where this occurs for the first time. (An excep-
tion occurs in Sec. 9.6, where the notation D̂ is used for a covariant derivative that
does not conform to the definition above.)

D̂μ is similar: it is a Dμ with σ -model connection.

∂̂ has been introduced in (17.101) to denote a covariant derivative with only Yang–Mills
gauge connection. For N = 2 see (20.104).



Lie algebras and superalgebras B

Lie groups, Lie algebras, and superalgebras play an important role in supergravity. In this
appendix we review the basic ideas with a focus on the classification of these objects. There
are many textbooks available for readers who desire more information.

B.1 Groups and representations

All groups have composition laws. If g1 and g2 are any two elements, then their product
g1◦g2 = g3 where g3 is a third element. We consider continuous groups (Lie groups) here.
This means that the gi are functions of parameters that vary continuously. The dimension of
the group is the number of parameters. The most important groups are the classical groups.
GL(n) is the group of n × n matrices, and one can distinguish whether the entries are real
or complex (or even quaternionic) numbers. When we further require that the matrices
have determinant 1, we obtain the definitions of the groups SL(n,R) or SL(n,C). Other
groups are determined by the preservation of a metric. When we have a non-degenerate
n × n matrix η that we identify with the metric, we define inner products of vectors V
and W as V T ηW for the real case, or V †ηW in the complex case. The transformations of
the vectors that preserve these inner products define the orthogonal, symplectic or unitary
groups. These are defined by matrices M such that

MT ηM = η, η symmetric: orthogonal matrices,

MT ηM = η, η antisymmetric: symplectic matrices,

M†ηM = η, η hermitian: unitary matrices. (B.1)

This defines the groups SO(n) ≡ SO(n,R) or Sp(n) ≡ Sp(n,R) of real matrices M with
determinant 1, or SU(n) ≡ SU(n,C) of complex matrices with det M = 1 in the last
case (where U(n) would appear if unit determinant is not required). When the metric η has
indefinite signature, the terminology ‘pseudo-orthogonal’ is commonly used. This defines
the groups SO(p, q) or SU(p, q). Some groups can be defined by quaternions; see
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SO ∗(2N ) ≡ O(N ,H),

SU ∗(2N ) ≡ SL(N ,H),

USp(2N+, 2N−) ≡ U(N+, N−,H) = U(2N+, 2N−,C) ∩ Sp(2N+ + 2N−,C),

USp(2N ) ≡ U(N ,H) = Sp(N ,H). (B.2)

They are obtained by first embedding quaternionic matrices in complex ones, and then
imposing the conditions (B.1).

A representation of a group is a map g → D(g) where D(g) is an n × n matrix. This
map must be a homomorphism, which means that the matrices D(g) have the same mul-
tiplication law as the group elements. So if g1g2 = g3, then D(g1)D(g2) = D(g3) for
any set of three elements gi . Representations are important because the fields of a theory
transform with the matrices D(g), viz. φi → φi ′ = D(g)i jφ

j .

B.2 Lie algebras

In this book, we are mostly concerned with infinitesimal transformations. This means that
we consider group transformations close to the identity. We parametrize them with coordi-
nates a A where A runs over the independent deformations of the identity that belong to the
group. We then express the group element by1

g = exp(a ATA), (B.3)

and TA are the independent ‘generators’. The Lie algebra is the vector space whose ele-
ments are superpositions a ATA of the matrices TA. We distinguish between real algebras,
in which the a A are real, and complex algebras, in which the a A are complex numbers.

Exercise B.1 Explain the statement that the group of n × n complex matrices GL(n,C)
can be seen as generated by a complex algebra with n2 generators, as well as by a real
algebra with 2n2 generators.

The requirement that the composition of the group elements (B.3) should lead to a new
element of the same form leads to the requirement that the commutator of the generators
should lead to a new generator.

Exercise B.2 Check that exp(a A
1 TA) exp(aB

2 TB) leads up to second order in the coordi-
nates a A to a group element

exp
(

a A
1 TA + a A

2 TA + 1
2 a A

1 aB
2 [TA, TB]

)
. (B.4)

This commutator defines the structure constants f AB
C = − fB A

C in

[TA, TB] = f AB
C TC . (B.5)

1 This defines the ‘connected component’ of a group, which means that g can be continuously deformed to the
identity.
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For consistency the structure constants of ‘real algebras’ must be real, but it turns out that
for complex algebras there is also a basis of the TA such that they are real. Lie algebras can
be defined independently of their origin in a group, as the linear spans a ATA where there
is a composition law, written as commutator in (B.5), that satisfies the Jacobi identity.

A useful quantity is the Cartan–Killing metric

gAB = f AC
D fB D

C . (B.6)

One property is that f ABC = f AB
DgDC is completely antisymmetric in its three indices.

When this metric is non-degenerate, the algebra is ‘semisimple’. Semisimple algebras are
direct sums of simple algebras, where the latter are defined by having no non-trivial ideals.
An ideal is a subset of the algebra that is invariant. This means that, for h in that subset,
[h, a] belongs to the subset for any a in the algebra. We will further concentrate on simple
algebras. But note that the one-dimensional algebra U(1) is not semisimple since gAB

vanishes.
The simple complex algebras are classified in series An , Bn , Cn , Dn , where n is any

positive integer, plus the exceptional algebras E6, E7, E8, F4 and G2. The subscript is the
‘rank of the algebra’. The first four series are identified as algebras belonging to classical
matrix groups:

An : algebra of su(n + 1),

Bn : algebra of so(2n + 1),

Cn : algebra of sp(2n),

Dn : algebra of so(2n) for n ≥ 2,

where, for example, su(n) stands for the algebra of the generators of SU(n).
In the real algebras, one can distinguish compact and non-compact generators, by diag-

onalizing the Cartan–Killing metric. The generators that have a negative eigenvalue for
the Cartan–Killing metric are ‘compact generators’, those with a positive eigenvalue are
‘non-compact generators’. The number of non-compact generators minus the number of
compact generators is called the character of the real form. Two real forms are always
present. The ‘normal form’ has character equal to the rank of the algebra. The other one is
the compact real form, where all generators are compact, and the character is thus minus
the dimension of the algebra. The other real forms have characters between these two
extremes. The compact generators define a ‘maximal compact subalgebra’ of the real alge-
bra. Note that we can make the distinction between compact and non-compact algebras
only for algebras over the reals, as multiplying generators with i would change the signs of
the entries in the Cartan–Killing metric.

Finite-dimensional representations of a compact algebra in a space with a positive def-
inite metric are anti-hermitian. You can understand this simply by considering the finite
transformation in a fixed direction. For a compact transformation to be compact, this should
be of the form exp(iθ), rather than exp θ . Indeed, the first expression defines the transfor-
mation on a (compact) circle, and is generated by the 1× 1 matrix i, the simplest example
of an anti-hermitian matrix. On the other hand, exp θ generates the transformations on a
(non-compact) line, and is generated by the hermitian 1× 1 matrix 1.
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Table B.1 Real forms of simple bosonic Lie algebras. The first one in each block is the compact
real form, the last one is the normal real form.

algebra real form maximal compact subgroup

An−1 SU(n) SU(n)
An−1 SU(p, n − p) SU(p)× SU(n − p)× U(1), 1 ≤ p ≤ n/2
A2n−1 SU∗(2n) USp(2n)
An−1 SL(n) SO(n)

Bn SO(2n + 1) SO(2n + 1)
Bn SO(2n + 1− p, p) SO(2n + 1− p)× SO(p), 0 ≤ p ≤ n
Bn SO(n, n + 1) SO(n)× SO(n + 1)

Dn SO(2n) SO(2n)
Dn SO(2n − p, p) SO(2n − p)× SO(p), 0 ≤ p ≤ n
Dn SO∗(2n) U(n)
Dn SO(n, n) SO(n)× SO(n)

Cn USp(2n) USp(2n)
Cn USp(2p, 2n − 2p) USp(2p)× USp(2n − 2p), 1 ≤ p ≤ n/2
Cn Sp(2n) U(n)

G2 G2,−14 G2
G2 G2,2 SU(2)× SU(2)

F4 F4,−52 F4,−52
F4 F4,−20 SO(9)
F4 F4,4 USp(6)× SU(2)

E6 E6,−78 E6,−78
E6 E6,−26 F4,−52
E6 E6,−14 SO(10)× SO(2)
E6 E6,2 SU(6)× SU(2)
E6 E6,6 USp(8)

E7 E7,−133 E7,−133
E7 E7,−25 E6,−78 × SO(2)
E7 E7,−5 SO(12)× SU(2)
E7 E7,7 SU(8)

E8 E8,−248 E8,−248
E8 E8,−24 E7,−133 × SU(2)
E8 E8,8 SO(16)

The list of real forms is given in Table B.1. The second number in the notation for the real
forms of exceptional algebras is the ‘character’. The conventions that we use for groups
are such that Sp(2n) = Sp(2n,R) (always even entry), and USp(2m, 2n) = U(m, n,H).
SL(n) is SL(n,R). Note that for the algebras there are the following isomorphisms:2

2 These isomorphism are for the algebras. The covering groups of the orthogonal groups are equal to the groups
mentioned at the right-hand sides. For example, the covering group of SO(3) is SU(2) and the correct relation
for the groups is SO(3) = SU(2)/Z2.
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so(3) = su(2) = su ∗(2), so(2, 1) = sl(2) = su(1, 1) = sp(2),

so(4) = su(2)× su(2), so(3, 1) = sp(2,C) = sl(2,C),

so(2, 2) = sl(2)× sl(2), so ∗(4) = su(1, 1)× su(2),

so(5) = usp(4), so(4, 1) = usp(2, 2), so(3, 2) = sp(4),

so(6) = su(4), so(5, 1) = su ∗(4), so(4, 2) = su(2, 2),

so(3, 3) = sl(4), so ∗(6) = su(3, 1),

so ∗(8) = so(6, 2). (B.7)

B.3 Superalgebras

Lie superalgebras are structures with bosonic operators, say BA, and fermionic ones, say
Fα . Between the fermionic ones there are anti-commutation relations, and between the
others there are commutation relations. Just as an ordinary Lie algebra must satisfy Jacobi
identities, the superalgebra should satisfy a graded version thereof, super-Jacobi identities.
We write these as

[[BA, BB] ,O] = [BA, [BB,O]]− [BB, [BA,O]] ,[{
Fα, Fβ

}
,O] = [Fα, [Fβ,O}]− [Fβ, [Fα,O}

]
, (B.8)

where O is either a bosonic or a fermionic operator, and [F,O} is a commutator when it is
bosonic, or an anti-commutator when it is fermionic. The super-Jacobi identities written in
this form can be easily remembered: Write one double (anti-)commutator in the left-hand
side. Then write at the right-hand side the operators in the same order, but write the inner
bracket with the other adjacent operators. Then write another term in the right-hand side
with the two operators of the inner bracket of the left-hand side interchanged, and take the
sign such that the symmetry between them in the left-hand side is respected.

Exercise B.3 Check these identities by writing them out in full.

The definition of the classical superalgebras starts from a graded space (there are odd
and even elements) that are mixed by the transformations of the superalgebra. The matrices
are thus of the form

M =
(

A B
C D

)
, (B.9)

where A and D are matrices that do not change the type in the vector space and are thus
bosonic transformations, while B and C transform bosonic entries to fermionic or vice
versa and are thus ‘fermionic transformations’. The simplest superalgebras involve the
preservation of a metric. For example, for ‘orthosymplectic algebras’ this is a symmetric
matrix in the upper part (and thus A is an element of an orthogonal algebra) and antisym-
metric in the lower part (and thus D is an element of a symplectic algebra).

General superalgebras have been classified in [363, 364, 365, 58], and a convenient table
is given in [12]. We give in Table B.2 a list of the superalgebras used in this book with the
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Table B.2 Somemain Lie superalgebras of classical type.

name range bosonic algebra fermionic

SU(m − p, p|n − q, q) m �= n SU(m − p, p)⊕ (m, n̄)
SU(n − q, q)⊕ U(1) ⊕ (m̄, n)

OSp(m∗|n − q, q) m, n, q SO∗(m) ⊕ USp(n − q, q) (m, n)
even

F2(4) SO(5, 2)⊕ SU(2) (8, 2)

bosonic subalgebra (the A+ D part of (B.9)) and the representation of the latter formed by
the fermionic generators. The superalgebra SU(m|m) has the same structure as SU(m|n)
except that the U(1) generator can be omitted. Many authors denote the superalgebra with-
out the U(1) by PSU(m|m).

Exercise B.4 Use Table B.2 to show that SU(2, 2|N ) can be the superconformal group
for different N in four dimensions. Identify the bosonic part as the direct product of the
conformal group (with the identifications in (B.7)) and the R-symmetry group. Check that
the fermionic generators are spinors and have the right number of generators for ordinary
and special supersymmetries.
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[196] U. Lindström and M. Roček, Properties of hyperkähler manifolds and their twistor
spaces, Commun. Math. Phys. 293 (2010) 257–278, arXiv:0807.1366 [hep-

-th]

[197] P. S. Howe, A superspace approach to extended conformal supergravity, Phys. Lett.
B100 (1981) 389

[198] P. S. Howe, Supergravity in superspace, Nucl. Phys. B199 (1982) 309
[199] S. M. Kuzenko, U. Lindström, M. Roček and G. Tartaglino-Mazzucchelli,
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gauge field, 70, 217
gauge fixing, 308
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local Lorentz covariant derivatives, 156
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long representation, 531
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Majorana conjugate, 49
Majorana fields, 55
Majorana flip relations, 49
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Majorana–Weyl spinors, 57
manifold, 135
marginal deformation, 553
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metric, 142
minimal coupling, 70
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unitary group, 577

vacuum, 249
vacuum expectation value, 290
vacuum state, 291
vector field, 138
vector multiplet, 240, 243
vector–spinor, 95
vector–tensor multiplet, 412



Index 607

very special Kähler manifold, 442, 450
very special quaternionic-Kähler manifold, 442
very special real manifold, 249, 415, 441, 442
vielbein postulate, 158
vierbein, 143
Virasoro algebra, 309
volume form, 146

Wess–Zumino gauge, 275, 301
Weyl curvature, 455
Weyl field, 35
Weyl fields, 46

Weyl multiplet, 427
Weyl representation, 29
Weyl spinors, 58
Weyl tensor, 556
Weyl transformation, 174, 308
Weyl weight, 310, 318
Witten diagram, 543

Yang–Mills theory, 86

zilch symmetry, 118, 220


	Cover
	Supergravity
	Our conventions
	Title
	Copyright
	Contents
	Preface
	Acknowledgements
	Introduction
	PART I: RELATIVISTIC FIELD THEORY INMINKOWSKI SPACETIME
	1: Scalar field theory and its symmetries
	1.1 The scalar field system
	1.2 Symmetries of the system
	1.2.1 SO(n) internal symmetry
	1.2.2 General internal symmetry
	1.2.3 Spacetime symmetries – the Lorentz and Poincaré groups

	1.3 Noether currents and charges
	1.4 Symmetries in the canonical formalism
	1.5 Quantum operators
	1.6 The Lorentz group for D = 4

	2: The Dirac field
	2.1 The homomorphism of SL(2, C) → SO(3, 1)
	2.2 The Dirac equation
	2.3 Dirac adjoint and bilinear form
	2.4 Dirac action
	2.5 The spinors u(p,s) and v(p,s) for D = 4 			
	2.6 Weyl spinor fields in even spacetime dimension
	2.7 Conserved currents
	2.7.1 Conserved U(1) current
	2.7.2 Energy–momentum tensors for the Dirac field


	3: Clifford algebras and spinors
	3.1 The Clifford algebra in general dimension
	3.1.1 The generating γ-matrices
	3.1.2 The complete Clifford algebra
	3.1.3 Levi-Civita symbol
	3.1.4 Practical γ-matrix manipulation
	3.1.5 Basis of the algebra for even dimension D = 2m
	3.1.6 The highest rank Clifford algebra element
	3.1.7 Odd spacetime dimension D = 2m + 1
	3.1.8 Symmetries of γ-matrices

	3.2 Spinors in general dimensions
	3.2.1 Spinors and spinor bilinears
	3.2.2 Spinor indices
	3.2.3 Fierz rearrangement
	3.2.4 Reality

	3.3 Majorana spinors
	3.3.1 Definition and properties
	3.3.2 Symplectic Majorana spinors
	3.3.3 Dimensions of minimal spinors

	3.4 Majorana spinors in physical theories
	3.4.1 Variation of a Majorana Lagrangian
	3.4.2 Relation of Majorana and Weyl spinor theories
	3.4.3 U(1) symmetries of a Majorana field

	Appendix 3A  Details of the Clifford algebras for D = 2m
	3A.1 Traces and the basis of the Clifford algebra
	3A.2 Uniqueness of the γ-matrix representation
	3A.3 The Clifford algebra for odd spacetime dimensions
	3A.4 Determination of symmetries of  γ-matrices
	3A.5 Friendly representations


	4: The Maxwell and Yang–Mills gauge fields
	4.1 The abelian gauge field Aμ (x)
	4.1.1 Gauge invariance and fields with electric charge
	4.1.2 The free gauge field
	4.1.3 Sources and Green's function
	4.1.4 Quantum electrodynamics
	4.1.5 The stress tensor and gauge covariant translations

	4.2 Electromagnetic duality
	4.2.1 Dual tensors
	4.2.2 Duality for one free electromagnetic field
	4.2.3 Duality for gauge field and complex scalar
	4.2.4 Electromagnetic duality for coupled Maxwell fields

	4.3 Non-abelian gauge symmetry
	4.3.1 Global internal symmetry
	4.3.2 Gauging the symmetry
	4.3.3 Yang–Mills field strength and action
	4.3.4 Yang–Mills theory for G = SU(N)

	4.4 Internal symmetry for Majorana spinors

	5: The free Rarita–Schwinger field
	5.1 The initial value problem
	5.2 Sources and Green's function
	5.3 Massive gravitinos from dimensional reduction
	5.3.1 Dimensional reduction for scalar fields
	5.3.2 Dimensional reduction for spinor fields
	5.3.3 Dimensional reduction for the vector gauge field
	5.3.4 Finally Ψμ(x,y)


	6: N = 1 global supersymmetry in D = 4
	6.1 Basic SUSY field theory
	6.1.1 Conserved supercurrents
	6.1.2 SUSY Yang–Mills theory
	6.1.3 SUSY transformation rules

	6.2 SUSY field theories of the chiral multiplet
	6.2.1 U(1)R symmetry
	6.2.2 The SUSY algebra
	6.2.3 More chiral multiplets

	6.3 SUSY gauge theories
	6.3.1 SUSY Yang–Mills vector multiplet
	6.3.2 Chiral multiplets in SUSY gauge theories

	6.4 Massless representations of N-extended supersymmetry
	6.4.1 Particle representations of N-extended supersymmetry
	6.4.2 Structure of massless representations

	Appendix 6A  Extended supersymmetry and Weyl spinors
	Appendix 6B  On- and off-shell multiplets and degrees of freedom


	PART II: DIFFERENTIAL GEOMETRY AND GRAVITY
	7: Differential geometry
	7.1 Manifolds
	7.2 Scalars, vectors, tensors, etc.
	7.3 The algebra and calculus of differential forms
	7.4 The metric and frame field on a manifold
	7.4.1 The metric
	7.4.2 The frame field
	7.4.3 Induced metrics

	7.5 Volume forms and integration
	7.6 Hodge duality of forms
	7.7 Stokes' theorem and electromagnetic charges
	7.8 p-form gauge fields
	7.9 Connections and covariant derivatives
	7.9.1 The first structure equation and the spin connection ωμab
	7.9.2 The affine connection ρμν
	7.9.3 Partial integration

	7.10 The second structure equation and the curvature tensor
	7.11 The nonlinear σ-model
	7.12 Symmetries and Killing vectors
	7.12.1 σ-model symmetries
	7.12.2 Symmetries of the Poincaré plane


	8: The first and second order formulations of general relativity
	8.1 Second order formalism for gravity and bosonic matter
	8.2 Gravitational fluctuations of flat spacetime
	8.2.1 The graviton Green's function

	8.3 Second order formalism for gravity and fermions
	8.4 First order formalism for gravity and fermions


	PART III: BASIC SUPERGRAVITY
	9: N =1 pure supergravity in four dimensions
	9.1 The universal part of supergravity
	9.2 Supergravity in the first order formalism
	9.3 The 1.5 order formalism
	9.4 Local supersymmetry of N = 1, D = 4 supergravity
	9.5 The algebra of local supersymmetry
	9.6 Anti-de Sitter supergravity

	10: D = 11 supergravity
	10.1 D ≤ 11 from dimensional reduction
	10.2 The field content of D = 11 supergravity
	10.3 Construction of the action and transformation rules
	10.4 The algebra of D = 11 supergravity

	11: General gauge theory
	11.1 Symmetries
	11.1.1 Global symmetries
	11.1.2 Local symmetries and gauge fields
	11.1.3 Modified symmetry algebras

	11.2 Covariant quantities
	11.2.1 Covariant derivatives
	11.2.2 Curvatures

	11.3 Gauged spacetime translations
	11.3.1 Gauge transformations for the Poincaré group
	11.3.2 Covariant derivatives and general coordinate transformations
	11.3.3 Covariant derivatives and curvatures in a gravity theory
	11.3.4 Calculating transformations of covariant quantities

	Appendix 11A  Manipulating covariant derivatives
	11A.1 Proof of the main lemma
	11A.2 Examples in supergravity


	12: Survey of supergravities
	12.1 The minimal superalgebras
	12.1.1 Four dimensions
	12.1.2 Minimal superalgebras in higher dimensions

	12.2 The R-symmetry group
	12.3 Multiplets
	12.3.1 Multiplets in four dimensions
	12.3.2 Multiplets in more than four dimensions

	12.4 Supergravity theories: towards a catalogue
	12.4.1 The basic theories and kinetic terms
	12.4.2 Deformations and gauged supergravities

	12.5 Scalars and geometry
	12.6 Solutions and preserved supersymmetries
	12.6.1 Anti-de Sitter superalgebras
	12.6.2 Central charges in four dimensions
	12.6.3 `Central charges' in higher dimensions



	PART IV: COMPLEX GEOMETRY AND GLOBAL SUSY
	13: Complex manifolds
	13.1 The local description of complex and Kähler manifolds
	13.2 Mathematical structure of Kähler manifolds
	13.3 The Kähler manifolds CPn
	13.4 Symmetries of Kähler metrics
	13.4.1 Holomorphic Killing vectors and moment maps
	13.4.2 Algebra of holomorphic Killing vectors
	13.4.3 The Killing vectors of CP1


	14: General actions with N = 1 supersymmetry
	14.1 Multiplets
	14.1.1 Chiral multiplets
	14.1.2 Real multiplets

	14.2 Generalized actions by multiplet calculus
	14.2.1 The superpotential
	14.2.2 Kinetic terms for chiral multiplets
	14.2.3 Kinetic terms for gauge multiplets

	14.3 Kähler geometry from chiral multiplets
	14.4 General couplings of chiral multiplets and gauge multiplets
	14.4.1 Global symmetries of the SUSY σ-model
	14.4.2 Gauge and SUSY transformations for chiral multiplets
	14.4.3 Actions of chiral multiplets in a gauge theory
	14.4.4 General kinetic action of the gauge multiplet
	14.4.5 Requirements for an N = 1 SUSY gauge theory

	14.5 The physical theory
	14.5.1 Elimination of auxiliary fields
	14.5.2 The scalar potential
	14.5.3 The vacuum state and SUSY breaking
	14.5.4 Supersymmetry breaking and the Goldstone fermion
	14.5.5 Mass spectra and the supertrace sum rule
	14.5.6 Coda

	Appendix 14A  Superspace
	Appendix 14B  Appendix: Covariant supersymmetry transformations


	PART V: SUPERCONFORMAL CONSTRUCTIONOF SUPERGRAVITY THEORIES
	15: Gravity as a conformal gauge theory
	15.1 The strategy
	15.2 The conformal algebra
	15.3 Conformal transformations on fields
	15.4 The gauge fields and constraints
	15.5 The action
	15.6 Recapitulation
	15.7 Homothetic Killing vectors

	16: The conformal approach to pure N = 1 supergravity
	16.1 Ingredients
	16.1.1 Superconformal algebra
	16.1.2 Gauge fields, transformations, and curvatures
	16.1.3 Constraints
	16.1.4 Superconformal transformation rules of a chiral multiplet

	16.2 The action
	16.2.1 Superconformal action of the chiral multiplet
	16.2.2 Gauge fixing
	16.2.3 The result


	17: Construction of the matter-coupled N = 1 supergravity
	17.1 Superconformal tensor calculus
	17.1.1 The superconformal gauge multiplet
	17.1.2 The superconformal real multiplet
	17.1.3 Gauge transformations of superconformal chiral multiplets
	17.1.4 Invariant actions

	17.2 Construction of the action
	17.2.1 Conformal weights
	17.2.2 Superconformal invariant action (ungauged)
	17.2.3 Gauged superconformal supergravity
	17.2.4 Elimination of auxiliary fields
	17.2.5 Partial gauge fixing

	17.3 Projective Kähler manifolds
	17.3.1 The example of CPn
	17.3.2 Dilatations and holomorphic homothetic Killing vectors
	17.3.3 The projective parametrization
	17.3.4 The Kähler cone
	17.3.5 The projection
	17.3.6 Kähler transformations
	17.3.7 Physical fermions
	17.3.8 Symmetries of projective Kähler manifolds
	17.3.9 T-gauge and decomposition laws
	17.3.10 An explicit example: SU(1,1)/U(1) model

	17.4 From conformal to Poincaré supergravity
	17.4.1 The superpotential
	17.4.2 The potential
	17.4.3 Fermion terms

	17.5 Review and preview
	17.5.1 Projective and Kähler–Hodge manifolds
	17.5.2 Compact manifolds

	Appendix 17A  Kähler–Hodge manifolds
	17A.1 Dirac quantization condition
	17A.2 Kähler–Hodge manifolds

	Appendix 17B  Steps in the derivation of (17.7)


	PART VI: N = 1 SUPERGRAVITY ACTIONS ANDAPPLICATIONS
	18: The physical N = 1 matter-coupled supergravity
	18.1 The physical action
	18.2 Transformation rules
	18.3 Further remarks
	18.3.1 Engineering dimensions
	18.3.2 Rigid or global limit
	18.3.3 Quantum effects and global symmetries


	19: Applications of N = 1 supergravity
	19.1 Supersymmetry breaking and the super-BEH effect
	19.1.1 Goldstino and the super-BEH effect
	19.1.2 Extension to cosmological solutions
	19.1.3 Mass sum rules in supergravity

	19.2 The gravity mediation scenario
	19.2.1 The Polónyi model of the hidden sector
	19.2.2 Soft SUSY breaking in the observable sector

	19.3 No-scale models
	19.4 Supersymmetry and anti-de Sitter space
	19.5 R-symmetry and Fayet–Iliopoulos terms
	19.5.1 The R-gauge field and transformations
	19.5.2 Fayet–Iliopoulos terms
	19.5.3 An example with non-minimal Kähler potential



	PART VII: EXTENDED N = 2 SUPERGRAVITY
	20: Construction of the matter-coupled N = 2 supergravity
	20.1 Global supersymmetry
	20.1.1 Gauge multiplets for D = 6
	20.1.2 Gauge multiplets for D = 5
	20.1.3 Gauge multiplets for D = 4
	20.1.4 Hypermultiplets
	20.1.5 Gauged hypermultiplets

	20.2 N = 2 superconformal calculus
	20.2.1 The superconformal algebra
	20.2.2 Gauging of the superconformal algebra
	20.2.3 Conformal matter multiplets
	20.2.4 Superconformal actions
	20.2.5 Partial gauge fixing
	20.2.6 Elimination of auxiliary fields
	20.2.7 Complete action
	20.2.8 D = 5 and D = 6, N = 2 supergravities

	20.3 Special geometry
	20.3.1 The family of special manifolds
	20.3.2 Very special real geometry
	20.3.3 Special Kähler geometry
	20.3.4 Hyper-Kähler and quaternionic-Kähler manifolds

	20.4 From conformal to Poincaré supergravity
	20.4.1 Kinetic terms of the bosons
	20.4.2 Identities of special Kähler geometry
	20.4.3 The potential
	20.4.4 Physical fermions and other terms
	20.4.5 Supersymmetry and gauge transformations

	Appendix 20A  SU(2) conventions and triplets
	Appendix 20B  Dimensional reduction 6 → 5 → 4
	20B.1 Reducing from D = 6 → D = 5
	20B.2 Reducing from D = 5 → D = 4

	Appendix 20C  Definition of rigid special Kähler geometry

	21: The physical N = 2 matter-coupled supergravity
	21.1 The bosonic sector
	21.1.1 The basic (ungauged) N = 2, D = 4 matter-coupled supergravity
	21.1.2 The gauged supergravities

	21.2 The symplectic formulation
	21.2.1 Symplectic definition
	21.2.2 Comparison of symplectic and prepotential formulation
	21.2.3 Gauge transformations and symplectic vectors
	21.2.4 Physical fermions and duality

	21.3 Action and transformation laws
	21.3.1 Final action
	21.3.2 Supersymmetry transformations

	21.4 Applications
	21.4.1 Partial supersymmetry breaking
	21.4.2 Field strengths and central charges
	21.4.3 Moduli spaces of Calabi–Yau manifolds

	21.5 Remarks
	21.5.1 Fayet–Iliopoulos terms
	21.5.2 σ-model symmetries
	21.5.3 Engineering dimensions



	PART VIII: CLASSICAL SOLUTIONS AND THEAdS/CFT CORRESPONDENCE
	22: Classical solutions of gravity and supergravity
	22.1 Some solutions of the field equations
	22.1.1 Prelude: frames and connections on spheres
	22.1.2 Anti-de Sitter space
	22.1.3 AdSD obtained from its embedding in RD+1
	22.1.4 Spacetime metrics with spherical symmetry
	22.1.5 AdS–Schwarzschild spacetime
	22.1.6 The Reissner–Nordström metric
	22.1.7 A more general Reissner–Nordström solution

	22.2 Killing spinors and BPS solutions 
	22.2.1 The integrability condition for Killing spinors
	22.2.2 Commuting and anti-commuting Killing spinors

	22.3 Killing spinors for anti-de Sitter space
	22.4 Extremal Reissner–Nordström spacetimes as BPS solutions
	22.5 The black hole attractor mechanism
	22.5.1 Example of a black hole attractor
	22.5.2 The attractor mechanism – real slow and simple

	22.6 Supersymmetry of the black holes
	22.6.1 Killing spinors
	22.6.2 The central charge
	22.6.3 The black hole potential

	22.7 First order gradient flow equations
	22.8 The attractor mechanism – fast and furious
	Appendix 22A  Killing spinors for pp-waves

	23: The AdS/CFT correspondence
	23.1 The N = 4 SYM theory
	23.2 Type IIB string theory and D3-branes
	23.3 The D3-brane solution of Type IIB supergravity
	23.4 Kaluza–Klein analysis on AdS5 S5
	23.5 Euclidean AdS and its inversion symmetry
	23.6 Inversion and CFT correlation functions
	23.7 The free massive scalar field in Euclidean AdSd+1
	23.8 AdS/CFT correlators in a toy model
	23.9 Three-point correlation functions
	23.10 Two-point correlation functions
	23.11 Holographic renormalization
	23.11.1 The scalar two-point function in a CFTd
	23.11.2 The holographic trace anomaly

	23.12 Holographic RG flows
	23.12.1 AAdS domain wall solutions
	23.12.2 The holographic c-theorem
	23.12.3 First order flow equations

	23.13 AdS/CFT and hydrodynamics


	Appendix: A Comparison of notation
	A.1 Spacetime and gravity
	A.2 Spinor conventions
	A.3 Components of differential forms
	A.4 Covariant derivatives

	Appendix: B Lie algebras and superalgebras
	B.1 Groups and representations
	B.2 Lie algebras
	B.3 Superalgebras

	References
	Index


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




